THE PROBABILITY THAT A MATRIX BE NILPOTENT

BY
N. J. Fine anp I. N. HERSTEIN'

In this paper we determine the number of nilpotent #» by n matrices over
(i) a finite field of characteristic p, and (ii) the integers modulo m. The re-
sults are most simple when expressed as probabilities by dividing by the
total number of matrices in each case.

TuroreEM 1.  The probability that an n by n matriz over GF(p®) be nilpotent
isp .

Proof. Let A be an n by n nilpotent matrix over the finite field 7. Then®
V.(F) has a basis {vi},72 = 1,--+,k;s =1, ---, r;, such that

(1) ViA = vl A<i<ky 1<s=m,

where it is understood that v = 0. Associated with each such A there is a
partition 7 of n,

mn=r+nr+ -+ (mzrz--z2znzl),

and two matrices are similar if and only if their corresponding partitions
are identical. Let g(w) be the number of matrices in the similarity class
determined by 7. Then the probability of nilpotence is

P=p Y, gln).

To determine g(r), we select and fix a representative A of the similarity
class belonging to w, together with a basis {v:} associated with A by (1).
We then transform A by the » nonsingular matrices over F to obtain all the
elements of the class, each with multiplicity u, where u is the number of
nonsingular matrices which commute with A. Then g(z) = »/u. Now it
is known® that

v =2 " f(n),
where x = p~® and
fn, @) = f(n) = (L — 2)(1 — 2% -+ (1 — 2" (n = 1)
f(0) = 1.

It remains to determine .
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1 The first author wishes to acknowledge the support of the Air Force.

2 See, for example, A. A. ALBERT, Modern higher algebra, University of Chicago Press,
1937, Chapter 4.

3 L. E. Dickson, Linear groups, Leipzig, 1901, p. 77.
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Let B be an arbitrary matrix commuting with A. Then B is completely
determined by its action on the vectors {v;,}(1 < ¢ < k). For if
vre B =220 2000 Cila)es (1<iskh),
then fors = 0,1,2, --- , ry,
vi—e B =i, A°B = v}, BA" = 3 ¥, > ri . Cilqi_, .
In particular, for s = r;, we find
0= Z?=1 ZZLW C;(Q)U;-n ’

so Ci(q) = 0 for all ¢, 4, j satisfying r; < ¢ < r;. In other words, we must
have

2) UiiwsB = Z';=122”=‘§+1 Cﬁ(q)vé_s 1=k 0=Zs<m,
where m;; = min (r;, r,). Conversely, given any set of constants
Cig), 1<i<hk 1<j=<k 1=gq=mgy,

the matrix B defined by (2) commutes with A. Therefore the number of
such matrices is p*", where

M = M(x) = 25 jo1mi;.

The parts r; of the partition = can be grouped, so that the possible parts
n —u -+ 1(u = 1,---, n) appear with corresponding multiplicities b, ,
which may be zero. With this convention, we may write

nn = bln "I— bz(n bt 1) + LR + bnm1-2 + bn'].

Then
M=2% 2 min(i,r) =2 bbmnm-—u+ln—ov+1)
u,v=1 :;::::-;‘-11 u,v=1
= Z_l e,(n —u -+ 1),
where

€y = bi -+ 2bu2:=_11 b, = (Z;;l b¢)2 - (th:ll bt)z-
Thus, if we define
Sy = Z;;l ¢ (u = O) 1, 27 R n)’
we have

M =73 "4(su — su-)(n —u+ 1)
= naisun —u+ 1) =D iesu(n — w),
M = ZZ=1 Si .

Of these p*" matrices commuting with A, we must now find what propor-
tion are nonsingular. We assert that if AB = BA, then B is nonsingular
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if and only if the vectors {viB} are linearly independent. If B is nonsingu-
lar, the linear independence is obvious. Conversely, suppose that the
{v1B} are linearly independent. Let v e V,.(F) be such that »B = 0, and

write o
v = l:'=1 ZQQ=1 ;7); )

with €% 5 0 for some % . Applying A%, we find that
vA et = ?:1 CZQ Z)i .

But

kL CH0iB) = vA*'B = »BAY = 0.

This contradicts the linear independence of {viB} and proves our assertion.
If we put s = r; — 1in (2), we get

3) 9B =D s Cilrvl = 2 <i Ci(rivl .

Foru = 1,2, ---, n, let V, be the subspace spanned by those v} for which
ri = n — u + 1. Thus V, has dimension b, , and if

Wuzvl@vz@"'@vu)

then W, has dimension b; + b, + -+ + b, = s, . It is clear from (3) that
W.B C W,, and that B is nonsingular if and only if

W.B =W, w=1---,mn
Let us define the linear transformation B of W, into itself by
viB = 3, Ci(raol (t=1,--,k).

Clearly V, B ¢ V., , and B decomposes into a direct sum
Bio® B.® --- @ B,,
where B, is defined on V, by
viB, = Dt Ci(rvi (ri=mn—u+1).

Our next assertion is that B is nonsingular if and only if B is also. To
see this, let wB = 0, w 3 0, w e W, , and write w = w’ 4+ w”, where

w e Vi, w eW,, w' = 0.

Then w'B = —w’BeW,, so wB = 0 and B is singular. Conversely,
suppose that wB = 0, w 5 0, we W, . Making the same decomposition of
w, we find that w'B = —w”"BeW,, so w'B = 0. Hence w'B eW, ; the

subspace W, @ {w'} is mapped by B into the lower-dimensional W, , and
B is singular.

Now the ratio of the number of nonsingular B’s commuting with A to the
total number p*" of matrices commuting with A4 is the same as the ratio of
the number of nonsingular B’s to the total number. Since

B=B®.---@® B,
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is nonsingular if and only if each B, is so, this latter ratio is

J(OOf(s) - - - f(bn).
po=x " f(b)f(bs) - - - f(ba),

Hence

and
. v " fn)
" .’IJ_Mf(bl)f(bZ) tot f(bn) '

The probability of nilpotence is therefore given by

g(m) =

24524 .. .452
sytesgt - tsy

X
P = §) 2 i o T

The final stage in the proof is to establish the identity given in the fol-
lowing lemma :*

LEMMA.

(4)

xn xs%+sg+- . '+872z
Fm) — S J0y) - f(ba)’
the summation being over all partitions
(5) 1r:n=b1n+b2(n—1)+---+b,,-1,
where b, = 0, and
3u=b1+b2+ °+bu
Proof. The left-hand side of (4) is the generating function for the num-
ber of partitions of an integer N into exactly n parts. With each such par-
tition =¥, we associate a partition = of n as follows. Exhibit #* as a graph,
with the parts in decreasing order represented by horizontal lines of nodes,
the left-hand nodes of all the parts being arranged in a vertical line. For
example, the partition 30 =5+5+4+44+4+34+2+1+4+141 of
N = 30 into n = 10 parts would have the graph

(7*)

l'_\;l'_\'_f :

1 For background material on partitions, see G. H. Harpy aNp E. M. WRiGHT, An
introduction to the theory of numbers, Oxford, 1938.
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We denote by s, the side of the largest square in the upper left corner of #*
(the Durfee square). In the example, s;p = 4, and the square is indicated by
the lines. Removing the first s, parts from 7*, we have left another partition
4+3+2+14+14+1=12). Denote by s,_1 the side of the Durfee
square for this partition (s, = 2). Remove the next s, ; parts to get a third
partition (241414 1=235) and form its Durfee square, of side
Sn—s2 (855 = 1). Continuing in this way, we obtain the nonincreasing sequence
S Z 81 = Spo= - =520 (In our example, sio =4, $ =2, s5=
S7=8 =8 =1, s4=8 =8 =s§ =0.) Clearly

n=s8+ s+ -+ s.

Define b, = 8y — 84,1 2 0 (u = 1,2, --- ,n), with s = 0. Then if we use
the relation

Su=br+ b+ -+ bu,

we have

n=>bmn-+ b(n— 1)+ --- + b,-1.

Thus with each partition =* of an integer N into exactly » parts is
associated a certain partition 7= of n given by the process just described. In
our example, bio = 2,by = 1,bs = by = bg = 0,bs = 1,bs = b3 = by = by = 0,
and 7 is given by

10=0-104+094+08407+164+054+04+034+1-2 4 21,
or, in more customary form,
10=6+24+141.

TFor a given m, it is possible to reconstruct partially the original »* by setting

down in order the Durfee squares of sides s, , - - - , &, the total content being
M=si+ s+ --- +s.. To complete the reconstruction, we require the
residual partitions w, , -+, 71 which lie to the right of the corresponding

squares, with total content N — M. In our example, mpis 2 = 1 4 1, my is
3=2+1, mg is 1 =1, and all the others are vacuous. These residual
partitions are restricted by the following conditions:
(n) w, has at most s, parts,
(n — 1) w,. has at most s,; parts, of size at most s, — $,—1 = bn,
(n — 2) wa._o has at most s,_» parts, of size at most 8,1 — Sn2 = bp_1,
(2) m has at most s, parts, of size at most s; — s = bs,
(1) m has at most s; parts, of size at most s, — s; = be,
and by the overall condition that the total content is N — M. If the con-
tent of ; is C;, then the number of partitions =, satisfying condition (n) is
the coefficient of z°* in

! - b
=)@ —a) - (1 —am)  fls)
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For j < n, the number of partitions =; satisfying condition (5) is the
coefficient’ of 2% in

fGsi + biy) _ flsinn)

f(s)f(bir)  f(s)f(bit)
Since the conditions (n) to (1) are independent, the total number of sets
(#n, +-+,m) for which C; + Co + -+ + C, = N — M 1is the coefficient of

N—M -
X m

_1_ . f(SN) . f(sn—l) . f(Sz) _ 1
T T ) Tl TG0~ o)~ 7B

since s; = b, . This is the same as the coefficient of " in

M
X

Fbr) -+ F(ba)

This represents the contribution of the particular partition = to the total
number of 7*. Summing over all =, we get the right side of (4). This com-
pletes the proof.

TuaeoreMm 2. The probability that an n by n matriz over the integers mod m be
nilpotent is (py p2 -+ pr) ", where p1, - -+, ppare the distinct prime factors
of m.

Proof. Let P(m) denote the required probability. If (mi, ms) = 1, then
P(my my) = P(mi)P(m,), since a matrix is nilpotent mod mym, if and only
if it is nilpotent mod m; and m,, and these events are independent.
Thus it is sufficient to prove the theorem for m = p°, where p is a prime.
By Theorem 1, we may assume that 8 > 1.

Let A be an arbitrary matrix with elements satisfying 0 = a;; < p®. Then
we may write, uniquely,

A =B+ pC7

where 0 = b;; < p,0 = ¢;5 < p*. It is easily verified that A is nilpotent
mod p° if and only if B is nilpotent mod p. Hence PO® = P(p) = p ",
and the theorem is proved.

It is clear that the result can easily be extended to analogous results for

matrices over finite commutative rings and to similar situations.
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5 See, for example, P. A. Mac Manon, Combinatory analysis, Cambridge, 1916, vol. 2, p.5.



