On G/N-Hilb of N-Hilb
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Abstract In this paper we consider the iterated G-equivariant Hilbert scheme G/N-
Hilb(N-Hilb) and prove that G/N-Hilb(N-Hilb(C?)) is a crepant resolution of C3 /G iso-
morphic to the moduli space My (Q) of #-stable representations of the McKay quiver Q
for certain stability condition . We provide several explicit examples to illustrate this
construction. We also consider the problem of when G /N-Hilb(N-Hilb) is isomorphic to
G-Hilb showing the fact that these spaces are most of the times different.

1. Introduction

Let X be a nonsingular quasi-projective complex 3-fold, and let G C Aut X be a
finite subgroup such that the stabilizer subgroup of any point x € X acts on the
tangent space T, X as a subgroup of SL(7T,X). Let G-Hilb(X) be the fine moduli
space of G-clusters, and let Z be the universal subscheme. We have the following
celebrated theorem of Bridgeland, King, and Reid [BKR, Theorem 1.2].

THEOREM 1.1 ([BKR])

We have that Y = G-Hilb(X) is irreducible and f:Y — X/G ‘s a crepant reso-
lution. Furthermore, ® : D*(CohY') — D?(Coh® X) is an equivalence of derived
categories where ® is the Fourier—Mukai transform with kernel Oz.

Our framework is the following: let G C SL(3,C) be finite, and let N <G be a
normal subgroup. First consider the action of N on C3, and take the crepant
resolution Y := N-Hilb(C?). Next act with G/N on Y to obtain G/N-Hilb(Y):

G/N-Hilb(Y) Y = N-Hilb(C?) 3
T2 A/z R %
Y/(G/N) C3/N
D
C3/G
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As an immediate consequence of Theorem 1.1 we have the following corollary.

COROLLARY 1.2
G/N-Hilb(N-Hilb(C?)) is a crepant resolution of C3/G.

A similar construction was considered before by the second author in [Itol] and
[Ito2] in the case of trihedrals subgroups in SL(3,C). The trihedral group is
a non-Abelian finite subgroup generated by diagonal matrices and the matrix
T:= (§ é g). In this case, G = N x T is a semidirect product. Then in Ito’s

construction, we require that T'= G /N act on the crepant resolution Y of C3/N
symmetrically on the exceptional locus. Therefore, this construction gives the
G /N-Hilb(N-Hilb(C?)) when Y = N-Hilb(C?).

This construction can be extended in a natural way to obtain crepant res-
olutions of C3/G for any finite nonsimple group G C SL(3,C) (see [YY] for a
classification of such groups). In general, if we consider the sequence of nor-
mal subgroups N; of the form Ny:=G, Ny := N <G, No < Ng/Ny,...,N; <
(-+-((G/N1)/N2)-+-)/Ni—1 for i > 1 and N; is normal in G, the iterated equi-
variant Hilbert scheme

Ni-Hilb (N;_;-Hilb(- - - (N1-Hilb(C?)) - )

described in this paper is crepant. In particular it is always possible to find such
a crepant resolution with N; Abelian for all 7.

Denote by Irr(G) the set of irreducible representations of G, and let (@, R) be
the McKay quiver of G with relations R. For d = (dim(p)) ,cnr () and any generic
6 in the space of stability conditions © we can define My 4(Q, R) to be the moduli
space of #-stable representations of () satisfying the relations R. Moreover, there
exists a chamber decomposition of © such that the geometric invariant theory
(GIT) quotient My 4(Q, R) is constant for all § in any given (open) chamber C.
Thus, we also denote this moduli space simply by M. Thus we may also denote
this moduli space simply by M. The methods in [BKR] can be applied to prove
that 7: Mg — C3/G is a crepant resolution and ®¢ : D(Mc) — DE(C?) is
an equivalence of categories (see [CI, Section 2]).

For these moduli spaces, the problem of whether every (projective) crepant
resolution of C3 /G is a moduli of representations of the McKay quiver was treated
by Craw and Ishii [CI, Theorem 1.1] in the case of Abelian group actions.

THEOREM 1.3 ([Cl])
For a finite Abelian subgroup A C SL(3,C) let Y — C3/A be a projective crepant
resolution. Then Y = M for some chamber C C ©.

Then Craw and Ishii proposed the following conjecture.
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CONJECTURE 1.4
For a finite subgroup G C SL(3,C) let Y — C?/G be a projective crepant resolu-
tion. Then Y = M for some chamber C C ©.

In this paper we show that the projective crepant resolution G/N-Hilb(NN-
Hilb(C?)) is a fine moduli space for a particular chamber C' C © as follows.

THEOREM 1.5 (= 2.7)

Let G C SL(3,C) be finite, and let N <G be a normal subgroup. The crepant reso-
lution G /N -Hilb(N-Hilb(C?)) is isomorphic to a moduli space of G-constellations
M for some chamber C C ©.

Thus our main result shows that the conjecture holds for the family G/N-
Hilb(N-Hilb(C?)) of crepant resolutions for general G C SL(3,C).

As we see in this paper, the varieties underlying the fine moduli spaces
G-Hilb(C?) and G/N-Hilb(N-Hilb(C?)) are in general nonisomorphic quasi-
projective varieties. Even when they coincide, as moduli spaces of representa-
tions of the McKay quiver almost always they belong to different chambers in
the space of stability conditions ©, or in other words, the corresponding tauto-
logical vector bundles are not the same.

It is therefore natural to ask when the iterated Hilbert scheme G/N-
Hilb(N-Hilb(C?)) is isomorphic to G-Hilb(C?). In this paper we give a com-
plete answer for this problem when they are considered as moduli spaces, that
is, both the underlying variety and the tautological vector bundle coincide. For
the problem of when they are isomorphic as algebraic varieties, we present the
list of such cases when the group G is Abelian. For non-Abelian cases, we
prove that G/N-Hilb(N-Hilb(C?)) and G-Hilb(C?) are nonisomorphic varieties
when G is a non-Abelian small subgroup of GL(2,C) embedded in SL(3,C) and
N = GNSL(3,C), and for some polyhedral groups G in SO(3). These results sug-
gest that the moduli spaces M are actually varying. We summarize the results
in this direction in the following theorems.

THEOREM 1.6 (THEOREM 7.3, COROLLARY 7.4, PROPOSITION 7.5)
Let G C GL(2,C) be a finite small subgroup, and let N # G,{1} be a normal
subgroup. Let Y := G/N-Hilb(N-Hilb(C?)).

(i) If G C GL(2,C), then Y = G-Hilb(C?) as moduli spaces if and only if
G=(1/rs)(1,1) and N = 1(1,1) for some r,s > 2.

(i) If G CSL(2,C), then Y = G-Hilb(C?) as algebraic varieties.

(iii) If G ¢ SL(2,C) is non-Abelian and N = G N SL(2,C), then Y and
G-Hilb(C?) are nonisomorphic as algebraic varieties.
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THEOREM 1.7 (THEOREMS 7.3, 7.7, COROLLARY 7.14)
Let G C SL(3,C) be a finite small subgroup, and let N # G,{1} be a normal
subgroup. Let Y := G/N -Hilb(N-Hilb(C?)).

(i) Y = G-Hilb(C3) as moduli spaces if and only if G = (1/2r)(1,1,2r — 2)
and N =(1/2)(1,1,0).

(i) If G is Abelian, then Y = G-Hilb(C3) as algebraic varieties if and only
if we are in one of the following situations:

(1) G/N 2 Z/mZ x Z/mZ for some m > 1;

(2) G=(1/r)(1,1,7r —2) or G= L(1,r —1,0), that is, C*/G has a unique
crepant resolution;

(3) G=(1/2r)(1,a,—a — 1) with (2r,a) =1, a> =1 (mod 4r), and N =
(1/2)(1,1,0);

(4) there is a subgroup G' C G containing N such that (G',N) fits into either
(2) or (3) and G/G' 2 Z/mZ x Z/mZ for some m > 1.

(ili) If G € SO(3) is of type Doy, or Gi2 (defined in Sections 6.1, 6.3, respec-
tively) and N is the mazimal Abelian subgroup, or if G is isomorphic to a non-
Abelian finite small subgroup of GL(2,C) and N =GN SL(2,C), then Y and

G-Hilb(C?) are nonisomorphic as algebraic varieties.

This paper is organized as follows. In Section 2, we introduce moduli spaces
of G-constellations and find the stability for G/N-Hilb(N-Hilb(C?)) to prove
Theorem 1.5. In Section 3, we recall representations of semidirect products and
fix some notation used in examples. In Section 4, we show some examples of
G /N-Hilb(N-Hilb(C?)) when G is Abelian. The construction of crepant res-
olutions for Abelian quotient singularities are well known as toric resolutions
where one of them is G-Hilb(C?). However, if we have several choices for normal
subgroups N of G, then we have several G/N-Hilb(N-Hilb(C?)) which can be
obtained by a finite sequence of flops from G-Hilb(C?). Moreover, the actions of
G/N on N-Hilb(C?) are also interesting. In Section 5, we introduce the notion of
skeletons to compute local coordinates in examples. In Section 6, we give several
examples of G/N-Hilb(N-Hilb(C?)) when G is non-Abelian. We also describe the
G-constellations and McKay quiver with relations. In Section 7, we investigate
when G/N-Hilb(N-Hilb(C?)) is isomorphic to G-Hilb(C?) as moduli spaces and
as algebraic varieties.

2. The moduli space of G-constellations and G/ N-Hilb(N-Hilb)

Recall that G-Hilb(C™) is the moduli space of G-clusters, where a G-cluster Z
is a G-invariant subscheme Z C C" such that H°(Oz) & Rg, the regular repre-
sentation of G, as C[G]-modules. Thus a point y € G/N-Hilb(N-Hilb(C™)) is a
G/N-cluster of N-clusters.
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2.1. A family of G-constellations

The first observation that appears is that ¥ may not be a G-cluster. Therefore, in
order to construct the moduli space of such objects we need a generalized notion
of G-cluster called G-constellation (see [CI] and [Cra2, Chapter 5]).

DEFINITION 2.1

A G-constellation F on X is a G-equivariant coherent sheaf on X such that
H°(F) = Rg as C[G]-modules.

Notice that a G-cluster is a G-equivariant C[zy,...,z,]-module Oz generated
from 1 mod Iz, which is precisely a G-constellation generated from the trivial
representation pg.

Equivalently, when X = C™ a G-equivariant coherent sheaf F on X is a
representation of the McKay quiver @ satisfying the relations R. This identi-
fication was first stated in [IN, Section 3] and rewritten in the language of G-
constellations in [CI, Section 2.1]. For an explicit description of the relations R
see [BSW]. Recall that the McKay quiver is the quiver with Irr G as its vertex
set, and dim¢ Hom(p, V ® p’) arrows from p to p’.

We fix the following notation in this paper. Denote by Y; := N-Hilb(C"),
and denote by Y3 := G/N-Hilb(Y7). Then we have the diagram

Z, Z,
Zo N 27 ]
Y, Y1 cn

Y1/(G/N) C"/N

where Z; and Z, are the universal families for Y; and Y3, respectively.

LEMMA 2.2
Every point in the connected component of G/N-Hilb(N-Hilb(C")) dominating
C3/G is a G-constellation on C™. More precisely, there is a canonically defined

flat family of G-constellations parameterized by this connected component of
G/N-Hilb(N-Hilb(C™)).

Proof

Consider the fiber product Z2 xy, Z1 C Yo x Y7 x C", and consider the pro-
jection pog : Yo X Y7 x C* — Yy x C™ onto the first and third factors. Then
P20+ (OZ2><Y1 z,) is a G-equivariant coherent sheaf on Y5 x C”, flat over Ys. For a
closed point y € Y3, let Ow = g2.p50, C Y; be the corresponding G /N-cluster.
Then the fiber of p2o.(Oz,xy, 2,) over y is q1.p;Ow. Especially, if y lies over a
free orbit in C™ /G, then ¢1.p; Ow is the G-cluster supported by the free orbit and
it is the regular representation as a G-module. Since p20.(Oz,x, z,) is flat over
Y5, it is a flat family of G-constellations in the connected component containing
free orbits. |
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2.2. Stability for G /N-Hilb(N-Hilb(C3))

Let © = % := {§ € Homz(R[G],Q)|0(R¢g) = 0} with R[G] the representation ring.
The notion of stability by [Kin] translates into the language of G-constellations
as follows. For 6 € ©, a G-constellation F is 6-stable (or 6-semistable) if (&) =
O(HO(E)) >0=0(F) (or (&) >0) for 0 C & C F. With a quiver-theoretic point
of view, if M is a representation of @) of dimension vector d = (d;)iecq,, then
the notion of stability for M is given as follows: let § € Q2°, and define §(M) :=
> 0;d;. Then M is 6-stable (or f-semistable) if (M') > 0=6(M) (or 6(M') > 0)
for 0C M’ C M. More generally, 6-stability and semistability are defined for a
G-equivariant coherent sheaf 7 on C? with finite support such that 6( H°(F)) =0
in the same way.

It is known from [IN] that G-Hilb(C3) can be considered as a moduli My
of f-stable representations of the McKay quiver of G satisfying the relations, for
any stability condition 6 € © satisfying 6(p) > 0 for every nontrivial irreducible
representation p of G (and hence 0(pg) < 0 for the trivial representation pg). We
call such 6 a 0-generated stability.

REMARK 2.3
In general, the chamber of stability parameters defining G-Hilb is larger than the
cone defined by the inequalities above.

Let Y € ©N and #/N € @F/N be 0-generated stabilities for N and G/N, respec-
tively. (In the following argument, 8~ and §%/N can be arbitrary parameters in
the chambers of N-Hilb and G/N-Hilb, respectively. However, we assume they
are (-generated to simplify the proof of Lemma 2.5 below.)

DEFINITION 2.4
Let p € Irr(G) and 6 € ©. We define

0(p) = {GN(pINHe-@G/N(p) if p e Irr(G/N),
10N (oln) if p ¢ Trr(G/N),
where 0 <e < 1.

Note that Y € OV can be regarded as an element of © by composing the
map 6V : R[N] — Q with the restriction map R[G] — R[N]. The condition p €
Irr(G/N) as a representation of G means that p is trivial for every element in V.
It is straightforward to check that 8(Rg) =0 for the regular representation Rg
as required.

LEMMA 2.5
The parameter 0 defined in Lemma 2.4 is generic.

Proof
For any nonzero subrepresentation S C R¢, 6(S) # 0 by the choice of 6. This
implies that 6 is generic. O
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From now on we restrict ourselves to the case G C SL(3, C). Consider the functor
® : D*(Coh®/N Y1) — DP(Coh® C?)

defined by ®(—) = Rq1.pj(—). Then it is an equivalence of triangulated cate-
gories by [BKR] (see also [IU, Theorem 3.1]). Let Cohg/N(Yl) denote the Abelian
category of G/N-equivariant coherent sheaves on Y7 with zero-dimensional sup-
ports. Then ® sends objects of Coh§/(V}) to G-equivariant sheaves with zero-
dimensional supports and @ is exact on Coh§ (7).

LEMMA 2.6

Let G C SL(3,C) be a finite subgroup, and let N be a normal subgroup of G. Let
0N be a 0-generated stability parameter for N. Then for an object E € Cohg/N Y1,
®(E) € Coh®C3 is N -semistable. Moreover, if F C ®(E) is a G-equivariant
subsheaf of ®(E) with 6N (F) =0, then there is a G /N -equivariant subsheaf F of
E such that F = ®(F).

Proof
Let Fy : D(Coh® C3) — D?(Coh™ C3) and Fy : D*(Coh®/M Y1) — DP(CohY;) be
the forgetful functors. We have a commutative diagram

Db(Coh®/NYy) —2 5 Db(Coh® C?)

m | |7

Db(CohY;) @—’;> Db(Coh™ C?)

where ®V is the functor which is defined in the same way as ® and is an
equivalence by [BKR]. Since Fj(FE) has a filtration in CohY; whose factors
are skyscraper sheaves, ®V(F(F)) has a filtration in Coh™ C3 whose factors
are N-clusters. Since N-clusters are 6V -stable, Fy(®(E)) = ®N(Fy(E)) is 6V-
semistable. Now for any G-invariant subsheaf F of ®(E), we have 6 (F) =
6N (Fo(F)) > 0 by the semistability of Fo(®(E)), which shows that ®(E) is 6V-
semistable.

Suppose F C ®(F) is a G-invariant subsheaf with 6~ (F) = 0. Then F is
also #N-semistable by the definition of semistability for a G-equivariant coher-
ent sheaf. Moreover, Fy(®(E)) is also #~ -semistable as an N-equivariant coher-
ent sheaf as in the previous paragraph, and hence so is F(F). Consider the
Jordan-Holder filtrations on the 6~ -semistable N-equivariant coherent sheaves
Fy(®(E)), Fo(F), and Fo(®(E)/F), respectively, whose factors are 67-stable.
Since the Jordan-Hélder factors of Fo(®(E)) are N-clusters, those of Fy(F) (and
Fy(®(E)/F))) are also N-clusters by the Jordan-Hélder theorem for semistable
sheaves. Note that N-clusters are of the form ®(0,) for y € Y;. Therefore, there
is a filtration

0=GyCG i C---CG =Fy(F)
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such that G;/G;—1 = ®(0,,) for some y; € Y;. Since the equivalence &N induces
an isomorphism

Hom (0, Fi(E)/G) = Hom (" (0,), Fy((E)) /2N (G))

for any closed point y € Y7 and any subsheaf G C F;(F), induction on i shows
that there is a unique subsheaf G; C F;(E) such that ®V(G;) =G, for each i.
Especially, G := G is a unique subsheaf of Fy(E) such that Fo(F) = ®V(G).
G must be preserved by the action of G/N by its uniqueness, which shows that
G is of the form Fy(F) for a G/N-invariant subsheaf F C E. O

THEOREM 2.7
Let 6 € © be as in Definition 2.4. Let G C SL(3,C) be a finite subgroup, and let
N be a normal subgroup of G. Then

G/N-Hilb(N-Hilb(C?)) = Mc

for the chamber C C © which contains 6.

Proof

G/N-Hilb(N-Hilb(C?)) parameterizes a family of G-constellations of the form
®(Ow) where W C Yy is a G/N-cluster. Take a G-invariant subsheaf F of
O (Ow). If OV (F) > 0, then we have 6(F) > 0 by the assumption ¢ < 1 and we
may assume OV (F) = 0. In this case, there is a G /N-invariant subsheaf F' C Oy,
such that F = ®(F) by Lemma 2.6. Note that we have 71, F = (7. F)" by the
definition of ®, which implies that the number of copies of an irreducible rep-
resentation of G/N appearing in H°(F) is the same as that in H°(F), proving
O(F) = e0%/N(F) > 0. Thus we obtain the f-stability of ®(Oy ), and hence ®
induces a morphism f : G/N-Hilb(N-Hilb(C?)) — M¢. Now since G C SL(3,C),
both are crepant resolutions of C?/G, so f is an isomorphism. d

REMARK 2.8
In the above proof, we can replace 8V by an arbitrary G/N-invariant generic
stability parameter for N-constellations. Especially, we have similar results for
iterated constuctions such as “Hilb of Hilb of Hilb.”

Note that to let #5/N be general, we have to construct the moduli space
of #-stable G-constellations on a quasi-projective variety with G-action, which
could be done by patching local constructions.

3. Representations of semidirect products

We recall representations of semidirect products from [Ser, Section 8.2] to com-
pute several examples in Section 6. We also use the same notation for an Abelian
group G with a subgroup N in Section 4. Let G be a finite group obtained
as the semidirect product N x H of subgroups N and H. We assume that
the normal subgroup N is Abelian. All the examples in Section 6 are of this
form. Let Irr(N) = {oo,...,0p—1} be the set of irreducible representations of N
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Table 1. Irreducible representations of G from the action of G/N into Irr(N)

oo Orb(o1) ... Orb(ok)
P8 0
P I P
1l h
ho pk
Po

where dim(o;) =1, and denote by I ={0,...,p— 1} the set of subindices. Let us
also denote by Irr(G/N) = {70,...,7h, } the set of irreducible representations of
G/N = H with d]G/N = dim(7;).

The group H = G/N acts on Irr(N) as follows: H acts on N by conjugation
and thus on Irr(N) by h-o(n) =o(h~tnh), for h€ H, o € Irr(N), and n € N.
Choose a set of representatives of the classes in Irr NV under the action of G/N,
and denote by I= {0,...,k} C I the corresponding subset of subindices. For any
i € I consider the orbit Orb(o;) of o; under G/N of length n;. Let G; be the
stabilizer, and let Trr(G;) = {70, ...,7/"} be the set of irreducible representations
of G;. Recall that if ; and o are in the same orbit, then G; and G are conjugate,
in particular, isomorphic. The trivial representation oo € Irr(NV) is always fixed
so that Go = G/N and 7§ =7, for all j.

The irreducible representations of G are obtained as follows: for every i €
I the representations in the orbit Orb(o;) combine to give h; + 1 irreducible
representations p! for j =0,...,h; with dim(p!) = n;dim(77) (see Table 1). In
other words, they are induced by the representations of N x G; obtained as the
tensor product of the extensions of o; and Tl-j to N x G. In particular, if o; is fixed
by G/N, then it give rise to ho+ 1 irreducible representations, each corresponding
to an irreducible representation of G/N. Note that p{ is the trivial representation
of G. Then p! are all the irreducible representations of G' by [Ser, Section 8.2].

REMARK 3.1

The action of G/N on Irr(N) to produce Irr(G) can be translated into the McKay
quiver N, where every vertex corresponds to an irreducible representation of V.
Then G/N acts on the set of vertices and on the set of arrows of @, as well as
on the path algebra k@) permuting the set of primitive idempotents {e;|i € I'}.
We thus can construct the McKay quiver of G as the (G/N)-orbifold quiver of
the McKay quiver of N (see [Dem)] for the general formulation and [NdC] for the
case of binary dihedral groups in GL(2,C)).

Let us describe the stability parameter defined in Definition 2.4 which is shown
in Table 2. We are going to use the 0-generated stabilities for the groups N and
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Table 2. Stability condition 0 in terms of 6%V and ¢/
oo Orb(o1) .. Orb(or)

o+ et dim(rf) - Y oy
&GN + =07 | dim(t) X connio OF B Zoiconton ¥

dlm(T{Ll) : Za’iEOrb(al) 97{\]

. h
dim(r, Tk *)- Zaieorb(ak) QZN

dG/NQO n QG/N

G/N separately, so let us denote them as follows:

0N € QP such that Y := 0N (5;) > 0 for i # 0 and o; € Irr(N),

G/N .

9S/N € QM+ such that 0; =0%/N(1;) >0 for j#0 and 7; € Irr(G/N).

In particular we have >-7" 1 dNoN =0 and 37, dJG/NGJG/N =0, so that 6 =
p—1 JN N G/N _ G/N G/N
—> i1 d 0 and 0 = E] 14;

4. The case GG Abelian

Let G C SL(3,C) be a finite Abelian subgroup, and let A <1 G be a normal sub-
group of G with |A| =p and |G/A| = q. After introducing the toric notation that
is needed, we describe how to calculate the triangulation of the junior simplex A
corresponding to Y := G//A-Hilb(A-Hilb(C?)), and we construct explicitly every
G-constellation in Y from the A-clusters. Then we describe a method to calcu-
late the local coordinates of a moduli space of G-constellations using the McKay
quiver and finish the section describing the stability condition in the Abelian
case.

4.1. How to calculate A/N-Hilb(N-Hilb(C?))

Every element of G can be written of the form g = diag(e®*,e%2,£3) where ¢ is an
rth primitive root of unity and 0 < a; < r. Let L D Z3 be the lattice generated by
the elements of G written in the form %(al,ag,ag), and let M := LY be the dual
lattice of Laurent monomials. The junior simplez is the triangle A C Lg := L®zR
with vertices the standard basis ej,eq,e3. We denote by R% the affine plane
spanned by A and ZZ% := LNRZ. Recall that A contains all lattice points with
a1 +as+ag=r,a; >0, and triangulations of A are in one-to-one correspondence
with crepant resolutions of C?/G.

First consider the action of A on C3. In [CR] Craw and Reid give a method to
triangulate A into p regular triangles A; which produces the crepant resolution
A-Hilb(C?). This triangulation shows that A-Hilb(C?) = (J_,Y; where Y; :=
o(A;) = (Cg)mm,@, is the affine toric variety associated to the triangle A;, and &;,
n;, and (; are Laurent monomials in x, y, and z.
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7,/2-Hilb 7./3-Hilb(Z,/2-Hilb) 7,/5-Hilb(Z/3-Hilb(Z/2-Hilb))

Figure 1. Successive triangulations of A for a group G of order r=30=2-3 5.

The action of G/A on A-Hilb(C?) is again Abelian, so it is given by diagonal
matrices; thus it acts on every Y; separately. For every triangle A; with i =
1,...,p, we form the the toric singular quotient Y;/(G/A) and take G/A-Hilb(Y;)
as crepant resolution. Therefore,

P
G /A-Hilb(A-Hilb(C?)) = | ] G/A-Hilb(Y;).
i=1

In other words, the triangulation of A which gives G /A-Hilb(A-Hilb(C?)) is
produced in two steps. First, calculate A-Hilb(C?) according to [CR] to obtain
A =J"_, A;. Second, triangulate every A; into g regular triangles with the same
method according to the Z/g-action of G/A into Y; to produce A =[JA;; for
i=1,...,p, j=1,...,q. Obviously, the same process of successive triangulations
can be done as many times as nontrivial normal subgroups we have in a filtration
of G (see Figure 1).

We now look at how G//A-Hilb(A-Hilb(C?)) can be constructed explicitly as
moduli of G-constellations. As an A-constellation, a point F € A-Hilb(C?) is an
A-equivariant coherent sheaf on C? such that HO(F) = C[A] = @Doerra) o, and
F = Oy for some A-cluster Z. Therefore, locally at U C A-Hilb(C?) we can take
a basis I':= {\, | 0 € Irr(A), \, is o-semi-invariant} of H°(F) to be an A-graph.
That is, A, is a monomial in Clz,y, 2], and if z'y/2* € T, then 2%y 2 € T for
any i’ <4, j’ <j and kK’ <k (see [Nak]). We call T" the building block for U.

It is also known from [Nak] that U = o (A;) = C} , . where a = {—‘;, b= {”’
and ¢ = % are Laurent monomials in z, y, and z, where f,, f,/, and f,»

)
o

are o-, o’-, and o”-semi-invariants, respectively. Then, an open set V = o (A;;) C
G/N-Hilb(U) is determined by a (G/N)-graph Q:= {w; |7 € Irr(G/N)} =
C[G/N] where w, are now monomials in Cl[a,b,c]. Thus, a point Z €V as a
G-equivariant module can be written in the form

Z={wT'|7€lr(G/N)} ={w:A, | T €lrr(G/N),o € Ir(N) } = C[G].

In other words, the resulting G-constellations arising from the open set U are
obtained by multiplying the building block I" by the ¢ different (G/N)-graphs €.

EXAMPLE 4.1
Let G = %(1,2,3) = %(1,0,1) X %(1,2,0) > 7/67Z. Take the normal subgroup in
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Ui ei, ni, G| A-graph|G/A-action type on U;
Uh|2,2%y $(1,0,2)
U2 §,$2,y %(17171)

U;j |Coordinates|G /A-graph
Ui %%7(?,771 1G¢f

2 2
Uiz 2—17%7711 1G e

3 2
U13 81,%,7]1 1 €1 €1

U, |Coordinates|G /A-graph
U2 %7%’@ 1¢¢G

U22 12 5_253 1525%

g2 g2

€3

Uss fﬁ%ﬂ?g L1 173

Figure 3. 1(1,0,2)-Hilb(U;) and £(1,1,1)-Hilb(Uz).

G to be A= 1(1,0,1). The triangulation of the junior simplex A = A; U A,
corresponding to A-Hilb(C3) = U; U Uz and the toric coordinates are given in
Figure 2.

The action of G/A = 1(1,2,0) on A-Hilb(C?) leaves invariant the open sets
Ul and UQ, sending (5177717C1) — (LL)€1,T]1,W2C1) and (5277]2,<2) — (weg,wng,w@),
respectively, where w is a primitive cubic root of unity. Therefore, each of the
quotient open sets U;/(G/A) contains the singularities £(1,0,2) and 1(1,1,1),
respectively, which we resolve with the crepant resolutions (G/A)-Hilb(U;) for
1=1,2. The triangulations of A; and As are shown in Figure 3.

In constructing the resolution Z/2Z-Hilb(C3) we added only one new lattice
point to A, namely, %(1,0, 1), producing the subdivision A = A; U A,. To con-
struct Z/3Z-Hilb(Z/2Z-Hilb(C?)) we now introduce the remaining lattice points,
namely, %(1,2,3)7 é(27470), and %(4,2,0), and triangulate A; and As according
to the algorithm in [CR]. Changing back to the coordinates z, y, and z we obtain
the fan shown in Figure 4.

For j =1,2,3 the basis for the G-constellations of the open set U;; are
given by multiplying every basis element in the (G/A)-graphs Q; = {1,(,¢?},
Qo ={1,(1,1}, and Q3 = {1,£1,e%} by the building block I' = {1, 2} coming from
the open set Uj. Similarly for the open sets Us; C Z/3Z-Hilb(Z/2Z-Hilb(C?)).
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—~
2

e
<, U
\ iy
NG

-
Rl 2 >3
S/ Usy = U

€2

G-constellations
M| {Ly, 4% 2,y2,9°2}
]\/1{2 {lvyvyzvf%v%vl;}
M| {1, 2,9, %, y% L}
M| {1,2,y,2,22,yz}
M| {1, 2,22 2%, %, 2%}

Mi,|{1,2,22%, 2,22, 2%2}

€2

Figure 5. Toric fan Z/2Z-Hilb(Z/3Z-Hilb(C?)) and the corresponding G-constellations.

More precisely, the G-constellations are
Mll = {1 | 1 Z|7<1 | 1 Z|a§12 | 1 Z|}:{1,Z,y,y2,y2,y22},

Mip={1-[12]¢ [1z]e[1 Z|}={17z,y,yz,;x},

2 2
M13:{1-|1 z 7<€§-|1z ,51-|1z|}:{1,2,z—2,%,;x},
M21 :{1|1 $|,C2|1 SC|,C22|1 x‘}:{l,z,y,xy,yz,ny},
2 2
My ={1-[1a]ey-|1a]e} |1 $|}:{17I7§72,%7%},

M23:{1|1.'L‘

) 112 | 1 $|,’I]%-| 1 $|}:{1,$,$2,$3,$4,.’L‘5}.

Let now A = $(1,2,0) be the normal subgroup. Then A-Hilb(C?) = V; UV, U
V3 where V; = C3. The quotient group G/A = 3(1,0,1) produces a Z/2Z-action
on every V; for ¢ =1,2,3. The resolution of these singularities is translated into
the junior simplex A = A; UA;UAj by adding the points £(3,0,3) and £(1,2,3),
triangulating in the only possible way as in Figure 5. All crepant resolutions of
C3/%(1,2,3) are shown in Figure 6.
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Z/zz-Hub(Z/sz_Hilb(«;"))\ % 2 % é % §
; i G-Hilb(C 7./32-Hilb(Z/2Z-Hilb(C?))

Figure 6. Crepant resolutions of C*/G with G = £(1,2,3).

Table 3. Irr(G) and the stability condition 6 in terms of 5 and 6g,n

oo g1 Op—1
po | Pl || P
Tre(G) =|_Po pi | - | ppa
—T —T —T
Po Pl | Py
oo o1 Op—1
—yrteN —eizioy N oY | .| o)y
o= =Pl eN year N oy | ... | oY,
—>r 19N+ €0’/ U R

4.2. f#-stability in the Abelian case

Every irreducible representation o; € Irr(N) is fixed, so all stabilizers G; are
isomorphic to G/N. The irreducible representations of G are therefore distributed
as in Table 3. Since nl-:dfv:dg/Nzl forall i=0,...,p—1,7=0,...,q—1,
we have dim(p) =1 for p € Irr(G). The stability condition 6 € © for which the
crepant resolution G/A-Hilb(A-Hilb(C?)) = My is given also in Table 3. Notice
that in this case 6 = =Y 7~ 19N and HG/N Z] 1 1G/N, so the fact that
0 <e< 1 implies that 6(pk) <0 for all k.

EXAMPLE 4.2
Let us take the group G = £(1,2,3) and consider Z/3Z-Hilb(Z/2Z-Hilb(C?)).
The distribution of Irr(G) and the stability condition 6 are shown in Figure 7
where a,by,bs € Q are positive numbers and 0 < e < 1.

The stability condition is in this case given clockwise around the McKay
quiver. By checking the subrepresentations in every affine piece we can see that
chamber C' C © is given by

92,94<0, 92+05>0, 01+04>0,
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P | At 0o | 01| [ —a—e(br+bo)
Irr(G) =] py | pt 0:=| 6y | 05 |= —a+eb a
ps | Pt 01 | 05 —a+eby

Figure 7. Irr(Q@) and stability condition for Z/3-Hilb(Z/2-Hilb(C?)).

03 >0, 04+ 05 >0, 0o + 601 + 65 > 0.

Thus if we take 0 < & < a/max{by, bz}, every inequality is satisfied by 6.

5. Local coordinates

In this section, we introduce some notation and terminology to illustrate non-
Abelian examples in the next section. Let (Q,R) be a quiver with relations,
where R is a two-sided ideal in the path algebra CQ of Q. Let @’ be a connected
quiver, and let ¢ : Q" — Q be a morphism of quivers, that is, a pair of morphisms
¢o: Q) — Qo and ¢ : Q) — Q1 between the respective vertex and arrows sets.
For a vertex v of @, let d, be the number of vertices in the preimage H, :=
{¢o71(v)} C Qp, and let CHv =2 C?» be the vector space with a distinguished basis
{ew | w € H,}. Notice that for an arrow a € @1 with the head h(a) and the tail
t(a), a linear map CHt@) — CHr( is given by a matrix in Mata, ) xdj, ) -

To the pair (Q', ¢) we construct a representation S¢: of dimension vector (d,)
such that for an arrow a € 1, the associated matrix in Matdt(a)th(a) is given
by writing ko € C, ko #0 at the (t(a),h(a))-entry for every a € ¢~ (a) C Q)
and 0 everywhere else. Note that S can be regarded as the direct image of
a representation of @’ with dimension vector (1,...,1) whose linear maps are
nonzero by the morphism ¢.

DEFINITION 5.1

We say that (Q', ¢) is a skeleton if the representation S¢ verifies the relations R
for a suitable choice of (ka)acq, € (C*)®@1 and the isomorphism class of Sgr does
not depend on such a choice. By abuse of notation we also call Sg/ a skeleton.

When the quiver @ is the McKay quiver, it happens often (for instance, in every
family of examples treated in this paper) that a suitable subset U of skeletons
determines an open cover of the moduli space M¢ for a given C C ©. In other
words, the conditions k, # 0 for all a € Q' determine an open set Uy C Mg,
and the union of such open sets for skeletons in ¢/ form an open cover. Here, the
skeleton S¢ is the representation corresponding to the origin in the affine open
set Ug: € C™ for some m (cf. [NdCS, Section 7]).

For Abelian groups in SL(3,C), the set U is determined by the torus fixed
points (see [Ish, Section 3]). As will be shown in the examples of the following
sections, in the case of the iterated Hilbert scheme G/N-Hilb(N-Hilb(C?)) the
subset U is induced by the skeletons defining the open cover of N-Hilb(C?).
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The local coordinates of an open set Ugs associated with a skeleton (Q', ¢)
can be obtained explicitly as follows. Fix (ko) € (C*)@1 in the definition of skele-
tons. Consider representations of () which associate to each arrow a € (01 a matrix
in Mata,,, xd,,, Whose (h(a),t(a))-entry is ko for o€ ¢~*(a). These represen-
tations form an affine space whose coordinates are the remaining entries of the
matrices. If we consider only representations which satisfy the relations R, we
obtain an affine scheme Ug: € C™ for some m which contains S+ as the repre-
sentation corresponding to the origin. In good cases including all the examples
in this paper, Ug: becomes an affine open neighbourhood of Sg/ in the moduli
space of representations of (@, R), and we can specify the entries of the matrices
which form the local coordinates around Sg-.

Let S :=Clx,y, ], and for every p € Irr(G) consider the Cohen-Macaulay
S% module S, := (S ® p*)¢. We have the tautological bundle R, on the moduli
space of G-constellations whose global sections form the module S,. On the open
set Ug corresponding to a skeleton @', the vertices of @’ correspond to sections of
R,’s over Ugs, where we always assume the vertex over the trivial representation
po corresponds to 1. These sections can be regarded as rational sections of S,
over C3/G. If we take a basis uy,...,ug of the representation space p, a rational
section of S, over C*/G is of the form Z?:I fiul, where f; are rational functions
in the p-part of C(z,y,2) and uj,...,u}; form the dual basis of p*. Then such
a rational section is given by a d-tuple (fi,..., fq) of rational functions which
spans the representation p in C(x,y, 2).

EXAMPLE 5.2
Let Moy = {1,3: z o, = 22} be the G-constellation defining the open Uss €

Y I 22
Z/3Z-Hilb(Y') where Y := QEZ/QZ—Hﬂb((C?’). Let @ be the McKay quiver of G with
the usual commutativity relations deriving from zy = yz, xz = zx, and yz = 2y
(see Figure 8), and consider Msy as a representation of . Then by choosing
the basis element at every vector space C, to be given by the unique element
Ap €M, wehaver-x=a-Z,y-1=>b-2, and Zi_z = c-x for some a,b,c € C. This

implies that a = 7”—3, b= and c= %, which are precisely the local coordinates
z z x

of 0(Aszz). Since after change of basis any nonzero map can be chosen to be 1,
the skeleton for Uss in this case is formed by the linear maps equal to 1.

Figure 8. McKay quiver for G = (1,2, 3) and the open set Upp (Cg_’h

;e
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2

o

I
Gl
8

U21 U22 U23

Figure 9. Skeletons for Z/3-Hilb(Z/2-Hilb(C?)) with the corresponding G-constellations.

Table 4. Irr(Da,) for (a) n =2m even, and (b) n =2m + 1 odd

oo {o1,02m-1} {Om-1,0m+1} Om
0 0
Po P! Pt P
Po Pn
(a)
oo {o1,00m} {Om,Om41}
P8 0 0
0 Pl Pon
Po

(b)

The skeletons in every open set in Z/3Z-Hilb(Y') are shown in Figure 9.
Notice that in the skeleton for U;; it is possible to find the skeletons Uy, U C Y,
repeated |Z/37Z| = 3 times.

6. Non-Abelian examples

6.1. Dihedral groups D5, C SO(3).
These groups are generated by

1 0 1 0
Dy, = <a:—(1,—170),5= 10 0 >,
" 00

and they have order 2n. The normal subgroup N := (a) has n 1-dimensional
irreducible representations o;(a) = &* where € is an nth root of unity and i =
0,...,n—1. The action of G/N = () = 7 /27 gives the irreducible representations
of G as in Table 4 depending on the parity of n.
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The dimension vectors are %2...2% and %2 ...2, respectively. In this case,
as well as for any subgroup G C SO(3), the fiber over the origin f~!(0) of any
crepant resolution f:Y — C3/G has dimension 1. The description of f~1(0) in
the case of Y = G-Hilb(C?) was first given by [GNS] (see [NdCS] for the rest of
the crepant resolutions of C3/G).

The open cover of N-Hilb(C?) is given by n open sets U?:l U;, covering n—1
rational curves E; for i=1,...,n — 1. The action G/N on N-Hilb(C?) identifies
U; and Uy_;41 fori=1,... n.

If n=2m is even, then E,, is fixed by G/N having two fixed lines L, and
L_ crossing transversally the P! covered by U,, and U,, ;. They give rise to E
and F_, respectively. If n =2m + 1 is odd, then the open set U,,11 is fixed by
G/N and there is just one fixed line L, producing the new rational curve E.

Diagonalizing the action of G/N we see that in both cases these singularities
are of type %(17 1,0). By blowing up these singular lines it follows that the dual
graph of the fiber over the origin of the singularity is shown in Figure 10.

The fiber over the origin in G-Hilb(C?) with the degrees of the normal bun-
dles in each of the rational curves is shown in Figure 11 (see [GNS] and [NdCS]
for details). We can therefore see the difference between G/N-Hilb(N-Hilb(C?))
and G-Hilb(C?): in the case n even the graph is different, whereas in the case n
odd the difference resides in the degrees of the normal bundles. This concludes
the proof of the Ds,-case in Theorem 1.7(iii).

We illustrate the construction of G/N-Hilb(N-Hilb(C?)) in this case by an
example. The general case is analogous.

~ ~ ~ ~ E ~ ~ ~ ~
Ey B, Ey En A .o B E By E, E
> - - Y @ o Y Y r'Y
(—=2,0) (—2,0) (—=2,0) (—1,-1) E_ (—=2,0) (—-2,0) (=2,0) (—1,—-1) (—2,0)
(=2,0)
(a) (b)

Figure 10. Dual graph of f~1(0) for G/N-Hilb(N-Hilb(C?)) for (a) n = 2m even, and (b) n=2m + 1
odd. The curve E; denote the strict transform of E; and the numbers denote the degree of the normal
bundle at every curve.

(-1,-1)
(—1,-1) (~2,0) (~2,0) (~2,0) (—1,-1)
(a)
(=1,-1) (=2,0) (=2,0) (=2,0) (=3,1)

(b)

Figure 11. Dual graph of f~1(0) for G-Hilb(C?) for (a) n = 2m even, and (b) n = 2m + 1 odd.
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bC =0,b'C' =0,cB=0,c'B' =0,

pg\c u v C’/pg

(\\C\O d O/C///) Ca=uB,C’'a’ =vB’,Ac=bu, A'c’ =bv,
A > A

2 5

BA=uC,B'B' =vC’,ab=cu,a’b’ =c'v
Bb+Cc=dD,B'Y +C'c’ = Dd
Du=vD,ud=dv

Figure 12. The McKay quiver of D;o with relations.

Table 5. Stability condition for D12 /N-Hilb(N-Hilb(C?)) with N = (1, -1,0)

ago {0’1,0’5} {0’2,0’4} g3

0= —3° i — &b
Zgzlal c a1 +as a2 +aa a3
—> i ai+¢b as

EXAMPLE 6.1

Let G = Dj5. In this case the McKay quiver with relations (@, R) is given in
Figure 12 where the relations R provide the Morita equivalence between CQ/(R)
and S * G, and are obtained following [BSW].

In this case the stability condition given in Definition 2.4 is shown in Table 5,
where a;,b>0fori=1,...,.5and 0 <e < 1.

We start by considering the gluing of Uy and Us with Us and Ug by the action
of G/N. Since Us and Uy contain the fixed part, we will treat them separately.
We need to consider the N-constellations at the origin of each open chart, so
after choosing a basis for every H%(gZ) for g € G/N consisting of N-graphs, we
obtain the G-constellations shown in Figure 13.

In the skeleton of the open sets the dots stacked vertically in the two middle
vertices of the McKay quiver denote the two linearly independent vectors e; and
e2 in the corresponding vector space at that vertex.

With a similar calculation as in Section 5 we can calculate the local coordi-
nates to obtain
22 +y?)  wy

Py @)
2(2® + ) 222 (2% + )2
-y (P +y3)? wy }’

= Spec(C{ 3 (z® + y?’)Q],

Vo =2 SpecC[

2 —yP
z3y3

Let us now consider the G-constellations arising from the blowup of the
fixed lines Ly and L_. In the open set Uz = Cj , . with a =a*/y?, b=1y*/2%,
and ¢ = z, every N-cluster is given by the ideal I, . = (z* — ay?,y* — b3, 2y —
ab,z — ¢). Then the lines Ly are defined by b= +1, ¢ =0, which means that
the ideals defining the lines are I1,, = (z* — ay?,y®> F 23,2y F a, 2). Therefore we
can choose as basis for the N-constellations at these lines the N-graphs I'y =

{1,2,y,2°, 9%, 23 £ y3}, which are invariant under the action of G/N.

and o =
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N-constellation G-constellation
Zy ={1,x,2% 23, 2* 25}, 1 (z,y) | (2%y%) | 2°+y°
ng {LJ7 aysay47y5} (e (q:5,y5) ($4,y4) J}S —,1/3
Zy ={1,y,z, 2% 23 21}, 1 (z,y) (z%,y%) | 2+
9Zy ={1,2,9,9°,v°,y"} a | (az,ay) | @4yt | 28 — o
Skeleton Open set
1 1
\\m/_\q/
/82 €2 Vl
1 \l
1 1
\\3]/—\91/
/ \

Figure 13. G-constellations at the open sets V7 and Va.

For the line L, we have b = 1. By the change of coordinate b* =1 —b=
y , we have that the action of G/N as 3(1,1,0) is defined on C% p . where
A =c¢, B= bf , C =a(b*)?. This implies that the rational curve E is covered
by the open sets V3 = (C%Q’A/B’C, Ve =2 Ci‘g’B/A’C, and E7 is given by the ratio
(A:B) = (2(2® — y3) : 23 + y3). In terms of G-constellations, the calculation
is the same as in the Abelian case, where V3 and Vg are the open cover of
1(1,1,0)- Hllb((CA p.c) (see Figure 14). In the case of V3, for instance, we have
the nonzero maps coming from the N-constellations I'y and 'y - B (generated
from p and po, Tesp. ), and the extra arrow comes from the fact that (23 +y3)B =
(23 —y3) + 4? el which is induced by the G/N-equivariant map I'y — BI‘Jr
Similarly, for the line L_ we have b= —1. By the change of coordinate b~
1-b="= +y , the action of G/N as 3(1,1,0) is defined on C%, p, o, where A’ =¢,

B =t=2 ’2 , C"=a(b™)2. This implies that the rational curve E_ is covered by
the open betb Vi (CB,Q,A,/B,,C,, 7= Cf’q,sz,/A,,C,, and E~ is given by the ratio
(A":B") = (2(z® + y®) : 23 — y3). In terms of G-constellations, the calculation is
similar but now taking I'_ instead of I'y (see Figure 14).

The skeletons provide the choices of nonzero variables in the representation
space rep(Q). For example, in the case V3 we can choose ¢ = (1,0), b= (0,1),
d=1d, C; =1, B=(}) and use the relations to obtain the representation space
of V3 C My shown in Figure 15, where K = ¢/(C’ —1). Thus V3 = (Ci’c,c, where

_ 2@ +y7) ,_ (@ +y%)? o= @y

, ¢ =—5, and =5
23— 3 722 (23 + 13)2
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G-constellation

1| (zy) (%, 9%) 4y
F+ ! {L B} : - -
B | (xB,yB) | (2*B,y*B) | («*+y*)B
L (zy) | @*y%) | 2*+¢°
F+ : {17 Z} : | - - - -
N o) | G2 [ 1)
1 (x,y) ($2,y2) (JB_yB)B/
r_-{1,B'}:
B/ (IB/7:I/B,) ($QB/7:U2B,) Ig _y3
1| (zy) | @) | 22" =)
F+ : {17 Z} : | . .
2| (zz,y2) | (2%2,9%2) 3 — g3
Skeleton Open set
1\61/\81/1
f‘z/_\ez\ ‘/3
l/ \1
l\rl/ﬂm/l
b Ve
1/ \l
1 1
\(31/\61
eo—  —eg ‘/4
1/ 1
1 1
\\61/\61
J — ) Vs
l/ 1

3,3
Figure 14. G-constellations at the open sets covering the exceptional curves E* and E~, where B = :gfz

6.2. Ds-Hilb(3(1,2,0)-Hilb(C?))

Let G be the group N x G/N C SL(3,C) where N is generated by
and G/N = Dg C SO(3) is generated by o= 1(1,3,0) and 8 = (
Irr(N) = {00,01,02} where 0;(g) =w’ for i =0,1,2, and let w be a primitive
cube root of unity. In this case we have Orb(og) = 0g and Orb(o1) = {01, 02} with
stabilizers Go = G/N = Dg and G = {«) 2 Z/47Z. Therefore Irr Gg = {79, 71, T2,
73,74} where dim(7;) =1 for ¢ =0,...,3 and dim(74) = 2. The irreducible repre-
sentations of G are shown in Table 6.

(1,2,0)
). Let
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aC’ P i a |aC’
0,1) K 0 (1)
/ ’(0 (OK) 1\\
) / /_C/
I K (€0%-€) >

Figure 15. Open set V3 C My.

Table 6. Irreducible representations of G with their dimensions and the stability condition for
G/N-Hilb(N-Hilb(C?)) with a,b,c >0 and 0 < e < 1

oo {o1,02} oo {o1,02} oo {o1,02}
09 0 1 —a —b—bec

pi 2 a+b
PO 1 —a—b+ec

pi 2 a+b

d= 6 =

02 ' 1 ’ —a—b+ec

p? 2 a+b
s 1 —a—b+ec
4 P 2 a+b
Po 2 —2a—2b+ec
e I

O 0O 0O O o

[— 2 — s 4 — s — = 3

P1‘-_____’/P1‘ss_____’/ﬂ0‘-___——”01‘-___——’/Pi~\\\\\\\

\/

3
Po Po
Figure 16. The McKay quiver of G.

The McKay quiver shown in Figure 16 coincides with the McKay quiver of
Dyy C SO(3) as in Section 6.1 since G = Doy = (75(1,11,0), B).
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The scheme N-Hilb(C3) can be covered by 3 open sets U; for i =1,2,3 with
the corresponding distinguished N-constellations Z; = {1,z,2%}, Zo = {1,z,y},
and Z3 = {1,y,y*}. By the action of G/N = Dg the open set Uy is fixed while U;
and Us are identified. ,
The fixed open set Uy has coordinates a = %2, b=, and ¢ = z. If we denote
(+) :=a*+b* and (—) := a® — b*, we have that G/N-Hilb(C} , .
open sets given by the following G/N constellations:
F1 = {la a, b7 (+)7 (_)a Cl(+), b(+)7 _(+)(_)}7
FZ = {L a, b7 (+)7 (_)a a(+)a b(+)7 C}a
Iy = {13 a,b, (+)7 (7)a ac, —be, C}a
Iy ={1,a,b,c(—),(—),ac, —be,c},

Iy = {1,a,b7 (+), c(+), ac, —bc,c}.

) is covered by 5

We obtain in this way the open sets V; given by the G-constellations I'; - Zs,
for i=1,...,5 shown in Figure 17.

In the case of the orbit {U;, Us} we have Uy = (sze,f with coordinates d = 23,
e=y/x?, f==z and Us = (Cz,ﬂ,)f, with coordinates d' =33, e = x/y?, f' = 2.
In each of the open sets there exists a fixed line with stabilizer subgroup G; =
(o) 2 Z/AZ. This implies that we have to consider the G;-graphs

Ql :{170762703}u 92:{1,0,02,d},
Q3 ={1,c¢,d,d*}, Q4 ={1,d,d* d*}
in Uy, and
Qll :{176/76/270/3}? Qé:{lac/acavd/}v
93:{1,Cl,d/,d/2}, 94:{17d/7d/27d/3}
in Us. The identification of U; and Us by f produces the open sets U, given by
the G-constellations €2; - Z; U, - Z3 for i =1,...,4 (see Figure 17).

Let Y := £(1,2,0)-Hilb(C?). Then the exceptional fiber over the origin 7~*(0)
of the crepant resolution m:Y — C3/N consists of two (—2,0)-rational curves
intersecting in one point. The action of G/N interchanges these two curves, pro-
ducing in Y/(G/N) a single rational curve E with singularities of types i(l, 3,0)

and Dg at 0 and oo, respectively. The fiber ¢~1(0) of the crepant resolution
¢:G/N-Hilb(Y) — C?/G is therefore given by the following dual graph:

(=1,-1)

(—=2,0) (=2,0) (—2,0) (—-1,-1) (—1,-1)(—2,0) F4
(-1,-1)
where F; are covered by U; for i =1,...,3, F} are covered by V; for j=1,...,4,
and F is the strict transform of E.
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G-const. Skeleton Open set
1 1
\€1AE1 91/_*61/_*61/

Fl ’ Z2 ey Sz:ez’_‘ezZQ Vl
1/ \1
1 1
\el"ﬂel 81AP1AF1/

Iz 22 Laa—aX V2
1/ \1
1 1

U3 2o S D S e N Vs
1/ \1
1 1
\e — ¢ e —>e; 61/

F4 . Z2 elz/_ﬂwvez/_;@x , V4
1/ \]
1 1
\elAcl elf—‘rjl"qsl/

s 2 Y R Wy Vs
2z N

, 3
-2 -Zs L e Uy
i \1
1 1
0y Z,UQ- Z o] U.
o 41 943 /52‘_/52‘_/52 62‘_/92\ 2
1
1\ 1
’ PlAel"Ael’—‘en’—‘en/
Q3 ' Zl U QS ’ ZS /lﬁz‘ €2 e mea ey U3
i \1
1
, e1—=¢; e e =g
Q- 70 U - Zs . U,

€2 €2

[ 2

/

i

Figure 17. G-constellations for Ds—Hilb(%(l, 2,0)-Hilb(C?)).

6.3. Trihedral group of order 12
Let G := G132 € SO(3) be the trihedral group of order 12 generated by N :=

(1(1,1,0),4(1,0,1)) and T := @ é g). The Abelian normal subgroup N =7 /2 x
Z/2Z with Irr(N) = {09, 01,02,03} induces the irreducible representations of G
as in Table 7. The McKay quiver with relations (@, R) is given in Figure 18.
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Table 7. Irreducible representations of G with their dimensions and the stability condition for
G/N-Hilb(N-Hilb(C?)) with a;,b> 0 for i =1,2,3 and 0 < e < 1

oo {o1,02,03} oo {o1,00,03} oo {o1,02,03}
00 d— 0— —>a; —2eb
6 p1 ’ 1 3 ’ —Ya;+eb | a1+az+as
0% 1 —>a;+¢€b

%

Aa +wBb +w?Ce=u?,
Aa+w?Bb+ wCe=v?

2
Po
b le} uA=vA, au=av,
B c uB =wvB, bu = wbv,
v
A

@ 2
|

uC = wvC, cu=w?cw,
a

0
Po

Figure 18. McKay quiver of G with relations.

N-constellation (G-constellation Skeleton Open set
1 1
Z :{1axay7xy}€U17 1 (l‘,y,Z) \ezs/
T-7Zy={1,y,2,yz} € Us, A (xy,xz,y2) @ 1
T? - Zy ={1,2,2,22} € U3 1] @y 20 €

Figure 19. G-constellation arising from the orbit {Ui, Uz, Us}.

By acting first on C2  _ with N we have that N-Hilb(C3?) is given by 4 affine

z,y,2
open sets U;, i =1,...,4. The N-constellations at each of these open sets are

le{l,x,y,xy}, ZQZ{]-,y,Z,yZ},
Zs={1,z,z,x2}, Zy={l,z,y,2}.

The action of G/N = (T) = 7,/37Z identifies the open sets Uy, Uy and Us,
and fixes Uy, inducing the corresponding action on the N-constellations. The
orbit {Uy,Us,Us} give rise to the open set V; C G/N-Hilb(N-Hilb(C?)) shown
in Figure 19.

It follows from the same method as Section 5 that A = g—i and pu = 2—37
where R := 3222 + 2222 + 222, R == y?2% + wa?2? + w?2%y? and Ry :=y?2% +
w?x?2? + wx?y?. The local coordinates of this open set are written at the end of
the section.

The remaining case is the fixed N-constellation Z4 in Uy. The open set

Uy = Cib’c has coordinates a = %=, b= ’Z—Z, and ¢ = ¢, and we have T'(a) = b,
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G-constellation Skeleton Open set
1 (2, y, z) 1\63 ]
Zy-{l,a,0%}: | « (o, z, ) % Vs
a? | (o, a?z,a%y) (1
1
1] @) ™~
Zy-{1,a,8}: a | (a,ax,ay) ("‘2 V3
B | (8,Bz,8y) (
1
1 (z,y,z) 1\‘33/1
Zy {1,828} | B | (8% B, By) i Vi
B | (B,8z,By) (1

Figure 20. G-constellations arising from the nonisolated %(1,2,0) line.

T'(b) = ¢, and T'(¢) = a. On the other hand, diagonalizing the action of T' = Z/3Z,
we can consider it to be of type %(17270) on (Ciﬁ’,y with the new coordinates
a=a+w?b+we, f=a+wb+w?c, and v=a+ b+ c. That is,
wh b _h
fs’ fs’ I3

where fo:=x22+y?+22, fi: =22 + Wy +w2?, foi= 2?2 +wy? +w?2?, f3:=xyz,
and w is a primitive cube root of unity.

The situation is therefore identical to the Abelian case, so we need to consider
the distinguished G/N-constellations in %(1,2,0)-Hilb(Cq g,y), namely, I'y = {1,
a,a?}, Ty ={1,a,8}, and I's = {1, 3, 8%}. They give rise to the G-constellations
Zy - I'; shown in Figure 20.

It can be checked that the matrices giving the open sets V; C My(Q, R) are
the following:

V a 1,0,0 b 0,0,1 = (1 1 A = CCAl o B
: = = = —c +c C:
! ( o )7 ( o )7 ¢ ( ' )7 2011(c§1A1 —2 1)1 Y)

B C1 0 )L ,.0
B = ( 0 ), C = 0 s u = C3—wCy wcaCy w*Cr1+wB1 ,
Ay Bi(c3C1—1) w?eaCs —w?(c3C1—1) —w?caCy
1 0

0
v = 7&)2C1+Cg weo Cy wC1+w231 ;
weaC3 —w(c%Cl—l) —weaCq
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Va: a = (1,0,0), b= (B — 1By, 1,bs), c = (0,0,1), A= [ ‘Bopim
2. a4 = y U, U )y - 1 3D3,1,03), C= s Uy L), - (b1b3+1)1B1lBg,
By 1 0
B = ( 0 ), O = ( 0 )7 u = <w2blBl+b3B3 UJBl w +wb3B1
Bs Ay wB3 —wbzBs —wBi

0 1 0
v = —wb1B14+b3Bs  w?B;  wHw b331
w233 7w2b3B3 —Ww Bl

01 (Al C

B G 0 21 2
B = 0 5 C = 0 s u = C3—wCicy Cy w CI+UJB1
A B1(C1—c1) Wwr(A1—Cic1) —w (C1 c1) —wiC

0 1 0
v=| Cs—w’Cicy wC;  wCi4w’B;
UJ(Al—ClC]) —w(C’l—cl) —UJCl

c1C1+C3
Vi a = (1,0,0)7 b = (070,1), c = (01,1,1), A = ( C1A1+B103>

9 C1C1+C3
Var a = (1,0,0), b=(0,0,1), ¢ = (Cy — ¢5Cs,1,¢3), A= —C1A;
C1C3+1 C1C3
1 Cy 2 20
B = (0 )’ C = (0 )7 u = —wCi4wc;C1C3+c3C3  w 01 wtw cdcl
Ay Cs w?Csy —w?e3Cs  —w?Cy

0 1 0
V= —w203+w2650103+0303 wC  wl4wesCy .
wCs3 —wezCs  —wCy

As in Section 5, by using the McKay quiver as the quiver between the Cohen—
Macaulay modules S, we can compute the local coordinates at every open set
obtaining

Vi =C%, ., c, =C[-fiRo/R2,—V3f3/Ro,— f2Ro/Ri],

Vo =C}, 5, 5, =Cl[-Ri/(V3fafs), V3 fifs/Ra, V313 f3/ R,

Vs =C%, . ¢, =C[-V3fifs/Ro,—Ro/(V3f3),V3f2fs/Ril,

Va=C2 ¢, c, =ClRa/(V3f1fs),V3fafs/R1, V3] f3/Ral.

Moreover, the gluing between the different open sets is given as follows:

Vi3 (c3,C1,03) ¢ (—c3t,C1 — c3C3,Ch) € Vs,
V15 (By,c0,C1) +— (Blcz,cg_l,CQC’l) e Vs,
Vo 3 (b3, By, B3) < (—B1, By — b3B5, b3 ") € V.

Hence, the fibers of the origin of the quotient space are three rational curves
meeting at a point. The dual graph with the appropriate degrees of the normal

bundles is the following;:

1 -1)
In this case the chamber C' C @, for which G /N-Hilb(N-Hilb(C?3)) = M is
given by the inequalities 61 + 63 >0, 03 + 03 > 0, and 0, + 05 + 63 < 0. On the
other hand, the fiber over zero in G-Hilb(C3) is given by the dual graph
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(_17_1) (_371) (_17_1)

and the chamber C’ for G-Hilb(C?) 2 M is given by 6; > 0 for i # 0 (see [NdCS]
for details). This concludes the proof of the case G12 in Theorem 1.7(iii).

7. When does Hilb of Hilb coincide with Hilb?

In this section we study the relation between G-Hilb and G/N-Hilb(N-Hilb).
Since both can be constructed as moduli spaces of representations of the McKay
quiver, we may ask when they are isomorphic as moduli spaces (i.e., their tau-
tological bundles coincide) and if not, when their underlying algebraic varieties
are isomorphic. We answer these questions in many cases.

Considering them as moduli spaces we have G-Hilb 2 M and G/N-Hilb(N-
Hilb) = M for chambers C,C’" C ©, where C is the chamber containing the
zero-generated stability and C” is the chamber containing the parameter in Defi-
nition 2.4. Then the problem in this case is to determine which groups G admit a
normal subgroup N such that C' = C’. We give a complete answer to this question
in the cases G C GL(2,C) and G C SL(3,C) in Theorem 7.3.

As algebraic varieties, in dimension 2 and for G C SL(2,C), there is nothing
to prove since both of them are minimal resolutions of C?/G and thus isomorphic.
For non-Abelian subgroups in GL(2, C) we treat the case when N = GNSL(2,C)
and conclude that they are nonisomorphic (see Proposition 7.5). For G C SL(3,C)
we give a complete answer when the group G is Abelian by using the method
of Craw and Reid [CR] to obtain the triangulation of the junior simplex A
which corresponds to G-Hilb(C?). As we saw in Section 4 the triangulation for
G /N-Hilb(N-Hilb(C?)) is given by using the Craw—Reid method in two steps,
first for N and then for G/N. Comparing both triangulations we are able to
describe in Theorem 7.7 all possible configurations for G and N for which there
is an isomorphism of varieties over C3/G.

We finish treating some non-Abelian small subgroups G C SL(3, C) for which
G-Hilb(C?) is not isomorphic to G/N-Hilb(N-Hilb(C?)), in particular, finite sub-
groups of SO(3) of types Da,, and G2 with N being the maximal normal sub-
group, and non-Abelian intransitive subgroups with N = G N SL(2,C).

7.1. As moduli spaces

Let G € GL(n,C), assuming either n =3 and G C SL(3,C) or n=2 and G C
GL(2,C) small. Let N be a normal subgroup in G. With the same notation as in
Section 2, let Y7 := N-Hilb(C") and Y3 := G/N-Hilb(Y7) with universal families
Z1 and Z,, respectively, and denote by U := pgo*(Oleyl z,) the flat family over
Y5 of G-constellations by the projection pgg: Ys x Y7 x C" — Y5 x C™.



On G/N-Hilb of N-Hilb 119

LEMMA 7.1
Put X1 =C"/N and Xo=Y1/(G/N). Then, Z1 is the reduced part of the fiber
product Y1 xx, C" and Z is the reduced part of Yo xx, Y1.

Proof

It is sufficient to prove the latter statement. Here, Z5 is obviously a closed sub-
scheme of Y5 X x, Y7, and the morphism Zs — Y5 X x, Y7 is an isomorphism over
the generic point of Y2. Now Oz,, regarded as an Oy,-module via the finite mor-
phism po, is locally free and therefore is the quotient of Oy, v, by the torsion
part, which must be the nilradical. O

As we know, G-Hilb(C™) 2 M and Y2 & M are both resolutions of C"/G
isomorphic to a moduli space of G-constellations for some chambers C,C’ C ©.
Then,

C =C" <= 3 a closed subscheme Z C Y5 x C"
such that U =2 Oz in Coh(Ys x C")
< ¢: 29 Xy, Z1 — Yo x C" is a closed immersion
= ¢ is injective on the C-valued points.

If we denote by ch/N the fixed locus of the action of G/N into Y7, we obtain
the following sufficient condition for Yo and G-Hilb(C™) being nonisomorphic as
moduli spaces.

LEMMA 7.2
Frh0) YN then C#C'.

Proof

Assume v, g(y) € 77 *(0) C Y are two distinct points for some g € G/N. Then
there exists a (G/N)-cluster W € Y5 such that y, g(y) € Supp(W). Then (W,y),
(W, g(y)) € 22 and (y,0), (9(y),0) € Z1, which implies that (W, y,0), (W, g(y),0) €
Z5 Xy, Z1 are two distinct points. But then ¢(W,y,0) = &(W, g(y),0) = (W,0),
so ¢ is not injective. |

As the following theorem shows, in dimensions 2 and 3 the cases when G/N-
Hilb(N-Hilb) and G-Hilb coincide as moduli spaces are very few.

THEOREM 7.3
(i) Let G C GL(2,C) be a finite small subgroup, and let N # G,{1} be a
normal subgroup in G. Then

C=C" < G= 1

1
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(ii) Let G C SL(3,C) be a finite subgroup, and let N # G,{1} be a normal
subgroup in G. Then,

1 1
C=C'+=G=(1,1.2r=2) and N=_(1,1,0).

2r
Proof

We begin by proving (ii). Recall that if N C G C SL(3,C), then dimYlG/N <1.
Therefore if C' = C’, then by Lemma 7.2 we must have dim(r; *(0)) < 1. More-
over, since the 771(0) is connected it must consist of a single curve. Indeed, if
we have more than one curve in 771(0) fixed by G/N, then at any intersection
point of two curves a 2-dimensional subspace of the tangent space is fixed; thus
dim Y1G/ NS 1, a contradiction. Especially, the Grothendieck group of coherent
sheaves on Y; whose supports are contained in 771(0) is of rank two.

Therefore N 27 /27 as in [IN], and we can suppose it to be isomorphic to
%(1,1,0). Then N-Hilb(C?) = U; U Uy where Uy & Ci2,z,gv Uy = (CZQ%%, and
7710) = E = P! with coordinates x : y. After extending the action of G/N on
Clz,y, 2]N naturally into C(z,y,2)", we have that G/N fixes E if g(5) =3 for
all g € G/N. In other words, g as an element of G can be written in the form

0

(8 € (52) with a,b € C and ¢ a primitive nth root of unity. But the group N
00e™™

is normal in G, so g must commute with any element in N. This implies that

a=b=0, and since G contains %(1, 1,0) as a subgroup, n has to be an even
number. Thus G = 2=(1,1,2r — 2) for some r > 1.

Conversely, if the group is of the form G = %(1, 1,2r—2) and N & %(1, 1,0),
then by the construction of G-constellations in the Abelian case of Section 4,
we see that the elements w, for 7 € Irr(G/N) are not Laurent monomials. More
precisely, for Uy we have w,, =1, w,, = 22 and for Us we have wry =1, Wy = y2,
so there are no Laurent monomials in the G-constellations Z of G/N-Hilb(N-
Hilb(C?)). This means that they are precisely the G-graphs of G-Hilb(C?); thus
the chambers are the same.

The proof of (i) follows the same argument. If C'= C”, then by Lemma 7.2
we have 771(0) C Y1G/N. Since 771(0) is a chain of rational curves, then
dim(Ylg/ Ny =1, which in particular implies that G/N is not small. As in the
proof of (ii) we have that 771(0) must consists of a single rational curve; thus we
may assume N to be isomorphic 1(1,1) for some s > 2. The exceptional divisor
E =P in Y] has coordinates (z :y), and it is invariant under G/N. As before, it
follows that any g € G/N has to be of the form 1(1,1) for some n > 2, and since
N is a subgroup, we have n =rs for some r > 2.

Conversely if G = -1(1,1) and N = 1(1,1), the action of G/N in the two
affine pieces of Y7 is of type 1/rs(s,0), which is not as small as expected. (In other
words, Y1/(G/N) =Y is nonsingular.) In terms of G-constellations Y; has two
building blocks T'y = {1,...,2°7 '} and 'y = {1,...,y*" !}, and after the action of
G/N we obtain the G-constellations Z; = {1,...,2" 1} and Z, = {1,...,y"*" 1},
so the chambers coincide. 0
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As an immediate consequence, for any finite subgroup G C SL(2,C) they are
never the same moduli space.

COROLLARY 7.4
Let G C SL(2,C) be a finite subgroup. Then C # C".

Proof
If G is in SL(2,C), then rs = 2; thus either r =1 or s =1, which contradicts
N # G, {1}, and we are done. O

7.2. As varieties
In this section we treat the problem of when G-Hilb and G/N-Hilb(/N-Hilb) are
isomorphic as algebraic varieties. We start with the dimension 2 case.

7.2.1. G/N-Hilb(N-Hilb(C2))
Let G be a finite subgroup of SL(2,C). It is well known that the minimal res-
olution of C?/@G is unique. Therefore, since both G-Hilb(C?) and G/N-Hilb(N-
Hilb(C?)) are minimal they are isomorphic.

Now let G be a finite small subgroup of GL(2,C), and take N = GNSL(2,C).
In this particular case we have the following result, which proves Theorem 1.6(iii).

PROPOSITION 7.5

Let G C GL(2,C) be a finite non-Abelian subgroup such that G € SL(2,C), and
let N =GNSL(2,C). Then G/N-Hilb(N-Hilb(C?)) is not a minimal resolution
of C?/G.

Proof

In this proof, we use the notation Y; = N-Hilb(C?), X5 =Y;/(G/N), and Ys =
G/N-Hilb(Y7). Then 7 : Y3 — C?/N is a crepant resolution, and Y3 is the min-
imal resolution of X5. Let {E;} = {Ey, E1,...} be the exceptional curves on Y.
Since G is non-Abelian, we may assume that Ej intersects three other exceptional
curves, F1, Fs, and E3. We denote by E; the images of F; in X, and by i’ the
G /N-orbit of i. Since Y] is a crepant resolution, we have Ky, = 0. Therefore, if e;
denotes the ramification index of 7, along Ej;, we have Kx, = -, (1 — ei)El
Now since the action of G/N fixes every point on Ey, we see ey = |G/N| and
e1 = ey = e3 = 1. The canonical bundle of Y5 is written

Ky2 = —Z(l — 3)1771—1—2%@
i’ v J

where E; is the proper transform of E; and {F;} are the exceptional curves of
To with discrepancies a;. Since —1 < a; <0, it follows that

~ 1
KY2'E1:*<1*5)+ Z a; <0,
F;NE1#0

which shows that Ky, is not nef. O
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€1

(a)

€ e3 €

(b)

Figure 21. Types of regular triangles: (a) corner triangle and (b) meeting of champions

7.2.2. Finite Abelian subgroups in SL(3,C)

In this section we assume that G C SL(3,C) is a finite Abelian subgroup. We
use the same notation as in Section 4. We start by recalling the properties of
the triangulation of the junior simplex A constructed by Craw and Reid in [CR]
corresponding to G-Hilb(C?) that we need. By abusing the notation, in what
follows we identify G-Hilb(C?) with its corresponding triangulation of A given
by [CR].

A regular triangle of side r in A is a lattice triangle with r + 1 points on
each edge. In G-Hilb(C?) every regular triangle of side 7 is triangulated with the
reqular tesselation, which is done by drawing r — 1 parallel lines to the sides of
the regular triangle, obtaining 72 regular triangles of side 1. There are only two
types of regular triangles appearing in G-Hilb(C?), namely, the corner triangle
and the meeting of champions, both shown in Figure 21.

In particular, the sides of a regular triangle always extend to one of the
vertices e;. From the construction we can deduce the following properties that
we use repeatedly in the rest of the section.

PROPOSITION 7.6
Consider the triangulation of A corresponding to G-Hilb(C3). Then, we have the
following.

(i) Any line contained in A either passes through one of the vertices e; for
1=1,2,3 or is contained in a regular triangle.
(ii) The valency of a vertex v in A is either 3, 4, 5, or 6.

Proof

Part (i) follows from the construction of the triangulation of A, and part (ii)
forms [CR, Corollary 1.4]. O
THEOREM 7.7

Let G be a finite nonsimple Abelian subgroup of SL(3,C), and let N be a normal
subgroup of G, with N # G,{1}. Then
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(1) G/N—Hilb(N—Hilb((CB)) =~ G-Hilb(C?)
as algebraic varieties if and only if we are in one of the following situations:

(1) G/N = Z/mZ x Z/mZ for some m > 1;

(2) G=1(1,1,r—2) or G= 1(1,r—1,0); that is, C*/G has a unique crepant
resolution;

(3) G=5-(1,a,—a—1) with (2r,a) =1, a* =1 (mod 4r), and N = 3(1,1,0);

(4) there is a subgroup G' C G containing N such that (G', N) fits into either
(2) or (3) and G/G' 2 Z/mZ x Z/mZ for some m > 1.

The proof of the theorem is deduced from Lemmas 7.8-7.12. The first lemma
shows the biggest family of Abelian groups for which we have an isomorphism
of varieties and constitutes case (1) in Theorem 7.7. The rest of the cases are in
some sense sporadic modulo case (4).

LEMMA 7.8
If G/N 2 Z/mZ x Z/mZ, then G/N-Hilb(N-Hilb(C?)) = G-Hilb(C?) as vari-
eties.

Proof
Assume G/N 2 Z/mZ x Z/mZ. Let L > L' D Z? be the toric lattices for C*/G
and C3/N, respectively. Then the assumption implies L/L' = Z/mZ x Z/mZ.
Since L and L’ are generated by elements on the junior simplex, we have decom-
positions L = Ly ®Ze; and L' = Ly ® Ze,, where Lo = LNR% and Ly = L' NR3.
Then we have Ly/Lj 2 Z/mZ x Z/mZ for the two-dimensional lattices Ly D
L{, which implies Lo = (1/m)L{. So the Newton polygon for G at e; is 1/m
times that for G’; thus the triangulations are the same by [CR]. O

The following lemma justifies case (4) in Theorem 7.7 and allows us to obtain
isomorphism as varieties between Y2 and G-Hilb(C?) by combining cases (1), (2),
and (3).

LEMMA 7.9

Suppose that there exists a surjection ¢ : G/N — Z/mZ x Z/mZ for some m > 1,
and let G' be the pullback of Ker(¢p) to G. Then equation (1) holds for the pair
(G, N) if and only if it holds for (G',N).

Proof
If there exists a sequence of normal subgroups G> G’ > N and G/G' = Z/mZ x
Z/mZ, then we can construct G//N-Hilb(N-Hilb(C?)) in three steps:

G/G'-Hilb(G' /N-Hilb(N-Hilb(C?))),

so by Lemma 7.8 we can take G’ instead of G. ]
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Therefore from now on we assume that no such surjection exists, which means
that G/N is cyclic.

LEMMA 7.10
If G/N-Hilb(N-Hilb(C3)) = G-Hilb(C?), then there is no regular triangle of side >
2 in N-Hilb(C3).

Proof

Let T be a regular triangle in A of side > 2, where A is triangulated for
N-Hilb(C?). Then T is triangulated by the regular tesselation, and there always
exists a triangle A; C A which does not contain any of the vertices of T. Now
consider the action of G/N on N-Hilb(C?) and the corresponding triangulation
on A;. Since any side of T extends to some vertex e;, by Proposition 7.6(i)
any line of the triangulation for G-Hilb(C?) inside A; must be parallel to some
side of A;. This implies that the action of G/N into A; has to be of the form
Z/mZ x Z/mZ, so that A; is triangulated again with the regular tesselation. But
then G/N 2 7Z/m x Z/mZ, which contradicts our assumption. O

LEMMA 7.11

The triangulation of A corresponding to N-Hilb(C?) contains only reqular trian-
gles of side 1 if and only if N = 1(1,1,r —2), 1(1,r —1,0), or £(1,2,4).

Proof

Notice that there are only regular triangles of side 1 if and only if there exists a
unique crepant resolution of C3/N, namely, N-Hilb(C?). Indeed, if every regular
triangle in the triangulation of A is of side 1, then Proposition 7.6(i) implies
that every line goes to one of the e;’s, and there is no parallelogram in this
triangulation. Therefore, there is no flop from N-Hilb(C3). Conversely, if there
exists a unique crepant resolution there is no parallelogram in the triangulation
of A; in particular, there is no regular triangle of side bigger than 1.

Finally, notice that the Abelian groups for which there exist a unique crepant
resolution are %(1, 1,7 —2), %(l,r —1,0), or %(1, 2,4). This follows from the fact
that either all points are contained in a line or NV = %( 1,2,4); otherwise we would
have 4 points in A with not 3 of them aligned, hence a flop. O

From the three possibilities for N in Lemma 7.11 we can exclude the case
N = %(1,2,4). Indeed, let A = UZ:1 A; be the triangulation corresponding to
N-Hilb(C?). Then, on the regular triangle with vertices %(1, 2,4), %(2,4, 1), and
%(4,1,2) in the middle of A, the next triangulation created by the action of
G/N has to be a regular triangle again (otherwise it would contradict Proposi-
tion 7.6(1)), so we are again in the case of Lemma 7.8.

Now consider the case N 22 1(1,1,r —2). Then every lattice point P; € A
distinct from the vertices e; for ¢ =1,2,3, are on a line L passing through es. If
we consider the triangulation induced by G/N, by Proposition 7.6(i) there are
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€3 €3

er [ e €
Figure 22

no new lines going out any of the points P; unless r = 2 or 3. Therefore, either
G/N = 1(1,1,s — 2), so that every new point is again on the line L and G is of
type %(LLn— 2), or N & %(1,1,1), or N = %(1,1,0), or we are in the case of
Lemma 7.9.

Similarly, if N2 1(1,7 —1,0), then either G/N = 1(1,5 —1,0) for some s|r
or N2 1(1,1,0). In any case, we are either in case (2) of Theorem 7.7 or N has
order 2 or 3.

Let N & %(17 1,1), and let P be the point in the center of the triangulation
A= U?:1 A; of N-Hilb(C?) where the 3 lines L; from the vertices e; meet (i =
1,2,3). Now consider the second triangulation produced by G/N. Because of the
“meeting of champions” only one of the lines L; can be extended, so that the
final valency of P is at most 4.

If the valency is 3, then every A; has a basic triangle around P. Since the
areas of the basic triangles are the same, it follows that the three vectors at P
have the same length, and since two of them form a basis of the two-dimensional
lattice Z3 , we can conclude that G/N = Z/mZ x Z/mZ as in Lemma 7.8. If the
valency is 4, then at least 2 of the A;’s must have a regular triangle around P,
which must be of the same side since they share a generator of the lattice (see
Figure 22).

But then there exists a subgroup G’ = 2-(1,1,3r — 2) such that G/G’ =
Z/mZ x Z/mZ with m > 1. Indeed, let M be the middle point of e; and es.
Then every regular triangle inside the triangle e; PM has e; as a vertex and the
other two vertices lie on the segment PM . Moreover, these regular triangles have
the same area. Then we can see that there is a subgroup G’ = %(1, 1,3r—2)
such that these regular triangles for G are basic triangles for G’. If these regular
triangles are divided into m? basic triangles, then G/G’' 2 Z/mZ x Z/mZ.

In the case N 22 1(1,1,0) we have the following lemma, which gives case (3)
in Theorem 7.7 and finishes the proof.

LEMMA 7.12
Let N = 1(1,1,0) and Ys := G/N-Hilb(N-Hilb(C?)). Then

1
Y, 2 G-Hilb(C?) = G = 2—(1,a, —a—1) witha®>=1 (mod 4r).
r



126 Ishii, Ito, and Nolla de Celis
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el € el €

Figure 23. The two possible regular tesselations around P = %(1,1,0) and the generators vy, va of the
lattice Z2 .

Proof

Let A = A;UA; be the triangulation for N-Hilb(C?), and let P := $(1,1,0) € A.
Suppose that we have the isomorphism as varieties. After the action of G/N on
A, by Proposition 7.6(i) the triangles A; must contain regular triangles around P.
The sides of the regular triangles must pass through some vertex e;, so there are
two possible configurations (see Figure 23).

Notice that any line passing through the point P must go to one of the
vertices e; for i = 1,2,3 (otherwise, the sides of two regular triangles would inter-
sect), and in particular there exists the diagonal line L := e3P. Then the vectors
v1, Vg are sides of a basic triangle; therefore they form a basis of the 2-dimensional
lattice Z%.

This implies that the lattice is symmetric with respect to the diagonal line
L, and in particular the regular triangles around P have the same side. Then
it follows that the continued fraction % at the vertex es has to be symmetric

with respect to the middle entry, and the boundary of the Newton polygon must

2r
2r—a

symmetric. Thus if z'y’ € (Z4)V, then 27y’ € (Z4)V for any i and j. In other
words, we have the condition a? =1 (mod 2r) in order to have such a symmetric
Newton polygon. In addition, the vectors v; and vy being a basis of Z4 imply
that a> =1 (mod 4r), so the groups G we are looking for are precisely G =2
3(1,a,—a— 1) with a*>=1 (mod 2n).

Conversely, if the group is of the form G = %(17 a,—a—1) with a> =1 (mod
4r), then {vy,v2} and {v1, —v2} form a basis of the lattice of A. It follows that the
line L has to be part of the triangulation, and again the distribution of points
along A is symmetric with respect to L, with regular triangles in A; and As
around P. The continued fractions at the vertices e; and ey are the same, and
the one for the vertex es is symmetric with respect to the middle term, so by the
Craw—Reid method the triangulation of G-Hilb(C?) and G//N-Hilb(N-Hilb(C?))
are the same, and the result follows. O

is also

contain a lattice point in L. This implies that the expansion of

EXAMPLE 7.13
In this example we show a group G with two subgroups; with one of them there
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00 01 —Q—E(bl +b2)
0:=| 6y | 03 |= —a+¢eby a
04 95 *a+€b2

Figure 24. Stability condition for Z/3-Hilb(Z/2-Hilb(C?)).

Un|{l,y,9*,v% y*, v}
Uia| {1,9,9%, 9%, 2,92}
Uis| {1,y,2,92,2%,y°}
Uai|{1, 2,22, 2%, 24, 25}
Uso| {1,2,22%, 2%, 2, 22}
Uas|{1,y, 2,22, 2%, x2%}

Figure 25. Fan for Z/3-Hilb(Z/2-Hilb(C?)) and the corresponding G-constellations.

is an isomorphism as moduli spaces (hence as varieties) between G-Hilb(C?) and
G/N-Hilb(Y7) and with the other an isomorphism as varieties but in a different
chamber. The stability condition is shown in Figure 24.

Let G = %(1, 1,4). By taking N = %(17 1,0), let Y7 := N-Hilb(C?). Then we
have an isomorphism G-Hilb(C?) = G /N-Hilb(Y;) as moduli spaces of represen-
tations of the McKay quiver.

The crepant resolution Y7 is covered by U; & C227z7m /y and U, = C3
and 7, 1(O) consists of the single P! joining the two toric fixed points with coor-
dinates (z :y). In every open set the action of G/N is isomorphic to 3(1,2,0),
and we have that 7, 1(0) = Y1G/ N The corresponding G-constellations are shown
in Figure 25. The chamber C for G-Hilb(C?) is given by the inequalities

z2,z,y/x’

93>0, 05 > 0, 92+93>0, 04+ 05 >0,
01+ 63+05 >0, 0y <0, 0o+ 04 <0.

For G/N-Hilb(N-Hilb(C?)), according to Definition 2.4 the stability is given
in Figure 24 where a,b € Q and 0 < ¢ < 1, which is contained in C'.

Now take N = (1,1,1). Then we have that G-Hilb(C?) = G/N-Hilb(N-
Hilb(C?)) are isomorphic as varieties but in different chambers. In this case
N-Hilb(C?) has 3 open sets

3 3
Vi=Cs: s, Vo= (st =, Vs=Cy o s,

V:‘\N
V:‘\H

and G/N = %(17170) in every open set. Then we obtain the distinguished G-
constellations shown below. In this case the stability condition is given in Fig-
ure 26, where in particular we have #3 < 0, so the chamber is different than C.

7.2.3. Some non-Abelian subgroups of SL(3,C)

In this section we present some non-Abelian subgroups G C SL(3,C) for which
G/N-Hilb(N-Hilb(C?)) and G-Hilb(C?) are nonisomorphic, proving Theorem
1.7(ii).
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60 01 92 —Q1 — ag — eb aq as

03 94 95 —a1 — a2 + cb a1 as

Figure 26. Stability condition for Z/2-Hilb(Z/3-Hilb(C?)).

Virl{Ly. %y vt y°)
V12 {Ly,yQ:iZ:yZ}
‘/21 {17167.’132,13,£E47(135}
‘/22 {171"1'27%72;71‘2}
‘/31 {1,2’722,%71’,1’2}

V32 {1»27227%7%:%2}

Figure 27. Fan for Z/2-Hilb(Z/3-Hilb(C?)) and the corresponding G-constellations.

By the calculations presented in Section 6 we know that if G C SO(3) is
of type Ds, or Gi2 and N is the maximal Abelian subgroup of G, then the
fibre over 0 € C3/G is different in both spaces. Therefore we conclude that
G /N-Hilb(N-Hilb(C?)) is not isomorphic to G-Hilb(C?).

Now consider G C GL(2,C) to be a small non-Abelian subgroup, and let
N =GNSL(2,C). Then we can embed G into SL(3,C) to form a non-Abelian
intransitive subgroup (cf. type B in [YY]), and we obtain the following result as
a consequence of Proposition 7.5.

COROLLARY 7.14
If G C SL(3,C) is a non-Abelian small intransitive subgroup and N = G N
SL(2,C), then G/N -Hilb(N-Hilb(C?)) is not isomorphic to G-Hilb(C3).

Proof

Both sides are crepant resolutions of C3/G, and the proper transforms of C2/G C
C3/G to them are G/N-Hilb(N-Hilb(C?)) and G-Hilb(C?), respectively. The
former is not a minimal resolution by Proposition 7.5, but the latter is minimal.
This implies that the two crepant resolutions are different. O
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