The T-equivariant integral cohomology
ringof F,/T

Takashi Sato

Abstract We determine the T-equivariant integral cohomology of Fi /T combinatori-
ally by the Goresky, Kottwitz, and MacPherson (GKM) theory, where T is a maximal
torus of the exceptional Lie group F4 and acts on Fy /T by the left multiplication.

1. Introduction and statement of the result

Let G be a compact connected Lie group, and let T be its maximal torus. The
homogeneous space G/T is a flag variety and it plays an important role in topol-
ogy, algebraic geometry, representation theory, and combinatorics. In particular,
the T-equivariant integral cohomology ring Hx(G/T) = H*(ET x7 G/T) is espe-
cially important, where T acts on G/T by the left multiplication.

Goresky, Kottwitz, and MacPherson [GIKM] gave a powerful method to deter-
mine the equivariant cohomology with Q-coeflicients of some good spaces. It is
called the GKM theory. Let us explain how the Goresky, Kottwitz, and MacPher-
son (GKM) theory works in our situation. Since the fixed point set (G/T)T
identified with the Weyl group W (G), the inclusion i: (G/T)T — G/T induces
the map

* Hyj(G/T) —» Hy((G/T)") = [[ H*(BT)=Map(W(G),H*(BT)).
W(G)

Upon tensoring with @, i* is injective by the localization theorem (see

[H, Theorem (IT1.1)]). The GKM theory gives a way to describe the image
of this map ¢*, which is restated by Guillemin and Zara [GZ] as follows. The
image of i* is completely determined by a graph with additional data obtained
from G. Precisely they defined the “cohomology” ring of the graph as a subring of
Map(W(G), H*(BT)) and showed that it coincides with the image of ¢*. This
graph is called a GKM graph. Harada, Henriques, and Holm [HHH] showed that,
with integer coefficients, i* is injective and its image coincides with the cohomol-
ogy of the GKM graph.

By concrete computations by the GKM theory, for a simple Lie group G
of classical types and of type G, Fukukawa, Ishida, and Masuda [FIM] and
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Fukukawa [F] determined the cohomology ring of the GKM graph of G/T'. Hence
they determined the equivariant integral cohomology ring H3(G/T) for a Lie
group G of types A, B, D, and Gs. In this paper we determine the T-equivariant
integral cohomology ring of Fy/T by the GKM theory.

For = = (z1,...,2,), let e;(x) denote the ith elementary symmetric poly-
nomial in 1,...,7,. Put ¥ = (2F,...,2%). For a linear transformation a of
Rz @ - @ Ray,, let ar = (ax1,...,ax,). Then e;(x*) and e;(ax) denote the
ith elementary symmetric polynomial in z¥,... 2% and ax,...,az,, respec-
tively. The following theorem is the main result of this paper. In this theo-
rem t = (t1,to,t3,t4), T = (71,72,73,74), and p is the linear transformation of

Rt1 @ - - @ Ry defined as (3.2).

THEOREM 1.1
Let T be a mazimal torus of Fy which acts on Fy/T by the left multiplication.
Then the T-equivariant integral cohomology ring of Fy/T is given as

Hi(Fy)T) 2 Zti, 7y, iy visw | 1 <@ <4]/(r], Ri,r2i,m12 | 1 <i < 4),
where |t;| = |v| = |7| =2, |vi| = 2i, |w] =8,
i =ei(t) — 27, Ri=ei(1) —ei(t) —2v; (i=1,2,3),

ri2 = w(w —es(pt)) (w + ea(p’t)), Ry=-ey(r) —eq(t) — 274 — w,

2 1
2= Z<_1)j7j (2-j+ea;(®),  ma= Z(—l)j%‘ (va—j +ea—j(t) —w,
re = Z(—l)j%' (V65 +€6-5(t) + (72 + ),

s =71 (72 + ea(t)) +w? + (71 — ea(pt) w.

The ordinary integral cohomology ring H*(F4/T) was determined by Toda and
Watanabe [TW]. We can obtain the integral cohomology ring of Fy/T as a corol-
lary of Theorem 1.1 as follows. There is a fibration sequence

Fy/T — ET xp Fy/T —2~ BT.

Since the projection p: ET x7 Fy/T — BT restricts to poi: ET xp (Fy/T)T —
BT, where i is the inclusion ET X (F4/T)T — ET xp Fy/T, the induced
map (poi)*: H*(BT) — H*(ET x7 (Fy/T)T) = Map(W (Fy), H*(BT)) sends
elements of H*(BT) to constant functions. In Theorem 1.1, t1, to, t3, t4, and v
correspond to constant functions (see Section 4). Since the cohomology of Fy/T
and BT have vanishing odd parts, the Serre spectral sequence of the fibration p
collapses at the Fs-term. Hence H*(Fy/T) = Hy(Fy/T)/(t1,t2,t3,ta,7).
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COROLLARY 1.1 ([TW, THEOREM A])
The integral cohomology ring of Fy/T is given as

H*(Fy/T) = Z[1i,71,7v3,w | 1 <4 <4]/(F1,T2,T3,T4,T6,T8,T12),
where
F1:2’71—61(T), F2=2’}/%—62(7’),

T3 = 273 —e3(T), Ta=eq(T) — 2v1e3(T) + 271 — 3w,

To = —viea(T) +73,  Ts=3ea(T)y] — 2} + 3w(w +e3(1)m),

T2 =W .

Corollary 1.1 will be proved in Section 8. Throughout this paper, all cohomology
groups and rings will be taken with integer coefficients.

2. GKM graph and its cohomology

Let G be a compact connected Lie group, and let T" be its maximal torus. Special-
izing and abstracting the work of Goresky, Kottwitz, and MacPherson [GKM],
Guillemin and Zara [GZ] introduced a certain graph to each of whose edge an
element of H?(BT) is given and showed that the T-equivariant cohomology of
G /T with complex coefficients is recovered from this graph. Let us introduce this
special graph. Recall that there is a natural identification

Hom(T, S*) = H*(BT),

where the left-hand side is the set of weights of G. Let W(G) and ®(G) denote the
Weyl group and the root system of GG, respectively. Since every root is a weight, we
regard ®(G) C H?(BT). There is a canonical action of the Weyl group W (G) on
Hom(T, S') and it restricts to ®(G). We denote this action as wa for w € W(G)
and o € H?(BT). Recall that, to each o € ®(G), one can assign a reflection o,
which is an element of the Weyl group W(G).

DEFINITION 2.1

The GKM graph of G/T is the Cayley graph of W(G) with respect to a generat-
ing set {0, € W(G) | « € ®(G)} which is equipped with the cohomology classes
+wa € H3(BT) to the edge ww' satisfying w’ = wo,. We call wa the label of
the edge ww'.

The ambiguity of the sign of the label +wa occurs from the equation w'a =
wo,a = —wa. Let us introduce the cohomology of the GKM graph. Consider a
function f: W(G) — H*(BT) between sets. We say that f satisfies the GKM
condition or f is a GKM function if, for any w € W(G) and «a € ®(G),

f(w) = f(woa) € (we) € H*(BT),

where (z1,...,%,) means the ideal generated by x1,...,z,. It is easy to see that
all GKM functions form a subring of [ [y ) H*(BT), where we identify the set
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of all functions W(G) — H*(BT) with [ [y ) H*(BT). Since the GKM graph of
G/T has W(QG) as its vertex set, a GKM function assigns an element of H*(BT)
to each vertex of the GKM graph.

DEFINITION 2.2
Let G be the GKM graph of G/T. The cohomology ring H*(G) is defined as the
subring of HW(G) H*(BT) consisting of all GKM functions.

Guillemin and Zara [GZ, Theorem 1.7.3] restated an important theorem of the
GKM theory as

Hp(G/T;C)=H"(G)®C.

Harada, Henriques, and Holm refined this result to the integral cohomology. More
precisely, we have the following.

THEOREM 2.1 ([HHH, THEOREM 3.1 AND LEMMA 5.2])
Suppose the Lie group G is simple, and let G be the GKM graph of G/T. If G is
not of type C, then there is an isomorphism

Hi(G/T)=H*(G).

3. The GKM graph of F;/T

In this section we describe and analyze the GKM graph of Fy/T. First of all
let us choose a maximal torus of Fy. Let T* be the standard maximal torus of
SO(9), and let 7y, 2, t3, t4 € H?(BT*) be the canonical basis. For the universal
covering g : Spin(9) — SO(9) let T = p~1(T*). Then T is a maximal torus of
Spin(9). Since Spin(9) is a Lie subgroup of Fy (see [A, Chapters 8, 9, and 14]), T
is also a maximal torus of Fy. We fix a maximal torus of Fy to T. Let t; denote
w*(t;) € H?(BT). By definition we have that

H*(BT) = Z[t1,t2, t3,t4,7]/ (27 — ex(t)).

To describe the Weyl group W (F}) we start with the root system of Fy. The
root system ®(Fy) is given as

B(Fy) = {i(ti L), — ), £t %(ﬁ:tl by byt ty) ‘ l<i<j<d 1<k g4}.

The roots £(t; +t;) and £(t; — t;) are called long roots, and +t; and %(ih +
to +t3 £ t4) are called short roots. Put
a1 =ty —ts, g =13 — 1y,
1
ag = ty, a4:§(t1—t2—t3—t4).

Then the Dynkin diagram of F} is as follows:

O—OC0—0—"=0

a1 (6%} Qa3 (67}
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Then W(F}) is generated by the reflections oy, for i =1,2,3,4. Since Spin(8) is
a Lie subgroup of Fy, the root system of Spin(8) is contained in ®(Fy), which is
given as

®(Spin(8)) = {*(t; +1t;),£(t; —t;) | L <i<j <4}

It consists of all the long roots of the root system ®(Fy). Then the Weyl group
W (Spin(8)) is generated by the reflections associated with the long roots, and
W (Spin(8)) is a subgroup of W (Fy).

Put W =W (Spin(8)). The vertex set W (Fy) of the GKM graph of Fy/T is
decomposed into six cosets by the next theorem.

THEOREM 3.1 ([A, THEOREM 14.2])

The Weyl group W of Spin(8) is a normal subgroup of W(Fy) and there is an
isomorphism W (Fy)/W = &3, where &, is the symmetric group on n-letters.
Moreover, W (Fy)/W permutes the three root pairs

1 1

Let us describe the representatives of W (Fy)/W . First we define an element p of
W (Fy) as
(3.2) P =00500,00,00000s00s0a; OasTasTay s

where ag denotes the root t; — to of Spin(8). By a straightforward calculation,
we have that

_7+ti7 7;:172737
pti =
¥ — ta, 2243
(3.3)
) {—7+t4+ti, i=1,2,3,
pti= )
-7, 1:47

and

P> =id.
By the above equations the root system ®(Fy) can be rewritten as

O(Fy) = {£(ti+t;), £t —t;),£ptr |1 <i<j<4,1<k<4,0<e<2}.
Note that p permutes the three root pairs (3.1) cyclically and that x = oy, inter-
changes :I:%(tl +to +t3 — tq) = £pty and :i:%(tl +to +t3 +ty) = £p*ty. Hence
W (F4)/W = &3 is generated by p and . Since the equation
(3.4) kp=pk
holds, we have a coset decomposition
W(Fy) = H pEROW.

£=0,1,2
§=0,1



708 Takashi Sato

We will describe the GKM graph Fy of Fy/T. There are 24 (= #®(Fy)/2)
edges out of each vertex of F4. Half of these edges correspond to the long roots
+(t; £t;) and the other half correspond to the short roots £pt;.

The subgraph induced by W is the GKM graph G of Spin(8)/T and it is well
understood from [FIM]. Let p°x°G be the GKM subgraph induced by px®W
for € =0,1,2 and § =0,1. For any ¢ and §, the induced subgraph p°x°G is
isomorphic to G as graphs. Indeed, if an edge ww’ in G satisfies w’' = wo,, for a
root o of Spin(8), then p*xw and p*rdw’ satisfy prw’ = p*kowo,, and vice
versa. Moreover, labels of edges of px°G are also determined by G as follows.
When an edge ww’ has a root 0 as its label, the label of the edge connecting
p°k%w and prOw’ is +p°k? 3. We remark that if an edge ww’ in p°x°G satisfies
w’ = wo,, then « is one of the long roots.

From the above argument, it is sufficient to consider the edges connecting
two of the p°x°G’s, which correspond to the short roots. Easy calculations show
that

_ — 2 _
Ot = K, Opty = P K, Tp2t, = PK.

Then the GKM graph F; has an induced subgraph below, where e denotes the
unit element of W(Fy) and an element of W (Fy) in each circle denotes a vertex

of F4. The labels are calculated later.
% k

O't4

0'754

(35) Op2ty Opty

(=)

We will calculate the reflection o, for a short root o to describe F4. For exam-
ple let us consider the short root pt; and the reflection o, . By (3.3) we have
that pt; = %(tl —tg —t3 — ta) = 04,04, (pts). Then 0,4, = 04,0¢,0p1,04,0¢, and
01,01, € W. Since W is a normal subgroup of W (Fy), we have that W - p>kW =
p*kW in W(Fy)/W. Hence o,, is also contained in p?><W. For any i, it is shown
similarly that

2
Opt; € P KW, 024, € pW,
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and obviously we have that
Ot; e rkW.

Hence, for any 0 <e,¢’ <2 and § =0,1, it is independent from the choice of ¢
and w € p¢ kKSW which coset contains WO pet, .

Let us calculate the label of the edge connecting the vertices k and p in the
GKM subgraph (3.5), which corresponds to a short root pty. The label of the
edge turns out to be tx(pts). It follows from (3.4) that

+r(pty) = £p’kty = £p°ty.

One can make similar calculations of the labels of other edges in the GKM sub-

graph (3.5). For any w € W, w fixes three sets of short roots {#¢;}4_;, {£pt;}1,

and {4p?t;}_; since w permutes ¢;’s and changes the signs of an even number

of t;’s. Hence the label +p°x°w(a) is calculated similarly for any short root .
We can now describe a schematic diagram of F; as below.

g
pzﬁ;g \ / plig
(p2ti70tj) (pti7atj)
(3.6)  (ti;op2,) (tir0pt,)
Pg (ti,O'tj) p2g
(thiaUptj) (pti,apzt],)
Y

The meaning of this diagram is given as follows. For example, G and pG are not
adjacent in this diagram. It means that, for any vertices w € W and w’ € pW,
they are not adjacent. On the other hand, pG and pkG are adjacent in this
diagram, and a pair (pt;,0,) is assigned to the edge. The first entry pt; is a root
and the second entry oy, is a reflection. If two vertices w € pW and w’ € pxW
are adjacent in Fy, then they satisfy w’ = wo,, for some j, and the edge ww’ is
labeled by pt; for some 7. The label £pt; is equal to £wt;. Especially each vertex
of pgG is connected to four vertices of pxG by the edges corresponding to the short
roots t; (1 <j <4), and vice versa. The labels of these edges are £pt; (1 <7 <4).
The pt;’s appear as the labels of the edges out of each vertex of pG. The situation
is the same for any two connected subgraphs in the schematic diagram (3.6).



710 Takashi Sato

4. Proof of the main theorem

There is a fibration sequence

The cohomology rings of Fy /T and BT are free as Z-modules and have vanishing
odd parts. As shown in Section 3, H*(BT) has five generators t1, to, t3, t4, and v
of degree 2 with one relation of degree 2. According to [TW], H*(Fy/T) has 71,
To, T3, T4, and 1 of degree 2, v3 of degree 6, and w of degree 8 as its generators,
and H*(Fy/T) has seven relations of degrees 2, 4, 6, 8, 12, 16, and 24. We can
expect that H}.(Fy/T) has corresponding generators and relations. It is easy to
see that the Poincaré series of Fy/T and BT are

4

(1+a8 +x16)H

i=1

1— g% q 1
an —_—
1—x2 (1 —22)%’

respectively. Hence we obtain the following proposition by the Serre spectral
sequence for (4.1).

PROPOSITION 4.1
We have that H}(Fy/T) is free as a Z-module and its Poincaré series is

4 44

1—z
1 8 16 .
+az°+x )El_xz

P(H*(ET xr F4/T),x) = ﬁ(

By the Serre spectral sequence for the fibration sequence (4.1), we see that gen-
erators of Hy(F,/T) come from the cohomology of F,;/T or BT. Let us define
the corresponding GKM functions ¢;, 7, 7;, 71, and 3 € Map(W (Fy), H*(BT))
for 1 <4 <4, and let us define GKM functions > and 4 to state our results
more simply. For any w € W (Fy),

ti(w):ti (i:1,...,4),

y(w) =7,
n(w)y=w(t;) (=1,...,4),
1= 3 () o) (=1,2,3),

and
0, we W U p2sW,
va(w) = § ea(p?t), we p*W U prW,
—eq(t), wepWURW.
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Table 1. The value of 1 (e;(p°t) — e;(t)).

j=1 j=2 j=3
e=1]| —yv—1t4 71 tay(y — ta) — ta(tate + tats + tst1)
e=2 | —2y+ts | (—2y+ta)ts | 7P —tay® —y(tita +tats +tat1)

Moreover, we define w = e4(7) — e4(t) — 2v4. Then

0, weWUrW,
(4.2) w(w) =1 —eq(p?t), we pW U prW,
es(pt), w € p?W U p?kW.

Since the #;’s and ~ are constant functions, they are GKM functions.
A straightforward calculation shows that the following relation holds:

(4.3) ea(t) + ea(pt) + es(p*t) =0.

By the schematic diagram (3.6) of F4, one can see that 74 is a GKM function
since eq(p°t) is the product of all p®ty, p°ta, p°ts, and p°ty for e =0,1,2. The
following calculation shows that the 7;’s satisfy the GKM condition. For any edge
ww’ which satisfies w’ = wo,,, we have that

Ti(w) — 7 (w') = w(t;) —w' (t;)

= w(ti — <ti — 2%&))

ti, a)
(o, @)

—~

=2

wao.

Since GKM functions form a ring, for j =1,2,3, we see that the 7;’s are func-
tions from W(Fy) to H*(BT) ® Z[%] which satisfy the GKM condition with
Z[3]-coefficients; that is, f(w) — f(w’) € (wa) C H*(BT)®Z[3] if w' = wo,. The
following calculations show that the v;’s are actually H*(BT)-valued functions.
Let us extend p to an automorphism of H*(BT') naturally. For w e W UrW =
W (Spin(9)) and € =0,1, 2,

i (PFw) = = (e5(r) — e5(1)) (p°w)

= N

= 2 (e (w(t) ~ (1)
= 5 (5 e (wl®) — (1)) + 5 (e5(0°0) — (1),

Since w only permutes the ¢;’s and changes their signs, it is obvious that
L(ej(w(t)) —e;(t)) € H*(BT). Then p°(5(ej(w(t)) — e;(t))) € H*(BT). On the
other hand, one can see that (e;(p°t) — ¢;(t)) € H*(BT) for £ =0,1,2 as fol-
lows. When ¢ =0, 3(e;(pt) — €;(t)) =0 and it is contained in H*(BT). When
£=1,2, Table 1 shows the value of 3(e;(p°t) — e;(t)) for j =1,2,3. Then ~; is
an H*(BT)-valued function and then a GKM function.

The following lemma will be proved in Section 5.

\]
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LEMMA 4.1 (SEE [FIM, LEMMA 5.4])
Let Fy be the GKM graph of Fy/T. Then H*(Fy) is generated by the GKM
functions t;, v, i, vi, w (i=1,2,3,4) as a ring.

By the fibration sequence (4.1), we can expect that some relations hold in H*(Fy)
which come from the relations of H*(BT') and H*(Fy/T). Proposition 4.2 claims
that the corresponding relations hold in H*(Fy).

PROPOSITION 4.2
The following relations hold in H*(Fy) C Map(W (Fy), H*(BT)):

(4.4) rp=e(t) —2y=0,
(4.5) Ry =ei(1) —e1(t) — 271 =0,
(46) R2 = 62(7’) — eg(t) - 2’}/2 = O,
(47) Rg = 63(7’) — eg(t) — 2’}/3 = 0,
(48) R4 = 64(7’) - 64(t) - 2’}/4 — W= 0,
(4.9) ry = Z(*l)j%' (72— + e2-5(1)) =0,
4 .
(4.10) Ty = Z(—l)]’)/j (74,j +eq4j (t)) —w=0,
(4.11) re = Z(—l)jw (Vo—j + €6—(t) + (2 +7*)w =0,
(4.12) rs =71 (71 + €a(t)) +w® + (72 — ea(pt))w =0,
(4.13) ri2 =w(w —es(pt)) (w+ eq(p°t)) = 0.

Proposition 4.2 is proved in Section 6. The following lemma is proved in Section 7.

LEMMA 4.2
We have that Z[t;,~,Ti,vi,w | 1 <4 <4]/(r], Ri,r2i,712 | 1 <i < 4) is free as a
Z-module, and its Poincaré series coincides with that of Hy(F4/T).

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1
Let I denote the ideal (1], R;,72;,712 | 1 <4 <4) in the polynomial ring Z[t;, v, 7,
vi,w| 1 <i<4]. We have a surjective ring homomorphism

Z[ti7’y77—i7’7i7w | 1 §Z§4] _>H*(]:4)

by Lemma 4.1, and it factors through Z[t;, v, 7, vi,w | 1 <@ < 4]/I — H*(Fy4) by
Proposition 4.2. It follows from Proposition 4.1 and Lemma 4.2 that H*(F,) and
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Zlti, v, 7i,7vi,w | 1 <i<4]/I are free as Z-modules. Moreover, Lemma 4.2 claims
that Z[t;, 7y, 7i,vi,w | 1 <i<4]/I and H*(F,) have the same rank in each degree.
Therefore the ring homomorphism Z[t;, v, 7, vi,w | 1 <@ <4]/T — H*(Fy) is an
isomorphism and Theorem 1.1 is proved by Theorem 2.1. O

5. Proof of Lemma 4.1

First we introduce some notation for the proof of Lemma 4.1. For a positive
integer n, let [n] and +[n] be {i €Z|1<i<n} and {+i€Z|1<i<n}, respec-
tively. For 1 <n <4, let I,, denote an ordered n-tuple (i1,...,i,) of elements of
[4] which does not include the same entries, and let I, denote an ordered n-tuple
(¢4,...,1,) of elements of £[4] such that |i},| # |i]| for k #[. We often regard I,,,
I!, as the n-subsets of [4] by the following maps:

(11772n)’_>{7’1?72’ﬂ}7 (2/1,7241)'—) {|Z/1|’7|Z;L|}

Let ty = sgn(i’)t);;. For e = 0,1,2, we define a subset ngﬁ of W(Fy) as
pPW i = {weW(F) |we p W (Spin(9)),w(ty,) = pty (1<k<n)}.

We define Iy and I}, to be the empty set. Note that p° W?f: includes pEWf’,‘ and
decomposes as follows:
eyrrdn—1 e1r7(In—1,in) e1r(In—1,in)
(5.1) pwr= I ewgio I P
in €[4\ In—1 in €[4\ In—1

For aset S ={j1,...,Jr} of natural numbers with j; < --- < j, let g denote
a sequence (x;j,,...,xz;, ) for z =t, pt, p’t, 7. Forn >0, j <4,and € =0,1,2, let
’yj(-e)ﬁl be a function from p*W1r to Z[3[tr, t2, t3, ta] defined as

or, 1
1 = 5 (e () — & (0°tan ).

where I, and I}, on the right-hand side are regarded as subsets of [4]. When
n =0 we abbreviate ij(s)g by fyj(a). If j <0or j>4—n, then we define ’yj(-e)§7 =0.

We define a function f (E)i],"’l which is useful in the proof of Lemma 4.1 as

@ _ 1 e
f i T 9 H (T —p tz;,,)'
k6[4]\1n—1
This function is H*(BT)-valued on pEW?,”"i, since for any w € pEW?“i there
exists k € [4] \ I,,—1 such that w € p‘SWg’,“i’f,)) U pEWg’fi”i)i, )
sition (5.1), and then w(tz) — p°t; is equal to 0 or —2p°t; . Especially we have
that
£l )
(5.2) "

by the decompo-

I 1.k)
0, w € Myepr,, W)

In_1,k
~0°ti, ieanr, (0t = p°1i), 0 € iepapr,, W (7 1Y

n—lv_iiL).
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Let R denote the subring of H*(F4) generated by the ¢;’s, v, 7’s, and ;’s

n 1

(1 <4< 4). The following proposition claims that this function f (E) can be

replaced partly by an element of R.

PROPOSITION 5.1
For 1 <n <4, there is a polynomial in v1, Y2, V3, Y4 over H*(BT) which coin-
cides with the function f(E)iI,”’1 on pEW?f’l.

—1

Proposition 5.1 is a consequence of Lemmas 5.1 and 5.2 below.

LEMMA 5.1

For 1 <n <4, there is a polynomial in the fyj(s)fn 1 s (1<j<4—(n—1)) over

H*(BT) which coincides with f(e)l” ton pEW?,‘ L

n—1

LEMMA 5.2 ([FIM, LEMMA 5.3])
For 1<n<4 and 1 <j <4 —n, there is a polynomial in 7%5)2“1,...7

'yie)n/f 1 over H*(BT) which coincides with ’yj(e)gil:zzg on pEWEZi 12"; More

explicitly,

Sz ovj kﬁ H(=pfti )*, sgnil, =1,

-1

&)1, _ In_
%= I ko (=Pt )"

-1

+ 30 ek (Ptap e ) (—pTti )F, sgnil, = —1.

Proof of Proposition 5.1

By Lemma 5.1, there is a polynomial in the VJ(E)?,” Vs (1<j<4—-(n—-1))
over H*(BT) which coincides with f() Z.,"’l on pEWIT"i for € =0,1,2. Then
by Lemma 5.2 7](8)517’1323 can be replaced by some polynomial in 7@?}’1 yeens

n—1
%(f)n?” ' over H*(BT). By a descending induction on n we reach a polynomial in
(5), fyés), fyéa), fyz(f) over H*(BT) which coincides with f(‘f){"’l on pEWﬁ’i for

€=0,1,2. Next we need to show that ~; — (6) € H*(BT) on p°W (Spin(9)) for
1<j<4 and £=0,1,2 to complete the proof of Proposition 5.1. By definition
we have that

19 =+ (e —es(71) (G=1,2,3).

For e =0,1,2 and j =1,2,3, Table 1 shows that (e;(¢t) —e;(p°t))/2 € H*(BT)
and then ~; — ’y](-s) € H*(BT) on p*W (Spin(9)). By the definition of 74 and (4.3),
we have that

7 =~ on W(Spin(9)),
W = yu+ea(t) on pW (Spin(9)),

( o es(p*t) on p*W(Spin(9)).
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Therefore there is a polynomial in 71, Y2, 73, ¥4 over H*(BT) which coincides
with the function f(e) /7 on pEWI’? L. O

n—1

Proof of Lemma 5.1
Without loss of generality, we may suppose that I,,_; = (1,...,n—1). Note that
ej(xg) =0 for j > #5S or j <0, and note that we have

(5.3) ei(Z1,. s Tm1,Tm) =€j(z1,.. ., Tm—1) + €j_1(T1,.. ., Tm-1)Tm

By the definition of 'y(e) 7 ! | we can expand the GKM function f (5) 71 as follows:

4—n —
1 . 1 fty )P
L a1 = 5 3 s Dot
= Jj=0
1 5—n
e)lp— —n=j
=5 (297 5 + e (Pt ) (=t )P
3=0

Pay attention to the sign of i/, and recall that [4]\ I/ _;={i€[4]|ti¢ I, _,}.
By (5.3), the above statement is equal to

6n1 e 5—n—j
Z% =ty

5—n
1 i
+5 > (e (0 tuapr,) + €51 (p tupa, )t ) (—p L )>
Jj=0

5- In_ i .
ZJ 6’ JE)I, 1(—,06751‘;)5 n=a sgnil, =1,
5 I — n—
= Z‘; (7)7' JE)I, 1(—p8t1;>5 n—j
4 i .
+30550 ej(ptupg, )(—pty )57, sgnig, = —1. O

Proof of Lemma 5.2
The relation 7;, = p°t;; holds on p° W(In ) Then we have that

I5_1i0)°
(In1 (s)(l,l 1,in)
n—1 J (In 1 n)

1 £
= = (ej(Tictaptn_y) — €5 (P tocppr,_,)) — §(f3j(ﬂe[4]\rn) —ej(pticuns))

(eJ 1(Tze[ ]\In)Tin - ej—l(Peti'eM]\I;)Pst|¢;|)

'Yj(s)l I 7Pt sgniy, =1,
%(5)1} Pt +ej1(ptiepapng, )p°tiy,, sgni;, = —1.

Il
,—/wa—lm»—
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Iterated use of this equation shows that

. O%Ekﬁ H(=p7t)", sgnil, =1,
(E)(In ’Ln) _ In_ )
Vi, 12';)* Zk 0 jE kI, 1(_P6ti’n)k
—'—Zk:lej*’“(fogt[ﬁll\l;b)(—Pflfz"n)k7 sgni/ = —1. 0

Now we are ready to prove Lemma 4.1.

Proof of Lemma /.1

We show that any GKM function h € H*(F,) belongs to the subring R generated
by the ¢;’s, v, 7’s, vi’s, and w (1 <7< 4). By the definition of p, the set of all
vertices W (Fy) of Fy decomposes as

W (Fy) =W (Spin(9)) U pW (Spin(9)) U p*W (Spin(9)).
For each € =0,1,2, p°W(Spin(9)) has a filtration
pEWE - C psWﬁ, C pEW o 1 -Cp WI, = p"W (Spin(9)).

By descending induction on n, we will show that any GKM function h can be
modified to be 0 on p® WI” by subtracting some GKM function in R. Moreover,
in the mductlon step on n, we give an induction to fill the decomposition (5.1)
of pEW .

Let 6 < n < 4. The following claim in the case where n = 0 shows that h can
be modified to be 0 on W (Spin(9)).

CLAIM 1 (n)
For any ordered n-tuples I,,, I!, and any function h from Wi to H*(BT) which
satisfies the GKM condition on WI” there is a GKM function G € R which

coincides with h on Wﬁ’,‘.
"

We show this claim by descending induction on n. For n =4, since W I is a one-
point set, the claim holds obviously. Assume that Claim 1 (n) holds, and fix I,

(i1,...,in) and I} = (¢},...,4,). Then we have a GKM function which comc1des
with h on Wf, Subtracting this GKM function from %, we may assume that h

vanishes on Wﬁ’,". We give an induction to fill the decomposition (5.1) of W§7’1 as

follows. For any k € [4]\ I,,, let o} denote the reflection associated with i —t;
Then oy, interchanges ¢, and ¢;,,, and for any w € Wg’?’_l’f/)), woy, is contained in
n—1"n
Wg?“l’;?;. By the GKM condition, h(w) — h(woy) = h(w) belongs to the ideal
n—1"n
generated by w(t;, —tx) = w(ts,) =ty =7, (w) =ty . Put ko,..., ka_pn € [4]\Ir1

as ko =in, ks <kt for 1 <s<t, and {ko,..., ka—pn U1 =1[4].
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CLAIM 2 (¢)
If his a GKM function which vanishes on [ [, _, W(I" 1? ; then there is a GKM

function G € R such that h coincides with ] ti )G on W Lnmiohe)

s<t( I, _1,4)"

We show this claim by induction on ¢ (0 <t <4 —n). Without loss of general-
ity, we may suppose that I,,_1 =(1,....,n—1) and ko =i, =n, ki =n+1,...,
k4_pn, =4. We rephrase Claim 2 (t) as follows.

CLAIM 2 (k)

If h vanishes on H0<l<k Wg, 1 ZJ;I) then there is a GKM function G € R such

that h coincides with [[y<; 1. (Tny1 — tir )G on W In-1.ntk)

Iy,

Obviously [[o<;cp(Tnii — tiz)) vanishes on [[jo;p WgT‘ 1??1). For w €

Wg? I’Ztk) by the GKM condition, there is an element g, € H*(BT) such
that

hw) = (T Fust —t5) () g

0<i<k

One can verify that a function G’: W(I" k) H*(BT) given by

I, _4i7)

G,( ) = Jw
satisfies the GKM condition on ng” 1’?,%) as follows. Assume that two vertices

w, w € Wg’?i:nj;k) of Fy satisfy w’' = wo, for some positive root «. Then o =

ti—tj, where i<jandi, je{meZ|n<m<n+k—lorn+k+1<m<4}.
When i <j<n+korn+k<i<yj, the GKM condition says that

h(w) — h(w")

= ( TI (twst) = 1)) 6" @) = ( T (wor—e, (tnsa) ) ) &' (@)

0<i<k 0<i<k
:( I1 (w(th)—ti;))(G’(w)—G’(w’))
0<i<k

belongs to the ideal (w(t; —t;)). Since w(t, ;) —ti; and w(t; —t;) are relatively
prime, G'(w) — G'(w') also belongs to the ideal (w(t; —t;)). When i <n+k <,
the GKM condition says that

h(w) — h(w")
:( 11 (w(tw)—t%))a'(w)—( I (wor—t; (tuss) — s, ))G’(w’)
0<i<k 0<Ii<k
:( H (w(tn+l)—ti;L))
0<i<k,l#i

X ((w(tl) — ti;l) (G’(w) — G'(w’)) + (w(tl) — w(tj))G’(w’))
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belongs to the ideal (w(t; —t;)). Since w(t, ;) —ti and w(t; —t;) are relatively
prime, G’ (w) — G'(w’) also belongs to the ideal (w(¢; —t;)). Hence the function
G’ satisfies the GKM condition on Wg?‘j;w)k)

By (descending) induction on n there is a GKM function G € R such that G

I'n k]
and G’ coincide on W EI’ ! :ﬁ‘;k) Then
—1%n

Io1ntl
h— ( I o _ti’n))G:O on JJ WEI,'L,I,Z) .
0<i<k 0<i<k

Therefore the induction on k& proceeds.
Next we fill the other half of the decomposition (5.1). Note that, when I,,_; =
(1,...,n—1),

I, 1
f(O)z;, 1 5 H (TnJrl — ti;l).

0<i<4-n
Let 0< Kk <4—n.
CLAIM 3 (k')
If h vanishes on []y<j<y nW87 1:ﬂ+l) U T To<ran Wgzjrjzg, then there is a

. I, —
GKM function G € R such that h coincides with f 0)1;1 Hlo<icn (Tnsr + )G
W(In 1,n+k")

I _y,=in)

We show this claim by induction on &’. For w € WEI" 1’"+,k) ), by the GKM condi-

tion, h(w) belongs to the ideal generated by the product of the following elements
of H*(BT):

(n+l)+tz’ for 0§l<kl,
(n+l)_tifn f0r0§l§4—n7l7ék’,

(tn+l - tn+k/)

W(tngt +tngr) =

W(tntr) = —tir,.
(5.

For w € Wg’?i:ntk) , by

h(w) :f(O)f:—l(w)( H (Trti thl-;’)(w))gw.

0<I<k’

2), there is an element g,, € H*(BT) such that

One can verify that a function G’ given by G'(w) = g,, satisfies the GKM condi-

(In— 1,n+k)
1011 On
tion o W(IJL i)

function G € R such that G and G’ coincide on W(I” 1Ltk Then

I, _y,—in) °

= O (T G t))G =0
0<I<k’

In—1,n+1) l
on [T wimi?u I winmy)
n—1""n n
0<i<4—n 0<I<E!

as above. By (descending) induction on n there is a GKM



Equivariant integral cohomology ring of Fy /T 719

Therefore the induction on &’ proceeds. By Proposition 5.1, the function

FOkt =2 T = ty)
0<i<4—n
can be replaced by a polynomial in the v;’s (1 < j <4) over H*(BT'). Therefore
the (descending) induction on n proceeds, and we may assume that h vanishes
on W(Spin(9)) =W UxW.

Next we show that, for a GKM function h which vanishes on W (Spin(9)), there
is a GKM function G € R such that h — wG = 0 on W(Spin(9)) L pW (Spin(9)),
where w vanishes on W (Spin(9)). Recall that the schematic diagram (3.6) says
that each w € pW U psW is adjacent to four vertices of W LI kW, and the labels
of these edges are p2ti (1 <i<4) and different from each other. The GKM con-
dition says that, for w € pW (Spin(9)), h(w) belongs to the ideal (1_[?:1 p*t;). For
w € pW (Spin(9)), there is an element g,, € H*(BT) such that

h(w) = —ea(p*t)guw = w(w)gu.
It is obvious that a function G’ given by G’ (w) = gy, satisfies the GKM condition
on pW (Spin(9)), since the edges in the GKM subgraph induced by pW (Spin(9))
have the long roots or pt; as their labels and all the positive roots of F, are rel-
atively prime in H*(BT'). Then we claim that there is a GKM function G such
that G =G’ on pW (Spin(9)). This claim is proved as above, changing WIZ to
pWﬁz, Tk, — tir to Tk, — ptyr , and f(o)f:’l to f(l)f:’l.

Finally we show that, for a GKM function h which vanishes on W (Spin(9))U
pW (Spin(9)), there is a GKM function G € R such that h — w(w + e4(p*t))G =0
as a GKM function on the whole W (Fy), where w + es(p?t) vanishes on
pW (Spin(9)). It is proved as above that, for w € p?W (Spin(9)), h(w) belongs
to the ideal (H?:1 t; H?:l pti). For w € p>W (Spin(9)), there is an element g,, €
H*(BT) such that

h(w) = —ea(pt)ea(t)guw = w(w) (w(w) + es(p*t)) gu,
where the latter equality is due to (4.3). Then we claim that a function G’ given
by G'(w) = g, satisfies the GKM condition on p?W (Spin(9)), and that there is
a GKM function G such that G =G’ on p?W (Spin(9)). This claim is proved as
above, changing W to pQW%}”7 Th, —tir 10 T, — p*tis , and f(o)i[,"’1 to f(Q)f,"’l.
The proof is comple%ed. ’ ’ O

6. Proof of Proposition 4.2

We prove Proposition 4.2 in a way similar to that of [FIM, Lemma 5.5].

Proof of Proposition j.2

The relations (4.4), (4.5), (4.6), (4.7), and (4.8) hold obviously by definition, and

the relation (4.13) holds by (4.2). To show that (4.9), (4.10), (4.11), and (4.12)
hold, we claim that the following relations hold in H}.(F4):

(6.1) e1(t?) — e (t?) =0,
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(6.2) ea(7?) — ex(t?) — 6w =0,
(6.3) e3(t?) —e3(t?) — e (t*)w =0,
(6.4) es(7%) — ea(t?) + 3w? — 2(ea(pt) — es(p?t))w =0.

The left-hand side functions of these equations are constant on each p*W (Spin(9))
for e =0,1,2. Calculations of each value on p*W (Spin(9)) with (4.3) show that
(6.1), (6.2), (6.3), and (6.4) hold.

We show that (6.1), (6.2), (6.3), and (6.4) are divisible by 4 to deduce (4.9),
(4.10), (4.11), and (4.12). Let x be an indeterminate, and put X = —6wz* +
e1(t?)wrb + (3w? — 2(eq(pt) — es(p?t))w)x®. Tt follows from (6.1), (6.2), (6.3), and
(6.4) that

4 4
0=JJa-=a*)-JJa-t2*)+ X

4 4
= Z(l + (—1)*ex(r)z") Z(l + ey (7)2%)
k=0 k=0
4 4
= (1 (=DFer()2?) Y (1 + ex(t)a®) + X.
k=0 k=0
We can erase ep(7) by (4.5), (4.6), (4.7), and (4.8), and obtain
3
42( 1) y7z?* — 8yy gz +4Z Z YVeyiean_i(t)x*
k=1 k=1i=ny

+ 2271 + w)z? + dyo (ea(t) + 271 + w) 2’ + 2ea(t) (274 + w)a"
+ (2e4(t) + 274 + w) (271 + w)2® + X,

where ny = max{1,2k — 3} and my, = rnin{3 2k}. This calculation is similar to
the calculation in [FIM, proof of Lemma 5.5], but note that v4 # 3 (ea(7) —e4(t)).
Then comparing the coefficients, we obtain

(™)

0:74fyf+4(*%61 +’Yz Z ’YJ Ya—j + €25 (t ))

0 =473 — 8y1vs +4(—mes(t) + v2ea(t) — y3e1(t)) +dya — dw

- 4(§:(1)j%‘ (va—j +ea;() — w)’

0= —4y; — dyses(t) + 4y2 (eat) + 271 + w) + 2ea(t) (271 + w)
+ (e1(t)?* — 2ea(t))w

4

= 4(2(—1)%‘ (V65 +e6—j (1) + (72 + WQ)W)a

=2
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0= (2e4(t) + 271 + w) (271 + w) + (3w? — 2(ea(pt) — ea(p’t))w)

=4(ya (s +eat)) +w? + (71 — ea(pt))w).

Regarding GKM functions as elements of Map(W(G), H*(BT) ® Q), we can
divide them by 4 to obtain

0:

o

(=175 (a—j + ea—j(t)) —w,
1

4
(=177 (v2—j + €25 (1)), 0= ‘

~
I
—

J

T
-

~
/|
N

(=1 (v6—j + €65 (1)) + (v2 + 77w,

0="4(7a+est)) +w® + (71 — eapt))w.
Since the right-hand sides of these equations remain polynomials in H*(BT)-
valued GKM functions over Z, these equations hold in H*(F,) C Map(W(G),
H*(BT)). O
7. Proof of Lemma 4.2

We will prove Lemma 4.2 by the argument of regular sequences.

DEFINITION 7.1
A sequence ay,...,a, of elements of a ring R is called regular if, for any i, a; is
not a zero divisor in R/(aq,...,a;—1).

The following theorems and propositions are useful. Propositions 7.1 and 7.2 are
obvious by definition.

PROPOSITION 7.1
If ay,...,ay, is a reqular sequence, then so is ay,...,a;—1,a; +b,a;41,...,a, for
1<i<n and any b€ (a1,...,a;—1).

PROPOSITION 7.2
If ai,...,a, is a regular sequence, then so is ai,...,0;—1,ai41,...,ay for
1< <n.

THEOREM 7.1 ([M, THEOREM 16.1])
If ay,...,a, is a regular sequence, then so is ai',...,abr for any positive integers
Viy.ooyUp-

THEOREM 7.2 ([M, COROLLARY OF THEOREM 16.3])

Let A be a Noetherian ring and nonnegatively graded. If ay,...,a, is a reqular
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sequence in A and each a; is homogeneous of positive degree, then any permuta-
tion of ay,...,a, is again a reqular sequence.

THEOREM 7.3 ([NS, THEOREM 5.5.1])

Let F be a field, and let R=F[g; | 1 <i<m] be a nonnegatively graded poly-
nomial ring with |g;| >0 for any 1 <i <m. Assume that ay,...,a, is a reqular
sequence in R which consists of homogeneous elements of positive degree. Then
the Poincaré series of R/(a; |1 <1i<n) is given as

[Ty (1 -zl
[, (1= aloT)’

Proof
For a nonnegatively graded F-module M of finite type, let P(M,z) denote the
Poincaré series of M, namely,

oo

P(M,z) =Y (dimp M,)z",

n=0
where M,, denotes the degree n part of M. Then obviously we have that
1
[, (1—alol)
Since a1, ..., a, is a regular sequence, the multiplication by a; induces an injection
on a graded F-module R/(ay,...,a;—1). Therefore

P(R/(alv' . 'aai)ﬂx) = (1 - x‘ai‘)P(R/(alv' . 'aaifl)vx)'

P(R,z) =

The induction on 4 completes the proof. O

Proof of Lemma /.2

Let p be a prime number, and let
M = (Z[ts,y,7i,7vi,w | 1 <i <4]/{r], Ri,rai,r12 | 1 < i < 4}),

where |t;| =2, || = 2i, and |w| = 8. We will show that the Poincaré series of
M ® (Z/pZ) does not depend on p. Then the graded Z-module M of finite type
must be free. The relations (4.9) and (4.10) say that

3
w=n(n+a®), =31 e (1) —w),
j=1
and then we can erase v, and 74. Let R denote the polynomial ring Z[t;, vy, 7,71,
v3,w |1 <i<4], let v}, R;’s, and r;’s also denote the corresponding elements
of R, and let I denote the ideal generated by {r{, R;,7¢,7s,712 |1 <i <4} in R.
Since M = R/I, it is sufficient to compute the Poincaré series of (R/I)® (Z/pZ).
When p =2, we show that the sequence

/
r17T123R47R37R2)R17T67T8
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is regular and compute the Poincaré series from this sequence. In (R/I)® (Z/2Z),
we have that

iy =ei(t),

Ry = —(61 (1) —ex(t) ),

Ry = —(ea(7) t)+( ) —e1(t))er(t),
R3 = —(es(7) — es(t)),

Ry =ey(1) —eq(t) — w,

re =75 (mod(y,ei(t),w|1<i<4)),
P (mod(y,e;(t) w|1<i<4)).

It is well known that the sequence of the elementary symmetric polynomials

er(x),es(x),... eq(x),

that is, the sequence of the Chern classes, is regular in (Z/pZ)[z; | 1 <i <mn] for
any prime p. Since a polynomial ring over a field is Noetherian, by Theorem 7.2,
the sequence

s el(t)a €2 (t)7 83(t)a 64(t)7wa 64(7)7 63(7-)7 €2 (T)a €1 (T)7 7?%77?
is regular in R ® (Z/2Z). We modify this sequence by Theorem 7.1 and Propo-
sition 7.1 to obtain the following regular sequence:

’Y7T/1762(t)?€3(t) 64() 3 R43R3aR27R1,T63T8

Since p?ty = —y and eyq(pt) = —eq(t) — es(p®t) =0 (mod ~,e4(t)), by Proposi-
tion 7.1

!
v,71se2(t),e3(t), ea(t), r12, Ra, R, R2, Ra, 76,78
is a regular sequence. Hence
/
T1,7”12,R4,R3,R2,R1,7"6,TS

is a regular sequence by Proposition 7.2. Finally, the Poincaré series of (R/I) ®
(Z/2Z) is calculated from the degrees of the generators and the relations by
Theorem 7.3, and we have that

4 43

l1—z
1 8 16 .
Qg tete )H 122

Next let us consider the case where p > 3. Let e1, es, e3, and e4 be the
left-hand sides of (6.1), (6.2), (6.3), and (6.4), respectively, namely,

P(M @ (Z/22),z) =

N—eat?), ex=ex(r?) —ex(t?) — 6w,

er(r (t
e3 = e3(m%) — e2(t?) — ex(t*)w,
(72) — ea(t?) + 3w® — 2(ea(pt) — ea(p°t))w.
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Recall that ey, eo, e3, and e4 are divided by 4 to yield rs, r4, r¢, and rg, respec-
tively. We have that

M ® (Z/pZ) = (Z[t;i, v, 7i,vi,w | 1 <0 < 4]/ (r], Riyei,m12 | 1 < i < 4)) ® (Z/pZ)
= (Z[ti, v, i, w |1 <0 <4]/(r}, e25,m12 | 1 < i< 4)) @ (Z/pZ),
since 2 is invertible in Z/pZ. We will show that the sequence
1,712, €8, €6, €4, €2

is a regular sequence. It is well known that the sequence of elementary symmetric
polynomials in {x?}"

61(1‘2),62(IE2), . ,en(xz),

that is, the sequence of the Pontryagin classes, is regular in (Z/pZ)[z; | 1 <i < n]
for any prime p. By Theorem 7.2, the sequence

v,e1(t),ea(t),es(t), eq(t),w, es(1?), e3(1?), e2(1?), e1(7?)
is regular in (Z/pZ)[t;,y,7i,w | 1 <i < 4]. We modify this sequence by Theo-
rem 7.1 and Proposition 7.1 to obtain the following regular sequence:
7,7, ea(t),e3(t), ea(t), r12, €s, €6, €4, €2.
Hence
r],T12,€8,€6, €4, €2

is a regular sequence by Proposition 7.2. Therefore, by Theorem 7.3, we have
that

4 1 g

1
14 2 4 16 .
(1—3;2)4( toete )21;[1 1—22 O

P(M ® (Z/pZ),z) =

8. Proof of Corollary 1.1

Proof of Corollary 1.1
By the argument in Section 1 we have the isomorphisms

H*(Fy/T) = Hp(Fy/T)/(t1,t2,t3,t4,7)
= 2, visw |1 <0 <4]/(Qiy qois qr2 | 1 << 4),
where
Qi=ei(r)—2y; (i=1,2,3), Qi=e4(T) — 274 — w,
B=72-7 =72+ -,
g6 =2727a — V3 + 72w, gs =7 + Yaw +w?,

3
g2 = Ww".
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We can regard 2 and 74 as dependent variables by the relations ¢ and q4. Let
R be the polynomial ring Z[r;,v1,73,w | 1 <i < 4]. Then

H*(Fy/T) = R/(Qi,q6,q5, 12 | L <i < 4).
Obviously we have that
Qi=-T; (1=1,2,3), Qis=714 (mod Qs3),
g6 = Y2e4(7) —75 = —T6 (mod Qu), 12 =T12-
Moreover, we have that
gs = 49173 — 4iys + 1+ 3w(w + 2m1y3) — 3yiw
= 87174 + dmw — 47y + 95 +3w(w +27173) — 37jw  (mod gg)
= 129773 = 771 + 971w + Bw(w + 271193) — 37jw.
On the other hand,
Ts = 3ea ()7 =1 +3w(w + es(T)n)
=324 +w)y! —f +3w(w+27173)  (mod Qs,Q4)
= 129773 — 771 + 971w + w(w + 27173) — 37w
Hence gs =7g (mod g¢g,Q3,Q4). Therefore
H*(Fy/T) =2 R/(Qi,q6,q8,q12 | 1 <1 <4) = R/(F1,72,T3,74,T6,T8,T12). [
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