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Abstract In this article we are concerned with Trudinger’s inequality and continuity
for Riesz potentials of functions in grand Musielak—Orlicz-Morrey spaces over
nondoubling metric measure spaces.

1. Introduction

Grand Lebesgue spaces were introduced in [9] for the study of the Jacobian. They
play important roles also in the theory of partial differential equations (see [5],
[10], [28], etc.). The generalized grand Lebesgue spaces appeared in [7], where
the existence and uniqueness of the nonhomogeneous IN-harmonic equations were
studied.

For 0 < o < N, we define the Riesz potential of order « for a locally integrable
function f on RN by

Tf@)= [ =l ) dy.

The classical Trudinger’s inequality for Riesz potentials of LP-functions (see, e.g.,
[2, Theorem 3.1.4(c)]) has been also extended to various function spaces; see [19]
and [20] for Morrey spaces of variable exponent, [6] for grand Morrey spaces of
variable exponent, [24] for Musielak—Orlicz spaces, and [14] for Musielak—Orlicz—
Morrey spaces. See also [26] and [27]. Recently, Trudinger’s inequality has been
extended to an inequality for Riesz potentials of functions in grand Musielak—
Orlicz—Morrey spaces (see [15]).

We denote by (X,d, 1) a metric measure space, where X is a bounded set, d
is a metric on X, and y is a nonnegative complete Borel regular outer measure on
X which is finite in every bounded set. For simplicity, we often write X instead
of (X,d,n). For x € X and r > 0, we denote by B(z,r) the open ball centered at
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x with radius r and dx = sup{d(z,y) : z,y € X}. We assume that 0 < dx < o0,

p({z}) =0

for x € X, and p(B(z,r)) >0 for z € X and r > 0 for simplicity. In the present
article, we do not postulate on pu, the so-called doubling condition. Recall that
a Radon measure p is said to be doubling if there exists a constant C' > 0 such
that p(B(x,2r)) < Cu(B(z,r)) for all z € supp(p) (= X) and r > 0. Otherwise
1 is said to be nondoubling.

For v > 0 and 7 > 0, we define the Riesz potential of order « for a locally
integrable function f on X by (e.g., see [8] and [22])

B d(z,y)* f(y)
Lo f(z) = /X u(B(z,7d(z,y)))

Observe that this naturally extends the Riesz potential operator I, f(z) when

du(y)-

(X,d) is the N-dimensional Euclidean space and p = dx.

Our first aim in this article is to give a general version of Trudinger-type expo-
nential integrability for Riesz potentials I, - f of functions in grand Musielak—
Orlicz—Morrey spaces fli’;(X ) over nondoubling metric measure spaces X (see,
e.g., Corollary 5.5) as an extension of [15, Corollary 6.12] (see Sections 2 and 3 for
the definitions of @, x, 1, &, and Ef; (X)). Since we discuss the Morrey version,
our strategy is to find estimates of Riesz potentials I, rf by the use of other
Riesz-type potentials I, ; f of order v (< a), which play the role of the maximal
functions (see Section 4). What is new about this article is that we can pass our
results to the nondoubling metric measure setting; the technique developed in
[14] still works.

On the other hand, beginning with Sobolev’s embedding theorem (see, e.g.,
[1], [2]), continuity properties of Riesz potentials or Sobolev functions have been
studied by many authors. See [17] and [18] for generalized Morrey spaces L1,
[21] for Orlicz—Morrey spaces, [21] for variable exponent Morrey spaces, and [19]
for two variable exponent Morrey spaces.

Our second aim in this article is to give a general version of continuity for
Riesz potentials I, , f of functions in grand Musielak-Orlicz-Morrey spaces over
nondoubling metric measure spaces (see, e.g., Corollary 6.6), whose counterpart
in the Euclidean setting was not considered in [15]. The result is new even for
the Euclidean case.

2. Preliminaries

Throughout this article, let C' denote various constants independent of the vari-
ables in question. In this article, we assume that X is a bounded set, that is,
dx < oo. This implies that p(X) < co.

We consider a function

D (z,t) =to(z,t): X x [0,00) = [0,00)

satisfying the following conditions (®1)—(P4):
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(®1) ¢(-,t) is measurable on X for each t >0 and ¢(x,-) is continuous on
[0, 00) for each z € X;;
(P2) there exists a constant A; > 1 such that

AT < ¢p(x,1) < Ay for all x € X;

(®3) there exists a constant €9 > 0 such that ¢ — t7%°¢(x,t) is uniformly
almost increasing, namely, there exists a constant Ay > 1 such that

t70¢(x,t) < Ags™0¢(x, s)

for all x € X whenever 0 <t < s;
(®4) there exists a constant Az > 1 such that

o(x,2t) < Agp(x,t) for all z € X and t > 0.
Note that (®3) implies that
tis(b(xv t) < A287€¢($, 8)

for all x € X and 0 < e <¢gp whenever 0 <t < s.
Also note that (®2), (®3), and (®4) imply

0 < inf ¢(z,t) < sup ¢(z,t) < 0o
zeX zeX
for each t > 0 and there exists w > 1 such that
(21) (AlAQ)_1t1+EO S @(m,t) S A1A2A3tw

for ¢t > 1. In fact, we can take w > 1+ log A3/ log 2.
We shall also consider the following condition:

(®5) for every 1,72 > 0, there exists a constant B, ,, > 1 such that
¢<$,t) S BWl:’Yz(b(yat)
whenever d(z,y) < vt~/ and t > 1.

Let ¢(z,t) = supg<,<; #(z,s), and let

6(xvt):/o J)(xar)dr

for x € X and ¢ > 0. Then ®(x,-) is convex and

1 _
—&(x,t) < O(x,t) < AsP(z,t)
243

for all z € X and ¢t > 0.

EXAMPLE 2.1
Let p(-) and ¢;(-), j =1,...,k, be measurable functions on X such that

1<p := inf p(x) < sup p(r) =:p+ < o0
zeX zeX

and
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—00 < ¢q; = inf g;(x) < sup g;(x) ::qj+<oo7 i=1,.... k.
rzeX zEX

Set L(t) :=log(e+1), set LM (t) = L(t), and set LU)(t) = L(LU=D (1)), j=2,....
Then,

k
‘IJ(I)
p() g,y (1) =7 H

satisfies (®1), (92), (P3) with 0 <&y <p~ — 1, and (P4). For any w > pT,
(2.1) holds. Then, @, 14, ()} (x,t) satisfies (®5) if p(-) is log-Hélder continuous,
namely,

‘ | AS m (x#y),
and ¢;(-) is (j + 1)-log-Holder continuous, namely,
Cy,
‘QJ(aj) ’ = 1.(j+1) 1/d($ y)) (x;éy)

for j=1,...,k (cf. [13, Example 2.1]).

We also consider a function x(x,r) : X x (0,dx) — (0, 00) satisfying the following
conditions:

(k1) k(z,-) is continuous on (0,dx) for each x € X and satisfies the uniform
doubling condition: there is a constant ()1 > 1 such that

Ql_ln(x,r) <k(z,7") < Qikr(z,7)

for all z € X whenever 0 <r <7’ <2r <dx;
(k2) 7+ r~%k(x,r) is uniformly almost increasing for some & > 0, namely,
there is a constant Q2 > 0 such that

7’_6&(1',7’) < QQS_(;K({E,S)

for all x € X whenever 0 <r < s <dx;
(k3) there are constants @ >0 and Q3 > 1 such that

Q3 ' min(1,79) < k(x,7) < Q3

forallze X and 0<r <dx.

EXAMPLE 2.2

Let v(-) and B(-) be functions on X such that v~ :=inf,ex v(z) >0, vt :=
sup,cx ¥(2) £Q, and —¢(Q — v(x)) < B(x) < c for all z € X and some constant
¢>0. Then x(z,7) = r*® (log(e+1/r))?®) satisfies (k1), (k2), and (k3); we can
take any 0 < § < v~ for (k2).

We say that f is a locally integrable function on X if f is an integrable function
on all balls B in X. Given ®(z,t) satisfying (®1), ($2), (®3), and (P4) and
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k(z,r) satisfying (k1), (x2), and (k3), we define the Musielak-Orlicz—Morrey
space L**(X) by
L*"(X)
k(x,T)

—{reth s EEDL [ ag,
{ ! ( )weX,0<7‘<dx [L(B(I,T)) B(z,r)NX (

Fw)]) diuly) < o0 }.

It is a Banach space with respect to the norm (cf. [23])

([l

. K(z,r)
= 1nf{/\ > 0; sup _—
reX,0<r<dx /J/(B(Z‘, T))

[ Blrwlmduw <1},
B(z,r)NX

3. Grand Musielak-Orlicz-Morrey space

For € >0, set ®.(z,t) :=t°®(z,t) = t'"°¢(x,t). Then, ®.(z,t) satisfies (®1),
(®2) with the same Ay, and (®4) with the same As. If ®(x,t) satisfies (P5),
then so does ®.(z,t) with the same {B., ~, }y; 420

If 0 <e <ep, then & (z,t) satisfies (P3) with ey replaced by €9 — e and the
same Ay. It follows that

1 _
(3.1) 2—143<I>5(m7t) <P (z,t) < A D (z,t)
forallz € X, t>0, and 0 <e <eq.
Let

G= sup{a >0:79%%(z,r)"" is bounded on X x (07 min(l,dx)) }

By (k2) and (k3), 0 <& < Q. If & =0, then let og = 0; otherwise fix any o¢ €
(0,5). We also take dg such that 0 < dp < d for ¢ in (k2).
For —dp <o < gy, set

Hg(xa T) - ram(x, T)

for x € X and 0 <r <dx. Then k,(z,r) satisfies (x1), (k2), and (k3) with
constants independent of o.

LEMMA 3.1 ([15, PROPOSITION 3.2])
Assume that ®(z,t) satisfies (25). If 0 < ey <ep <y, =0y <0, <og, j=1,2,
and

0 —do 0 —do

o1+ e1 < o9+

€2,
then L®e1%o1 (X)) C L% (X)) and

@y oy < Cllfllac, roysx

for all f € L1151 (X)) with C > 0 independent of €1, €2, 01, 0.
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In particular,
LP"(X) C L% (X)

if 0<e<ey, —6g<o<og, and o+ ((§ —dg)/w)e > 0.

Let n(e) be an increasing positive function on (0,00) such that n(0+) = 0. Let
&(g) be a function on (0,£1] with some &1 € (0,e¢/2] such that —dy < &(g) < og for
0<e<er,§(04)=0,and e — £(e)+((d — o) /w)e is nondecreasing; in particular,
E(e)+ (6 —0p)/w)e >0 for 0<e<ey.

Given ®(z,t), k(z,7), n(e), and £(g), the associated (generalized) grand
Musielak—Orlicz—Morrey space is defined by (cf. [11] for generalized grand Morrey
space)

prreo={re (| L% X flemnex <oo},
0<e<Ler

where

1flloxmex = sup n(E)[|flle. reeix-
<e<Ler

Note that Z:%”(X) is a Banach space with the norm || f{|®,.;,¢;x . Also note that,
in view of Lemma 3.1, this space is determined independent of the choice of ;.

REMARK 3.2
If u(B(x,r)) satisfies (k1), (k2), and (k3), then the associated (generalized) grand
Musielak—Orlicz—Morrey space L;’g(X ) includes the following spaces:

- generalized grand Lebesgue spaces introduced in [3] if k(z,r) = p(B(z,r))
and £(g) = 0;
- grand Orlicz spaces introduced in [12] (see also [4]) if k(z,r) = pu(B(x, 7)),
£(e)=0, ®(x,t) =P(¢), and
oc —N-—¢ dt
sup 7(e) t D(t)— < o0
0<e<eg 1 t

- grand Morrey spaces introduced in [16] if {(g) = 0;
. grand grand Morrey spaces introduced in [25] and generalized grand Morrey
spaces introduced in [11] if £(g) is an increasing positive function on (0, 00).

4. Lemmas

LEMMA 4.1 ([13, LEMMA 5.1])
Let F(xz,t) be a positive function on X x (0,00) satisfying the following condi-
tions:

(F1) F(z,-) is continuous on (0,00) for each x € X;
(F2) there exists a constant K1 > 1 such that

K{'<F(z,1)< K, forallzcX;
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(F3) t—t°F(x,t) is uniformly almost increasing for some € > 0; namely,
there exists a constant Ko > 1 such that

t7°F(z,t) < Kys °F(x,s) for all z € X whenever 0 <t < s.
Set
F~Y(z,s)= sup{t >0; F(z,t) < s}
forxe X and s > 0. Then:
(1) F~(x,-) is nondecreasing.
(2)
(4.1) F7 (2, M) < (KoN)YEFY(a,t)
forallze X, t>0, and A > 1.
3)
(4.2) F(z,F'(z,t)) =t
forallz e X and t > 0.
(4)
Kyt < F~' (a, F(x,t)) < K3/t
forallxz € X and t > 0.

(5)

(4.3) min{1, ( K18K2 ) 1/6} < F'(2,5) < max{1, (K, K»s)"/*}

forallx € X and s> 0.

REMARK 4.2
We have that F(z,t) = ®(z,t) satisfies (F1), (F2), and (F3) with K; = 4;, Ky =
Ay, and e =1.

By (x3) and (4.3), we have the following result.

LEMMA 4.3
There exists a constant C' >0 such that
(4.4) c ! §<I>71(m,n(x,7’)71) <Cr @

forallz € X and 0 <r <dx, where Q is a constant appearing in (k3).

LEMMA 4.4 (CF.[15, LEMMA 3.1])
There exist constants C > 1 and o € (0,min(1,dx)) such that k,(x,r) < Cré=%
and

C = 0700)/@ < @1 (2, py (7)) < Cr @

forallz e X, 0<r<ry, —0g <o <oy, and 0 <e < ey, where Q is a constant
appearing in (k3).
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Proof
In view of the proof of [15, Lemma 3.1], we only have to prove that there exists
a constant C' > 1 such that

<I>€_1 (;v, ko, r)_l) <COr @

forallz € X, 0<r <rg, —0g <o < 0g, and 0 < € < gg. First note from (®3) that
there exists a constant C > 1 such that

B (z,t) < Cs D, (2, 5)

for all z € X and 0 <&’ <gg — e+ 1 whenever 0 <t < s. By Lemma 4.1(5) with
¢’ =1 and (k3), we have

@;l(x,/{c,(x,r)*l) < C/{c,(x,r)*l <Cr@

forall e X, 0<r<rg, —0g <o <oy, and 0 < e < g, as required. O

From now on, we assume:
(2) &(e) <ae for 0 < e <ey with some a > 0.
Recall that £(e) > —((6 — do)/w)e by assumption. Let
e(r) = (log(e + 1/7"))71
for >0, and let r; € (0,min(1,dx)) be such that e(r) <ey for 0 <r <ry.

LEMMA 4.5 ([15, LEMMA 6.2])
There exists a constant C' > 1 such that

c 1ot (x, /i(xm)_l) < @71) (m, ng(s(r))(x,r)_l) <Cot (;E, ff(x,r)_l)

e(r

forallz € X and 0 <r <.

LEMMA 4.6
Assume that ©(x,t) satisfies (95). Then there exists a constant C >0 such that

# 711,,1:177,71 e 7’7171
u(B(w,r»/B(z,me (v) du(y) < O~ (. k(1) " )n((log(e +1/r) ")

forallz € X, 0 <r <dx, and nonnegative f € Ejf;g(X) with || fllexm,e;x < 1.

Proof
Let f be a nonnegative function with || f||®,w:n,e;x < 1. Then note from (3.1) that

ﬁ&(s)(xa'r)

w(B(z,r))
forxeX,0<r<dyx,and 0<e<eq, so that
Fe(e(r) (2,7)

u(B(z,r))

/ D (y,n(e)f(y)) duly) < 243
B(z,r)NnX

/ Doy (1, 1(2(7) £ () dply) < 245
B(z,r)NX
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for z € X and 0 <r <ry. Let g-(y) =n(e(r)) f(y), and let
K(z,r)= q);(qlﬂ) (:E, H&(E(T))(IL',’I’)il).
Since there exist constants C' > 1 and rg € (0,min(1,dx)) such that
1< K(z,r) < Cr—@

for all x € X and 0 < r < min{rg,r1} by Lemma 4.4, we see from (®5) and (4.2)
that

(I)a(r) (y, K(x, 7’)) > C(I)E(T) (SE, K(l‘, r)) = C/Qg(a(r))(x, 7‘)71
for all y € B(z,r) and 0 <7 <min{rg,r1}. Therefore, we have by (®3)

1
W(B(zr)) /Bu,mx 9:(4) dn(y)

A2 / gr(y)71¢e(r) (yagr(y))
B(z,r)nX ' K

=D L) (321 (0 K1)

du(y)

< CK(z,r){1+ % /BW)OX Do (4,90 (1)) dia(y) |
<CK(z,r)

for x € X and 0 <r <min{rg,r1}. Hence, we find by Lemma 4.5

1 / -1 -1
s gr(y) duly) < CO™ (z, K(z,7)
W(BG ) Joox ( )
for all x € X and 0 <r <min{rg,71}.
When min{rg,r1} <7 < dx, we have by (4.4)

_ - - —1y—1
W(B(z,r) /B(g;,r)mx fy)du(y) <C <Ce (2, k(z,r) " )n((logle+1/r) ),
as required. (Il

Set

o 1 1 ~1y-1dp

Do) = [ @ (ot ) al(loste+1/0) )7
1/s

for s >2/dx and z € X. For 0 <s < 2/dy and x € X, we set I'(z,s) =

I(x,2/dx)(dx/2)s. Then note that I'(z,-) is strictly increasing and continuous

for each z € X.

LEMMA 4.7 (CF. [14, LEMMA 3.5])
There exists a positive constant C' such that T'(z,2/dx) > C" for all x € X.

LEMMA 4.8

Assume that ®(x,t) satisfies (D5). Let 7 > 1. Then there exists a constant C > 0
such that
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d(z,y)*f(y) 1
du(y) < CT'(z, <
/X\B(m,é) /L(B(.’L',Td(l’,y))) ( ) ( 6)
forallz e X, 0< 6 <dx/2, and nonnegative f € Ej’f(x) with || f||@,mm,ex < 1.

Proof
Let jo be the smallest positive integer such that 770§ > dx. By Lemma 4.6, we
have

d(z,y)* f(y)
/X\BW (B, rd(z,y)) MY

Jo

= /)(O(B(m,rjé)\B(x,leé)) w(B(z, d(z,y)))

jo
: z:: ()" (z TJ(S)) /XmB(z,Tjg) f ) dp(y)

< (E:ﬂa (e ) (o8 +1/9) )

+d%® ! (2, k(z,dx) " ")n((log(e + 1/dX))71)71>,
where we assume that Z?Zl a; =0 for a; € R. By (k2) and (4.1), we have
7768 . . 1 71dt
/. 15t°‘<1> (z, k(2 )" )n((log(e + 1/t)) ) "
TI—

> (r9710) @ (o, @5 (i, 776) "y ((lom(e +1/(r79))) ) log

(T 1 ) (e + 1/78) )

=C(196)*logT® ! (2, k(z, Tjé)_l)n((log(e + 1/(7'3'5)))71) !

>

and

dx —1y-1dt
/d t‘XCI)_l(x,/i(x,t)_l)n((log(e—kl/t)) ) 7

x/2
S d$ log?2
T 22450

=Cd%® " (z,k(z,dx) " )n((log(e + l/dx))fl)fl-

Hence, we obtain
dz,y)"fly)
/X\B(w,é) w(B(z,d(,y))) wv)

Jjo—1 73§
< fog (z_:/ taq)_l(l‘aH(x,t)_l)n((log(e—i—1/t))_1)_1?

& (2, i, dx) " )n((log(e + 1/dx)) )~

IOgT i-1§
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B gl -1 —1y—1dt
—I—/dx/2t<1> (o, )+ 1/0) ) D)

= locg‘TF (I’ %)’

as required. O

LEMMA 4.9
Assume that ®(x,t) satisfies (P5). Let 7> 2 and ¥ > 1 be such that T > (9 +
1)/(¥ —1). Let v >0, and define
1
1+ [ pr@-1(z, (2, p) = )n((log(e +1/p)) 1)1 2
for z€ X and 0 <r <dx. Then there exists a constant Cr~ >0 such that

M)
w(B(z,97)) /XHB(”) L - f(z)du(z) < Cr 4

forall z€ X, 0<r <dx, and nonnegative f € E;{;;(X) with || fllo xm.e;x < 1.

Ay(z,1) =

Proof
Let z€ X, and let 0 <r < dx. Write

- d(z,y)" f(y)
Lrfl@) = /XﬁB(z,ﬁT) n(B(z,7d(z,y))) 4u(y)

d(z,y)" f(y)
* /X\B<Z,M (B rd(z,y)) M)

=L (2) + I>(z)
for z € B(z,r). By Fubini’s theorem,

[ h@dua

XNB(z,r)

So
XNB(z,9r) *J XNB(z,r) ,[L(B(I,Td(i,y)))

d(z,y)” .
= /XﬂB(z,ﬁr) </X0B(y,(19+1)r) w(B(z,7d(z,y))) aul )> Jv)duly).

~—

Hence,
[ h@due
XNB(z,r)
- d(z,y)
d d
= /XﬂB(z,ﬁr) <]Zl /Xﬁ(B(y,Rj)\B(y,Rj+1)) w(B(z,7d(z,y))) u(x))f(y) u)

> N (@) F) duty)

= /Xﬁ(B(y,Rj)\B(y,Rj+1)) w(B(z,7Rj1))
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s ——— = dp(x) ) f(y) du(y
/XﬂB(zaW) <2/Xn(3<y,Rj)\B(y,Rj+1>> #(B(y, R;)) ( >) w) duly)

o0

@)
- /X o [ )

where R; = (9 +1)(7/2)~7*1r. Now, by Lemma 4.6, (k2), and (4.1), we have

Y / F(y) duly)
XNB(z,97)
< O (B, 1) 8 2z, 07)( los e+ 1/(9r))) )

_1@

< logﬂM(B(z’ Ir)) /: ' p @ (2,k(2,p) ") n((log(e + l/p))_l)

if 0 <r <dx/¥, and by Lemma 4.6 and (4.4), we have

v d
r /}mB(zm)f(y) u(y)

= / £() dp(y)
B(z,dx)

< Cdx"u(B(z,dx))® " (2, 6(z,dx) " )n((logle + 1/dx)) ") ™
< Cu(B(z,9r))
if dx /9 <r <dx. Therefore,
C B(z,9r
R e
forall 0 <r<dx.
Set ¢c=(7(9 —1) —1)/9 > 1. For I, first note that Ir(x) =0 if z € X and

r>dx /9. Let 0 <r <dx/9. Let jo be the smallest positive integer such that
Jelor > dx. Here we claim that @ € B(z,r) and y € X \ B(z,9r) imply that

(145) (7)< 5 —d(z,)
and
(4.6) B(z,cd(z,y)) - B(:L',Td(:c,y)).

Indeed, we have d(z,z) <r and d(y,z) > Jr. Hence, it follows that

Ay, 2) < dlay) +d(z,2) < d,y) + 5dly,2),

which yields (4.5). Also observe that, when w € B(z,cd(z,y)), we have by (4.5)
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d(w,z) <d(z,z) + d(w, 2)
%d(z,y) +cd(z,y)
é (C+ _) —d(x,y) = Td(xmy)v

which yields (4.6).
Consequently it follows from (4.6) that

A y) 5 () - »
LSO o WBGcd(zyy) W) forw e XNBEr).

By Lemma 4.6, we have

d(z,y)"
= CZ/ (2,9¢iT)\B(z,9¢ci~1r) M(B(z,cd(z,y)))f(y) dp(y)

Jo 1

= Cz(ﬂcjr)’y /_}/(B(Z, ﬂcjr)) /)(ﬁB(z,ﬁcj'r) f(y) dﬂ(y)

< C(Z (IcIr) @ (2, k(z, 9eir) " )n((log (e + 1/(1903'7")))71)71
+d3® (2, k(z,dx) " ")n((log(e + 1/dX))_1)_1),

where we assume that 23:1 a; =0 for a; € R. As in the proof of Lemma 4.8, we
obtain

JO 1 dedr

1 —1y-1d
logc Z/ﬂw lr (z, #(z, p) )0 ((logle +1/p)) ) ?p
dx
+/d /2pvq)_l(x,n(x,p)_l)n((log(e+1/p))1)1%)
dx
SC’/ p'“I)_l(z,/ﬁ(z,p)_l)n((log(e—|—1/p))_1)_1%
C 1

~ loge Ay (z,7)
for all x € X N B(z,r). Hence,

C p(Br) . C (B
Jepion 20 = R S < s

Thus, this lemma is proved. O

5. Trudinger’s inequality for grand Musielak-Orlicz-Morrey spaces

In this section, we deal with the case in which I'(x, t) satisfies the uniform log-type
condition:
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(Tog) there exists a constant ¢ > 0 such that
[(x,t?) < erl(z,t)

forallz € X and ¢t > 1.
By (T'og), together with Lemma 4.7, we see that I'(z,t) satisfies the uniform
doubling condition in t.

LEMMA 5.1 (CF.[14, LEMMA 4.2])

Suppose T'(x,t) satisfies (I'og). For every a > 1, there exists b >0 such that
I'(x,at) <bl(x,t) for allz € X and t > 0.

THEOREM 5.2
Assume that ®(z,t) satisfies (25) and I'(z,t) satisfies (T'og). For each x € X, let
v(z) =sup,soI'(z,s). Suppose ¥(z,t): X x[0,00) = [0, 00] satisfies the following
conditions:

(P1) W(-,t) is measurable on X for eacht € [0,00) and ¥(x,-) is continuous
on [0,00) for each x € X ;

(P2) there is a constant A} > 1 such that U(z,t) < U(x, A}s) for all z € X
whenever 0 <t < s;

(¥3) U(x,I'(z,t)/AS) < A4t for allz € X and t > 0 with constants A, A% >
1 independent of x.

Let 7> 2 and 9 > 1 be such that 7> (9 +1)/(9 —1). Then, for 0 <~y < a, there
exists a constant C* >0 such that I, f(x)/C* <~(z) for almost every z € X

and
(B (= 00) /m(m ¥(o, 50 dule) <1

forall ze X, 0<r <dx, and nonnegative f € Ef”;(X) with || fllo,xm,ex < 1.

Proof
Let f >0 and || f|lo,xm,ex < 1. Fix x € X. For 0 <6 <dx /2, Lemma 4.8 implies

d(z,y)*f(y) 1
@5 [ B s 0+ T (+5)

_ )= d(z,y)" f(y)
- /mm,a) W) Bard(e,y)

<c{o L flw) + T (w, %) }

du(y) + CT (x, %)

with constants C' > 0 independent of z.
If I, - f(z) <2/dx, then we take § = dx /2. Then, by Lemma 4.7

Lo f(z) < CF(x, é)
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By Lemma 5.1, there exists C} > 0 independent of x such that
(5.1) Lo flz) < c;r(z, m) if I, f(x) < 2/dx.

Next, suppose 2/dx < I, ;f(z) <oc. Let m =sup,>s/4, wex I'(,5)/s. By
(Tog), m < 00. Define § by

P— % (2, Ly f () (I f2)

Since I'(z, Iy f(2))(Ly - f(x)) ™' <m, 0 < § <dx/2. Then by Lemma 4.7

< CF(I’,I%.,-f(x))il/(aiv)( e ))1/ a—vy)

SR

<CT(z,2/dx)~ 1/(a— ”(I f(x ))1/(a—v)

S C(I%-,—f(x))l/(a_’)l).

Hence, using (I'iog) and Lemma 5.1, we obtain

(. %) <T(2.C(L f(@) ") <O (2,1, - f(2)).

By Lemma 5.1 again, we see that there exists a constant C5 > 0 independent of
x such that

1
(5.2)  In.f(z)< c;r(x, T f(x)) if 2/dy < I, f(x) < oo,

where Cy , is the constant given in Lemma 4.9.
Now, let C* = A} A, max(C5,C5). Then, by (5.1) and (5.2),
I f(2) 1 1 1
o < o) L (o 5 B @)}
Cr A4 max{T (2 aa; ) \" g, g )
whenever I, ;f(z) < co. Since I, ,f(x) < oo for almost every z € X by

Lemma 4.9, I, , f(x)/C* < ~v(z) for almost every z € X, and by (¥2) and (¥3),
we have

\I,(x Ia,Tf(w))

C*
8o 5 ) )9 (o 1) )
< % + 26}1,7 L. f(x)

for almost every x € X. Thus, noting that A,(z,7) <1 and using Lemma 4.9, we
have

(B (z,9r)) /)mB(“)\IJ( O )dﬂ( )
1 Ay(z,1) N N
2C1, u(B(z.0r)) /XQB@,,") Lyr (@) du()
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IN
[l G
DO =

forall ze X and 0 <r <dx. O

REMARK 5.3
If I'(x, s) is bounded, that is,

x g —1 -1 -1\ -1
sup/0 Pz, k(z, p) M) ((logle +1/p)) ) dp < oo,

zeX

then by Lemma 4.8 we see that I, ,|f| is bounded for every f € Zf;(X)

REMARK 5.4
We cannot take v = « in Theorem 5.2. For details, see [17, Remark 2.8].

As in the proof of [14, Corollary 4.6], we obtain the following corollary by applying
Theorem 5.2 to the special ® and k given in Examples 2.1 and 2.2.

COROLLARY 5.5
Let k be as in Example 2.2, and let p(z) and q(x) = q1(x) be as in Example 2.1.
Let 7>2 and 9 > 1 be such that 7> (9 +1)/(9 —1). Set n(t) =t? for 6 >0 and
®(x,t) = tP@ (log(e + 1)1,

Assume that

a—v(x)/p(z)=0 foralzeX.
(1) Suppose

inf (—4(2)/p(w) — B(a) /p(x) +6+1) >0.

Then for 0 <~ < « there exist constants C* >0 and C** >0 such that

rv(2)/p(z) = / ( (IOM' f(x))p(z)/(p(w)+9p(w)75(w)fq(w)))
,U/(B(Zﬂ%”)) B(z,r)NX

C*
forall ze X, 0<r <dx, and nonnegative [ € Zi’;(X) with || flloxm,ex < 1.

(2) If

du(z) < C**

sup (—q()/p(x) — B(z)/p(x) + 0 +1) <0,
zeX

then for 0 <~ < a there exist constants C* >0 and C** > 0 such that

(=) /p(2)—y / Lo f()
e ———— €ex ex —_ du(x <C**
WG Sy P (TG 01 =

forall ze X, 0<r <dx, and nonnegative f € Ef”;(X) with || fllo,xm,ex < 1.
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6. Continuity for grand Musielak-Orlicz-Morrey spaces

In this section, we discuss the continuity of Riesz potentials I, , f of functions
in grand Musielak—Orlicz—Morrey spaces under the condition that there are con-
stants 0 >0, : > 1, and Cy > 0 such that

dl@,y)*  d(zy)”
6V | B rdey ~ 786 iy < Ol
whenever d(x,z) <d(z,y)/2.

We consider the functions

w(z,r) =/OT P @ (z, 5z, p) " ) ((logle +1/p)) )

d(ﬂf»Z))g d(z,y)"
d(z,y)/ p(B(z,wd(z,y)))

_1@

and

dx
wo(z,1) = 7“9/ p* o1 (z,k(z, p) " )n((log(e + l/p))_l)_l%

for0>0and 0<r<dx.

LEMMA 6.1 (CF. [14, LEMMA 5.1])

Let EC X. If w(z,r) = 0 as r — 0+ uniformly in x € E, then wy(x,r) = 0 as
r — 0+ uniformly in v € E.

LEMMA 6.2 (CF.[14, LEMMA 5.2])
There exists a constant C' >0 such that

w(z,2r) < Cw(z,r)

forallze X and 0 <r <dx/2.

THEOREM 6.3

Assume that ®(x,t) satisfies (25). Let 7 > 1. Then there exists a constant C >0
such that

[Tarf (@) = Lo f(2)] < C{w(z,d(z,2)) + w(z,d(z,2)) + wp(z,d(z,2)) }
for all x,z € X with d(z,z) < dx/4 and nonnegative f € Z;fg(X) with

Hf“(l’,nm,f;X <1

Before giving a proof of Theorem 6.3, we prepare two more lemmas.

LEMMA 6.4

Assume that ®(x,t) satisfies (P5). Let 7 > 1, and let f be a nonnegative function
on X such that || fl|okm.e;x < 1. Then there exists a constant C >0 such that

d(z,y)*f(y)
/XmB(x,(s) w(B(z,md(z,y))) du(y) < Cuw(x,6)

forallze X and 0<d <dx.
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Proof
Let f be a nonnegative function on X with || f|lo xm.e;x < 1. As usual we start
by decomposing B(z,d) dyadically:

d(z,y)*f(y)
/XmB(x 5) 1(B(z, 7d(x,y))) du(y)

_ d(z,y)*f(y)
Z/Xm(B (@, 7—I+18)\B(z,7—35)) w(B(z,7d(z,y))) auly)

itisye L
Z e w(B(z, 7=i+16)) /B(ng)f(y)du(y)-

By Lemma 4.6, we have
d(z,y)* f(y)
du(y
/m@,a) W(B(z,d(z,y)) MY

< CZ(T‘ﬁlé)a@_l (z,k(z,777116) ") n((log(e + 1/(T_j+15)))_1) -

Jj=1

< C [ e (e, n(e ) ((oste + 1/0) )L
~logT Jo ’ ’ p

=Cw(z,J). O
The following lemma can be proved in the same manner as Lemma 4.8.

LEMMA 6.5

Assume that ®(x,t) satisfies (P5). Let 0 € R, and let 7> 1. Let f be a non-
negative function on X such that || f||e ke x < 1. Then there exists a constant
C >0 such that

d(x,y)* "’ f(y) e
~/-X\B(a; 8 w(B(x,7d(z,y))) du(y) < Co %wp(z,9)

forallze X and 0< 6 <dx/2.

Proof of Theorem 6.5
Let f be a nonnegative function on X with || f|le xnex <1, and let z,z € X
with d(z,z) < dx /4. Write
Ioqf(z) = lo-f(2)
-/ d(,y)° £ ()
XNB(z,2d(x,z)) :u(B(xﬂTd(xvy)))
) / d(2,9) )
XNB(z,2d(x,2)) M(B(z,7d(2,y)))
d(z,y)” d(z,y)"
+ / - fy)du(y).
optesatey BB A )~ #BG a0 4

du(y)

du(y)
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Using Lemmas 6.2 and 6.4, we have

/ d(z,y)* f(y)
XNB(z,2d(a,2)) M B(x,7d(2,9)))

and

du(y) < Cw(x,2d(z,2)) < Cw(z,d(z,2))

d(z,y)* f(y) d(z,y)* f(y)
/Xmm,zd(m,z)) W(BG,rd(z,y)) MW < /Xmmz,gd(m,z» W(BG,rd(z, ) MY

< Cw(z,3d(z,2)) < Cw(z,d(z,z)).

On the other hand, by (6.1) and Lemma 6.5, we have

d(xvy)a _ d(z,y)a
/X\B(I,Qd(z,z)) ‘ w(B(z,7d(z,y))) p(B(z,7d(z,y))) ‘f(y) du(y)
d(z,y)*’f(y)
< Cd(z, 2)’ / ;

\Beaaormy 1B (. 9)) )
< Cwy(x,2d(z,2)) < Cwy(z,d(x, 2)).

Then we have the conclusion. O
In view of Lemma 6.1, we obtain the following corollary.

COROLLARY 6.6
Assume that ®(x,t) satisfies (®5). Let 7> 1.

(a) Let xg € X, and suppose w(z,r) = 0 as r — 04+ uniformly in x € X N
B(z,9) for some § >0. Then I, . f is continuous at xo for every f € zi’;(X).

(b) Suppose w(z,r) — 0 as r — 0+ uniformly in x € X. Then I . f is uni-
formly continuous on X for every f € Zf;(X)
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