Optimal transportation of processes
with infinite Kantorovich distance:
Independence and symmetry

Alexander V. Kolesnikov and Danila A. Zaev

Abstract We consider probability measures on R and study optimal transportation
mappings for the case of infinite Kantorovich distance. Our examples include (1) quasi-
product measures and (2) measures with certain symmetric properties, in particular,
exchangeable and stationary measures. We show in the latter case that the existence
problem for optimal transportation is closely related to the ergodicity of the target mea-
sure. In particular, we prove the existence of the symmetric optimal transportation for
a certain class of stationary Gibbs measures.

1. Introduction

Let us consider two Borel probability measures u,v on R?. The central result
(Brenier’s theorem) of the finite-dimensional optimal transportation theory estab-
lishes under fairly general assumptions the existence of the corresponding optimal
transportation mapping 7', which can be characterized by the following proper-
ties:

(1) T =V, where ¢ is a convex function,
(2) v is the image of y under T: v=po T~ 1.

The mapping T exists, in particular, when both measures are absolutely con-
tinuous and have finite second moments. The second assumption can be replaced
by the weaker assumption of the finiteness of the corresponding Kantorovich dis-
tance Wa(u,v) but it does not make much difference for the finite-dimensional
problems. However, this difference becomes essential in the infinite-dimensional
case.
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It is well known that the optimal transportation mapping 7' solves the so-
called Monge problem, meaning that 7" minimizes the functional

() — || du(=)
Rd

among the mappings 7: R? — R? pushing forward p onto v. Here || - || is the
standard Euclidean norm. The corresponding minimal value coincides with the
squared Kantorovich distance W3 (u,v).

Now let us consider a couple of measures on an infinite-dimensional linear
space X. To avoid unessential technicalities, we will assume everywhere that
X =R>. We deal throughout with the standard Hilbert norm

o0
2l := llallfe = o,
i=1

which takes infinite value almost everywhere with respect to most of the measures
we are interested in.

What is a natural analogue of the Brenier theorem in this setting? To under-
stand the situation better, let us consider the Gaussian model.

EXAMPLE 1.1 )

Let v =]l v =11, #e’% dz; be the standard Gaussian product mea-
sure on R*®, and let H =2 be the corresponding Cameron-Martin space. More
generally, one can consider any abstract Wiener space.

The optimal transportation problem is well understood for the case of mea-
sures p and v which are absolutely continuous with respect to . The most general
results were obtained in [12]. (Another approach has been developed in [15].) In
particular, for a broad class of probability measures f -~ absolutely continu-
ous with respect to v, there exists a transportation mapping T'(z) =z + Vi (z)
minimizing the cost

@ sl v

and pushing forward - onto f -~. Analogously, there exists a transportation
mapping pushing forward f -« onto 7. The gradient operator V is understood
with respect to the (-, -);2-scalar product.

It is known (this follows from the so-called Talagrand transportation inequal-
ity) that under the assumption that [ flog fdy < oo the Kantorovich distance
between v and f -~ is finite:

sz(%f"Y):/HT(x) fx||122 dy < o0.

In particular, Vo(z) € [? for v-almost all x. For more on optimal transporta-
tion on the Wiener space, the corresponding Monge—Ampére equation, regularity
issues, and transportation on other infinite-dimensional spaces, see [4], [6], [8],
[11], and [10].
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In this article we study situations in which the Kantorovich distance between
measures is a priori infinite. This makes it generally impossible to understand
T as a solution to a certain minimization problem. Nevertheless, we have many
good candidates that may be called “optimal transportation” in many particular
cases. The following example motivates our study.

EXAMPLE 1.2

(1) Let p =12, pi(da;), v =T[;2, vi(dz;) be product probability measures.
Assume that all p;’s have densities. Then there exists a mass transportation
mapping T pushing forward p onto v which has the form

T(.’L’) = (Tl(,iEl),. . 77_;(.%‘@), . .),

where T;(x;) is the 1-dimensional optimal transportation pushing forward u; onto
V;.

(2) Let us consider the Gaussian measure p which is a pushforward image
of the standard Gaussian measure v under a linear mapping T'(z) = Az with
A symmetric and positive. It is well known (and can be obtained from the law
of large numbers) that v and p are mutually singular even in the simplest case
A =2-1d. Because it is linear and given by a positive symmetric operator, T is
“optimal.” Heuristically,

1
T(x)= §V<A:c,:c>.
It is clear that in both cases T' cannot be obtained as a minimizer of a functional
of the type [||T(z) — z||% dp.

We state now the central problem of this article.

PROBLEM 1.3

Let p and v be two probability measures on R*°. When does there exist a trans-
portation mapping 7' pushing forward p onto v which is “optimal” for the cost
function c(z,y) = ||z — y||%?

In this article we deal with two model situations.

Quasiproduct measures
We assume that both measures have densities with respect to product probability
measures (see [5], [7], [8]. [11], [10], and [18])

pw=f" o, vV=g-lo,

Ho :H/J'i(d'ri)a VOZHVi(dxi)-
i=1 =1

Then the corresponding “optimal transportation” is a small perturbation of the
diagonal mapping considered in Example 1.2.
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Symmetric measures

It is possible to give a meaning to the Monge-Kantorovich optimization problem
if we restrict ourselves to a certain class of symmetric measures. In this article we
consider two types of symmetry: exchangeable measures (invariant with respect
to finite permutations of coordinates) and stationary measures on R* (invariant
with respect to shifts of coordinates). Note that ||z — y||% is symmetric with
respect to both types of symmetry. More generally, let G be a group of linear
operators which acts on X =Y =R and X xY: z — gz, (z,y) — (9z,9y),
g € G, and preserves the cost function ¢(x,y). We assume that every basic vector
e; can be obtained from any other e; by the action of this group: there exists
g € G such that e; = ge;. Note that under these assumptions all the coordinates
are identically distributed. This leads us to the following definition: given G-
invariant marginals ¢ and v, we call 7 an optimal (symmetric, invariant) solution
to the Monge-Kantorovich problem if 7 solves the Monge-Kantorovich problem

/(xl —y1)? dr — min

among all of the measures which are invariant with respect to G. If there exists
a mapping T such that its graph I' = {z, T'(z)} satisfies m(I') =1, we say that T
is an optimal transportation mapping pushing forward p onto v.

The following counterexample, however, demonstrates that the optimal trans-
portation may fail to exist for a quite simple reason.

EXAMPLE 1.4
Let p = be the standard Gaussian measure on R*°, and let

1
v= 5(’Y+72)

be the average of v and its homothetic image v =y o0 S~!, where S(z) = 2x.
There is no mass transportation 7" of u to v which commutes with any cylindrical
rotation. Indeed, any such mapping must have the form 7'(z) = g(z)(z1,z2,...) =
g(x) -z, where g is invariant with respect to any “rotation,” in particular, with
respect to any coordinate permutation. But any function g of this type is constant
v-almost everywhere. This is a corollary of the Hewitt—Savage zero-one law. It
is clear that there is no mass transportation of this type for the given target
measure.

There is a general principle behind this simple example. Recall that a measure p

is called ergodic with respect to a group action G if for every G-invariant set A

one has either u(A) =1 or pu(A) =0. It follows directly from the definition that

there does not exist a bijective mass transportation 7" pushing forward p onto v

such that Tog=goT for every g € G, provided p is G-ergodic but v is not.
This observation leads to the following problem.

PROBLEM 1.5
Let G be a group of linear operators acting on R* and preserving l>-distance
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(model example: group of shifts). Let u, v be ergodic G-invariant measures. When
does there exist a transportation 7': R* — R* pushing forward p onto v, which
commutes with G and minimizes the Monge functional T — [, (T1(z) —21)* du?

Trivially, the ergodicity by itself is not sufficient for an affirmative answer to this
problem. In addition to it, we need to have certain infinite-dimensional analogues
of “absolute continuity” for the source measure p.

We believe that the symmetric transportation problem must have a deep and
very interesting relation to ergodic theory. The second author [25] studied the
interplay between ergodic decompositions and transportation theory. Another
interesting connection has been established in [3]. It was shown that the Birkhoff
ergodic theorem implies equivalence between optimality and the so-called cycli-
cal monotonicity property. The related problems on optimal transportation in
symmetric settings have been considered in [22] (stationary processes), in [23]
(symmetric measures on graphs), and in [19], [20], and [9] (ergodic theory). Trans-
portation problems with symmetries have been studied in [13] and [21]. Further
development of the duality theory for transportation problem with linear restric-
tion has been obtained in [26].

The article is organized as follows. In Section 2 we give preliminaries in
transportation theory and ergodic theory, and we recall some important results
on log-concave measures. In Section 3 we establish sufficient conditions for the
existence of optimal transportation mappings which are obtained as almost every-
where limits of finite-dimensional approximations. The applications of this result
are obtained in Section 4. Here we prove the existence of optimal transporta-
tion for a couple of measures having densities with respect to product measures.
In Section 5 we discuss the invariant optimal transportation problem, consider
examples, and prove some basic facts. In Section 6 we briefly discuss Kantorovich
duality for a problem which is invariant with respect to the action of a group. In
Section 7 we construct a nontrivial example of a symmetric optimal transporta-
tion T'. Namely, we establish sufficient conditions for the existence of T" pushing
forward a stationary measure into the standard Gaussian measure. Finally, we
apply this result to a certain class of Gibbs measures.

2. Preliminaries

2.1. Optimal transportation problem

PROBLEM 2.1 (KANTOROVICH PROBLEM)

Given two probability measures p and v on the spaces X and Y, respectively,
and a cost function ¢: X x Y +— R U {+o00}, we are looking for the minimum of
the functional

W2(u,v) :inf{/||x—y||2dm: meP(u,u)}

on the space P(u,v) of probability measures with fixed projections: Prxm = pu,
Prym=v.
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In the classical setup X =Y =R", ¢ = |z — y|?, the solution m is supported on
the graph of a mapping T : R"™ — R™ (see [2], [5]. [24]):

m()=1, where I'={(2,T(z)),z € R"}.

The functional Wa(u,v) is a distance in the space of probability measures. In
what follows we call it the Kantorovich distance. The mapping T is called the
optimal transportation of p onto v.

Another well-known fact which will be used throughout the article is the
following relation, called the Kantorovich duality:

WQ(/’L7 V) = _%J(§07¢)7

where

j?

sy =it [ (o)~ Y s [ () - Y v g0) 400 = (@),

P>

and where the infimum is taken over couples of integrable Borel functions ¢(z), ¥ (y).
The function ¢ in the dual problem coincides with the potential generating the
transportation mapping

T=Ve.

2.2, Ergodic decomposition

Given a Borel transformation S : X +— X of the space X we call a Borel prob-
ability measure p ergodic if any S-invariant measurable set A has the property
w(A)=1or pu(A) =0. A similar terminology is used if instead of a single mapping
S we deal with a family G of transformations.

The ergodic G-invariant measures are extreme points of the set of all G-
invariant measures; hence, any G-invariant measure can be represented as the
average of G-invariant ergodic measures. The famous de Finetti theorem estab-
lishes decomposition of this type for a class of exchangeable measures, that is,
measures invariant with respect to a permutation of a finite number of coordi-
nates.

THEOREM 2.2

Let P be the space of Borel probability measures on R equipped with the weak
topology. Then for every Borel exchangeable pn on R there exists a Borel prob-
ability measure I on P such that

u(B) = [ m=(B)(dm),

for every Borel B C R*°.

Yet another example of the ergodic decomposition where a precise description is
possible is given by rotationally invariant measures (see Example 5.9).
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2.3. Log-concave measures and functional inequalities
We recall that a probability measure p on R"™ is called log-concave if it has
the form e~V - H*|;, where H* is the k-dimensional Hausdorff measure, k €
{0,1,...,n}, L is an affine subspace, and V is a convex function.

In what follows we consider uniformly log-concave measures. Roughly speak-
ing, these are the measures with potential V satisfying

V(r) = V(o) ~ (T () ) > 5l —yl”,

which is equivalent to D?V > K -Id in the smooth (finite-dimensional) case. Here
K is a positive constant.

More precisely, we say that a probability measure u is K-uniformly log-
concave (K > 0) if for any £ > 0 the measure ji = %eK’;a"”'z - 4 is log-concave
for a suitable renormalization factor Z. It is well known (see Borell [8]) that the
projections of log-concave measures are log-concave. (This is in fact a corollary
of the Brunn-Minkowski theorem.) It can be easily checked that the uniform
log-concavity is preserved by projections as well. We can extend this notion

to the infinite-dimensional case. Namely, we call a probability measure p on a
locally convex space X log-concave (K-uniformly log-concave with K > 0) if its
images pol~!, I € X*, under linear continuous functionals are all log-concave
(K -uniformly log-concave with K > 0).

Throughout the article we apply the following estimate (see [15], [17]), which
generalizes the famous Talagrand transportation inequality.

THEOREM 2.3 (GENERALIZED TALAGRAND INEQUALITY)

Let m be a K-uniformly log-concave probability measure with some K > 0. Then
for any couple of probability measures p=e~V dr, v=e W dzx and the corre-
sponding optimal mappings Ve, Vo, , pushing forward p, v onto m, respec-
tively, one has the estimate

d K
Enty(%) :/logd—':tdu:/(W—V)d,uZ ?/|V¢M—chy|2du.

Another result used in the article is Caffarelli’s contraction theorem. Here is the
version from [17, Theorem 7.4] (see also [10]).

THEOREM 2.4 (CAFFARELLI CONTRACTION THEOREM)

Let V® be the optimal transportation of the probability measure = e~" dx into
v=-e"Wdx. Assume that for some positive c¢,C one has D*V < C -1d, D*W >

¢-1d. Then V@ is Lipschitz with Vs, < /€.

The quantity Ent, (£) is called the relative entropy or the Kullback—Leibler dis-

v
tance between p and v.
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3. Sufficient condition for existence of limits of finite-dimensional
optimal mappings

3.1. Preliminary finite-dimensional estimates

Let p and v be probability measures on R?, and let T'(z) = V() be the optimal
transportation mapping pushing forward p onto v. Let us denote by p, the images
of p under the shifts  +— x + v, v € R%. It will be assumed throughout that the
1y’s have densities with respect to u:

i _ ..
dp

LEMMA 3.1
For every p,q > 1 with %—i—%:l, >0, and e € R?

et tt0) = ot d <64 o) g sup [P
757

La(p)>
[ (ola+ te) = p(a) ~ t0up(a)) d <t 2.0l 00 165 = U o
0<s<t

Proof
One has p(x +te) — p(z) = fot Oep(x + se) ds. Hence,

/ (e + te) — ()] dy

t
= / / |Depl e (2 + se) ds dpu
0

¢
:te/ {/|86@|1+aeﬁse dp] dsStHEH\@e@P“HM(H)~ sup [|eP= Lo
0 0<s<t

:t1+5’|’<x,e>|1+5 Boe

||LP(V) .osggrg)t €™l a -

Applying the same arguments one gets

[ (ot 1) = (o)~ topt@) dis = [ [ @upla-+s6) = dupta) dsa

_ /[/Ot(eﬁse ~1)ds|0.p(x) dy

1 t 1
< t7]|0cpl e () [//0 |65“ — 1|qud,u} .

The desired estimate follows from the change of variables formula and trivial
uniform bounds. U

In addition, we will apply the following elementary lemma.
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LEMMA 3.2

Assume that a sequence {T,,} of measurable mappings T,,: R — R converges
to a mapping T in the following sense: for every e;, lim, (T, e;) = (T, e;) in mea-
sure with respect to u. Then the measures {o T, '} converge weakly to o T—1.

3.2. Existence theorem
We consider a couple of Borel probability measures g and v on R*, where R*
is the space of all real sequences: R>* = H;)il R;. We deal with the standard

coordinate system x = (x1,2a,...,Zn,...) and the standard basis vectors e; =
(0ij). The projection on the first n coordinates will be denoted by P,: P,(z) =
(z1,...,25). We use notation ||z||, <x y) for the Hilbert space norm and inner

product, respectively: [|z|| = Y272, «7, (z,y) = ;2 ;y;. We use the notation E!
for the conditional expectation w1th respect to p and the o-algebra generated
by x1,...,2,. For any product measure P = [];2, p;(x;) dx; its projection P, =
PoP; ' has the form [, p;(x;) dz;, and the projection (f - P)o Pyl = f, - P,
of the measure f- P satisfies f,, = E5 f. Everywhere below we agree that every
cylindrical function f = f(z1,...,2,) can be extended to R* by the formula
T = frn(Ppx).

It will be assumed throughout the article that the shifts of x4 along any vector
v = te; are absolutely continuous with respect to u:

Ao _ ..
dp
In Section 3, moreover, the following assumption holds.

ASSUMPTION A
For every basic vector e = e; there exist p > 1, g > 1, satisfying % + % =1, and

€ > 0 such that
/‘(a:,e>|(l+€)p dv < 0o

= sup /|eﬁ“‘ —1/9dp

0<s<t

and

satisfies lim;_,o p(t) = 0.

Let pi,, = po P (z), vy = vo P (y) be the projections of p, v. For every v = te;
let us set
d(ptn)v _ eﬁff")
dpin '
It is easy to check that the projections of u, v satisfy Assumption A.
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LEMMA 3.3
For every n € N and every e =e; one has

/‘<Pn(x),e>‘pdl/n < /|<x,e>‘pdu, /|eﬂ§") —1|%du, §/|e'88 —1%dp.

Proof

The first estimate is trivial. To prove the second one, let us note that B =
Eﬁeﬁv. The claim follows from the Jensen inequality and convexity of the function
t— |t —1]%. 0

We denote by , the optimal transportation plan for the couple (pn,v,). Let
on(x) and ¥, (y) solve the dual Kantorovich problem. Let us recall that Ve,
(V) is the optimal transportation mapping sending p.,, to v, (v, to p,). One
has

on(T) +Yn(y) > (Paz, Pry)
for every x,y. The equality is attained on the support of m,. In particular,
on(x) + @/}n(vwn(x)) = <an,V80n(éE)>-

It is easy to check that {m,} is a tight sequence. By the Prokhorov theorem,
one can extract a weakly convergent subsequence m,, — 7. Note that m, is not
the projection of 7.

The main result of the section is the following theorem.

THEOREM 3.4
Assume that Assumption A is fulfilled and, in addition, that

Fn(fﬂ,y7070) = @n(w) + wn(y) - <anaPny> —0

in measure with respect to m. Then there exists a mapping T: R*® — R>® such
that

T(x)=y

for m-almost all (z,y).

In what follows we will pass several times to subsequences and use for the new
subsequences the same index n again, with the agreement that n takes values in
another infinite set N’ C N. Let us fix unit vectors e;,e; for some 4,j € N, and
consider the sequence of nonnegative functions

Fn(l'vyvta 3) = QDn(fE + tei) + ’l/}n(y + Sej) - <Pn(x + tei)v Pn(y + 86j)>
with n >4, n>j.
LEMMA 3.5
There exists an L'*¢(m)-weakly convergent subsequence

Ony, (T +tei) — pn, (v) = U(w).
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The following relation holds for the limiting function U(x):
|[v@an—t [w.eha| <cowo.

Proof
Taking into account that [ F,(z,y,0,0)dr, =0, one obtains

/ Fo(@,y,1,0) dmy, = / Fo(@,9.1,0) dmy — / Fo(2,9,0,0) dmy, > 0.

Note that the right-hand side equals

/(Fn(x,y,t,()) — Fy(2,9,0,0)) dm, = /[(pn(x +te;) — pnla) — t{y, e;)] dmy,.

Taking into account that the projection of m, onto X coincides with pu,, and ¢,
depends on the first n coordinates, one finally obtains that for n > i the latter is
equal to

[lonto 1) = ou() du—t [ tg.ci)av

- / [on( + tes) — n(z) — e, pn ()] ds.

It follows from Lemmas 3.1 and 3.3 and Assumption A that

(1) [ B0y dr,

Since ¢, depends on a finite number of coordinates (at most n), one has

1+¢ 1+¢
Jlnta s te) —on@] " du= [[on(a+te) = ou(@)] * di.
Hence, by Lemma 3.1
Un(x) = pn(x +te;) — on(x) € L' (1)

and, moreover, sup,, [|Uy || L1+= () < co. Thus, there exists a function U € L'+¢(y)
such that for some subsequence ny

< Ctp(t).

Oy (T +tei) — pn, (z) = U(x)

weakly in L'*¢(u). Passing to the limit we obtain from (1) that
‘/U(w) du*t/@/,ei)dV’ < Ctp(t). 0

LEMMA 3.6
Assume that F,,(x,y,0,0) — 0 in measure with respect to w. Then

Ulz) —t(y, i) >0

for m-almost all (x,y).
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Proof
Note that
[on (@ +tei) — pn(z) - f<y7 ei)] + Fu(,y,0,0)
= on(z +te;) +Un(y) — (Puy, Po(x + te;))

is a nonnegative function for every n. Since F,,(z,y,0,0) — 0 in measure, there
exists a subsequence (denoted again by F,,) which converges to zero m-almost
everywhere. Since f, = on(z + te;) — on(z) — t(y,e;) converges to f=U(x) —
t{y,e;) weakly in L'*¢(7), one can assume (passing again to a subsequence) that
% 22[21 fn — f m-almost everywhere. Since f,, + F,, > 0, this implies that f >0
m-almost everywhere. O

PROPOSITION 3.7
Assume that there exists a sequence of continuous functions

fn(xly s xn)agn(ylv <o ’yn) € Ll(ﬂ-n)
such that Gy, = fr,(x) + gn(y) — >y Tiy; has the following properties:

(1) G, >0,
(2) G, <Gp,Yn<m,z,yeR™,
(3) sup, [G,dm, <oco.

Then F,(x,y,0,0) — 0 in L(7).

Proof
We start with the identity [ F),(z,y,0,0)dr, =0 and rewrite it as

@) 0= [(onfdut [(-g)dv+ [ (5@ +anly szyz)dwn

Since ¢y, , ¥y, are defined up to a constant, one can assume that f Uy —gn)dv =0.
Thus, — [(en — fo)dp = [(fu(z) + gn(y) — Doi @y;) dmy. It follows from (1)
and (3) that the right-hand side is a bounded sequence of nonnegative numbers.
Passing to a subsequence we may assume that the right-hand side has a limit.
It follows from the weak convergence m,, — 7 and the monotonicity property (2)
that for every k

h_mn /(fn(x) +gn Z%%) dm, > lim / fk +gk szyz) dmy,
/(fk z) + gr(y szyz)

Hence,

n k
li_mn/(fn(x) + gn(y) — Zmiyi) dmy, > liin/(fk($> + gk(y) — in?]i) dr,
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where the limit on the right-hand side exists, because the sequence is monotone.
Hence, we get from (2)

0>11m/ —fn) d,u—&-hm/ frn(x) + gn( )—leyl> dm.
i=1

Taking into account that [ g, dr = [ g, dv = [, dv= [, dr, we obtain

0>11m/ — fo)(z du+11m/ fru(x) + gnly )—;xlyl) dm
:h}fl(/( n () + Un(y Zm,yl) dﬂ')

The proof is complete. O

Finally, we obtain a sufficient condition for the existence of an optimal mapping
in the infinite-dimensional case.

Proof of Theorem 3./
Let us fix e;, and choose a sequence of numbers t, — 0. We get from Lem-
mas 3.5 and 3.6 that there exist m-almost everywhere nonnegative functions
Up, (x) —tn(y,e;) with [(Uy, (z) —tn(y,€;)) dr = o(t,). Hence, limy, ¢ [( U"’gfr)—
(y,e;))dm = 0. Taking into account that Utgi(z)

Utn (33)

— (y,€;) > 0 for m-almost all

(z,y), we conclude that converges j-almost everywhere and in L'(p) to a
function u;(z) satisfying uz( ) — (y,e;) >0 m-almost everywhere and [ (u;(z) —
(y,e;))dm = 0. Clearly, u(x) = (y, e;) for m-almost all (x,y). Repeating these argu-

ments for every ¢ € N, we get the claim. O

4. Application: Quasiproduct case

The main result of this section is a generalization of the optimal transport exis-
tence theorem for Gaussian measures. Recall that by results from [12] and [15]
for the standard Gaussian measure v = []:2, v;(dx;), v; ~N(0,1), the existence
of the optimal transportation mapping pushing forward f -~ onto g -~ is estab-
lished, for instance, under the assumption that [ flog f dy < oo, [ gloggdy < co.
We give in this section a generalization of this result for a wide class of quasiprod-
uct measures.
Let us consider two product reference measures

P= sz Yde, Q=[] a(x)dxs,
i=1

and fix the diagonal infinite transportation mapping

T(z) = (Ti(x1),.... Tn(xn),.-.),
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where T;(x;) pushes forward p;(x;) dx; onto g;(x;) dx;. Clearly, T takes P onto Q.
The inverse mapping S =T~ has the same diagonal structure:

S(IL’) = (51(1'1),. . ,Sn(l’n), )

THEOREM 4.1
Let p=f-P and v=g-Q be probability measures satisfying Assumption A of
the previous section. Assume, in addition, that

(1) there exists K >0 such that every q; is K-uniformly log-concave;
(2) there exists M >0 such that

Si(z) <M

for all i,x;;
(3) assume that either (a) or (b) holds for some constants C > ¢ > 0:
(a) glog®ge L'(Q), € L'(P),f < C,
(b) flog fe L' (P),c<g<C.

Then there exists a transportation mapping T pushing forward p onto v which
is a p-almost everywhere limit of finite-dimensional optimal transportation map-
pings T, .

REMARK 4.2

It follows from Caffarelli’s contraction theorem (see Section 2) that assumption
(2) is satisfied if (—logp;(z;))” > Co, (—logg;(x;))” < Cy for some Cy,Cy >0
and every i. Of course, there exist many other examples where this assumption
is satisfied.

Proof

Consider the finite-dimensional projections p, = fn - Pn, Vn = gn - @n, where
P, =TI\ pi(z;) dz;, Qn =T11—, ¢i(z;) dz;. Here f,, and g,, are the conditional
expectations of f,g with respect to P, and the o-algebra F,,, generated by the
first n coordinates. Recall that Vy,, is the optimal transportation of u, to v,.
Let

ui (), vi(yi) = u;

be the one-dimensional convex potentials associated to the mappings T;,S;,
respectively:

! /
Ti:ui, 51:'1}1

Notg that T}, = (T1,...,T,) pushes forward P, onto Q,, and V,, pushes forward

7%(@%) - P, onto @y.

According to Proposition 2.3 one has the following estimate:

(3) §/|Tn—wn|2dpng/1og(@) dP,.
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To see that the right-hand side is finite, let us estimate

n(Veén 1 1 1 [dP,
/10g(%) db, < /IOgﬁdPn—l— §/log2gn(v@n)fn apP, + B T
1 1 1 [dP,
:/logf—dPn—l—i/gnlogandQn+§ 7
n n

Applying assumption (3.a) of the theorem and the Jensen inequality, one can
easily get that the right-hand side is uniformly bounded.

We complete the proof by applying Theorem 3.4 and Proposition 3.7. For
the application of Proposition 3.7 set

fnzzuz(xz)a gnzzvi(yi)'
1=1 =1

We need to estimate Y ;| [(u;(z;) +v;(y;) — x:y;) dmr,,. Taking into account that
7y, is supported on the graph of V,, and the relation u;(x;) +v;(T;(z)) = z; T; (),
we obtain that the latter equals

/(Uz' (JUL) + Ui(aa:f, @n) - xiaﬁm Pn (x)) dn,
_ / [0 (O, 0n(2)) — 03 (T3(2)) — 21 (O, 0 () — To(2))] i
- / [0 (O, 00 () — 01 (T3(2)) — 01 (T3(2)) (B, pn(z) — Ti(z))] djin

Here we use the uniform bound v} =S} < M. Finally, using the uniform bound
f < C and the Jensen inequality we obtain that

Z/(uz(xl) +v;(y:) — xlyz) dm, < MC/ [V, —Tn|2dPn.
i=1

We have already shown that the right-hand side is bounded. The result now
follows from Proposition 3.7.

The proof follows along the same lines under assumption (3.b), but we use
another corollary of Proposition 2.3:

T fn fn fn
§/|Tn B vwn|29n(v¢n) hn = /log(gn(an))gnl(v@n) 4En-

The details are left to the reader. O

5. Symmetric transportation problem and ergodic decomposition of optimal
transportation plans

5.1. Symmetric transportation problem
In this section we discuss the mass transportation of symmetric (mainly exchange-
able) measures, where the word “symmetric” means “invariant under the action
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of a group I'.” Recall that a probability measure is exchangeable if it is invariant
with respect to any permutation of a finite number of coordinates. Before we
consider R*°, let us make some remarks on the finite-dimensional case.

Consider the group S; of all permutations of {1,...,d} acting on R? as
follows:

La(l‘) = (xo(l),xg(g),...,a?g(d)), oc€eSy.

Let I' C S4 be any subgroup with the property that for every couple i,j there
exists o € I" such that o(i) =j.

Assume that the source and target measures are both invariant with respect
to I'. Under the additional assumption that the cost function ¢ is I'-invariant
(e.g., c= |z —y|?), one can easily check that the Kantorovich potential ¢ is T'-
invariant as well: ¢ = p o L, for any o € I' (see [21], [26]). Consequently, the
optimal transportation T'= V¢ has the following commutation property:

T=Li(ToL,)=L;'oTolL,.
Equivalently,
LooT=TolL,.

The optimal transportation plan m(dz,dy) is also I'-invariant under the following
extension of the action of I' to R? x R%:

Lo(x,y) = (Low, Loy).
Now let o(i) = j. One has

/xiyi dr = /<€i,x><€i,y> dW:/<Lo€i,Laﬂ?><La€i7LaZ/> dm
:/<ej,Law><ej,Lgy> dw:/xjyj dr.

Consequently,
d

(4)  Wi(u,v) :/\\x—y||2d7r:Z/(xi —yi)QdW:d/(ﬂci —y)?dr, Vi
i=1

LEMMA 5.1

The standard quadratic Kantorovich problem on R with T'-invariant marginals is
equivalent to the transportation problem for the cost |xq —y1|? with the additional
constraint that the solution is a I'-invariant probability measure.

Proof

Let 7 be the solution to the quadratic Kantorovich problem for the marginals
. v, and let 7 be a measure minimizing the functional m — [ |z1 —y; |?
the I'-invariant measures with the same marginals. By the optimality of 7

/||x—y||2dws/ux—y||2dﬁ.

dm among
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Since 7 and 7 are both I'-invariant, (4) implies that [ |z; —y1|?>dr < [ |21 —
y1/2d7. By the optimality of 7 one gets [|z1 — y1|?dm = [ |z1 — y1|* d7, and
finally, [ ||z —y||*dr = [ ||z — y||*d%. This means that 7 solves the quadratic
Kantorovich problem as well, and vice versa, 7 solves the Kantorovich problem
with symmetric constraints. (Il

The conclusion made above helps us to give a variational meaning to the trans-
portation problem in the infinite-dimensional case.

DEFINITION 5.2 (SYMMETRIC KANTOROVICH PROBLEM)
Let I' be a group of linear operators acting on R*>°, and let u,v be I'-invariant
probability measures. Assume in addition that the following statements hold.

e For every 4,5 € N there exists g € I' such that

g(ei) = e;.
e The space of probability measures IT' (11, 7) on R® x R that are invariant

with respect to the action (x,y) — (g(x),9(y)), g €T, of ' and have marginals
u, v is nonempty and closed in the weak topology.

We say that a measure 7 € II' (11, ) is a solution to the I'-symmetric (quadratic)
Kantorovich problem if it minimizes the functional

(5) " (u, v) an—>/(x1 —y1)%dm.

DEFINITION 5.3 (SYMMETRIC OPTIMAL TRANSPORTATION)
Let m be a solution to the symmetric Kantorovich problem. A measurable map-

ping T: R* +— R*> is called the optimal transportation mapping of yu onto v
if

m({(z.T(z))}) = 1.

The standard compactness arguments imply that a solution to the Kantorovich
problem (5) exists provided [ z7 du < oo, [y3 dv < co. If, in addition, there exists
an optimal transportation mapping 7', then it commutes with any g € I'. This
means that for p-almost all x and every g € I'

(6) (Tog)(z) = (g0 T)(x).

EXAMPLE 5.4 (EXCHANGEABLE MEASURES)
We denote by S, the group of permutations of N which change only a finite
number of coordinates. We consider its natural action on R*> defined by

o(x) = (2,3)), == (2;) ER*,0€ 5.
Consider measures i and v which are invariant with respect to any o € S:

u:,uoa_l, v=voog Ll
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The measures of this type are called exchangeable. The basic example is given
by the countable power m® of some Borel measure m on R. The structure of
mappings satisfying (6) in the case = m® is very easy to describe. Consider
the function Ty (z) = (T'(x), e1), and fix the first coordinate x1. Then the function
F: (z9,23,...) = Ti(x) is invariant with respect to Sy (acting on (x2,23,...)).
Hence, F' is constant according by the Hewitt—Savage zero—one law applied to
the measure p. Thus, Ty (x) = T3 (x1) depends on z1 only (up to a set of measure
zero). The same arguments applied to other coordinates imply that T is diagonal:
(Th (1), To(z2),...). Moreover, T;(x) = Ty(x) because T commutes with every
permutation of coordinates.

EXAMPLE 5.5 (OPTIMAL TRANSPORTATION DOES NOT ALWAYS EXIST)

Let uq,po be countable powers of two different one-dimensional measures. By
the Kakutani dichotomy theorem they are mutually singular. There is no mass
transportation 7" of = 1 onto v = %(ul + 12) satisfying (6). Indeed, according
to Example 5.4 any T satisfying (6) must be diagonal; hence, the measure o T~*
must be a product measure.

Thus, we see that the optimal transportation does not always exist. This example
can be easily generalized to many other linear groups I' and I'-invariant measures.
It can be easily understood that T" does not exist provided the source measure is
ergodic, but the target measure is not.

5.2. Ergodic decomposition of optimal transportation plans

The connection between the Kantorovich problem and ergodic decomposition
has been established under fairly general assumptions by the second author [25].
A particular case of this result is given in the following theorem.

Let I' be an amenable group acting by continuous one-to-one mappings on a
Polish space X. Let II' be the set of all Borel probability I'-invariant measures,
and let u, v € II'. The set of I'-invariant transportation plans with marginals p, v
will be denoted by ' (u, ). Assume that the cost function c is lower semicon-
tinuous and that II' (i, v) is nonempty and closed in the weak topology.

Let us fix a solution 7 to the I'-invariant Kantorovich problem with marginals
w,v. Denote by A(X) the set of all I'-invariant ergodic measures on X. Assume
that we are given ergodic decompositions

(7) u:/ wdoy, V:/ vWdo,
A(X) A(Y)

of p,v, where X =Y and 0,0, are probability measures on A(X), A(Y). Simi-
larly, assume that we are given the ergodic decomposition of 7

(8) = / 7Y dé.
A(XXY)

(Recall that the I-invariance for m means the invariance with respect to the
action (z,y) — (g(x),g(y)).) We stress that in (7) the integrals are taken not



Processes with infinite Kantorovich distance 311

with respect to variables z,y, but with respect to variables p*,vY. (Here, x,y
indicate the spaces where the measures are defined.) The same holds for (8). It
is straightforward that d-almost all 7*¥’s have ergodic marginals, and taking
the projections of both sides of (8), we obtain decompositions (7). Moreover, the
following statement holds.

THEOREM 5.6
Under § almost every measure ¥ solves the I'-symmetric Kantorovich problem
with marginals p*,vY:
K (u® vY) = inf cdm= [ cdn™?
e (1", vY) mEHF(M’Uy)/ / ;
and the following representation formula holds:
inf /Cdﬂ' = inf /Kg(/ﬂ, V) dé.
melll (u,v) 0el(op,00)
REMARK 5.7
In the situation of Theorem 5.6 one can decompose the optimal transporta-
fA(XXy) 7Y d§. The ergodicity of the
marginals implies immediately that d-almost all 7%¥’s have the same marginals
1 and v. The optimality of #%¥ for the cost ¢ follows from Theorem 5.6. Thus,
we get that any solvable symmetric Kantorovich problem with ergodic marginals

tion plan for ergodic marginals p,v: ™=

admits, in particular, an ergodic solution.

Thus, the symmetric transportation problem can be reduced to the following
steps.

(Q1) Construct a solution to the symmetric Kantorovich problem for ergodic
measures.

(Q2) Given two nonergodic measures p,v and the corresponding ergodic
decompositions (7), construct a solution to the Kantorovich problem for measures
0,0, on A(X) with cost function K[

Consider the application of Theorem 5.6 to several classical groups.

EXAMPLE 5.8 (EXCHANGEABLE MEASURES REVISITED)

Consider the invariant transportation problem for exchangeable measures and ¢ =
(x1 —1)?. The answer to (Q1) is trivial, because ergodic measures are countable
powers and the structure of the corresponding solution is trivial. As for (Q2), by
the de Finetti theorem the space of ergodic measures is isomorphic to the space
P(R) of probability measures on R. Thus, to resolve an optimal transportation
problem for exchangeable measures, we need to study the optimal transportation
problem for a couple of measures pg,v9 on P(R) arising from the de Finetti
decomposition. It is clear that the cost function ¢ on P(R) satisfies

C(plapQ) = W22(P17p2)7

where W5 is the standard Kantorovich distance on R.
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EXAMPLE 5.9 (ROTATIONALLY INVARIANT MEASURES)

Consider the invariant transportation problem for measures invariant with respect
to operators of the type U x Id, where U is a rotation of R” = Pr,,(R*) and
Id is the identical operator on the orthogonal complement to R™. As usual,
c= (w1 —y1)%. This is an example where the optimal transportation problem
admits a precise solution. By a well-known result (see [14]), every rotationally
invariant measure p on R admits a representation

p= /% dpu (1),

where ; is the distribution of the Gaussian independent and identically dis-
tributed with zero mean and variance ¢ and p, is a measure on R, . The opti-
mal transportation problem is obviously reduced to the one-dimensional optimal
transportation between p, and p,.

EXAMPLE 5.10 (STATIONARY MEASURES)
These are the measures which are invariant with respect to the shift

T: x=(x1,22,...) (z2,23,...).

Note that the powers of T' generate the semigroup {0} UN but not the group.
However, it makes no difference for our analysis, since we are still able to consider
the corresponding ergodic decompositions. In this case the description of ergodic
measures is nontrivial, and we do not know any general sufficient conditions for
existence even in the case in which both measures are ergodic. Some sufficient
conditions are given in Section 7.

We conclude this section by remarking that the existence of a transportation
mapping for a (not necessary optimal) symmetric plan 7 with ergodic X-marginal
implies the ergodicity of .

PROPOSITION 5.11

Let X =Y be a Polish space, and let T' be a group of Borel one-to-one trans-
formations acting on X. Assume that m and p are I'-invariant Borel probability
measures on X XY and X, respectively. Assume, in addition, that Prxm = u,
w is ergodic and that w({x,T(x)}) =1 for some Borel mapping T. Then m is
ergodic.

Proof
Assuming the contrary, we represent 7 as a convex combination of two I'-invariant
measures

m=MAm + (1 — N)ma,

m # g, 0 < A < 1. Clearly, this implies a similar decomposition for the projec-
tions u = APrxm + (1 — A\)Prxms. If we show that uq, us are I'-invariant and
distinct, we will get a contradiction. The I'-invariance of both measures follows
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immediately from the I'-invariance of m;. Let us show that p; # po. Assume the
contrary, and take a Borel set B C X x Y. We get that m;(B) equals p;(A), where
A =Prx(BNGraph(T)). (Note that A is universally measurable as a projection
of a Borel set.) Then it follows that the m;’s coincide because the u;’s do. O

6. Kantorovich duality

In this section we start to study measures which are invariant under actions of
some group. The results of this section will not be used in this article, but they
are of independent interest.

Let X, Y be Polish spaces, and let I' be a locally compact amenable group
with continuous actions Lff, Ll}: on X, Y, respectively. The action Lr on the
product space X x Y is defined as

Lg(a:, y) = (Lg(x), Lg(y))a

where L is an element of Lr corresponding to g € I'.
Let us define the space Wr C C,(X x Y') as the closure of the linear span of
the set

{f—FfoLy:fECX xY),geT}.
It can be checked that the property

(9) /wdﬂ'zo, Yw € Wr,

of a probability measure m € P(X xY') is equivalent to its invariance with respect
to LF.

Let € P(X), v € P(Y) be invariant under the actions L, LY respectively.
Then a transport plan 7 € II(u,v) is invariant if and only if the property (9) is
satisfied. We denote the set of all invariant transport plans by IT' (1, v).

The following theorem is a refinement of the duality result, which was proved
in [26, Theorem 2.5]. That result only considered Cy(X x Y) cost functions.
(We warn the reader that the classical duality statement from our Section 2
is formulated in a slightly different but equivalent way: in the notation of this
section ® = % -, U= y; —1.)

THEOREM 6.1
Let c€ C(X xY) be a nonnegative function such that there exist f € L*(X, ),
g€ L (Y,v), and

c(z,y) < f(z)+9(y), V(z,y) € X xY.

Then, in the setting described above,

inf /Cdﬂ'z sup /‘P(I)du+/‘1’(y)dV7
melll P4+ V4w<eJ X Y

where ® € LY(X), Ve LY(Y), we Wr.
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Proof
The inequality

inf /cdﬂ'z sup /fbdu—l—/\l'du
welll P+ T +w<e

can be easily obtained:

inf /cdwz inf ( sup /(<1>+\I/+w)dﬂ'>

welll €M \p4 v tw<e

= inf sup /@du—i—/\lldy = sup /@du—l—/\lfdy.
weHF S+ V4w<c S+V+w<c

To obtain the opposite inequality we use the following statement from [26, The-
orem 2.5]:

inf /cbdw: sup /@(x)dqu/\If(y)dy,
melll OV +w<ey J X Y

for ¢, € Ch(X xY), D€ Cp(X), ¥ € Cp(Y), we Wr. Let ¢, (2,y) := min{e(z,y),
n} for each n € N. The inequality

sup /@(x)du—l—/\ll(y)dyg sup /q)(x)d,u—&—/\ll(y)dy
P4+V4w<e, J X Y P+V+w<lcJ X Y

is obvious for any natural n. Thus, it remains to prove that

lim inf /cn dr = inf /cdﬂ'.

n—o00 relIl’ melll
Recall that the functional m — f ¢p d is weakly continuous for every ¢, € Cp(X x
Y). It follows, from the characterization (9) of invariant measures, that ' (1, v)

is a closed subset of II(y,v), which is known to be compact. Thus, ' (u,v) is
compact in the topology of weak convergence. If 7, is the solution for

inf [ ¢, dm,
melll

then the sequence (m,) has to have a subsequence converging to some element
m* € I'. Since for any fixed m € N the inequality lim,_,o [ ¢, dm* > [ ¢ dn* is
satisfied and, by the monotone convergence theorem, lim,, f Cpdr* =

Jedm* < [(f( ))dn* < 00, we obtain
lim [ ¢,dm, > lim /cmdﬂ'* :/cdw* > inf /cd7r.
n—00 m—00 welll
This fact concludes the proof of the theorem. O

As one can see, the form of the duality theorem is similar to the well-known
classic result, but the difference is substantial: dual functionals are related to
each other in a more complicated way. Moreover, there is no existence result for
the dual problem without any additional assumptions.
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It was shown in [26, Theorem 5.7] that, in the case of compact group I' and
under the assumptions of Theorem 6.1,

inf [ ecdr= sup /@(w)du—i—/\ll(y)du,
welll o+v<e)x Y

where ¢:= [.(co g)dx(g) and x(g) is the probability Haar measure. It is clear
that if the cost function is I'-invariant, then the invariant dual problem coincides
with the usual one. Moameni [21] proved that, for ' =Z and an invariant cost
function ¢, the corresponding invariant dual problem coincides with the usual
one, and moreover, both prime and dual Kantorovich problems have an invariant
solution.

7. Existence of invariant optimal mapping for stationary measures
Recall that the measures on R* which are invariant with respect to the shift
o(xy,xa,...) = (v2,23,...)

are called stationary measures. Unlike exchangeable measures, the projections of
stationary measures are in general not invariant with respect to some reasonable
family of linear transformations.

As usual we assume that R*> is approximated by the sequence of finite-
dimensional spaces R™ in the following sense: we identify R™ with the subset

Pn(ROO) = {.’E = (5[,'1,(E27 o .,.’En,070, o )} C R*°.
On every finite-dimensional space R™ we will apply the following operator of
cyclical shift:
On (X1, 22y Tp) = (T2, T3, .., Ty, T1).

Let us associate with every stationary measure u the cyclical average of its pro-
jections:

N 1y —(i—1)

,unzfz(:u‘opn )OO'n .

n-
=1

In addition, let us denote by R,, ,, the orthogonal complement of R™ C R™:
R"=R™ xRy, ,, m<n.

The marginal measures are always assumed to satisfy the following property.

ASSUMPTION B
The measures p, v are stationary Borel probability measures such that their pro-
jections on every R"

~1 ~1
pwoPr, voPr,

have Lebesgue densities and bounded second moments.
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We consider the symmetric Monge-Kantorovich problem

(10) /(371 —y1)? dr — min,

where the infimum is taken among all stationary measures IT" (11, ) with margin-
als p,v.

REMARK 7.1

Minimizing [(21 — y1)?dr is equivalent to maximizing [ z1y;dmr, because
Jxidr = [2}dp and [y?dr = [yidv are fixed.

THEOREM 7.2

Let p be a stationary measure which satisfies the following assumptions.

(1) p is a weak limit of a sequence of o, -invariant measures p, on R™.

(2) For every m <mn there exists a probability measure [ty n on Ry, ., such
that the relative entropy (the Kullback-Leibler distance) between fip, X fm n and
Ln 18 uniformly bounded in n:

/log(d(/‘mdszm,n)> Atin < Con

with Cyy, satisfying
C
lim — = 0.
m m
(3) The cyclical average fi,, of the n-dimensional projection o P, 1 has finite
second moments and admits a density p, with respect to p satisfying
sup / P dp < oo
n

for some € > 0.
Then there exists a mapping T with the following properties.
o T pushes forward p onto the standard Gaussian measure on R*°:
v=r.

e T is a p-almost everywhere limit of finite-dimensional mappings T, : R"™ —
R™ such that every T, is a solution to an optimal transportation problem on R™.

Proof

We consider the sequence of n-dimensional optimal transportation mappings 7,
with cost function . (z; — y;)* pushing forward p, onto v,. It follows from
the oy, -invariance of u,, and -, that the mapping 7;, is cyclically invariant:

(Thoon,e)=(Th,ei-1), HMn-a.e.

Fix a couple of numbers m,n with n > m. Let T,,,, be the optimal trans-

portation mapping for the cost function Y " 1 (@i— yi)? pushing forward g, n
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onto the standard Gaussian measure on R,,,. We stress that 7}, and T, ,
depend on different collections of coordinates.
We extend T,,, onto R” in the following way:

Clearly, T;, pushes forward p,, X ftm,, onto the standard Gaussian measure
on R,,. Applying Proposition 2.3 to the couple of mappings T,,, T, we get

1 du
11 = T, — T, < /|1 - .
() 5 [ 1T =T = [ ros( Gt ),

This implies that
(12) > [T~ Tose? diin < [ 170 =Tl din <2,
i=1

for every m,n, m < n.

Let us note that for every i one can extract a weakly convergent subsequence
from a sequence of (signed) measures {(T,e;) - p,}. Indeed, for any compact
set K

(/Kc|<T”’ei>’dM”)2§/|<Tnaei>‘2d/‘n'Nn(KC):/xzzd'V'/in(Kc)'

Using the tightness of {u,} we get that {|(T,,e;)| - pn} is a tight sequence. In
addition, note that for every continuous f

lign(/fKTmeMdun)QS/w?dv-/deu-

This implies that any limiting point of {(T},,e;) - 1 } is absolutely continuous with
respect to u. Applying the diagonal method and passing to a subsequence, one
can assume that convergence takes place for all i’s simultaneously. Consequently,
there exists a subsequence {n;} and a measurable mapping 7" with values in R
such that

<Tnk ) ei> My, — <T7 6¢> “p

weakly in the sense of measures for every i. It is easy to check that the standard
property of L2-weak convergence holds also in this case:

(13) /<T76i>2d,uSli_mk/<Tnk7ei>2dp“n:/w?dVZL

Finally, we pass to the limit in (12) and get
(14) Z/<T — Ty, )2 djp < 2C;.
i=1

The claim follows from (13) and the fact that lim, [@du, = [@du for every
¢ € L?(p). Indeed, if ¢ is bounded and continuous, this follows from the weak
convergence (T, €;) - i, — (T, e;) - u. For arbitrary ¢ € L?(u) we find a con-
tinuous bounded cylindrical function ¢ such that ||¢ — @||z2¢,) <e. One has
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lim,, [@dp, =lim, [(¢ —@)du, + [ @du. The claim follows from the estimate

(/|¢—¢|dun)2S/(w—@)Qdu-/piduﬁ (sglp/pidu)a?

Note that T' commutes with the shift o: (T'o 0,e;) = (T, e;—1). Indeed, for
every bounded cylindrical ¢ one has

/cp(Tn,ei,1>d/¢n :/¢<Tn(an),ei>d,un:/go(agl)(Tn,eQdun
— [t s

Here we use that ¢(o, ') = p(0~1!) for sufficiently large values of n and the
cyclical invariance of T;,. Passing to the limit in the ng-subsequence one gets

[etmeydu= [to )T eydn= [o(oo.)dn

Hence, Too=00T.
Hence, by the assumptions of the theorem and (14) we get

1 m
lim sup — E /(T—Tm7ei>2 dp =0.
m me
i=1

To prove that T pushes forward g onto « it is sufficient to show that
(T, ei) — (T,e;) in measure (see Lemma 3.2). To this end, let us approximate
T; by a bounded function & (z1,...,2x) depending on a finite number of coor-
dinates in L?(pn): [ ||Th — & ||* dp < &, where € is chosen sufficiently small. Set:
& =&o00" L. Clearly, we get by the shift invariance

%/;(Ti—&fdu:/(ﬂ —&)’du<e.

Hence,

fimsup - [ [T~ ¢Pdn<e, 6= (Grtare.o)
Make the change of variables under the cyclical shift o,,. One has
(Tp,ei) oo, ™D =1y
for all 1 <i<m and
gioo, TV =6
as soon as ¢ — 1 + k < m. Hence, for the latter values of 7 one has
Jie-Tean= [~ reano;.

The number of indices which do not satisfy this property is limited by k. Clearly,
it does not affect the limit of averages. Finally, we obtain

1 n
szumsupg/Z<£—Tm,e»?du:limsup/<£—Tm,e1>2dﬂm.
m i=1 m
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Recall that [(Ty — &)*dp <. Finally,

hmsup/<T — Ty, 1) dfign < 2hmsup/<5 — Ty, e1)? dfi,

+ 2limsup/(T1 — )2 dfiy, < de.

Since & > 0 is arbitrary, one gets [(T' — Ty, €1)? dfip, — 0. By the Holder inequal-

ity
/<Tme,e1>% dp < (/<TTm,e1>2dﬂm)% (/p;ﬁ du)%

Taking p=1+ % we get by the assumption of the theorem that the latter tends
to zero. The proof is complete. O

REMARK 7.3
In Theorem 7.2 the Gaussian measure y can be replaced by any countable power
of an uniformly log-concave one-dimensional measure.

In the following proposition we prove that the transportation mapping 7T is indeed
optimal under additional assumptions.

PROPOSITION 7.4
Let the assumptions of Theorem 7.2 hold. Assume in addition that
.1 .
lim — W2 (fin, ptn) = 0.
n—oo N

Then there exists a solution w of problem (10) in the class of stationary measures
such that n{(z,T(z)),x € R*} =1.

Proof

We show that the measure 7 = po (z,T(z))~!, which is the weak limit of mea-
sures 7, is optimal. Recall that 7, minimizes m — [ 21;1(5”1‘ — ;)2 dm and has
marginals p,,v,; hence, measure m has marginals p,y. Indeed,

— 2 =1 — 2 =
/(a:l y1)°dm hyrbn/(xl y1)° dm, = h,ann/Z V2 dm,.

If 7 is not optimal, then there exists a stationary measure 7y with projections
u,v such that

/(ml yl) dmy +e< — /Z d7rn

for some £ > 0 and all sufficiently big values of n. Taking into account the sta-
tionarity of o, we get [ x;y; dmo = [ x;jy;mo for every 4,j. Thus,

/Z —yi) d7r0+n5f/z ) d7r0+ns</z d7rn,
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(=) The latter inequality implies that

where 719 =137 (mooPr; ) oo,
W3 (fin; Yn) +ne < W3 (11n, 7n)-
By the triangle inequality
W3 (s ¥a) + 1= < (Walptns fin) + Weljin, 1))
< W3 (s fin) + 2Wo (fins Yn ) Wa (s fin) + W3 (i ) -

Hence,

[t

(15) & < —(2Wa (it 1n) Watin, fin) + W (jin, fin)) -

The quantity WZ(fn,v,) can be trivially estimated by 23"  ([2?di, +
Ik y? dv,) < Cn. Then using the assumption of the theorem we get that the right-
hand side of (15) tends to zero, which contradicts the positivity of €. ]

We finish this section with a concrete application of Theorem 7.2. We study a
transportation of a Gibbs measure p which can be formally written in the form

p=e 1@ qg.

where the potential H admits the following heuristic representation:
H(.’L‘) = Z V(ﬂ?l) + Z W($i7xi+1)-
i=1 i=1

Here V and W are smooth functions and W(z,y) is symmetric: W(z,y) =
W (y,x). The existence of such measures was proved in [1].
Let us specify the assumptions about V' and W. These are a particular case
of [1, Assumptions A1-A3].
(1)
W(z,y) =Wy, z).
(2) There exist numbers J >0, L>1, N >2 ¢ >0, and A, B,C > 0 such

that

WL e ()| < T+ [l + )Y

W (z,y)| < J(1+ || + |yl
(3)
L y -1
V)| <C(1+z])”, |[V'(@)|<C(1+z))" .
(4) (Coercivity assumption)
V'(z) x> Alz|N 17 - B.
Let us define the following probability measure on F,:

1 n

Iy = Z exp(— Z(V(xl) + W(xi,xiﬂ))),

with the convention x,41 := 1. Here Z, is the normalizing constant.
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PROPOSITION 7.5
The sequence y, admits a weakly convergent subsequence i, — p satisfying the
assumptions of Theorem 7.2.

Proof
It was proved in [1, Theorem 3.1] that any sequence of probability measures

fhn = cne_H" dr_,---dx,,

where H,, is obtained from H by fixing a boundary condition Z
n n—1
Hn = Z V(Jfl) + Z W(J;i,xiﬂ) + W(l‘n,.’il),
i=1 i=1
which has a weakly convergent subsequence fi,, — fi. In addition (see [1]), u
satisfies the following a priori estimate: for every A >0

sup/exp(/\\xk|N) dji < oo.
keN

The same estimate holds for fi,, uniformly in n.

Following the reasoning from [1] it is easy to show that the sequence {u,,} is
tight and satisfies the same a priori estimate. Thus, we can pass to a subsequence
{ptns} which weakly converges to a measure p. For the sake of simplicity this
subsequence will be denoted by {u,} again. The limiting measure u satisfies

(16) sup/exp(/\\xk|N) dp < oo;
keN
moreover,
(17) sup sup/exp()\|xk|N) dptp, < 0.
n keN

Let us estimate the relative entropy. We note that w,, and p,, (n>m) are
related in the following way:

e? fin
JeZ dpn
where Z = —W (2, 1) + W(Tm, Tmt1) + W(zpn,21) and vy, ., is a probability
measure on E,, ,,. Set fm n = Vm, . Then

/log(ﬁlmmﬂ dpn:/<Z—log/eZdun) dpy,.

The desired bound follows immediately from (17) and the assumptions about W.

= Um X Vm n,

To prove assumption (3) we note that
[eW(ﬂﬂmwnH)-i-W(ﬂCl,wn) p]o Pn—l - eW(z1,zn) L
J eW @zt W z,en) dy, B [ eW @) dp,,
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The normalizing constants can be easily estimated with the help of a priori
bounds for p and pu,. Applying assumptions on W one can easily get that

—B(lzn |V N-1 d,un B(|an |Vt N-1
Ae=BUan ¥ ey N7 o Mmoo g Bl N eV

T dpo Py L
where A, B >0 do not depend on n. Hence, assumption (3) follows immediately
from (17), the Jensen inequality, and convexity if the function is x~¢. O

REMARK 7.6
Finally, let us briefly discuss when the transportation mapping obtained in Propo-
sition 7.5 by Theorem 7.2 solves the corresponding optimal transportation prob-
lem. To this end we apply Proposition 7.4.

Following the estimates obtained in Proposition 7.5 and applying the Jensen
inequality, one can easily show that the sequence of the entropies

dfin
log(25™) diin
Jrese)
is bounded. Then the assumption of Proposition 7.4 holds, for instance, if every
1, satisfies the Talagrand inequality

W3 (s p - i) < C/plogpdun

with constant which does not depend on n. We do not investigate here sufficient
conditions for measures u, to satisfy this inequality; we just mention that this
clearly holds in many natural situations (e.g., under the assumption of uniform
log-concavity or finiteness of the log-Sobolev constant).

In addition, we emphasize that in many applications the measures do indeed
satisfy the Talagrand inequality, but Proposition 7.4 should actually work under
much milder assumptions.
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