Blowup and scattering problems for the
nonlinear Schrodinger equations

Takafumi Akahori and Hayato Nawa

Abstract We consider L2-supercritical and H1!-subcritical focusing nonlinear
Schrédinger equations. We introduce a subset PW of H!(R¢) for d > 1, and investigate
behavior of the solutions with initial data in this set. To this end, we divide PW into two
disjoint components PW . and PW _. Then, it turns out that any solution starting from
a datum in PW behaves asymptotically free, and solution starting from a datum in
PW _ blows up or grows up, from which we find that the ground state has two unstable
directions. Our result is an extension of the one by Duyckaerts, Holmer, and Roudenko
to the general powers and dimensions, and our argument mostly follows the idea of Kenig
and Merle.

1. Introduction

In this paper, we consider the Cauchy problem for the nonlinear Schrodinger
(NLS) equation

(NLS) 2697 (2,0) + A1) + [l O 0@, 0) =0, (e.1) €RY <R,

where 9 is a complex-valued function on R? x R, A is the Laplace operator on
R?, and p satisfies the so-called L?-supercritical and H'-subcritical condition

(1.1) ot pi1cg o) Hd=L2,
' i~ S\ A ifd>s.

Our (NLS) equation is invariant under the scaling

(1.2) Pla,t) = Pz, t) = AP D (A, A1),
which determines a critical regularity
d 2
1.3 ____“
( ) Sp 2 p— 1

The condition (1.1) implies that 0 < s, < 1.
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We associate the equation (NLS) with the initial datum from the usual
Sobolev space H!(R?):

(1.4) ¥(-,0) =1 € H'(R?).

We summarize the basic properties of this Cauchy problem (NLS) and (1.4) (see,
e.g., [4], [9], [13]-[15], [25]). The unique local existence of solutions is well known:
for any 1y € H'(R?), there exists a unique solution v in C(Iyax; H'(R?)) for
some interval Inax = (=715, Tt ) C R: maximal existence interval including 0;

max? max

T ax (—Tiay) is the maximal existence time for the future (the past). If Iax G R,

max max
then we have

(1.5) tﬁligl* | Ve(t HL2 =00 (blowup),
provided that 17, < 0o, where * stands for + or —. Besides, the solution 1)

satisfies the following conservation laws of the mass M, the Hamiltonian #, and
the momentum P in this order: for all ¢ € Iy,

(1.6) M) = [0 ()22 = M(to),
(17) (D) = Vo)l - %Hw(m DL = Hly)
(1.8) P((t)) == \S/ Vop(z, t)(x, t) dz = P(ihp).

If, in addition, o € L?(R?, |z|? dz), then the corresponding solution 9 also belongs
to O(Imax; L?(R?, |z|? dz)) and satisfies the so-called virial identity (see [9]):

/ |a:|2|¢(a:,t)|2dac:/ |x|2|¢0(x)|2dx+2ts/ 2 Vo (2) 00 (@) da
R d R

(1.9)
+2 / / ))dt” dt’ for all t € Inax,
where K is a functional defined by
(L10) K= IVSI - G, f e B R,
It is worthwhile to note that
(111) k() =) - 2 g,
so that for any f € H*(R?)\ {0}, we have
(1.12) K(f) > H(f) ifp<1+%,
(113) K()=H() itp=1+],
(1.14) K(f) < H(f) ifp>1+§.

The virial identity (1.9) tells us the behavior of the “variance” of a solution,
from which we expect to obtain a kind of propagation or concentration estimates.
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However, we cannot use (1.9) as it is, since we do not require the weight condition
o € L?(R%, |z|? dz). We will work in the pure energy space H!(R?), introducing
a generalized version of the virial identity (see (A.9) in the appendix).

Our equation (NLS) has several kinds of solutions: standing waves, blowup
solutions (see (1.5) above), and global-in-time solutions which asymptotically
behave like free solutions in the distant future/distant past. Here, the standing
wave is a nontrivial solution of the form

(1.15) U(x,t) = eV f(z), w>0,feHY(RY)\ {0}

Thus, f solves the following semilinear elliptic equation (nonlinear scalar field
equation):

(1.16) Af —wf+|fIP7 f=0, w>0,feH R\ {0}

Here, we remark that every solution f to (1.16) satisfies C(f) = 0. Indeed, since
any solution f to (1.16) belongs to the space H*(R?) N L?(RY, |x|? dz), the stand-
ing wave 1) = (/2! f enjoys the virial identity (1.9), which immediately leads
us to K(f)=0.

The standing waves are one of the interesting objects in the study of NLSs
for both mathematics and physics: standing waves are considered to be the states
of Bose—Einstein condensations. In this paper, we are interested in the precise
instability mechanism of the ground state. The ground state means a solution to
(1.16) minimizing the action S,, among the solutions, where

2
(1.17) Su(f) = wlflZ: + IVFIZ: - mllfllﬂil.

To this end, we employ the classical potential well theory traced back to Sattinger
[23]. To define our potential well PW, we need to know some variational prop-
erties of the ground state. We shall give the precise definition of PW in (1.26)
below. Anyway, our PW is divided into PW_ and PW_ according to the sign
of the functional K, that is, PW, =PW N [K > 0], PW_=PW N [K < 0] (see
(1.29), (1.30)), and the ground state belongs to PW NPW_. We show that any
solution starting from PW exists globally in time and asymptotically behaves
like a free solution in the distant future and past (see Theorem 1.1); in contrast,
PW_ gives rise to “singular” solutions (see Theorem 1.2). Thus, the ground state
shows at least two types of instability, since it belongs to PW, NPW_.

To define our potential well PW, we shall investigate some properties of
the ground states here. There is much literature concerning the elliptic equation
(1.16) (see, e.g., [2], [7], [18], [24]). We know that if d > 2, there are infinitely
many solutions (excited states) Q7 (n=1,2,...) such that

n n n 2 n
(118)  Su(Q) =wlQilZ +IVQEIZ: — mIIQwH’zﬁl —00  (n—o00).

In the L2-supercritical and H'-subcritical case (2+ (4/d) < p+1 < 2*%), it is well
known that for any w > 0, there exists a ground state @, that is a unique positive
radial function. Put § := &7 and @ := Q1. Then, we have the relation

(1.19) Qul(z) =/ P DQ(w/2z).
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Moreover, we can find that

S(Q)=inf{S(f) | f € H*(RY)\ {0},K(f) =0}

(1.20) J
=inf{|f%, | f € H' R)\{0},K(f <0} =1QlI5,

where
120) WG =S — K () = 21 + I3

. i=3! — d(p_ 1) — d L2 L2-

For A >0, let T be a scaling operator defined by

(1.22) (Thf)(z) := A¥ P~ f(\z).
Then, we define
(1.23) N(f) = inf (T e (R

- wn=(720) (5P

for any function f € H'(R?) with H(f) >0.* Moreover, we define

O (MUY 2 VIR
(1.24) N<f>.—;gg|mf||%;l—(Hp) (F)

for any f € H'(R?).T
Since the sign of K is invariant under the scaling (1.22), we see from (1.20)
that the ground state @) satisfies

S(Q)=N(Q)=inf{N(f) | f€ H' (R")\ {0},K(f) =0}
(1.25) =inf{N(f) | f € H' R\ {0}, K(f <0}
=N@Q = Q%
Now, we define our “potential well” PW by

PW = J{fe H' R |Su(f) < 8u(Qu)}
(1.26) w>0

={feH'(R? | Su(f) < 8u(Qu) for some w >0},
Then, we see from an elementary calculus that

(1.27) PW = {feH' (R | H(f) <max[ (Qu) —wM(f)] = B(f)}.

Using (1.19) and (1.25), we obtain the explicit form of B(f) for any f € H'(R?)\
{0}:

25, (M(Q)\ ="
1.2 e e 2,
(1.28) B8(H="3 ()~ Ivelt
*We have infy~oS(Thf) = TAf Sy forany fe H'(R?) with H(f) >0
(T—=sp)H(F)
"We have inf~o T3 f]1% HT>\f||2 1| ) for any f € H'(R?)\ {0}.

T\ 2= IV,
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We divide PW into two components according to the sign of K:
(1.29) PW, ={fePW|K(f) >0},
(1.30) PW_={fePW|K(f)<0}.
It is worthwhile noting the following facts.
1. PW, and PW_ are unbounded open sets in H!(R¢): indeed, one can
easily verify this fact by considering the scaled functions Ty f for f € H'(R?)

and A > 0.
2. We have

(1.31) {fe H'RY) | H(f) <0} cPW_.

3. We have PW = PW_, UPW_U{0} (see Lemma 2.1) and PW NPW_ = .

4. PW, and PW_ are invariant under the flow defined by (NLS) (see
Lemma 2.2).

5. The ground state Q. belongs to PW, NPW_ and Q. ¢ PW, UPW_
for any w > 0, where PW, and PW_ are the closures of PW, and PW_ in the
H'-topology, respectively (see Corollary 1.3). Moreover, the orbit

(1.32) {erw(~—a) |w>0,a€Rd,0€R}

is contained in PW  NPW_.

Here, the last fact above is the key to show the instability of the ground state.
We will prove these facts in Section 2.
We can see from (1.25) that PW_ is rewritten in the form

(1.33) PW, = {f € H'RY) | K() > 0N (f) <N Q).

To consider the wave operators, we introduce a set ¢} which is a subset of
PW+Z

~ 28, \ 5p

(1.34) Q= {f e IR\ {0} | N(f) < (Z2) "N @)}

Now, we are in a position to state our main results. When symbols with +
appear in the following theorems and propositions, we always take both upper
signs or both lower signs in the double signs.

The first theorem below is concerned with the behavior of the solutions with
initial data from PW .

THEOREM 1.1 (GLOBAL EXISTENCE AND SCATTERING)

Assume that d>1, 2+ (4/d) <p+1<2* and g € PW,. Then, the correspond-
ing solution ¥ to the equation (NLS) exists globally in time, that is, Inax =R,
and has the following properties:

(i) o stays in PW for all time and satisfies
(1.35) inf K(2(1)) > 0;
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(ii) we have
(1.36) sup||V1/J HL2 < 00;

(iii) there exist unique ¢4 € Q and ¢_ € Q such that
(1.37)  dim o) — e®D Ry, = Tim [le” WD R(t) —oi |, =0.

This formula defines the operators Us : g — ¢ = limy_, o0 e~ /229 (t). These
operators become homeomorphisms from PW_ to §, so that we can define the
scattering operator S := UJIW_ from Q into itself, where W_ := (U_)~1.

REMARK 1.1

(i) Theorem 1.1 is an extension of the result by Duyckaerts, Holmer and
Roudenko [5]. See Notes and Comments below for the details.

(ii) Since € is clearly connected in the H!(R%)-topology, we see from Theo-
rem 1.1 that PW  is connected in the H'(R%)-topology.

In contrast to the case of PW_ | the solutions with initial data from PW_ become
singular.

THEOREM 1.2 (BLOWUP OR GROWUP)
Assume that d>1, 2+ (4/d) <p+1<2* and Yo € PW_. Then, the correspond-
ing solution 1 to the equation (NLS) satisfies the following:

(i) o stays in PW_ as long as it exists and satisfies
(1.38) sup IC(w(t)) <0;

€Tmax
(ii) o blows up in a finite time or grows up; that is,
(1.39) sup ||V1/J || , =  sup HV1/1 || , = 00.
L L
te[mmax) t€(—Timax,0]
In particular, if TE, = oo, then we have

(1.40) limsup/ |V¢(r,t)|2dm:oo for any R>0.
|lz|>R

t—+oo

REMARK 1.2
(i) We do not know whether a solution growing up at infinity exists.
(ii) We know (see [8]) that if 1o € H'(RY) N L2(R%, |z|? dz), then TE, < oo
and the corresponding solution 1 satisfies
i I

max

HL2 = o0.

For the case ¢ ¢ L?(R?, |z|? dz), see Proposition 1.1 below (see also [22]).

Combining Theorems 1.1 and 1.2, we can show the instability of the ground
states. Precisely, we have the following.
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COROLLARY 1.3 (INSTABILITY OF GROUND STATE)

Let Q, be the ground state of the equation (1.16) for w > 0. Then, Q,, has two
unstable directions in the sense that Q, € PW NPW_. In particular, for any
€ >0, there exist f € PW_ and f_ € PW_ such that

1Quw — fllm <e.

REMARK 1.3

An example of fi is (1 F (¢/(||Qulla?)))Qu, where both upper or both lower
signs should be chosen in the double signs.

Next, we consider singular solutions. The following theorem tells us that solutions
with radially symmetric data from PW_ blow up in a finite time.

PROPOSITION 1.1 (EXISTENCE OF BLOWUP SOLUTION)

Assume that d >2, 24 (4/d) <p+1<2*, and assume that p <5 if d=2. Let
Yo be a radially symmetric function in PW_, and let ¥ be the corresponding
solution to the equation (NLS). Then, we have

(1.41) TE, <o and lim ||[Ve(t)| . = oo

max +
t—+Thrax

Furthermore, for any m >0, there exists a constant R,, >0 such that
(1.42) / [ (z,t)|* de < m
|lz|>R

for any R> R, and t € [ .

We do not know a lot of things about the asymptotic behavior of such singu-
lar solutions as found in Theorem 1.2. What we can say is the following. (For
simplicity, we state the forward time case only.)

PROPOSITION 1.2

Assume that d > 1 and 2+ (4/d) < p+1 < 2*. Let ¢ be a solution to the equation
(NLS) such that

(1.43) limsup||V1/J(t)||L2 = thBpH?ﬁ(t)HLP+1 = 00,

t—Tmax t—Trax

and let {t, }nen be a sequence in [0,T.F, ) such that

max

(1.44) m ty =Tl [0t = sup [0(0)]] -
o tefo.t,

For this sequence {t,}, we put

(1.45) A, = Hw@n)H;éipl_1)(p+1))/(d+2_(d_2)p)

and consider the scaled functions

S — T —t, t
. \2 —1 max n n
(1.46) Un(z,t) == NP\, x, t, — A2t), te(—T,/\—%
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We define a “renormalized” functions ®EN by
(1.47) BEN (1,) = b, (2, 1) — /DBy (2,0), neN.

Then, for any T >0, there exists a subsequence of {®ENY (still denoted by the
same symbol) with the following properties:

(1.48) N e C([0,T); Hl(Rd)) for any n €N,
and there exists a nontrivial function ® € L>([0,00); H*(R?)) such that
(1.49) lim N =& in C([0,T]; weak-H*(R?)).

n— oo

Here, ® solves the following equation:
0P

1.50 2i— + Ad=—F

(1.50) g+ :

where F is the nontrivial function in L>=([0,00); LPTD/P(R%)) given by

(1.51) lim [¢, """, =F weakly* in L>([0,T]; L®*+D/P(RY)).
n—o0

Here, we discuss some relations between the previous works and our results.

NOTES AND COMMENTS

Our analysis in PW_ is inspired by the previous work by Duyckaerts, Holmer,
and Roudenko [5], [10] (see also Kenig and Merle [16]). They considered a typical
nonlinear Schrédinger equation, the equation (NLS) with d =p =3, and proved,
in [5], that if ¥ € H*(R?) satisfies

(1.52)  M(vho)H(1o) < M(Q)H(Q), 1Yol 22 VYol 2 < [|Q 2 IVQ[ 2,

then the corresponding solution exists globally in time and has asymptotic states
at 00, where @ denotes the ground state of the equation (1.16) with w=1. We
see from (1.25) and (1.33) that the condition (1.52) is equivalent to ¥y € PW_.
Hence, Theorem 1.1 is an extension of their result to all spatial dimensions d > 1
and L2-supercritical and H!-subcritical powers 2 + (4/d) < p + 1 < 2*. For the
nonlinear Klein—Gordon equation, a result corresponding to Theorem 1.1 was
obtained by Ibrahim, Masmoudi, and Nakanishi [12].

In [11], Holmer and Roudenko also considered the equation (NLS) and proved
that if the initial datum 1y satisfies |29 € L*(R?) and either H(¢)y) < 0 or
H(wo) >0 and

(1.53) N(Q) < N (o),

then the corresponding solution blows up in a finite time. In our terminology,
their initial datum belongs to PW_.

This paper is organized as follows. In Section 2, we discuss properties of the
potential well PW. In Section 3, we introduce function spaces in which Strichartz-
type estimates work well. We also give a small data theory and a long time
perturbation theory. In Section 4, we give a proof of Theorem 1.1. Section 5 is
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devoted to proofs of Theorem 1.2 and Propositions 1.1 and 1.2. In the appendix,
we introduce a generalized version of virial identity and give its fundamental
properties.

NOTATION
We summarize the notation used in this paper.

We keep the letters d and p to denote the spatial dimension and the power
of nonlinearity in the equation (NLS), respectively.

N denotes the set of natural numbers, that is, N={1,2,3,...}.

Inax denotes the maximal existence interval of the considering solution,
which has the form

Imax = (_T_ T+ )7

max’ - max

where TF__ > 0 is the maximal existence time for the future and 7—.. > 0 is the

max max
one for the past.

The symbol (-,-) denotes the inner product of L?(R), that is,
(r9)= [ f@a@de. fge @R

C>°(R?) denotes the set of infinitely differentiable functions from R to C
with compact supports.

Using the Fourier transformation F, for s € R we define differential operators
IV|*, (=A)#/2) and (1 — A)/2) by

IV f = (=A) /2 f .= FH1E]°FIf]],
(1= A2 fi= FH (1 +1¢2) 2 FL1).

2. Potential well PW

In this section, we discuss fundamental properties of the sets PW, PW_, and
PW_. In particular, we will prove that these sets are invariant under the flow
defined by the equation (NLS). Moreover, we prove Corollary 1.3 here.

We begin with the following fact.

LEMMA 2.1

The set PW does not contain any nontrivial function [ with K(f) =0, that is,
(2.1 {f € H(®Y)\ {0} | K() = 0} n PW =0,

so that

(2.2) PW=PW, UPW_U{0}.

Furthermore, PW is invariant under the flow defined by (NLS); that is, letting
19 € PW and letting ¢ be the corresponding solution, we have

(2.3) P(t) ePW  for any t € Ipax.
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Proof of Lemma 2.1

Let f be a function in H'(R?) \ {0} with K(f) = 0. Since S,(f) =
W S(w= VP f(w=1/2))) and K(w™ VP f(w=1/2).)) =0 for any w > 0,
we see from (1.20) that f ¢ PW.

The invariance (2.3) follows from the mass and energy conservation laws
(1.6) and (1.7). O

Now, we are in a position to prove Corollary 1.3.

Proof of Corollary 1.8

We consider a path T, : (0,00) — H(R?) given by T',,(A) := A%2Q,,(\-) for A > 0.
Then, one can verify that T'y,,(\) € PW for any A € (0,1). This together with
the continuity of I',, shows that Q. € PW,. Similarly, we can verify that Q,, €
PW_. O

Next, we give the invariance results of the sets PW, and PW_ under the flow
defined by the equation (NLS).

LEMMA 2.2
Let g € PW ., and let v be the corresponding solution to (NLS). Then, 1 exists
globally in time and satisfies the following:

(2.4) () ePW,  for any t €R,
(25) it €(0(0) > {1- (3a)) " ) >0
and
(2.6) Vo), < Lu
: %glwwmp<%;<%)

On the other hand, let 1o € PW_, and let 1) be the corresponding solution to the
equation (NLS). Then, we have

(2.7) Y(t) ePW—  for any t € Iax
and
(2.8) Sup K(¥(1)) <H(¥o) ~B(to) <0.
REMARK 2.1
We see from the proof below (see (2.10)) that
N\ e-D2y

. — == Vil <H

(2:9) {1-(Fa) N9l <

for any f € H'(R)\ {0} with N(f) < N(Q).
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Proof of Lemma 2.2

Let fe H' (R \ {0} and 0 <\ < \/%. Then, we have N(\f) = A2N(f) <
N(Q). This together with (1.25) shows that (Af) > 0. Hence, we have

(2.10)  K(f) =A" PR + (1= APV |72 > A=A D)V 7.

Now, let 19 € PW,, and let ¢ be the corresponding solution. Then, it follows
from the conservation laws (1.6), (1.7), (1.25), (1.33), and K(t)g) > 0 that

NQ)  NQ  NQ)

(@11) 'S Nbo) “NGO) < M)
Hence, taking A = /4752 in (2.10), we obtain
ko) > {1-(5g) " Mol
o >{1- (%((g)))(pl)/Q}H(¢o) for any ¢ € Iax.

In particular, we have infyer,, K(1(¢)) > 0, which yields
4 2 2s
(213) H(wo)> (1~ m) [V 2 = 22| T2, for any t€ fu.

Thus, we find Ijyax = R, and hence (2.12) and (2.13) give us the desired results
(2.5) and (2.6).

On the other hand, let 19 € PW_, and let ¥ be the corresponding solution.
It follows from (1.20) and the continuity of ¢ in H'(RY) that () € PW_ for all
t € Imax. Then, we see from (1.25) and (1.28) that

(2.14) 1> —NAN[ @) d_B{o)

(W(1) 25 VY22
which together with IC(¢(t)) < 0 yields

@15) Bl) < 22900 < 2D )71 = ) - £(60).

Thus, we obtain (2.8). O

3. Strichartz-type estimate and scattering

In this section, we introduce Strichartz-type function spaces, which enables us
to control the long-time behavior of solutions. Using these spaces, we prepare
two important propositions: Proposition 3.5 in Section 3.2 (small data theory)
and Proposition 3.6 in Section 3.3 (long-time perturbation theory). The former
is used to avoid the vanishing and the latter to avoid the dichotomy in the
“contradiction-compactness” argument due to Kenig and Merle [16, Section 4.2].

At the end of this section, we give an existence result of the wave operator
in PW,.
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3.1. Auxiliary function space
To prove the scattering result ((1.37) in Theorem 1.1), we need to handle the
inhomogeneous term of the integral equation associated with (NLS) in a suitable
function space. Therefore, we will prepare a function space X (I), I C R, in which
a Strichartz-type estimate works well.

Throughout this paper, we fix a number ¢; with p+ 1 < ¢; < 2*. Then, we
define indices rg, 71, and 77 by

) L_dlo1y

To 2\2 q1

1 ds1 1 s
2 — (= _2
(3.2) e 2(2 q1 d)’

1 d/l 1 s,
(3.3) E‘_§<§_q_1+3>'

Here, the pair (g1, ro) is admissible. Besides these indices, we define a pair (g2, 72) by

-1 2 1 d/1 1
(3.4) =2 _1_ 2, _;:_(____8_1)).
a2 a1 T2 2\2 ¢ d
For the relations among some pairs of these indices denoted by means of letters
“q” and “r,” see Figure 1. It is worthwhile to note that the Sobolev embedding
and the Strlchartz estimate lead us to the following estimate. For any pair (q,r)
satisfying
d 1 ds1 1 s
35 Yo q<r, Lof(lolomy
(3.5) 5P —1)<g< ~=5 ¢ d
we have
He(i/Q)tAfHU 1 S H (sp/2)fHL2
(3.6)

for all f € H* (R?%) and interval I,

where the implicit constant depends only on d, p, and ¢. The pairs (¢1,71) and
(g2,72) satisfy the condition (3.5), so that the estimate (3.6) is valid for these
pairs.

Now, for any interval I, we put

(3.7) X(I)=L"(I; L™)N L"™(I; L),

(3.8) S(I)=L>(I;L*)n L™ (I; L™).

We find that Strichartz-type estimates work well in the space X (I).
LEMMA 3.1

Assume that d>1 and 2+ (4/d) <p+1<2*. Let to € R, and let I be an interval
whose closure contains ty. Then, we have

(3.9) H/t eitt=t)

X(1) g ||’UHLF'1(1;LLI'1)7
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3=

R
>

N[

Y

Q=

11 1
2% q1 p+1

o=

Figure 1. Strichartz-type estimates: Qo : (=, ), Q1 : (&, 1), Q2 (é Ly Qi: (& %).

a1’ o a1’ T x>

t
(3.10) | / S8 ) @) dt | S lorllzm iz 02l s (10200,
to

where the implicit constants depend only on d, p, and q;.

X(I)

The estimate (3.9) in Lemma 3.1 is due to Foschi (see [6, Theorem 1.4]). The
estimate (3.10) is an immediate consequence of (3.9) and the Holder inequality.
The following lemma is frequently used in Section 4.

LEMMA 3.2
Assume that d>1 and 24 (4/d) <p+1<2*. Let to € R, and let I be an interval
whose closure contains tg. Then, we have

_ —1
(311) H|,U|;D 1’0‘ L"'()(I;Lqi) < H’UHLTO(I;L‘“)HU| 1[),7‘2(1;[/12)7
_ —1
(3'12) Hv(|v|p 1’[))| L"'(,)(I;Lqi) 5 HVUHL'”O(I;L‘II)||’UH:ZT2(I;L(12)’

where the implicit constant depends only on d, p, and q;.
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Lemma 3.2 is easily obtained by the Holder inequality and the chain rule.
We also need the interpolation estimate below in the next section (see Sec-
tion 4.2).

LEMMA 3.3
For j € {1,2}, there exist a constant 6; € (0,1) such that

i i 1-0; s 0;
1625 £l s oy S NP P2 aramen [[ (- )/ 1|2,

for all f € H*»(RY),
where the implicit constant depends only on d, p, and q; .
Proof of Lemma 3.3

Fix a pair (g,r) satisfying (3.5) and ¢; < ¢ < 2*. Applying the Holder inequality
first and (3.6) afterward, we obtain

||e(i/2)tAf||LTj (L5 < ||e(i/2)tAf||i;ggI_L%(p—l))”e(i/z)tAf”ijT(I;Lq)
(3.13) ’
S 1w | ()2, =12
where
_ 42 —dp-1)
7 g 2q—dlp—1)
Thus, we have proved the lemma. O

3.2. Sufficient conditions for scattering
We shall give two sufficient conditions for solutions to have asymptotic states in
the energy space H'(R?). One of them is the small data theory (see Proposi-
tion 3.5).

We begin with the following proposition.

PROPOSITION 3.4 (SCATTERING IN THE ENERGY SPACE)
Assume that d > 1 and 2 + % <p+1<2* Let ¢ be a solution to the equation
(NLS). Suppose that ¢ exists on [0,00) and satisfies

(3.14) 1911 x ([0,00)) < 005 19| Lo (j0,00);H1) < O0.
Then, we have
1/2

(3.15) [(1—2a)Y Y| 50,00y <
and there exists a unique ¢ € H*(RY) such that

: i/2)tA
(3.16) Jim [J(t) = @D R0 ], =0,
Since the proof of Proposition 3.4 is well known, we omit it.

The following proposition gives us a sufficient condition for the boundedness
of X and S-norms.
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PROPOSITION 3.5 (SMALL DATA THEORY)

Assume that d>1 and 2 + % <p+1<2*. Let tg €R, and let I be an interval
whose closure contains tg. Then, there exists a positive constant §, depending
only on d, p, and q1, with the following property: for any vy € H'(RY) satisfying
(3.17) ||€%(t7t0)A¢0HX(1) <9,

there exists a unique solution € C(I; H'(R?)) to the equation (NLS) with
W(tg) =1 such that

(3.18) 1Vl x (1) <2||€%(t7t0)A¢0HX(1)7 H(l—A)§¢||S(I)§||¢0||H1,

where the implicit constant depends only on d, p, and q;.

Proof of Proposition 3.5
We can prove this lemma by the standard contraction mapping principle. O

3.3. Long-time perturbation theory and wave operator

We will employ a concentration-compactness argument to prove that the solu-
tions starting from PW_ have asymptotic states (see Section 4). The following
proposition plays a crucial role there.

PROPOSITION 3.6 (LONG-TIME PERTURBATION THEORY)

Assume that d>1 and 2+ (4/d) <p+1<2*. Then, for any A> 1, there exists
€ >0, depending only on A, d, p, and q1, such that the following holds: Let I be
an interval, and let u be a function in C(I; H'(R?)) such that

(3.19) [ullx i < A,

(3.20) [|2i0pu + Au+ |u|p_1u||L,:i( €.

Loty S
If v € C(R; HY) is a global solution to the equation (NLS) and satisfies
(3.21) ||e(i/2)(t*t1m(1/)(t1) —u(ty)) HX(I) <e for somet;€l,
then we have

(3.22) [¥llxa) <1,

where the implicit constant depends only on d, p, q1, and A.

Proof of Proposition 3.6
This proposition is essentially known (see [3]). Therefore, we omit the proof. [

The following proposition tells us that the wave operator is well defined on €.

PROPOSITION 3.7 (EXISTENCE OF WAVE OPERATOR)
Assume d >1 and 2+ (4/d) <p+1<2*. Then, for any ¢4 €, there exists a
unique g € PW 4 such that the corresponding solution v to the equation (NLS)
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with ©¥(0) =y exists globally in time and satisfies the following:

(3.23) ¥ € X([0,00)),
(3.24) t—liinoonw(t) _ 6(1‘/2)m¢+”H1 —0,
(3.25) H(Y(t) =Voili. for anyteR.

Here, the map ¢ + 1o is continuous from Q into PW in the H'(R%)-topology.
Furthermore, if ||¢+ || g is sufficiently small, then we have

(3.26) 1Vl x @ S @+l

where the implicit constant depends only on d, p, and q; .

Proof of Proposition 3.7
This proposition is essentially known (see, e.g., [10]). Therefore, we omit the
proof. O

4. Analysison PW

Our aim here is to prove Theorem 1.1. Obviously, Lemma 2.2 provides (1.35) and
(1.36). Therefore, it remains to prove the asymptotic completeness in PW ..

To prove the existence of asymptotic states for a solution v, it suffices to
show that [|1)[|x®) < co by virtue of Proposition 3.4 and Lemma 2.2. To this
end, we introduce a set PW_ () for § > 0:

(4.1) PW, (0) == {f e H'(RY) | K(f) > 0,N(f) <6}

It follows from (1.33) that PW,. =PW_ (N (Q)).
We also define a number N, by
12) Ne:=sup {0 > 0| [[¢| x®) < oo for any 1o € PW,(6)}
. = inf {6 > 0| [|[9)]| x(r) = oo for some 1y € PW(5)},
where ¢ denotes the solution to (NLS) with 1(0) = .
The small data theory (Proposition 3.5) shows N, > 0, and the existence of
the ground state @ shows N, < N(Q). Thus, our task is to prove N, =N (Q).

4.1. Critical element versus virial identity
In this section, we give an outline of the proof of N, =N (Q). We suppose the
contrary that N, < M(Q). In this undesired situation, we can find a “critical
element” in PW_ which is a solution to (NLS) and whose orbit is precompact
modulo the invariant transformation group (see Proposition 4.1 below). Then, its
behavior contradicts the one described by the generalized virial identity (A.9),
so that we conclude that N, =N (Q). At the end of this Section 4.1, we actually
show this, provided that the critical element exists.

The construction of the critical element is rather long. We divide it into two
parts; in Section 4.2, one finds its candidate, and in Section 4.3, one sees that
the candidate is actually the critical element.
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We here briefly explain how to find a candidate for the critical element. If
N. < N(Q), then we can take a sequence {1, } of global solutions to (NLS) such
that

Yn(t) ePW,  for any t € R,
l%n || x (&) = 0, nILIEoN(w”(O)) —N,.

We consider the integral equation for ¢,:

(4.3)

. t
(44)  dalt) =T B, 4 o / /2= Ly ()" b (t) }

where we put ¥, = 1,,(0). We first observe that the linear part of this integral
equation possibly behaves as follows™:

: - l l
(4.5) /DBy (2) ~ Z /=) A e=10V £l ()
>1

for some nontrivial functions f' € PW,, 7} € R, and 7!, € R, Of course, this
is not a good approximation to 1,,. So, putting 7., = lim,, 7}& (possibly 7., =
+00), we solve our equation (NLS) with the initial datum e(*/?)7? fl at t = —7!_

¢l(t) _ e(i/Z)(t+Tio)Aef(i/Z)'riQAfl

4.6 o
( ) +%/_l e(i/Q)(t_tl)A{‘wl(t/)‘p_li/}l(t/)}dt’.

Too

Here, in case of 7\ = 400, we are regarding this as the final value problem:

.
(47) 6_(i/2)tA’¢l(t) — fl +%/ e—(i/2)t,A{’wl(t/)’p—lwl(t/)}dt/.

Foo
Then, instead of (4.5), we consider the superposition of these solutions with the
space-time translations:

YRR (2, 1) =Y (e Vgl (2, )

1>1

=D Vx =yt =)

>1

(4.8)

We will see that this formal object ¥2PP is an “almost” solution to our equation
(NLS) with the initial datum ), e~ (/278 e=m.-V £l and is supposed to be a
good approximation to t,,. In other words, a kind of superposition principle holds
valid in an asymptotic sense as n — oco. By virtue of the long-time perturbation
theory (Proposition 3.6), the sum in 12PP consists of a finite number of solutions.
Actually, as a consequence of the minimizing property of the sequence {1, } (see
(4.3)), the summand is just one: put W :=1!. Then, it turns out that ¥ is a
critical element which we are looking for. In fact, we can prove the following.

1
*e~n"V denotes the space translation by —n,. We may expect that the number of sum-
mands f! is finite.
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PROPOSITION 4.1 (CRITICAL ELEMENT IN PW )
Suppose that N, < N'(Q). Then, there exists a global solution ¥ € C(R; H*(R?))
to the equation (NLS) with the following properties:

(i) U is a critical element for N, in (4.2) in the sense that
4.9) Y| x®) = oo, N(¥(t)) =N, U(t)ePW, foranyte€R,
(il) U satisfies

(4.10) ||‘~I/(2?)HL2 = H‘I/(O)HL2 =1 foranyteR,
and
(411) sup||V\I/(t)||L2 < Ncl/(P_l)Sp’

teR

(iii) ¥ has zero momentum
(4.12) S/ W(x,t)V¥(x,t)de =0 for anyt € R.
Rd

(iv) {W(t)}i>o is tight in HY(R?) in the following sense. For any & >0,
there exists R. >0 and a continuous path . € C([0,00); R?) with ~.(0) =0 such
that

(4.13) / |\Il(x,t)|2dx>1f€ for any t € [0,00),
‘$*75(t)|<RE
and

(4.14) / ’V@(x,t)’zdx> HV\IJ(t)Hiz —¢e  for any t € [0,00).
|x_75(t)‘<Rs

We will give the proof of Proposition 4.1 in Sections 4.2 and 4.3.
To prove N, = N'(Q), however, we need to know more subtle behavior of the
path. For a sufficiently long time, we can take ~. as the almost center of mass,

say y2¢.

LEMMA 4.2 (ALMOST CENTER OF MASS)

Let U be a global solution to the equation (NLS) satisfying the properties (4.9)-
(4.14). Let R, be a radius found in of Proposition 4.1(iv) for e > 0. We define
an “almost center of mass” by

(4.15) V2% (t) := (Waor, |\I/(t)|2) for any e € (0,(1/100)) and R > R.,
where Wg is the function defined by (A.3). Then, we have
(4.16) 2% € C1([0,00); RY),

and there exists a constant o > 0, depending only on d and p, such that

(4.17) 2% (t)| <20R  for any t € [O,ai],

NG
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/ o)+ [T > (90—
|z —~2% (t)|<4R
(4.18)

for any t e [O,OZE].

NG

REMARK 4.1
In the proof below, we find that the following estimate holds (see (4.30)):

dVEg
&

where the implicit constant depends only on d and q.

(t)‘ <+\/e foranytec {O,Q%},

Proof of Lemma 4.2
We easily verify (see, e.g., [21, Proposition B.1]) that

V2% () = (@aor, [T (0)]%)
(4.19) ¢ : o
+ (2%/0 /Rd Vo p(T) - V‘I’(%S)\Ij(x’s)dmds)j:L..‘,d'

This formula, with the help of (4.10), (4.11), and ||VWaor||z= <1, shows (4.16):
2% € C1([0,00); R).

Next, we prove the properties (4.17) and (4.18). Let 7. be a path found in
Proposition 4.1, and let ¢, be the first time such that the size of ~. reaches 10R,
that is,

(4.20) te:=inf{t > 0| |y-(t)| = 10R}.
Since 7. € C(]0,00); R?) with ~.(0) = 0, we have t. > 0 and
(4.21) 7= (t)| < 10R  for any ¢ € [0, t.].
We claim that

(4.22) |72%(t) = 7= (t)| <2R  for any t € [0,1].
It follows from property (4.10) that

2% (1) = 7=(8)] = | (@20, |2 (B)]") = 1O L B[]}
(4.23) = /lM (t)KRII*%(t)H‘I’(w,t)}de

+/ ‘IUzoR—Va(t)H‘I’(%t)ﬁdx'
lz—7e (D)2 R

Moreover, applying (4.21) and the estimate ||Waor| L~ < 10R to the second term
on the right-hand side above, we obtain

2 (t) —72(8)] < R W(®)|2, +50R / 10 (2, 1) de

(4.24) |z —re ()| 2R

for any ¢ € [0, t.].
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Hence, this inequality (4.24) together with (4.10) and the tightness (4.13) yields

(4.25) |72%(t) = e (t)| < R+ 50Re <2R for any € < ﬁ and ¢ € [0, %]
Now, we have by (4.21) and (4.22) that

(4.26) [72%(t)| < 12R  for any ¢ € [0, t.].

Moreover, (4.22) also gives us

(4.27) Br(7:(t)) C Bar(12%(t)) for any t € [0,t.],

so that the tightness of {W(t)};>¢ in H'(R?) (see (4.13) and (4.14)) gives us

/ W02+ (VO [Fdr> @), <
|z =2, ()| <4R

for any ¢ € [0, t.].

(4.28)

Therefore, for the desired results (4.17) and (4.18), it suffices to show that there
exists a constant o > 0, depending only on d and p, such that

R
4.29 — <t
(4.29) oz <
To this end, we prove that
d,yacR
(4.30) ‘%(t)‘ < e for any te[0,t.].

Before proving (4.30), we describe how it yields (4.29). It follows from (4.30)
that

. drgs
(431) et - )] < [t o) ar < e
Hence, we see from (4.22) and 7.(0) =0 that

(4.32) Vete 2 |’Y?,CR(t6)| —2R> "Ys(tsﬂ - |’Y?,CR(t6) - 76(t€)| —2R>0R,

which gives (4.29).
Finally, we prove (4.30). Using (4.19) and the property (4.12), we obtain

d’YE R 2
—t‘ <4§ Vi, |2 |0 (1 / VU (z,t)|* de
(4.33) ‘ I QOR”L H HL2 |I|220R| ( )|
for any t > 0.

Applying (4.10) and the estimate |Vwaor||L~ <1 to the right-hand side above,
we further obtain

d ac 2
(4.34) ’ﬂ(t)’ 5/ ‘V\Il(x,t)|2d:v for any ¢ > 0.
dt |z|>20R

Since the estimate (4.21) shows that
(4.35) Br (’ya(t)) C Boor(0) for any t € [0,t.],
the estimate (4.34) together with the tightness (4.14) leads to (4.30). O
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Lemma 4.2 implies that ¥ found in Proposition 4.1 is in a bound motion, rather,
a standing wave. On the other hand, the generalized virial identity (A.9) suggests
that ¥ is in a scattering motion. As we already mentioned at the beginning of this
Section 4.1, these two facts contradict each other; Thus, we see that N, = N (Q).
Here, we show this point precisely.

The generalized virial identity (A.9) together with (A.16) and (A.17) yields

(Wr. [2()])

> (Wg, |9(0)]?) + 26 (g - V(0), ¥(0))

(4.36) +2// t” dt" dt’

2
—2// / (@) |V (2, )| + pa(a ‘ U(x,t")| dadt”dt’
o Jo mzR ||

1 [t ot o 5
—5/0/0 |A(divdig) ||, [ ()|, dt” dt’  for any R > 0.

Applying the estimates (4.10), ||A(diviwr)| L~ < 1/R?, and (A.20) to the right-
hand side above, we obtain

(W, [w(1)]")
> (W, [2(0)[°) + 263 (g - VI(0), ¥(0))

+2/ / )) dt” dt’

701/// |V\I/(gc,t”)|2dxdt”dt'fC—;t2 for any R > 0,
0o Jo Jiz|>r R

where C7 and C3 are some positive constants independent of R. Moreover, it
follows from (2.5) in Lemma 2.2 that

(W [2(0)])
(4.38) > (Wg,|U(0)[*) + 2tS (g - VE(0), ¥(0)) + t2woH (¥(0))

—Cl/ / / (x,t" ‘ dxdt" dt’ — th for any R >0,
\£|>R

where wp:=1— )/ (N(Q)))P~1/2, Here, we have by Lemma 4.2 that
for any € € (0, (1 / 100)) there exists R. > 0 with the following property. For any
R > R., there exists 72% € C' ([0, 00); R9) such that

(4.37)

R
(4.39) [72%(t)| <20R  for any t € [0,04%},
(4.40) / ]V\Il(x7t)’2 dx <e foranyte |:07O(£:| ;
|z—~2°L (t)|>4R \/g

where « is some constant depending only on d and p.
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We see from (4.39) that
|z —72%(t)| > 4R
(4.41) R
for any R> R.,t € [o,a—}, and z € R? with |z > 24R.
Ve
Hence, (4.38) together with the tightness (4.40) leads to
2
(Wsor, [¥(t)]7)
(442) > (Wsor, |¥(0)|*) + 2tS(ds0r - V(0), ¥(0)) + t2wo (¥(0))
va
7

Oy
(50R)?

We choose € so small that

— Cqt%e — 2 for any R> R, and t € [O,oz

) 1 wo
and we choose R so large that
(4.44) R = max{ R, ———2— VCs 3
woH(¥(0))

Then, it follows from (4.42) that

(Wsor, |‘I’(t)|2)

(4.45) > (Wsor, \1:(0)|2) + 2t (Wsor - VI(0),¥(0)) + %wO’H(\IJ(O))

R
for any t € {O’Oé%]
Dividing the both sides of (4.45) by t?> and applying the estimates (4.10) and
|[Wgl|lL~ < 8R?, we obtain

8(50R)? _ 1 2, | 2
t

2 2 t_Q(W5ORa |2(0)]) + =S (wsor - VE(0), ¥(0))

(4.46) "
+ H(V(0)) for any te {O,aﬁ].
In particular, when ¢t = a%, we have by (4.10), [|[Wg| 1~ < 8R?, and |[@r| L~ <
2R that
8(50)%e S _¢€
~ a?R?

(4.47) + TH(T(0))

8(50)% 2004/
o2 HV\P

(Wsor, ‘I’(O)IQ) + %%(U_JEOR -V¥(0),¥(0))

o?

> 0)]| .. + %H(\II(O)),
so that

(1.48) 8(50)2¢ N 8(50)2e N 20(;\/E|\V\11(0

o2 o?

Wo

e > ().
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However, taking € — 0 in (4.48), we obtain a contradiction. This absurd conclu-
sion comes from the existence of critical element ¥ (see Proposition 4.1). Thus,
it must hold that N, =N (Q), provided that Proposition 4.1 is valid.

4.2. Solving the variational problem for N.
In this section, we construct a candidate for the critical element, considering the
variational problem for N..

Suppose to the contrary that N, < A(Q). Then, we can take a minimizing
sequence {0y, }nen such that
(4.49) N. <6, <N(Q) for any n €N, lim 6, = N,.

n—oo

Moreover, using the scale transformation (1.22), we can take a sequence {¢g », }nen
in PW, such that

(4.50) N <N (o) <6, forany neN,
(4.51) lonll2 =1 for any neN.

Note that (4.50) together with (4.49) leads to

(4.52) Tim N (o) = N

We also find that

(4.53) lim sup ||e(i/2)tA'¢)0,nHLOC(]R;L(d/Q)(p—l)) > 0.
n—oo

Let ), be the solution to (NLS) with ,,(0) = %.,. Then, (4.50) together with
the definition of N, (see (4.2)) implies that

(4.54) |¥nll x () =00 for any n € N.
If (4.53) failed, then the small data theory (Proposition 3.5) concludes that
(4.55) 19l x®) < oo for any sufficiently large n € N,

which contradicts (4.54). Hence (4.53) holds.
Now, we apply the profile decomposition given in [5] (see also [1], [17]) to
the sequence {1, }, so that we have the following.

LEMMA 4.3
We can extract some subsequence of {10} (still denoted by the same symbol)
with the following properties. There exist

(i) a family of nontrivial functions {f*, f2, f3,...} in H*(R?) and

(i) a family of sequences {{(nt, T}, {(n2,72)},{(n2,73)},...} in R x R
with
(4.56) lim 7\ =7, e RU{*o0} foranyl>1

n—oo

and

(4.57) lim |T£—Tﬁ|+|nflfn7kl\:oo for any 1 <k <,
n—oo
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such that, putting

fo=tom,  fO=0,  1:=0,  5y:=0,

A L A A B L R P ¥
we have that, for any 1>1 and q € [2,2%),
(4.58) nh_}n;o fL=f" weakly in H'(R?) and strongly in LL_(R%),
!

oy Aol = IVT 0 = 19 15a3 = 091
for any s €[0,1],

l
: —(z Tt —(2 Tk
(4.60)  tim {llgonlf — e~ DA (fL = 7, = D e @A g, L 0,
k=1

n—oo

l
(4.61) Tim {H (o) = (e WDmA(fL - 1) = SO H(eAmAE) | <o,
k=1

Furthermore, putting N := #{f*, f2, f3,...}, we have the alternatives: if N is
finite, then

: i/2)tA
(462) nli)H;oHe( /2)t (fr]LV - fN)||L°°(]R;L(d/2><1’*1))ﬂX(R) = 07
if N =00, then
. . 3 A

(4.63) ll_lglo nhﬁﬂgoHe( A (fh — fl)||Loo(R;L<d/2><p—1))mx(R) =0.
Besides the above properties, we have
(4.64) IC(e_%TLA(ffl — 1) >0 for any sufficiently large n € N
and

7(i/2)réoA ZGPW if l cR
(465) € f + U7y )

fleq if 7\, =40

for any I > 1. We shall prove these properties. It follows from (2.6) in Lemma 2.2,
(4.52), and N, < NV (Q) that

(4.66) limsup N (¢,,) < limsup N (¢o.) = N < N'(Q).

n—oo n— oo

This together with (4.59) shows that
N (e CRma (1 = ) =N (f = 1) <N(Q)

(4.67)
for any sufficiently large n € N.

Hence, we see from (1.25) that (4.64) holds.
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Next, we prove (4.65). Suppose first that 7', € R. Then, (4.59) and (4.66)
give us

(4.68) Ni(em (2 1) = N (') <N (Q).
Hence, we find from (1.14) and (1.25) that

(4.69) 0 < K(e™ (/DA ly < 3 (e (/D7 ply,

Moreover, we have by (4.59) and (4.61) that

(4.70) N(em W78 ¢y — im N(e=/2D™A 1) < lim N (Yo.).
n—roo n— oo

Combining (4.52) with (4.70), we obtain
(4.71) N(e 22 ) < N. < N(Q).

Hence, (1.33) together with (4.69) and (4.71) shows that e~ (/DT gl ¢ PW,.
We next suppose that 7., € {£o00}. Then, (4.61) together with (1.14) and
(4.64) yields

—(i/2)7! 2 —(i/2)7
IVFH172 = H(em W2 fh ‘*‘m”e /2 A fly et
(4.72) )
—(i l
<H(Yon) +on(l) + m”e W/t A gptl

Here, it follows from 7', € {£o00} that

(4.73) Tim [|em (/A f] 0 =0,

Hence, we have

(174 1942 < lim H(n).

Combining (4.74), (4.59), and (4.52), we obtain

@) < (Z2)” i Mo = (22) V< (22) "N @),

so that f! € Q (see (1.34) for the definition of Q).
Now, let ¢, be the solution to (NLS) with ,,(0) =g », so that 1, exists
on the whole interval R and

(4.76) 190l x &) = oo

Then, we find the following fact, which gives us a candidate for the critical
element in Proposition 4.1.

LEMMA 4.4

We can extract a subsequence of {1} (still denoted by the same symbol) satis-
fying the following properties. There exist

(i) @ nontrivial global solution ¥ € C(R; HY(R?)) to the equation (NLS)
with
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(4.77) W] x () = 00,

(4.78) U(t) e PW, for any t €R,
(4.79) |@(t)||,. =1 foranyteR,
(4.80) N(¥(t)) =N, for anyt€R,
and

(ii) @ nontrivial function f € PWy, a sequence {r,} in R with
lim,, s o0 T = Too for some 7o €R, and a sequence {n,} in R? such that

(4.81) lim e(i/Q)T”Ae”"'vwn(O) =f strongly in H'(R?),

n—oo

(4.82) Jim H\p )— e @/AmAp|
Especially, we have

(4.83) | flle2=[[2®)| . for anyteR,  [[Vfllz2 = lim [[VE(=7,)] .-

Proof of Lemma 4.4
Note that {t¢,} satisfies

(4.84) P, (t) ePW,  for any t € R and n € N,
(4.85) Hwn(t)HL2 =1 for any t€R and n €N,
(4.86) Sule/)n(O)HHl < 00,

neN
(4.87) lim N (¢ (t)) =N, for any t €R,

n—oo
(4.88) 19|l x @) =00 for any n € N.

We begin with proving N =1 in Lemma 4.3. To this end, we introduce an
approximate solution 2PP of 1,,: Let L = N if N < 0o, and let L be a sufficiently
large number specified later if N = oco. Then, we define

(4.89) YIPP (x,t) Zd} (x—nl,t—1b).

Here, each 9! is the solution to (4.6) (or (4.7)) with f! found in Lemma 4.3, and
each {(n},7.)} is the sequence found in Lemma 4.3, so that we find that

. — (i Tl
(4.90) nhﬁn;onwl(—ﬂb) — e~ /2 "AleHl =0 forany 1<I<L,
(4.91) Yl(t) ePW, for any 1<I<L and tcR.

We note again that if 7/, = £00, then ¢! is the solution to the final value problem
(4.7). Indeed, since f! € Qif 7!, = +o0 (see (4.65)), we actually obtain the desired
solution ¢! by Proposition 3.7.

We shall show that

(4.92) [ |x@®) <oo forany 1<1<L,if N>2.
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To prove this, it suffices to show that N'(¢!(0)) < N. (see (4.2)). Suppose N > 2,
so that L > 2. Then, we see from (4.59), (4.61), and (4.64) that
lim N (4(0))
(493) 1 L 1—sp
> i _ - (i/2)TFA rk
_llgs;p(l_sp;M ) (SPZH f ))

Here, it follows from (4.65) and limy 4o [|e®/2*A f¥|| o411 = 0 that
(4.94) ’H(e_(i/Q)TﬁAfk) >0 for any k > 1 and sufficiently large n.
Hence, we find from (4.87), (4.93), and (4.90) that

N, = lim N (1,(0)) > lim (M(fl))l—sp(}[(e(i/z)TLAfz))sp

n—o0 n—oo\ 1 — Sp Sp

l—T,lL 1—sp l—Tfl sp
(MWJ( ))) (’H(w( )))

(4.95) nll)n;o

Sp Sp
=N (¢'(0)) for any 1 <I<L.
Thus, (4.92) holds.
We know by (4.92) that

(4.96) sup [¥RPP x (m) < o0
ne

Furthermore, when N = oo, there exists A > 0 with the following property. For
any L € N (the number of components of ¢2PP; see (4.89)), there exists ny € N
such that

(497) sup ||1/}app||X(R) < A.

TLTLL

We shall prove this fact. Recall that X (R) = L™ (R; L%) N L™ (I; L9?). One can
see that

PP 1%, o

1195
SZIIw 1% (s

(4.98) '~ i
+CLZ Z |||¢k('_ni€w'_Trlf)Hd}l('_n'lnv'_sz)|qj71|LTj/th(R;Ll)
=1 1<k<L;
kL

=:1;+1I; forj=1,2,
where C'; > 0 is some constant depending only on d, p, ¢q1, and L. We first
consider the term I;. It follows from (4.59) and (4.86) that

o0

(4.99) SO < o,

=1
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so that
(4.100) lim || f!) g1 =0.
l—o0

Hence, we see from Proposition 3.5 (when 7!, € R) and Proposition 3.7 (when
7! = +00) that there exists [y € N, independent of L (the number of components
of ¥2PP) such that

(4.101) [0 lxe S I M <1 for any 1> 1y,

where the implicit constant depends only on d, p, and ¢;. Since ¢1,q2 > 2, we
have by (4.92), (4.99), and (4.101) that

lo o0
(4.102) LEY 1%+ Y I 1 <o

1=1 I=lo+1
Next, we consider the term IT;. Using the condition (4.57), we can take n; € N
such that for any n>ny and k,l < L with k#1,

(4.208)  [[JhC =k = Tt = b =) :

L7/ (R;L1) < mv

where O, is the constant given in (4.98). Hence, we find that
(4.104) 1I; <1 forany n>np.

Combining (4.98) with (4.102) and (4.103), we obtain (4.97).
We show that the case N > 2 cannot occur. Note that 2PP solves the fol-
lowing equation:

(4.105) 20 D AU PP = e,
where

a -1 a
en(x,t) = |wnpp(1,7t)|17 ¢7Lpp(1:at)
(4.106) i
=@t =[O @t - 7).

=1
Proposition 3.6 (the long-time perturbation theory), with the help of (4.97), tells
us that there exists 1 > 0, independent of L when N = oo, with the following
property: if there exists n > ny (ng is the number found in (4.97) if N = oo,
nr =1 if N < o0) such that

(4.107) [[eC/2 (1, (0) = 45PP(0)) || ¢ gy < €1
and
(4108) ||en||L;/(]R;qul) <eq,

then

(4.109) ||¢nHX(]R) < o0.
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In the sequel, we show that if N > 2, then (4.107) and (4.108) hold valid for some
L, which shows N =1, since (4.109) contradicts (4.88). It is worthwhile noting
here that
L
(4.110) 9 (0) =tho = D e~ WDmAeT Y fl 4 o= (/DAY (fL fLy,
=1
Using the condition (4.57), we find that (4.108) holds for any sufficiently
large n. On the other hand, the formula (4.110), with the help of (3.6), shows
that

6722 (1 (0) = 42PP(0)) | .y
s - )|
=1

(4111) < [J@DU=TDATI Y (£l ph)|

X(R)

L
n ZHe(i/z)m (e—(i/2)T,,LLAe—UfL-Vfl _ e—niL-V@bl(—TL)) ||X(R)
=1

L
< e (1 — )|y + € DMt )
=1

where C is some constant depending only on d, p, and ¢;. Here, we have, by
(4.62) or (4.63), that

(4.112) lim [|eC/2 (FF = £5)| oy < T

n
n—oo

for any sufficiently large L (L = N if N < 00). Hence, for any L € N satisfying
(4.112), there exists nr 1 € N such that

i/2)tA( pL L €1
(4.113) [|e@/DA(FE— f )||X(R) <5 for any n>nyp, ;.
Moreover, (4.90) shows that for any L < N, there exists ny 2 € N such that

(4.114) |}e_(i/2)TTZLAfl - 1/)l(_TrlL)HH1 < QEC_IL for any n>nr o and 1 <I<L,

where C' is the constant found in (4.111). Combining (4.111) with (4.113) and
(4.114), we find that for any L € N satisfying (4.112), there exists ny, 3 € N such
that

(4.115) | C/2A (4, (0) — PP (0)) ||X(R) <ey forany n>npg3,
which gives (4.107).
We have just proved N =1, and therefore L should be one:
YR () = P (3 — bt — 7h) = (eI T V) (a, ).

Put =9t f=fL (u, ) =}, 7)), and 7oo = 71 . Then, these are what we
want. Indeed, we have already shown that these satisfy the properties (4.78) and
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(4.82) (see (4.91) for (4.78), and see (4.90) for (4.82)). Moreover, the property
(4.83) immediately follows from (4.82).

It remains to prove (4.77), (4.79), (4.80), (4.81), and 7o, € R.

We first prove that W satisfies the property (4.77): || ¥/ x(r) = co. Suppose
to the contrary that || ¥[|xg) < occ. Then, a quite similar argument above works
well, so that we obtain an absurd conclusion

(4.116) |nllx@®) < oo for any sufficiently large n € N.

Thus, (4.77) holds.

Before proving (4.79), we shall prove (4.80) and (4.81). To this end, we show
that there exists a subsequence of {t,,} (still denoted by the same symbol) such
that

(4.117) 1£llz2 = Yim [[¢on ()] .2,
(4.118) lim_ H(e= W/2DmA f) = lim # (¢ (0)).

Extracting some subsequence, we have by (4.59), (4.61), (4.64), and (4.90) (or
(4.82)) that

(4119) (WO = Jim €= = £ < lim [ (0)]
and
(4.120) H(P(0)) = lim H(U(~7y)) = lim H(e=W/2mA f) < lim H(¢n(0)).

Hence, if (4.117) or (4.118) failed, then we have by (4.87) that

1-s —(i/2)mn A s

(M(f)) * m (H(e f)) v
n—oo

1-s5,

N (¥(0))

Sp

(M(wn(o)))l—% lim (’H(%(O)))SP

n— oo

(4.121) n11_>r1010

N

1-s, Sp

= nli_{r;o/\/'(wn(O)) =N..

This estimate together with the definition of N, (see (4.2)) leads to the conclusion
that ||W||x®) < oo, which contradicts ||¥||x®) = oo. Thus, (4.117) and (4.118)
hold. Then, the inequality in (4.121) becomes the equality, so that (4.80) holds.
Moreover, we see from (4.61) together with (4.118) that

(4.122) lim H(e WAL - ) =0,
and from (4.59) and (4.117) that

R (=2 AL ey
(4.123) nh_{r;O/\/'(e (fa—1)=0.

Hence, it follows from Remark 2.1 that
(4.124) nli_)n;OHV(fé —Nl,.=0.

Since f} = e(#/2mnAemnap, (0), we find from (4.117) and (4.124) that (4.81) holds.
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We prove (4.79). The properties (4.81) and (4.82) (or (4.83)) together with
(4.85) and the mass conservation law (1.6) yield (4.79).

Finally, we show that 7., € R. Since || V|| x r) = o0, we have || V|| x (jo,00)) = 00
or || W] x((—oo,0) = 00- The time reversibility of (NLS) allows us to assume that
1% x (j0,00)) = 005 if not, we consider ¥(x, —t) instead of W(x,t).

Put

U, (t) :=U(t — 1),

and suppose to the contrary that 7o, = —00 or 7o, = +00. If 7o, = —00, then (3.6)
and (4.82) show that

He(i/Q)tA\Ij"(O)||X((—oo,0]) _ He(i/2)(t+7n)A\I/n(0)||X((_Oo7_7_n])

< €YD Fll x (=00,

(4.125) , |
+ ||e(z/2)tA (6(1/2)T,LA\Ijn(O) _ f)

HX((—oo,—Tn])

—0 asn—oo.
Then, the small data theory (Proposition 3.5) leads us to
(4126) H\IJHX((foo,f‘rn]) = ||\I’n||X((foo,0]) S 1 for any sufficiently large n € N.

Hence, taking n — oo in (4.126), we obtain

(4.127) [Vl x (r) < o0,
which contradicts ||¥|| x &) = co. Thus, the case 7o, = —oc never happens. Simi-
larly, when 7, = +00, we have by (3.6) and (4.82) that
i/2)tA — |G/ (EHT)A
[ ‘I’n(O)HX([o,Jroo)) = [|et/2 ™) ‘I’n(O)HX([—Tn,+oo))

< €YD Fll x (00

(4.128) , ,
+ He(z/Z)tA (6(1/2)7—,1,A\I/n(0) _ f)

HX([—‘rn,—‘roo))

—+0 asn— oo.
Hence, the small data theory (Proposition 3.5) shows that
(4.129) 1€ x (jr,+00)) = IWnll x(j0,400) <00 for any sufficiently large n,
so that
(4.130) 1] x (j0,+00)) < 00-
However, (4.130) contradicts our working hypothesis || ¥|| x (jo,+o0c)) = 00. Thus,

we find that 7o, € R. O

4.3. Proof of Proposition 4.1
We shall prove Proposition 4.1, showing that the candidate ¥ found in Lemma 4.4
is actually critical element.
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Proof of Proposition 4.1
The properties (4.9) and (4.10) have been obtained in Lemma 4.4. Moreover,
(2.6) together with (4.9) and (4.10) yields (4.11).

We shall prove (4.12); the momentum of ¥ is zero. We apply the Galilei
transformation to U:

(4.131) We(x,t) = WG (1 —¢11), € R

It is easy to verify that

(4.132) H‘Pi(t)HLq = H‘I/(t)HLq for any ¢ € R, g€ [2,2%) and t € R,
(4.133) [Wellx®) = |¥]|x®) =00 for any £ € RY.

Moreover, a simple calculation together with the mass and momentum conserva-
tion laws (1.6) and (1.8) shows that

[V@e(t)|[;. = €[], + [ Ve

(4.134) -

+2¢- %/ U (x,0)V¥(x,0)dr for any & € RY.
Rd

This together with the energy conservation law (1.7) yields
2
H(We(t)) =H(P(0) + €[ w(0)]|

(4.135) B
+2¢ %/ U(z,0)V¥(z,0)dz for any £ € R%.
Rd
Put
(4.136) €= S Jpa V(@,0)VU(z,0)dx

1e(0)]l 2
Then, we have by (4.134) and (4.135) that

VT, (0)][2. = || VO3, - (%/R T(z,0)VE(z,0) dx)2

(4.137)

for any t € R,

_ 2
H(Ue, (1) =H(T(0)) — (s/ T (z,0)V¥(z,0) dx)

(4.138) R

for any t € R.
Now, we suppose that
(4.139) %/ U(x,t)VY(z,t)dx = S/ W(x,0)V¥(z,0)dr #0.

Rd Rd

Then, it follows from (4.132), (4.137), (2.6), and (4.9) that

(4.140) N (We, (1)) <N (¥(t)) <N(U(t)) = N, <N(Q) for any t € R.
This inequality together with (1.25) implies that

(4.141) K(Te,(t)) >0 for any t € R.
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Moreover, using (4.132), (4.138), and (4.9), we obtain
(4.142) N (g, (1)) < N,

so that || W, || x®) < co. However, this contradicts (4.133). Thus, the momentum
of ¥ must be zero.

Next, we prove the claim (4.13)-(4.14). Since |V|x®) = oo, we have
1P|l x ([0,00)) = 00 OF [|¥]| x((—00,0) = 00. The time reversibility of (NLS) allows us
to assume that ||¥[|x((0,00)) = 00; if not, we consider ¥(x, —t) instead of ¥(z,t).

In order to prove the claim (4.13)—(4.14), it suffices to show that {U(t) |t €
[0,00)} is precompact in H!(RY) modulo the space translation (see [5, Appen-
dix A]). Take any sequence {¢,} in R, and put

(4.143) U, (2,t) = U(z, t +1t,).

Then, we can apply the argument in Section 4.2 to the sequence {¥,,(0)}, so that
there exists a subsequence of {¥,} (still denoted by the same symbol) with the
following properties. There exist a nontrivial function ® € PW,, 7o € R and a
sequence {7,} in R?, such that

(4.144) li_}rn V(- 490, 0) = U(- 47y, 1) = e~ /D=2 strongly in H'(R?),
n oo

which shows that {¥(t) |t € [0,00)} is precompact in H'(R?) modulo the space
translation. Thus, we have completed the proof. O

4.4. Proof of Theorem 1.1
We shall prove Theorem 1.1.

Proof of Theorem 1.1
The claims (i) and (ii) are direct consequences of Lemma 2.2.

We shall prove (iii). We consider the forward time only. Proposition 3.7
shows that the wave operator W exists on 2 and is continuous. It remains to
prove the bijectivity of W from Q to PW and the continuity of W;l. These
proofs are standard (see, e.g., [4]), and therefore we prove the surjectivity only.
Take any 1o € PW, and let ¥ be the solution to (NLS) with (0) = 1. Since
N.=N(Q), we have |[1)|| x®) < co. Hence, it follows from Proposition 3.4 that
® has an asymptotic state ¢, in H'(R?). It remains to show that ¢, € Q. Since

(4.145) Jim [ )] 0= Jim (2 R [0 =0,

we see from the energy conservation law (1.7) that

= i 2 _i p+1
(4.146) H(¢0)_ti}£1m(||v¢(t)|‘L2 p_|_1||w(t)HLp+1)

=[|Vo|7a.

Moreover, the mass conservation law (1.6) gives us

(4.147) lollze =, tim o] = llo+ 7.
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Combining (4.146), (4.147), and (1.33), we find that

(4.148) R0 = (22) " Mo < (22) "N (@)
Thus, we have ¢4 € Q. ]

5. Analysison PW_

We shall give proofs of Theorem 1.2, Proposition 1.1, and Proposition 1.2.

Proof of Theorem 1.2
We have already proved the claim (i) in Lemma 2.2. Proofs of (1.39) and (1.40)
remain. For simplicity, we consider the forward time only. The problem for the
backward time can be proved in a similar way.

Take any ¢y € PW_, and let v be the corresponding solution to the equation
(NLS) with t(0) = 1)9. When the maximal existence time 7.}, is finite, we have
(1.39) as mentioned in (1.5). Therefore, it suffices to prove (1.40). We prove this
by employing the idea of Nawa [21].

We suppose to the contrary that (1.40) fails when T

max — 99, SO that there
exists Ry > 0 such that

(5.1) My := sup / |V¢(x,t)|2dx<oo.
te[0,00) J|z|>Ro

Then, we shall derive a contradiction in three steps.
In what follows, we put €g := B(g) — H(t)o); we see from (1.27) that g > 0.

Step 1. We claim that there exists a constant mg > 0 such that for any R >0,
moy < inf{/ ’v(a:)|2dx‘
|z|>R

(5.2) 1
ve Hl(Rd)ﬂ’CR(v) < _1507 vall%?(mZR) < Mo, ”v”L2 < Hw0”L2}7

where K is the functional given by (A.10). Let us prove this. Take any v €
H'(RY) with the following properties:

1
(5.3) K (v) < 750 IVl 220> r) < Mo, [v][r2 < [[¥oll L2
Then, we see from the first property in (5.3) and (A.17) that
1 1
(5.4) <K< [ @) do
|z|>R

Moreover, using the Holder inequality, the Sobolev embedding, and the second
property in (5.3), we obtain

+1 1—(d 1)/2 d 1 4
CON| PP e S sl IS
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where the implicit constant depends only on d and p. This estimate together
with (5.4) yields

€0
Ipsllze 25~
where the implicit constant depends only on d and p. Since ||p3llr~ S 1 (see
(A.20)), the estimate (5.6) gives us the desired result (5.2).

+1-(d(p—1)/2)
7 Slollzegezm

(5.6)

Step 2. Let mg be a constant found in (5.2). Then, we prove that

(5.7) sup / |w(x,t)|2d$§mo
te[0,00) J|z|>R

for any R satisfying the following properties:

(5.8) R > Ry,
1

(59) = loll2: <o,

(5.10) / ‘wo(x)|2dx<m0,

|z|>R
1 2 9 9
(5.11) g (1+ ZIVeliEa) (Wa [boP) <mo.

We remark that Lemma A.1 shows that (5.11) holds for any sufficiently large R.
Now, for R > 0 satisfying (5.8)—(5.11), we put

(5.12) T = sup{T>0‘ sup / |1/)(x,t)|2d:r§m0}.
te[0,1) J|z|>R

Note here that since 1) € C(R; L2(R%)) and v(0) = 1y, we have by (5.10) that
Tr > 0. It is clear that T = oo shows (5.7).

We suppose the contrary that T < oo. Then, it follows from ¢ € C(R;
L?(R9)) that

(5.13) /| I>R|1/J(:E,TR)|2da::mo.

Hence, the definition of mg (see (5.2)) together with (5.1), (5.8), and the mass
conservation law (1.6) leads us to

(5.14) —it’:‘o <ICR(¢(TR))

Moreover, the generalized virial identity (A.9) together with (5.14) and (2.8)
shows that

(Wk, z/J(TR)|2) < (W, lto|?) + 2TRrS (@ - Vibo,v0) — 5 Th

(5.15) )

1 Tr t’
+ ~eoTh — —/ / (A(divwg), {¢(t”)|2) dt" dt'.
4 2 0 0

Here, using the estimate || A(div@g)||L~ < 7z, the mass conservation law (1.6),

and (5.9), we estimate the last term on the right-hand side above as follows:
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1 TR t’ 9 TR tl 1 ,
w2, @ esPyaars [ gl i
)
1

(5.16
< ZsOT,%.
Combining (5.15) with (5.16) and the estimate |[@Wg(x)|? < Wg(z), we obtain
. 1
(Wkg, ¢(TR)|2) < (W, [¥0|*) + 2TrS(Wr - Vibo, 1ho) — §T12250

2
= (Wr, [to|?) — %5O{TR - zc\\Y(“@R ' V%ﬂﬁo)}
(5.17) , =0
+ gl(wR'Viﬁoawo)ﬁ

2
< (Waulbol?) + 2 (960l | Walo)hbo(a) do
R,
This together with (5.11) concludes that
2 2
(5.18) (W, |¥(Tr)|") < (1+ 5”v¢0”%2) (W, [10]2) < R2mq.

On the other hand, since Wg(z) > R? for |z| > R, we have

1
/|>R|¢($7TR)‘2dx:ﬁ/>RR2W($’TR)’2d$
(5.19) = =

1
S E(WR7

Thus, we see from (5.18) and (5.19) that

W(Tr)|%).

(5.20) / |w(a:,TR)|2dx<m0,
lz]>R
which contradicts (5.13), so that Tr = oo and (5.7) holds.

Step 3. We complete the proof of Theorem 1.2. The definition of mg together
with the mass conservation law (1.6), (5.1), and (5.7) shows that

(5.21) —iso < KR (y(t))

for any R > 0 satisfying (5.8)—(5.11) and any t > 0. Combining the generalized
virial identity (A.9) with (5.21), we obtain the following estimate as well as step
2 (see (5.15) and (5.16)):

2 . 1
(5.22) (Wa, [0(O]) < (W, [ol*) +2t3(@ir - Vibo, o) — 5 %0
for any ¢t > 0. This inequality means that (Wg,|t(t)|?) becomes negative in a
finite time, so that T.f . must be finite. However, this contradicts T}, = oco.
Hence, (5.1) derives an absurd conclusion. Thus, (1.40) holds. O

Next, we shall give a proof of Proposition 1.1.
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Proof of Proposition 1.1

We can prove (1.41) in a way similar to [22] (see also [10]). Hence, we omit it.
It remains to prove (1.42). We consider the term K in the generalized virial

identity (A.9) (see (A.10) and Remark A.1). Integrating by parts, we have

// KR (")) dt" dt’ = /( —t)KE (p(t')) dt’

Tnnx 1
S [ = OO gy

where we have used (A.16), (A.17), and (A.20). Here, we recall the following
estimate (see [4], [19]):

(5.23)

Tmax
(5'24) / rnax - ||Vw H 2 dt < oQ.
0

This estimate together with the Hamiltonian conservation law (1.7) yields

Tn11x
(525) /0 Thax — Hw ’ ‘L)::il dt < co.

Combining (5.23) with the Lebesgue dominated convergence theorem and (5.25),
we find that

t et
(5.26) —/ / KR (p(t")) dt" dt' <0, when R — +oo.
0 Jo

Now, take any m > 0. Then, for any sufficiently large R > 0 depending on
m, the generalized virial identity (A.9) together With the estimates Wx(x) > R?
for |z| > R, ||Wg|| Lo gR (2.8), |A(divwg)| L~ < 7z, and (5.26) shows that

/III>R’ z1) | dr < 13 R2 (WRv P(t )| )

THJ’l_aX
(5.27) R—(Wm [thol?) + 27225 ||4pg | L2 || Vabol| 2 — R2 o (Tihax)?
m Trj;ax
o2 Tl e,
This together with Lemma A.1 ylelds the desired estimate (1.42). (]

Finally, we shall give the proof of Proposition 1.2.

Proof of Proposition 1.2
Let ¢, {tn}, {A\n}, {¥n}, and {¥EN} be as in Proposition 1.2.
We can easily verify that

(5.28) lim A, =0,

'(/Jn Tn-il_ax_tn ln
A PPN =0 in R (e e S,

n

(5.29)
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—s Trgax —ln tn
(5.30) [0 (®)]| .2 = A ol 2 for any t e <_T’ A—2]
—2s Tntax —ln tn
(5.31) H(n(t)) = N2"20H(1g) for any t € (—T, T?}
(5.32) sup  ||¢on(t)||pen =1,
t€[0,tn /23]
where we put ¢y =(0). Besides, we have
(5.33) sup ||Vz/;n(t)H2L2 <1 for any sufficiently large n € N.

te[0,tn /2]

Indeed, (5.31) and (5.32) lead us to

2 2 +1
van(t)HLz = /H(wn@)) + —Hwn(t>‘ ipﬂ
p+1
(5.34)
<AZTZe (o) + 2 for any t € {0 t—n}
— n p+ 1 7)\% )
which together with (5.28) immediately yields (5.33).
Moreover, we see from (5.28), (5.29), (5.32), and (5.33) that for any 7" > 0,
there exists a subsequence of {1, } in C ([0, T]; H'(R%)) (still denoted by the same

symbol) with the following properties:

(5.35) sup Hl/Jn(t)HLp+1 =1 forany neN,
te[0,T]
(5.36) sup HV@Dn(t)HL2 <1 forany néeN,
t€[0,T]
81% p—1 _ . d
(537) 21? + Awn =+ |wn| wn =0 in R*x [O,T]
For such a subsequence {1, }, we define ®*V by
(5.38) OEN (g, 8) =, (x, 1) — /DBy, (2,0).

Here, it is worthwhile noting that
(5.39) o e C([0,7); H'(RY)) for any n €N,

.ot
<1>th :ﬁ/ o(i/2)(t—t)A b ()P~ Ve (¢ !
(5.10) =3 [$a ()P ()

for any ¢ € [0,7] and n € N.
We shall show that
(5.41) sup ||| oo (o,17,11) < Cr
neN
for some constant C'7 > 0 depending only on d, p, and T. Applying the Strichartz

estimate to the formula (5.40), and using (5.35), we obtain the following two
estimates:
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@] e (f0,77:2)

1

<H|¢ [ HLW 1

D P ([0 T] L(p+ )/P)

(5.42) 1—(d(p—1))/(4(p+1

<T —(d(p—1))/(4(p+ ))Hwnnpm ([0.T:LP+)

< Tlf(d(pfl))/(4(p+1)),

VTN || Lo 0, 13:22)

S HV(|¢n|p_l¢n) HL4<p+1>/<4<p+1>—d<p—1>>([O,T];L<p+1>/p)

(5.43)

T1 (d(p— 1))/(2(p+1))H,¢ ||Loo ([0,T];Lr+1) ||vw7’l||L(4(P+1))/(d(P*1))([OVT];LIH»I)

< T e CEEDN T4 || o)/ a0 (0,7 1041

where the implicit constants depend only on d and p. Therefore, for the desired
estimate (5.41), it suffices to show that

(5.44) sup || Vibn || Law+0)/@e-0)jo,r);0e+1) < Dr
neN

for some constant D > 0 depending only on d, p, and T'. Here, note that the pair
(p+1,4(p+1)/d(p—1)) is admissible. In order to prove (5.44), we introduce an
admissible pair (¢,r) with ¢g=p+2ifd=1,2 and ¢=(1/2)(p+1+2*) if d >3,
so that p+1 < ¢ < 2*. Then, it follows from the integral equation for ¢,, and the
Strichartz estimate that

[Vtn]

L7([0,T);La)
S|V (0)]|,. + ||¢n||L<z<p+1><p D)/ (d+2—(d=2p([0,T];LP+1)

(5.45) X ||V¢n||L(4<p+1>>/<d(p—1)>([o T];Lp+)

< ||V1/Jn(0)HL2 +T i Hzﬁn”Loo ([0,T);LP+1)

||vwn||m‘{[02;§‘“z;; V4| ga 25(;}})
Combining (5.45) with (5.35) and (5.36), we obtain

a(p—1)
(¢—2)(p+1)

(5.46) IVnllro,r0e) S 1 +7° ECoN van‘ L7([0,T];L9)

Since 0 < ¢q(p —1)/((¢ — 2)(p + 1)) < 1, this estimate together with the Young
inequality yields

(@=2){d+2—-(d—2)p}

(5.47) IVYnllzrqoryea S1+T  #Ha-@Fn)

Hence, interpolating (5.36) and (5.47), we obtain (5.44), so that (5.41) holds.

Next, we shall show that {®ZV} is an equicontinuous sequence in
C([0,T); LY(RY)) for any q € [2,2*). Differentiating the both sides of (5.40), we
obtain

(5.48) O, BN (1) ’z/Jn )P () +%A<1>§N(t) in H-1(R%).
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This formula (5.48) and the Holder inequality show that

5N (1) — B (5|7
RN RN \[|2 4
= [ o) — e
t
(5.49) _op / / OBEN (2, ) {BEN (2, ¢/) — BN (z, )} da !
s JR4

St— 3|H¢n||poo([o,T];Lp+1) ||<I)TI?NHL°°([0,T];LP+1)

+ 1t = slIVOIN T < (0.77:22)-
Combining this estimate with (5.35) and (5.41), we obtain
(5.50) [PEN(#) — ®EN(5)||3, S |t — 5| for any s,t € [0, T,

where the implicit constant depends only on d, ¢, and T'. Moreover, the Gagliardo—
Nirenberg inequality together with (5.41) and (5.50) shows that {®ZN} is an
equicontinuous sequence in C([0,T]; L¢(R?)) for any q € [2,2%).

We see from the Ascoli-Arzeld theorem together with (5.41) and the equicon-
tinuity that there exist a subsequence of {®FN} (still denoted by the same sym-
bol) and a nontrivial function ® € L>°([0,00); H!(R?)) such that

(5.51) lim Y =& in C([0,T]; weak-H'(R?)),
n—oo

(5.52) lim ®7" =& strongly in C([0,T]; L{_(R?)) for any ¢ € [2,2%).

n—oo loc

It remains to prove (1.50). We see from (5.35) that there exists F' € L*°([0,00);
Le+1)/P(RY)) such that

(5.53) T [ipa|" ", = F weakly* in L=([0,T; L (RY)).

Then, it follows from (5.48) and (5.51) that

(5.54) 2@%—‘? +AD+ F=0.

Here, if F were trivial, then @ is so, since ®(0) = lim,,_, o, ®£V(0) =0 in L2 (R?).
Therefore, F' is nontrivial. |

Appendix: Generalized virial identity

The proofs of Theorem 1.1, Theorem 1.2, and Proposition 1.1 are based on a
generalization of the virial identity. To state it, we first introduce a positive
function w in W3°°([0,00)), which is a variant of the function in [21]-[22]:

r ifo<r<i,
r—(r—1@2AE-D+ f 1 <p <14 (d(pflm)”(d(”‘”%
smooth and w’ <0 if 1+ (mf/(d(p—l)) <r<2,

0 if2<r.

(A1) w(r)=
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Since w is determined by d and p only, we may assume that
(A:2) Jollws S 1.

Using this w, we define

(A.3) W (z) = (0 (x), ..., 04 (x)) = %Rw(%)
and
(A4) Wr(z) == 2R/0|w w(%) dr

for R >0 and z € R<.

LEMMA A1
Assume d>1 and 2+ (4/d) <p+ 1< 2*. Then, for any m >0, C >0 and
f € L3(RY), there exists Ry >0 such that

c
(A.5) ﬁ(WR, |fI?) <m  for any R>R;.

Proof of Lemma A.1
For any m >0, C >0, and f € L?(R?), we can take R} > 0 such that

2 m
(A.6) /|12R’1’f($)‘ dx < T6C"

Since |Wg| L~ < 8R?, we see from (A.6) that

¢ / Wa(@)|f(2)] dz < 8C
|| >Ry

e f@)| de

lz|>R]

(A7)
< % for any R > 0.

On the other hand, we have by the definition of Wx (see (A.4)) that

C 2 2R
S wa@)r@) de s o2 g,
|z| <R}
(A.8) ,
4CR]
< ™ for any R> 71||fHL2 .
2 m

Combining (A.7) and (A.8), we obtain the desired result. O

We introduce a generalized virial identity (cf. [21]-[22]):

t ot

(Waa [(0)]?) = (W [tho[2) + 263 (ir - Vo, o) +2 / / K(6(e")) de” dt
0 0

A9 -9 t t,/cR ™) dt" dt’

(A.9) / / (0(t")) dt” dt

t pt’
_ % / / (A(divig), [p(")[?) d" df’ for R>0.
0 0
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Here, K is defined by

(10) kM) = [ n@IVI@F + o) L V@] =l )]
R4 X
where
(A.11) pr(z) =1~ %w(%)
_ Rzl (1]
(A.12) p2(x) = mw<f) —w (E)’
L p—1 aed d—1 |‘T|
(A-13) pa() = 2(p—|—1){d_w (E) " e R“’(E)}'
REMARK A.1
If d=1 or v is radially symmetric, then we have
(A.14) ICRW):/W (@[T = pa@) @) o,
where
(A.15) po(a) =1 () = py(@) 1 ().

In the next lemma, we give several properties of the weight functions p1, p2, p3,
and pg.

LEMMA A.2
Assume d>1 and 2+ (4/d) <p+ 1< 2*. Then, for any R >0, we have the
following:

(A.16) suppp; ={z € R4 | |z| > R} for any R>0 and j=0,1,2,3,
(A.17) iélﬂ{d pi(x)>0 forany R>0 and j=0,1,2,3,

(A.18) po(z)=1 if|z|>2R,

dp—-1) .
Al = >2
(A19 i) =gy i lel > 2R
(A.20) lpjillee S1 for any §=0,1,2,3.

Proof of Lemma A.2
We easily verify this lemma from the definitions of p1, p2, p3, and pyg. O

Acknowledgments. The authors would like to express their deep gratitude to the
referees for their careful reading and valuable comments. We also thank Professor
Kenji Nakanishi and Takeshi Yamada for their valuable comments.



Blowup and scattering problems for NLSs 671

References

(1]

2l

B3l

[4]

[5]

[6]

[7]

8]

[9]

H. Bahouri and P. Gérard, High frequency approzimation of solutions to critical
nonlinear wave equations, Amer. J. Math. 121 (1999), 131-175. MR 1705001.

H. Berestycki and P. L. Lions, Nonlinear scalar field equations, I, Arch. Ration.
Mech. Anal. 82 (1983), 313-345; I1, 347-375. MR, 0695535.
DOI 10.1007/BF00250555. MR, 0695536.

J. Bourgain, Scattering in the energy space and below for 3D NLS, J. Anal.
Math. 75 (1998), 267-297. MR 1655835. DOI 10.1007/BF02788703.

T. Cazenave, Semilinear Schrodinger Equations, Courant Lect. Notes Math.
10, Courant Inst. Math. Sci., New York; Amer. Math. Soc., Providence, 2003.
MR 2002047.

T. Duyckaerts, J. Holmer, and S. Roudenko, Scattering for the non-radial 3D
cubic nonlinear Schridinger equation, Math. Res. Lett. 15 (2008), 1233-1250.
MR 2470397.

D. Foschi, Inhomogeneous Strichartz estimates, J. Hyperbolic Differ. Equ. 2
(2005), 1-24. MR 2134950. DOI 10.1142/S0219891605000361.

B. Gidas, W. M. Ni, and L. Nirenberg, “Symmetry of positive solutions of
nonlinear elliptic equations in R™” in Mathematical Analysis and Applications,
Part A, Adv. in Math. Suppl. Stud. 7a, Academic Press, New York, 1981,
369-402. MR 0634248.

R. T. Glassey, On the blowing up solution to the Cauchy problem for nonlinear
Schrodinger equations, J. Math. Phys. 18 (1977), 1794-1797. MR 0460850.

J. Ginibre and G. Velo, On a class of Schrodinger equations. I: The Cauchy
problem, general case, J. Funct. Anal. 32 (1979), 1-32; II: Scattering theory,
general case, 33—71. MR 0533219. DOI 10.1016,/0022-1236(79)90077-6.

MR 0533218.

J. Holmer and S. Roudenko, A sharp condition for scattering of the radial 3D
cubic nonlinear Schrédinger equation, Comm. Math. Phys. 282 (2008),
435-467. MR 2421484. DOI 10.1007/s00220-008-0529-y.

, On blow-up solutions to the 3D cubic nonlinear Schrodinger equation,
Appl. Math. Res. Express AMRX 2007, no. 1, art. ID abm004. MR 2354447.

S. Ibrahim, N. Masmoudi, and K. Nakanishi, Scattering threshold for the
focusing nonlinear Klein—Gordon equation, Anal. PDE 4 (2011), 405-460.
MR 2872122. DOI 10.2140/apde.2011.4.405.

T. Kato, On nonlinear Schrédinger equations, Ann. Inst. Henri Poincaré, Phys.
Theor. 46 (1987), 113-129. MR 0877998.

, “Nonlinear Schrodinger equations” in Schrddinger operators
(Sonderborg, 1988), Lecture Notes in Phys. 345, Springer, Berlin, 1989,
218-263. MR 1037322. DOI 10.1007/3-540-51783-9_22.

, On nonlinear Schréodinger equations, II: H?-solutions and
unconditional well-posedness, J. Anal. Math. 67 (1995), 281-306. MR 1383498.
DOI 10.1007/BF02787794.



http://www.ams.org/mathscinet-getitem?mr=1705001
http://www.ams.org/mathscinet-getitem?mr=0695535
http://dx.doi.org/10.1007/BF00250555
http://www.ams.org/mathscinet-getitem?mr=0695536
http://www.ams.org/mathscinet-getitem?mr=1655835
http://dx.doi.org/10.1007/BF02788703
http://www.ams.org/mathscinet-getitem?mr=2002047
http://www.ams.org/mathscinet-getitem?mr=2470397
http://www.ams.org/mathscinet-getitem?mr=2134950
http://dx.doi.org/10.1142/S0219891605000361
http://www.ams.org/mathscinet-getitem?mr=0634248
http://www.ams.org/mathscinet-getitem?mr=0460850
http://www.ams.org/mathscinet-getitem?mr=0533219
http://dx.doi.org/10.1016/0022-1236(79)90077-6
http://www.ams.org/mathscinet-getitem?mr=0533218
http://www.ams.org/mathscinet-getitem?mr=2421484
http://dx.doi.org/10.1007/s00220-008-0529-y
http://www.ams.org/mathscinet-getitem?mr=2354447
http://www.ams.org/mathscinet-getitem?mr=2872122
http://dx.doi.org/10.2140/apde.2011.4.405
http://www.ams.org/mathscinet-getitem?mr=0877998
http://www.ams.org/mathscinet-getitem?mr=1037322
http://dx.doi.org/10.1007/3-540-51783-9_22
http://www.ams.org/mathscinet-getitem?mr=1383498
http://dx.doi.org/10.1007/BF02787794
http://dx.doi.org/10.1007/3-540-51783-9_22
http://dx.doi.org/10.1007/3-540-51783-9_22

672

(16]

(17]

(18]

(19]

[20]

21]

22]

(23]

24]

(25]

[26]

Takafumi Akahori and Hayato Nawa

C. E. Kenig and F. Merle, Global well-posedness, scattering and blow-up for the
energy-critical, focusing, non-linear Schrédinger equation in the radial case,
Invent. Math. 166 (2006), 645-675. MR, 2257393.

DOI 10.1007/s00222-006-0011-4.

S. Keraani, On the defect of compactness for the Strichartz estimates of the
Schrodinger equations, J. Differential Equations 175 (2001), 353-392.
MR 1855973. DOI 10.1006/jdeq.2000.3951.

M. K. Kwong, Uniqueness of positive solutions of Au—u+uP =0 in RV,
Arch. Rational Mech. Anal. 105 (1989), 243-266. MR, 0969899.
DOI 10.1007/BF00251502.

F. Merle, Limit of the solution of a nonlinear Schrodinger equation at blow-up
time, J. Funct. Anal. 84 (1989), 201-214. MR 0999497.
DOI 10.1016,/0022-1236(89)90119-5.

H. Nawa, “Asymptotic profiles of blow-up solutions of the nonlinear
Schrodinger equation” in Singularities in Fluids, Plasmas and Optics
(Heraklion, 1992), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 404, Kluwer,
Dordrecht, 1993, 221-253. MR 1864372.

, Asymptotic and limiting profiles of blowup solutions of the nonlinear
Schrodinger equations with critical power, Comm. Pure Appl. Math. 52 (1999),
193-270. MR 1653454.

DOI 10.1002/(SICT)1097-0312(199902)52:2&1t;193:: AID- CPA2& gt;3.0.CO;2-3.

T. Ogawa and Y. Tsutsumi, Blow-up of H'-solution for the nonlinear
Schrodinger equation, J. Differential Equations 92 (1991), 317-330.
MR 1120908. DOI 10.1016/0022-0396(91)90052-B.

D. H. Sattinger, On global solution of nonlinear hyperbolic equations, Arch.
Rational Mech. Anal. 30 (1968), 148-172. MR 0227616.

W. A. Strauss, Ezistence of solitary waves in higher dimensions, Comm. Math.
Phys. 55 (1977), 149-162. MR, 0454365.

C. Sulem and P.-L. Sulem, The Nonlinear Schréidinger Equation: Self-Focusing
and Wave Collapse, Appl. Math. Sci. 139, Springer, New York, 1999.
MR 1696311.

M. I. Weinstein, Nonlinear Schridinger equations and sharp interpolation
estimates, Comm. Math. Phys. 87 (1982/83), 567-576. MR 0691044.

Akahori: Faculty of Engineering, Shizuoka University, Jyohoku 3-5-1, Hamamatsu,
432-8561, Japan; ttakaho@ipc.shizuoka.ac.jp

Nawa: Department of Mathematics, School of Science and Technology, Meiji

University, 1-1-1 Higashimita Tama-ku, Kawasaki, Kanagawa 214-8571, Japan;

nawa@meiji.ac.jp


http://www.ams.org/mathscinet-getitem?mr=2257393
http://dx.doi.org/10.1007/s00222-006-0011-4
http://www.ams.org/mathscinet-getitem?mr=1855973
http://dx.doi.org/10.1006/jdeq.2000.3951
http://www.ams.org/mathscinet-getitem?mr=0969899
http://dx.doi.org/10.1007/BF00251502
http://www.ams.org/mathscinet-getitem?mr=0999497
http://dx.doi.org/10.1016/0022-1236(89)90119-5
http://www.ams.org/mathscinet-getitem?mr=1864372
http://www.ams.org/mathscinet-getitem?mr=1653454
http://dx.doi.org/10.1002/(SICI)1097-0312(199902)52:2&lt;193::AID-CPA2&
gt;3.0.CO;2-3
http://www.ams.org/mathscinet-getitem?mr=1120908
http://dx.doi.org/10.1016/0022-0396(91)90052-B
http://www.ams.org/mathscinet-getitem?mr=0227616
http://www.ams.org/mathscinet-getitem?mr=0454365
http://www.ams.org/mathscinet-getitem?mr=1696311
http://www.ams.org/mathscinet-getitem?mr=0691044
mailto:ttakaho@ipc.shizuoka.ac.jp
mailto:nawa@meiji.ac.jp

	Introduction
	Potential well PW
	Strichartz-type estimate and scattering
	Auxiliary function space
	Sufﬁcient conditions for scattering
	Long-time perturbation theory and wave operator

	Analysis on PW+
	Critical element versus virial identity
	Solving the variational problem for Ñc
	Proof of Proposition 4.1
	Proof of Theorem 1.1

	Analysis on PW-
	Appendix: Generalized virial identity
	Acknowledgments
	References
	Author's Addresses

