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Abstract We give the characterization of the differentiability and nondifferentiability
points of a generalization of the Riesz—Ndgy—Takécs (RNT) singular function, namely,
the generalized RNT (GRNT) singular function. A particular characterization general-
izes recent multifractal and metric-number-theoretical results associated with the RNT
singular function. Furthermore, we compute the moments of the GRNT singular func-
tion.

1. Introduction

Singular functions have been investigated by many authors (see [9], [13], [15],
[10]). Recently, the characterization of the differentiability and nondifferentiabil-
ity points of the Riesz—Nagy—Takacs (RNT) singular function was studied (see
[15]), and their dimensions were computed (see [3]). Their characterization and
dimensions can be found if we use the distribution sets which give the informa-
tion of the cylindrical local dimension sets for a self-similar set [0, 1] the attractor
of an iteration function system (IFS), which has two similarity transformations.
In this article, we consider the generalized Riesz—Nagy—Takédcs (GRNT) singular
function, which is a generalized form of the RNT singular function. The char-
acterization of the differentiability and nondifferentiability points of the GRNT
singular function and their dimensions also can be found if we use the param-
eter distribution sets (see [4], [5]) which give the information of the cylindrical
local dimension sets for a self-similar set [0, 1] the attractor of an IFS which has
many similarity transformations. Furthermore, using the recurrence relation, we
compute the moments of the GRNT singular function.

2. Preliminaries

For the probability vectors (ai,...,ay) € (0,1)Y and p = (p1,...,pn) € (0,1)V
where N > 2 is a positive integer,

N
[Oa 1] = U Sk([07 1])3
k=1
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where S (z) = arx + Zi.:ll a;, and ~yp is the unique probability measure on [0, 1]
such that
N
T = ZPWP oS .
i=1
We define

f(x) :'yp([O,x]),

where 7p is the self-similar measure on the self-similar set [0,1]. We call the
function f(x) the GRNT function.

In this paper, to avoid the degenerate case, we also assume that p = (p1,...,
pn) # (a1,...,an) (which happens if and only if }Sgﬁ: is not the same for all
k=1,...,N). Let N and R be the set of positive integers and the set of real
numbers, respectively. The attractor K in the 1-dimensional Euclidean space R!
of the IFS (Sy,...,Sn) of contractions where N > 2 makes each point g € K have

an infinite sequence w = (my, ma,...) € L ={1,..., N} where

oo
{C]} = m Kw|n
n=1
for Ky = Komy,...omy, = Smy 008, (K) (see [12]). In this case, we sometimes
write m(w) for such ¢ using the natural projection 7 : ¥ — K and write ¢, (q) for
such K, and call it a fundamental interval. We note that, in our case, K is the
unit interval [0, 1], which is the self-similar set satisfying the open set condition.
We also note that the points in the unit interval which have two different
infinite sequences w = (my,ma,...), W' = (my,mh,...) € L ={1,..., N} satis-
fying m(w) = w(w’) are only countable. Except for such countable points, each
point in the unit interval has a unique infinite sequence w = (my,ma,...) €L =
{1,..., N}, We recall A({z,(w)}) (see [8], [4]) of the accumulation points in
the (N — 1)-simplex of probability vectors in RY of the vector-valued sequence
{an(w)} =
{{™, ..., uS")} of the probability vectors, where ugcn) for 1 <k < N in the
probability vector (u(ln), ce ug\?)) for each n € N is defined by

(n) |{1§l§n:ml:k}|
uk .

n

LEMMA 2.1
Let p=(p1,...,pn) € (0,1)N with Zgilpk =1, consider a self-similar measure
Yp on K, and let r = (r1,...,rn) € [0,1]" with Z,If:l rr=1 and

_ i rlogpr
g(r,p)==F——"—.
Zk:l Tk 10g Q.

Then we have the following.

(1) The set {r: g(r,p) = a} is a hyperplane of the (N — 1)-simplex or empty.
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(2) There are distinct integers 1 <i,5 < N such that

i 08Pk _ logpi _ (r,p) < logp; oy 18Pk _
1<k<N logay loga; — 7" 77 " loga; 1<k<Nlogay

amin =

Proof

Part (1) follows from the fact that {r: g(r,p) = a} is the intersection of two
hyperplanes of RY. Part (2) follows from the fact that the two hyperplanes are
not parallel because of our assumption that (p1,...,pn) # (a1,...,an). |

REMARK 2.2
From now on, without specific mention, we fix distinct 4, j respectively determin-
ing the parameter axes (see [4]) satisfying

log p; 1 1 1 i
0gP;i min Og Pk < max Ogpr _ logp;

loga; 1<k<Nlogay 1<k<N loga, loga;’

Furthermore, we define g(r,p) forr = (r1,...,7x5) €[0,1]Y and p = (p1,...,pN) €
(0,1)™ as in the above lemma.

DEFINITION 2.3
For y,z such that g(y,p) = g(z,p) where z = (21,...,2n) with z; =1 — 2; and
z, =0 if k #14, 7, we define the natural projection t(y) of y into the i-axis to be
z; (see [4]). We also define the parameter distribution sets (see [4]) with respect
to the parameter axes

E)={w: _min ) 1) =4)
and

Ft)={w: max t =tr.
() { yeEA({zn(w)}) (y) }

We also write F(t) = F(t) N F(t) henceforth.

DEFINITION 2.4
Let tp be the real number satisfying

to logpi =+ (1 — to) logpj

tologa; + (1 —to)loga; = 9(xo,p)

for rg = (ay,...,ay) with ZkN:1 ar, = 1. That is, to is the natural projection t(rg)
of ry into the i-axis satisfying the above condition. Let t; be the real number
satisfying

tylogp; + (1 —t1)logp;

t1loga; + (1 — tl)logaj

REMARK 2.5
We note that there is ¢ satisfying 8'(¢) = —1, where fo:lpiaf(” = 1. Then
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ry = (p'fa?(q), e ,p?va]ﬁv(q)) satisfies g(r1,p) =1 (see [4, Example 2]). That is, t;

is the natural projection ¢(ry) of rq into the i-axis satisfying the above condition.
We will use tg and t; as above henceforth in this article.

3. The differentiability points and the nondifferentiability points

Let we X ={1,...,N}" be given. Then A({z,(w)}), which is a subset of the
(N — 1)-simplex, is determined. Then ¢(A({z,(w)})) is a nonempty subinterval
of the unit interval since t is a continuous map and A({z,(w)}) is a continuum
(see [4], [14]).

THEOREM 3.1
log p; log p;
If (a1,...,an) # (p1,..-,DN), then Toga. < 1< loga; .
Proof
logp; _ - log pi. logpy _ logp;
We note that oga, — MINI<E<N Togay < maxi<ip<n logar = Toga, for some 1 <

i,j < N.If (a1,...,an) # (p1,-..,PN), then there are ay, # py, for some 1 <k < N,

say, ap > pg. Since (ai,...,an) and (p1,...,pN) are probability vectors, there
logp; 1 1

are also a; < p; for some 1 <[(# k) < N. Therefore, lzgsi < 13§§Z <1< lggg <

logp;

1ogaj- . O

THEOREM 3.2

If pi, #ay, for all k=1,...,N, then we have
{z€(0,1]:0< f'(z) <o} = 0.

Proof
We note that

A ey~ @ =

where 7y is a self-similar probability measure on [0, 1] if f/(z) € [0, 00] exists.
Since

{z (0, 1]:0<f’(x)<oo}c{:z:e(o,1];0< lim (e ()

<
oo Jen ()] 3t

we only need to show that

{ee©1]:0< lim M<oo}:¢.

A @)
Noting that 0 < ming aj < ‘CIZ::(ISI)‘ <1, we see that if there is an x € (0, 1] such
that 0 < lim,, o, 2@ - 00, then

len ()]

To(cnt1(z)  lenia ()]
'YP(Cn(x)) len ()]

lim
n—oo

o
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However,
To(Cn1(2))  lenga ()] ‘ |
- =|pr — ar| #0,
Yp(cn(T)) len ()]
since pi #Zay for all k=1,...,N. a

PROPOSITION 3.1 ([4])

For t €10,1] satisfying tlogpi+(1-t)logp;

TogaiF(1—1)Toga, — & W€ have the following. For

—=(P) . IOg'Yp(cn(x))
E - € 0,1 .1 —_ 0 = s
S = {01 e SER S <o

.. logyp(cn(x))
(p) = . 7g ’YP =
£l {x €[0,1] .hnmlnf log [cn ()] a},

(2)

Proof
It follows from [4, Theorems 3.4, 3.5] with s =1. O

REMARK 3.2

From now on, we only consider = m(w), which is not an endpoint of the funda-
mental interval for simplicity. We also note that the endpoints of the fundamental
intervals are countable.

THEOREM 3.3
We have the following.

(1) If t(A({xn(w)})) C [0,1), then f'(x) =0 when f'(x) exists for x =7 (w).
( )(2) If t(A({zn(w)})) C (t1,1], then f'(z) = oo when f'(x) exists for x =
(3) If t1 € [t(A({zn(w)}))]°, then f'(x) does not exist for © =m(w).

Proof
For (1), if t(A({zn(w)})) C[0,%1), then

lim inf 71(% o (en(2))

>1
noo loglen ()]

for = m(w), where w € UOSKtlf(t) from Proposition 3.1(2). Therefore, for

log vp (cn (x))
log \c"(m)\

0 < limsup M < limsup |cn(5r3)|E =0.
n—00 |Cn(1')‘ n— 00

some € > 0, liminf,, > 1+ ¢, which gives
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Using Proposition 3.1(1) instead of Proposition 3.1(2), we have (2) from argu-
ments similar to those given above.
For (3), if ¢; € [t(A({zn(w)}))]°, then

n—oo  log|en (w) nooo  log|c, ()]
for z = w(w), where
el U Foln U E0
t1<t<1 0<t<ty

from Propositions 3.1(1) and 3.1(2). This gives

0= hmmfM < limsup M — 50
nsooen(@)] T nosee [en(2)]
from arguments similar to those given above. 0

THEOREM 3.4

We have the following.
(1) If f'(z) =0 for x =7(w), then t(A({zn(w)})) C[0,¢1].
(2) If f'(z) = 00 for z =m(w), then t(A({zn(w)})) C [t1,1].
(8) If 0 < f'(z) < 00 for x =7(w), then t(A({z,(w)})) = {t1}.

Proof

For (1), assume that t(A({z,(w)})) € [0,t1]. Noting that t(A({z,(w)})) is
connected, we have t(A({z,(w)})) C (t1,1] or t; € [t(A{zn(w)}))]° or
t(A({{zn(w)})) = [t1,t2] where t; < to < 1. If t(A({zn(w)})) C (t1,1] or t; €
[t(A({zn(w)}))]°, from Theorems 3.3(2) and 3.3(3), we have f'(x)= o0 for =
m(w) or f'(x) does not exist for z = w(w). For t(A({zn(w)})) = [t1,t2], we have
limsup,, ., W = oo from the fact that liminf,, % < 1. Simi-
larly, (2) follows.

For (3), assume that ¢(A({z,(w)})) # {t1}. Then liminf,, ., gt <1

or limsup,,_,, 222l -1 This gives

log len (2]
limsup 22 @) _

o ea(a)]
or

Tplen(r))
S @ :

From now on, M denotes the nondifferentiability points, Dy denotes the null-
differentiability points, D, denotes the co-differentiability points, and D denotes
the set {z €[0,1]: 0 < f'(x) < oo}.
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COROLLARY 3.3
We have
w([ U F(t)} N [ U E(t)D c M,
t<t<1 0<t<ty
U W(F(t)) C DyUM,
0<t<ty
U #(E®) € DU M;
t <t<1
furthermore,
Dyc | #(F@®),
0<t<t;
D C |J w(E®),
t1<t<1
and
DC W(F(tl)) .
Proof
It follows from Theorems 3.3 and 3.4. O

From now on, dim(FE) denotes the Hausdorff dimension of E' and Dim(E) denotes
the packing dimension of E [12]. We note that dim(E) < Dim(FE) for every set
E [12].

COROLLARY 3.4

The GRNT function f which is not the identity function is a singular function,
and 0 < tg <ty <1 fortg,ty in Definition 2./.

Proof

The GRNT function f is an increasing function, so its derivative is zero or finite
almost everywhere (see [16]). We note that D C w(F(¢1)) from Corollary 3.3 and
dim(D) < dim(7(F(t1))) = g(r1,r1) (see the proofs of [4, Theorems 4.2, 4.3]).
Further, ag + 8(¢) = g(r1,r1) < g(ro,r09) =1 where o =1 and 3'(¢q) = —1 from
[12, (11.37)]. Hence, the GRNT function has null derivative almost everywhere.

Since f is strictly convex (see [12]) where S7r_, pZag(Q) =1,
tologpi + (1 —to) log p; / logp; -
t() IOg a; + (]. - to) log aj g(r07 p) ﬁ ( ) < ].Og aj q—}I_nooﬁ (q)

This gives ty > 0.
We note that to # t1 from Gibbs’s inequality since (p1,...,pN) # (a1,...,an).
Assuming t; = 1, we have 1°82:

Toga; = 1 which is a contradiction by Theorem 3.1.
Therefore, t; < 1.
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Assume that ¢1 < to. Noting that I' C F(¢), where 7(T") is the set of the nor-
mal points (see [8], [7], [11], [14]), that is, ' = {w: A({zn(w)}) ={(a1,...,an)}},

we have (Do U D) N7 (F(to)) = ¢ since DoUD CUycy<y, 7(F(t)) from Corollary
3.3. Then a contradiction arises from the fact that Dy U D is of full Lebesgue mea-
sure and 7 (I") is also of full Lebesgue measure. This and ¢y # t1 give tp <t;. O

THEOREM 3.5
For the vector r1 in Remark 2.5, we have

0<g(ry,r;) <dim(M) <Dim(M) =1.
Furthermore,

dim(Dw) < Dim(Dy) < g(r1,11) < 1.

Proof
We note that 0 <ty <t; < 1. We also note that

N
1
g(r,r)= —Z]kv:l "8k )
Y i Tk logag

ifrp>0forallk=1,..., N with Eszl r = 1. This gives g(r1,r;) > 0. Moreover,
g(r1,r1) < 1 from the proof of Corollary 3.4. Noting that w(£(0)N F(1)) C M
from Corollary 3.3 and
{w:A({z,(w)}) =C} C F(O)NF(1),
where C'is the (IV — 1)-simplex, we have Dim(M) =1 from [8, Theorem 2]. Then
g(I‘l, I‘l) S dlm(M)
follows from m([U;, <4< F))N [Uo<t<t, £(#)]) C M and

sup dim (7 (F(t2) N E(t3))) = g(r1,11),

t1<t2<1,0<t3<t1

which follows from arguments similar to those of the proofs of [4, Theorems 4.2
and 4.3].
From [5, Corollary 3.5(1)], we see that

Dim( U ﬂ(E(?f))):g(r(t1)7r(t1)):g(rl,rl).

t<t<1

Then Dim (Do) < g(r1,11) follows from Doy C U, <4<y T(£(t)) by Corollary 3.3.
O

CONJECTURE 3.5
For the vector r; in Remark 2.5, we positively conjecture

0 <dim(Ds) =Dim(Ds) = g(r1,r1) <1

for the integer N >3 as we have the same result (see [6]) for N = 2.
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4. Moments of the GRNT function
We have the recurrence relation of the GRNT function by using the arguments

of [1] and [2].

THEOREM 4.1
The GRNT function f satisfies the N — 1 equations

-1 -1
1+ az) =Y p+mif(@),
k=1 k=1
where l=1,...,N.

Proof
It follows from the definition of the GRNT function f. ]

COROLLARY 4.2
For the continuous function G and the GRNT function f, we have

/Zjlaj G(z)df(z) = pr /01 G(k_z:laj Jra’“I) (@),

k—1
j=1 @j

where k=1,...,N.

Proof
It follows from Theorem 4.1. O

COROLLARY 4.3
For the nth moment ¢, = fol x™df (z), we have

_ i n (X5 () (DS @) aley)

N
1—pial = >, pra}

n )

where n=0,1,....

Proof
It follows from Theorem 4.1. See also [1]. O

COROLLARY 4.4
For the fundamental interval of the form [y, + a’fl -~-a§€VN], we have

k
atN

el ke RN AT kN 1d i
/ z'df (v) =pi" PN (J) lay" - a Py ey
vy 7=0
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Proof
It follows from the formula
y+4 1
Gla)df(2) =p(6) | G-+ 50
y
with G(x) = z® and the fundamental interval of the form [y, + 6] with p(5) =
fy+8) = f(7). O

Acknowledgment. The author thanks the referee for revising this article.
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