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PROPERTY (P) AND STEIN NEIGHBORHOOD BASES ON C!
DOMAINS

PHILLIP S. HARRINGTON

ABSTRACT. Let 2 be a bounded domain in C" satisfying Catlin’s
Property (P). Sibony has shown that Q possesses a Stein neigh-
borhood basis when the boundary is of class C3. In this paper,
we use an alternative characterization of such domains to show
that Sibony’s result holds when the boundary is of class C*.

1. Introduction

Let Q be a pseudo-convex domain in C", n > 2. We say that Q has a
Stein neighborhood basis if for every open set U containing () there exists a
pseudo-convex domain Qg such that Q C Qp C U (see [11] for the necessary
background on pseudo-convex domains and Stein manifolds). Diederich and
Fornaess have shown in [6] that there exist smooth bounded pseudo-convex
domains with no Stein neighborhood basis, even though all pseudo-convex
domains can be exhausted from within by strictly pseudo-convex domains.

Catlin’s Property (P) was introduced in [2] as a sufficient condition for com-
pactness of the 9-Neumann operator (an overview of the d-Neumann problem
can be found in [1] with more detailed accounts in [8] or [3]; see [9] for details
on compactness). A pseudo-convex domain 2 satisfies Property (P) if for
every M > 0 there exists a smooth plurisubharmonic function A on  such
that 0 <A <1 on Q and 100\ > iMJ3|z|? on 0. As demonstrated in [15],
Property (P) implies compactness even if A is not smooth.

In [14], Sibony shows that Property (P) also implies the existence of a
Stein neighborhood basis on all C® pseudo-convex domains. In fact, Sibony
demonstrates that Property (P) implies the stronger condition of uniform H-
convexity (as defined by Cirka in [4]). Let 0(z) denote the geodesic distance
from z to 9N2. We say that 02 is uniformly H-convex if there exist constants
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b > a > 0 such that for every € > 0 there is a pseudo-convex domain 2. con-
taining 092 such that be > §(z) > ae for all z € 9. Sibony’s argument also
works for McNeal’s more general Property (P) [12] (see [13] for a more general
sufficient condition).

Our goal is to demonstrate that Property (P) implies uniform H-convexity
even when the boundary is only of class C*'. To that end, we will use the
equivalent formulation of Property (P) proved in [10]. Let © be a bounded
Lipschitz domain in C™ satisfying Property (P). Then there exists a func-
tion p € C(Q) satisfying 16(2) < —p(2) < cd(z) in Q for some ¢ > 1, and
i00(—log(—p)) > i(—p)dd|z|? for some positive function ¢ € C(0,00) sat-
isfying lim, o+ ¢(x) = co. In effect, p provides an exhaustion of Q by strictly
pseudo-convex domains with Levi forms that decay at a singular rate. In this
paper, we will show that such an exhaustion can be “pushed out” of Q2 to
provide a Stein neighborhood basis. Our main theorem is as follows.

THEOREM 1.1. Let Q C C" be a pseudo-convex domain with C' boundary
such that for every p € 02 there exists an open neighborhood p € U and a
function p € C(UNKQ) satisfying:

%5(2) < —p(z) < d(2)
for some ¢ >1 and:
i09(—log(—p)) > ip(—p)dd|z|*

in UNKQ for some positive function ¢ € C(0,00) such that lim, o+ ¢(z) = 0.
Then 0N is uniformly H-convez, and hence €2 has a Stein neighborhood basis.

The existence of Stein neighborhood bases is particularly relevant on do-
mains with low boundary regularity. For example, uniform H-convexity can
be used to solve the inhomogeneous Cauchy-Riemann equation du = f in
Coro (©2) when df =0 (as shown in Dufresnoy [7]). On smooth domains this

result can be obtained from Kohn’s method using the weighted d-Neumann
operator [8], but this approach will not work on C! domains. Hence, the above
theorem implies that Property (P) suffices for solvability of the d operator in
Cora (€2) when 09 is only C!. See [16] for applications of stronger conditions

on Stein neighborhood bases to the O-Neumann problem.

2. Special defining functions

In the proof of the main theorem, we will need to work with three different
defining functions: a local defining function p(z) satisfying a strong form
of Oka’s lemma, the geodesic distance function 6(z) for the boundary, and
a local defining function derived by representing the boundary as a graph.
When comparing these three functions, the constants of comparison will need
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to be small. On C*! domains, this is always possible. When working in special
coordinate charts {z!,...,2"}, we will use 2’ to denote {z!,... 2" 1}.

LEMMA 2.1. Let Q C C"™ be a domain with C* boundary, and let p € OQ
be a point with a neighborhood U and a local defining function p on QNU
satisfying:

i09(—log(—p)) = ip(—p)dd|z|?,
in the sense of currents on QNU where ¢ is a positive continuous function on
(0,00) satisfying lim,_,o+ ¢(x) = co. Then for any constant ¢ > 1, there exists

an open neighborhood p € U C U with local orthonormal coordinates centered
at p and a local defining function p on QNU satisfying the following:

(1) There is a C* function ¢ on C"~1 x R such that
QNU={zeU: Imz" < (2 ,Rez")}.
(2) On QNU, —1p(2) <|[Imz" — p(2',Re2")| < —&p(z) and
108 (~108(~7)) > id(~7)0D2 .
in the semse of currents y}here g?) 18 a positive continuous function on
(0,00) satisfying lim, o+ ¢(z) = oo.
(3) OnU, 16(z) <|Imz" — p(2',Rez")| < &d(z).

Proof. Since 02 is C'!, we can choose orthonormal coordinates {z*,...,2"}
such that p = 0 and the unit outward normal at p is %, where 2" =™ +iy™.
Let 6(z) denote the signed distance function for 89, i.e., §(z) = —d(z) inside
Q and 0(z) = 0(z) outside Q. If we represent 02 locally as the graph of a
function ¢, then Tm 2™ — ¢(2/,Re2") and 6(z) are both O defining functions

I n_ ' Re 2™) . . .. .
for Q near 0, so h(z) = % is a continuous positive function near

0 and hdb = d(Tm 2" — (2, Re 2™)) on 9. At 0, we have hdd = dy™, and since
|dd] =1, we can conclude h(0) = 1. We can now choose a neighborhood U of

0 where % < h(z) < V. Since VE < ¢, statement (3) follows immediately.

By Oka’s lemma, we can shrink U as necessary so that i09(—1logd) >
0 on QNU in the sense of currents. Since p is a local defining function,
there is a constant ¢ > 1 such that 16(z) < —p(z) < c6(2) on QN U. Setting
pr = —(—p)'6'" for any 0 <t <1, we have 6(2) < —pi(2) < c'0(z) and
i00(—log(—p;)) > itp(—p)0d|z|?. If we choose t small enough so that ¢* < /¢
and set p = p;, statement (2) will follow. O

REMARK 2.2. We will see that Lemma 2.1 is only needed for a single value

of ¢ satisfying 1 < ¢ < \/g . Hence, Theorem 1.1 will hold even for Lipschitz

domains if Lemma 2.1 is satisfied for such a ¢é. For example, if €2 is a piecewise
C' domain such that all interior and exterior angles are greater than %’r, then
Theorem 1.1 still follows.
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3. Proof of the main theorem

We will begin by constructing plurisubharmonic functions near each bound-
ary point satisfying certain estimates. In order to patch these functions to-
gether we will adapt an idea from [5]. Fix some constant 1 < ¢ < \/g . For each
p € 0L, let U, be a neighborhood where the conclusions of Lemma 2.1 hold
for ¢=c. Let B(p,rp) C U, denote a ball of radius r, centered at p. Choose
some finite subcollection of {B(p, %)} covering 99 indexed by P C dQ and
for each p € P let x, € C5°(B(p, %)) be a function satisfying 0 < x, <1 and
Xp =1 on B(p, %”)

Fix some p € P and let {z%,...,2"}, p, and ¢ be as in Lemma 2.1. Hence-
forth, We will suppress the subscript p and take p =p and gb qb Since
1< c? <%, we can choose a satisfying 4= 36
b>a+ QCC 222 For ¢ > 0 sufficiently small, let K. ={2¢€ B(0,%) 5)\ Q: a5<
§(z) < be} and define p.(z) = p(#, 2™ —ic) on K.. Note that on K

Im (2™ —ig) — (2, Rez") < cd(z) —e < (be — 1)e < (1 — *)e <0,
so (2, 2" —ie) € Q and p. is well defined on K.. In fact, on K. we have the
estimates:

(3.1)  —pe(z) <c(p(z',Rez") —Im(2" —ie)) < c(s - %5(2)) =ce —0(2),
and

(3.2) —pe(2) > %(g@(z’,Rez”) —Im(2" —ie)) > %(6 —cd(z)) = %5 —(2).

Since p. is only a translation of p, we have
i00(—log(—p2)) = ig(—p)00|z|*
on K.. We may assume ¢ is decreasing (if not, we may replace ¢ with the
function whose graph is the convex hull of the graph of the original ¢), so
(3.3) i00(—log(—pe)) > i¢(ce — 6)dd|z|* > i¢((c — a)e)00|z|*.
Since the relevant estimates [(3.1), (3.2), and (3.3)] are strict inequalities,
they will apply to p. in a small neighborhood of K.. Using the standard

construction to regularize —log(—p.) by convolution, we can obtain a smooth
function p. on K. satisfying

(3.4) %5—5(2) < —pe(z) < g —0(2),
(3.5) i00(—log(—p.)) > i¢((c — a)e)9d|z|>.

Next, we let f(z) =—1 and g(z) = f(z — ((’2—;1)5) — f(x). Note that f(z)
and f”(x) are increasing while f’(z) is decreasing, and hence g(z) and g¢”(x)
are negative while ¢’(z) is positive Set

Ae = —f(=pe) — g(=pe)x.
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On 9B(0, 5), when x =0, we estimate

Ne=—f(—pe) < —f(%e - 5>,

while on B(0, 5), where x =1, we have

he= (0 = a(-p) =~ (~p. - ( —)-)

C

S R

Note that both bounds on A. are independent of p. This will be crucial when
patching the local functions together to obtain a global function.
Since g is negative, we can estimate A\. when 0(z) = ae by

vzetton-an - (22

o (£ (52

Similarly, when §(z) = be, we have

Ae > —f(=pe)>—f(ce —be)

A B ()

Now we can set k. = ff((¥ —a)e) and have A\; > k. when §(z) = be and
Ae < ke when §(z) = ae.

It remains to see that A. is strictly plurisubharmonic on K. when ¢ is
sufficiently small. Note that

i00(—log(—pe)) = i0((—p=) "' Op) = i(—pe) ' 0Dpe +i(—p<) " *pe A Dpe,

SO:

i00p. = i(—p<)00(—log(—pe)) — i(—pe) ' Dp= A Dpe.
We can now compute
i00A: = i0((f'(—pe) + g'(—p<)X) Ipe — g(—pe)Ox)

=i(f'(=pe) + 9/ (=p)x)00p= —i(f"(=pe) + 9" (=pe)x) Dpe A Op=
—ig(—p=)00x + ig' (—p<)(Dpe N Ix + dx N Ipe)

=i(f'(=pe) + g/ (—p)X) (—p<) 09 (—log(—p-))
—i(f"(=pe) + (=pe) " f'(=p=)) Dpe A Dpe
—i((9"(=pe) + (—pe) "' (=pe)) x) Ope A Dpe
—ig(—pe)00x +ig' (—p<)(Dpe A Dx + dx A p.).
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Since
1 2 1 1
" / _ 4+ _ =
(r@+ ) =5-5-5%
is a decreasing function, we can conclude that —(¢”(z) 4+ ¢/(z)) is a positive
function, so we have

00X > i(—p:) " 9 ((c — a)e)DD|z|* +i(—p=)~>Ip- A Dp.
— ig(—pe) 00X +ig' (—pe)(Dp= A X + Ox A Dpe).
Clearly,
i((—pe) "2 0pe + (—p2) 2 g/ (—p)OX) A ((—pe) "2 0pe + (—p2) 2 g (—pe)Dx) > 0,
SO
i(—=pe)"0pe N Ope +ig'(—p=)(Bpe N DX + Ox A Ipe)
> —i(—pe)’(g'(=p<))?Ox N Dx,
and
00X > i(—pe) " p((c—a)e) 9| 2|* —ig(—p)8dx —i(—p:)* (¢ (—pe))*Ox N Dx.
From (3.4), we know that

<1b>s</)s<(00)5,

c
so since g(—p-) = O(e~t) and ¢/(—p.) = O(e2), there exist positive constants
A and B independent of £ such that
(3.6) —ig(—p:)00x > —iAe~00|z|?,
(3.7) —i(—p<)*(g'(—pe))*Ox N Ox > —iBe ™' 00|z,
Hence, we conclude

i00X. > i(((c—a)e) "' ¢((c— a)e) — Ae™! — Be~1) |22,

By assumption, ¢((c—a)e) > (¢ —a)(A + B) for all sufficiently small € > 0, so
Ac is strictly plurisubharmonic on K. for all such € > 0.
Let K. ={2z€C"\ Q: ac <J(z) <be} and define

Ae(2) = sup Aep(2).
{peP:zeK. p}

If we choose ¢ > 0 sufficiently small so that {B(p, =)} cover K. and each
Ae,p is strictly plurisubharmonic then A is strictly plurisubharmonic since it
is locally the supremum over a finite collection of strictly plurisubharmonic
functions (this is guaranteed since each A., > —f(1e — §) on B(p, =), but
Nep < —f(Le — 8) on OB(p, 2)).

Since A. > k. when 0(z) = be and A, < k. when §(z) = ae, we can conclude
that the level curve {z € K, : A\.(z) = k.} is contained in the interior of K.,
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and hence defines a piecewise smooth strictly pseudoconvex neighborhood of
Q). Since this construction holds for all sufficiently small € > 0, we have a Stein
neighborhood basis for €.
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