Gabor families in [2(Z9)

Qiao-Fang Lian and Yun-Zhang Li

Abstract This paper addresses Gabor families in 12(Z®). The discrete Gabor families
have interested many researchers due to their good potential for digital signal process-
ing. Gabor analysis in 12(Z) is more complicated than that in i?(Z) since the geometry
of the lattices generated by time-frequency translation matrices can be quite complex in
this case. In this paper, we characterize window functions such that they correspond to
complete Gabor families (Gabor frames) in 12 (Z¢); obtain a necessary and sufficient con-
dition on time-frequency translation for the existence of complete Gabor families (Gabor
frames, Gabor Riesz bases) in 12(Z®); characterize duals with Gabor structure for Gabor
frames; derive an explicit expression of the canonical dual for a Gabor frame; and prove
its norm minimality among all Gabor duals.

1. Introduction

To begin, we introduce some notions and notation. Let H be a separable Hilbert
space. An at most countable sequence {g, }nez in H is called a frame for H if
there exist 0 < C' < D < oo such that

(1.1) CIAZ <D I(f.9n)* < DIIFIP
nezl

for f € H, where C, D are called frame bounds. In particular, it is called a tight
frame (normalized tight frame) for Hif C =D (C'= D =1) in (1.1). The sequence
{gn}nez is called a Bessel sequence in H if the right-hand side inequality in (1.1)
holds, where D is called its Bessel bound. A frame for H is called a Riesz basis
for H if it ceases to be a frame whenever an arbitrary element is removed. Let
{gn}nez be a frame for H. A sequence {hy}nez in H is called a dual frame of
{gn}nez if it is a frame for H, and f =3 _(f,hn)gn for f € H. It is easy to
check that {g,}nez is also a dual frame of {h,, },cz in this case, so we say that
{hn}nez and {gn}nez are dual frames for H.
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We always denote by I the identity operator. Let {g, }ner and {h,}nez be
Bessel sequences in H. Define the operator S, 4 : H — H by

(1.2) Shgf =D (f:ln)gn
ne’l

for f € H. Then S, 4 is a bounded operator on H. By definition {A,}nez and
{gn}nez are dual frames for H if and only if S, ;, = I. In particular, if g, = h,, and
{gn}nez is a frame for H with frame bounds C and D, then S, 4 is also invertible
and {S; [ gn}nez is a frame for H with frame bounds D! and C~!, which is a
dual of {gn}nez (called the canonical dual). The fundamentals of frames can be
found in [2], [7], [34].

Let Z denote the set of integers, and let N be the set of positive integers. For
L € N, we write

Np:={0,1,...,L—1}.
Given d € N, we denote by e; with i € N; the vectors in C¢,
(1.3) e; =(0,0,...,1,0,...,0)",

with the ith component being 1 and the others being zero, by T¢ the set [0,1)¢,
by GL(R?%) and GL(Z?) the set of d x d invertible real matrices and the set
of d x d invertible integer matrices, respectively, by [?(Z?) the Hilbert space of
square-summable sequences on Z¢, and by 1?(Z) the closed subspace of 12(Z%),

P(I):={f:fel®(Z%), f(j)=0for j ¢TI},

for a nonempty set Z in Z?, which is obviously a Hilbert space. For Q € GL(Z),
a set £ is called a full set of Z?/QZ if it is a set of representatives of distinct
cosets in Z4/QZ<. Such an € has many different choices for a given Q € GL(Z?).
It is easy to see that £ can be given by & = (QT?) NZ% as an example. For
a Lebesgue measurable set £ in RY, we denote by |E| its Lebesgue measure,
by L*°(FE) the Banach space of all essentially bounded measurable functions
with essential supremum norm, by x, the characteristic function of E, and by
E + 2 the set E + 9= {2 +x0:x € E} for an arbitrary zo € R%. Similarly,
if £ is a subset in Z¢, we also denote by ¥, the characteristic function of E.
Let A, B € GL(RY), and let N, M € GL(Z%). The continuous Gabor family, also
known as the Weyl-Heisenberg family, generated by a function g in L?(R?) is the
following family of functions in L?(R?):

(1.4) G(g, A, B) := {2 Bm) (. — An) :m,n € Z4}.

Similarly, the discrete Gabor family (or Weyl-Heisenberg family) generated by a
function g in [2(Z?) is the following family of functions in [2(Z%):

(1.5) G(g, N, M) :={Ep-1,Tnng:m e (MTHNZ n ez},

where Fp;-1,, and Tx,, denote the modulation operator and translation operator,
respectively,

Byt f(-) i= 2 MM £y Ty () = f(- — Na),
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for f €12(Z%). For g, h € 1?>(Z%) with G(g,N,M) and G(h, N, M) both being
Bessel sequences in [?(Z?), the operator Sy, defined as in (1.2) can be written
as

(1.6) Shgf = Z Z (fs Ext-1mTnnh) Enp-1mTnng

n€Z* me(MT4)NZe
for f €1?(Z%). When Sy, =1 on 12(Z%), h is called a Gabor dual of g. When
G(g,N, M) is a frame for I2(Z%), we usually call S, 49 the canonical Gabor dual
of g since

S;;EMflmTNng = EM*lmTNnngég

for m € (MT?) NZ% and n € Z4.

The continuous Gabor families were introduced by Gabor in [12] and have
been extensively studied (especially for the case d = 1). We refer readers to [8], [9],
[13], [14], [17], [21], [27], [28] for details. Under certain conditions, there is a way
to obtain discrete Gabor frames via Gabor frames for L?(R) through sampling
(see [19], [25], [31]). One can also consider Gabor frames in [?(Z) without referring
to frames in L?(R). The general theory of discrete Gabor analysis is somewhat
similar to the continuous case. However, its transference to the discrete case is
not all direct or trivial, and sometimes major differences occur. In 1989, Heil [18]
showed that while Gabor frames in the continuous case are bases only if they
are generated by functions that are not smooth or have poor decay, it is possible
in the discrete case to construct Gabor frames that are bases and are generated
by sequences with good decay. The sampled Gaussian provides an example of
such a signal. In recent years, the discrete Gabor families have interested many
researchers due to their good potential for digital signal processing (for details see
(1], [4], [5], [18]-]20], [22]-[25], [31], [33] and the references therein). Interestingly,
to our knowledge, all these results are concentrated on one-dimensional periodic
sequences or [(Z) instead of general [?(Z%). This paper addresses Gabor analysis
in 12(Z%) with d being an arbitrarily fixed positive integer.

The density problem is an important one in Gabor analysis; that is, under
what conditions on A and B in (1.4) (N and M in (1.5)) we can find a func-
tion g € L2(R?) (g € 12(Z%)) such that the Gabor family G(g, A, B) in (1.4)
(G(g,N,M) in (1.5)) is an orthonormal basis (a frame, complete) for L%(R?)
(12(Z%)). For G(g, A, B) with d =1, it is easy to check that g = \/|I?|X[O7‘A‘) is
such that G(g, A, B) is a tight frame (an orthonormal basis) for L?(R) if |[AB| < 1
(if |AB| =1); and conversely, Rieffel [29] proved that |[AB| <1 if G(g,A,B) is
complete in L?(R) for some g € L3(R). For G(g, A, B) with d > 1, an analogous
necessary condition was established by Ramanathan and Steger in [26], Ron and
Shen in [30], and Christensen, Deng, and Heil in [3], where they proved that
|det(AB)| =1 (|det(AB)| < 1) if there exists g € L?(R?) such that G(g, A, B) is
an orthonormal basis (a frame) for L?(R?). In particular, Gabardo and Han in
[11] and [10] proved this result by a simple and general approach to the incom-
pleteness property for arbitrary grouplike unitary systems. The converse had
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not been resolved until Han and Wang [16] proved the following proposition by
studying a problem concerning lattice tiling in R,

PROPOSITION 1.1 ([16, THEOREM 3.3])
For A, B € GL(R?), the following are equivalent.

(i)  There exists g € L*(R?) such that G(g, A, B) is a normalized tight frame
for L2(R9).

(ii) There exists g € L*(RY) such that G(g, A, B) is complete in L*(R?).

(iii) We have |det(AB)| < 1.

Let us turn to the discrete Gabor family G(g, N, M) in (1.5). When d =1, the
density problem has been completely answered. As a consequence of [20, Sec-
tion 1.6.5], we have |N| < |M| if there exists g € [2(Z) such that G(g, N, M) is a
frame for 1?(Z). As a special case of [22, Theorems 4.3, 4.4, 5.2, 5.3], we have the
following propositions.

PROPOSITION 1.2
For N, M € Z\{0}, the following are equivalent.

(i)  There exists g € I?(Z) such that G(g, N, M) is a normalized tight frame
for 1(Z).

(ii) There exists g € I>(Z) such that G(g, N, M) is complete in 1*(Z).

(iii) We have |N| < |M]|.

PROPOSITION 1.3
Given N, M € Z\{0}, let G(g, N, M) be a frame for 1>(Z). Then G(g,N,M) is a
Riesz basis for 12(Z) if and only if |[N| = |M]|.

PROPOSITION 1.4
For N, M € Z\{0}, there exists g € I>(Z) such that G(g,N, M) is a Riesz basis
for 12(Z) if and only if |N| = |M]|.

When d > 1, the density problem of G(g, N, M) is much more complicated since
the geometry of the lattices NZ¢ and M ~'Z? can be quite complex. The main
goal of this paper is to study the density problem of G(g, N,M) and related
problems.

In Section 2, for given N, M € GL(Z?) we characterize g with G(g, N, M)
complete in 12(Z%). In Section 3, we characterize N, M € GL(Z?) for the exis-
tence of complete Gabor families (Gabor frames, Gabor Riesz bases) of the form
G(g,N, M) in [2(Z%). In Section 4, we obtain a characterization of Gabor frames
and their Gabor duals, give a formula about the frame bounds of tight Gabor
frames, derive an explicit expression of the canonical dual for a Gabor frame,
and prove its norm minimality among all Gabor duals.
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2. Completeness of G(g, N, M) in[?(Z%)

Let N, M € GL(Z%). This section is devoted to the characterization of g such
that G(g, N, M) in (1.5) is complete in [2(Z?). In order to state our result, we
first introduce a matrix-valued function related to G(g, N, M).

For a complex matrix P, let P! be its transpose, and let P* be its conjugate
transpose. For f € [2(Z%), define its Fourier transform by

(2.1) F©):= 3 f(G)e?m09
Jjez?
for ae € € RY. We associate G(g, N, M) with a |det N| x |det M| matrix-valued
function G(-) defined by
(2.2)
(G©)=0(E~ M~'m—(NY"'k), ke(N'THNZ%me (MT?) Nz

for ae ¢ € R%. Herein the order of rows and columns of G(-) can be arbitrar-
ily chosen for our convenience since only the rank of G(-) and the spectrum of
G(-)G*(-) are involved in the paper, which are not changed under row or col-
umn permutations to G(-). Similarly, we associate a Gabor family G(h, N, M)
generated by an arbitrary h € [2(Z9) with H(-). For a vector-valued function
F(-) = (Fr (")) ke(nt1aynze, the order of columns of G*(-) is required to adapt to
the order of components of F(-) when we compute the vector G*(-)F(-); that is,
its mth component is

G OFO),= D 90— M Tm— (N) k) Fil)

ke(NtT4)NzZd

for m € (MT%) N Z%. The following theorem provides us with a characterization
of the completeness of G(g, N, M) in 3(Z).

THEOREM 2.1
For N, M € GL(Z%) and g € 1*(Z%), G(g, N, M) is complete in I1>(Z%) if and only
if rank(G(-)) = | det N| ae on (N*)™1T9, where G(-) is defined as in (2.2).

To prove Theorem 2.1, we need some more notation and lemmas, which are
also used in the following sections. Without specification, relations between two
measurable sets in R?, such as equality, disjointness, or inclusion, are always
understood up to a set of measure zero.

DEFINITION 2.1
Let Q € GL(R?). For a measurable set 2 in R, we say  tiles R by QZ4 if

(i) Upeza(Q+Q0) =R
(i) (Q+QO)N(Q+ QL) =0 for any £ # ¢ in Z°.

One says that Q packs R? by QZ? if only the condition (ii) holds.
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DEFINITION 2.2

For a measurable set S in RY, a collection {S;:i € I} of at most countably
measurable sets is called a partition of S if S=J,.;S; and S; NS =0 for any
i4i in .

i€l

DEFINITION 2.3

Let Q € GL(RY). For two measurable sets S and S in R, we say that S and S are
Q7Z%-congruent if there exists a partition {S : k € Z%} of S such that {Sy, + Qk :
k € Z} is a partition of S. Similarly, for Q1, Q2 € GL(R%), S and S are said to
be Q1Z% + Q2Z%-congruent if there exists a partition {Sk: (k,¢) € Z? x Z} of
S such that {Sg¢ + Q1k + Qal: (k,0) € Z x 7} is a partition of S.

To better understand the congruence between two sets, we see a simple example.
Consider two sets [0, 1] and [1,3/2)U[7/2,4]. Take S; =[0,1/2), S5 =[1/2,1], and
Sp=0for ke Z\{1,3}. Then S1+1=11,3/2), S3+3=[7/2,4], and S+ k=10
for k€ Z\ {1,3}. So {Sk: k € Z} is a partition of [0,1], and {Sx +k:k €Z} is
a partition of [1,3/2) U [7/2,4] by Definition 2.2. Therefore, [0,1] and [1,3/2) U
[7/2,4] are Z-congruent by Definition 2.3.

It is obvious that € tiles R? by QZ? if and only if {Q+Q¢: ¢ € Z} is a
partition of R%. Observing that QT tiles R? by QZ?, we also have that Q tiles
R? by QZ% if and only if Q and QT? are QZ?-congruent.

LEMMA 2.1
Given N, M € GL(Z%), let T¢ N (NY)71Z¢ Cc T¢ N M~1Z%. Then there exist
finitely many g, €1,...,60—1 in T¢N M2 with eg =0 and mutually disjoint

subsets Qo, Q1,...,Q_1 of T*NM~1Z% such that

T'nM~'z¢= ] Q,
LeENL

and each Q0 is Z-congruent to (TN (N*)~1Z%) + ¢.

Proof

Write Q =TI (N*)~1Z% and Q = T¢NM~1Z%. Let Qo = Q and g = 0. If Q = Q,
the lemma holds. If Qo & €, we choose an arbitrary ; € Q\Qo. Then, to each
ne Q) there corresponds a unique kpe, € 74 such that n +e; + kpe, € T<. Since
neQc O and g €Q, both My and Me; are in MT%NZ%, which implies that
M(n+¢1) € Z4. Observe that Mk, ., € Z¢ due to the fact that M € GL(Z%) and
kye, € Z%. Tt follows that M(n+ &1 + kyc,) € Z%; equivalently, n+ 1 + ky e, €
M~'7Z%. Also observing that &1 ¢ (N*)7'Z%, we have n+e1 + kye, € 2\ Q.
For n# 7 in Q, (04 e1 + kye,) — (1 + €1+ kie, ) ¢ Z% since 1, 7 € T¢. Define
Q:={n+e1+kye :n€Q}. Then Q C Q\ Qp, and Q; is Z-congruent to
Q+e. UfQ=QoU 1, the lemma follows. If Qo UQ; & Q, we choose an arbitrary
g9 € O\(QUQy). Then, to each 1 € Q there corresponds a unique ky.e, € Z% such
that n + e + kyc, € T Define Qo := {1 + 2 + k, o, : 7 € Q}. Similarly, we have
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Qe CQ\ (QUQ), and Q, is Z%congruent to Q+ 5. If Q= Qo UQ; UQy, the
lemma follows. If Qo UQ; Uy g ), we can obtain {23 similarly. Since ) is a finite
set, there exists L € N such that this procedure stops when we obtain 27,_1. This
finishes the proof. O

LEMMA 2.2
Let Q € GL(Z%). Then T? and

A= J @'T-Q7'k
ke(QTe)NZ

are Z-congruent, and the union here is a disjoint union.

Proof
For k # k' in (QT?) NZ4, since (T? — k) N (T4 — k') =), we have
Q7' = Q') N(Q'T!— Q~'K) = Q@ [(T? — k) N(T* ~ k)] = 0.
This implies that Uke(Q'ﬂ‘d)ﬂZd(Q_le — Q7 k) is a disjoint union, and thus,
A= > T - k= Y leT'TY =1
ke(QTe)nzd ke(QT)Nnzd

Let K={ke€Z: (A—k)NT?#0}. Then K is a finite set since both A and T?
are bounded sets. Define

o . [A-BnT! ifkek,
SV itk ¢K,
for k € Z<. Observe that {T? + k : k € Z4} is a partition of R? and that Sy +k =

AN (T4 +k) for k € Z4. Tt follows that {Sy. + k: k € Z¢} forms a partition of A,
and thus

(2.3) ISkl =Y ISk + k[ =]A]=1.

kezd kezd

Next we prove that {S : k € Z?} is a partition of T¢. By (2.3) and the definition
of S, we only need to prove that S NSy = for k # k' in K. For such k and %',
since (QT4)NZ? is a full set of Z?/QZ, we have k + Qk # k' + QK’, and thus

(T -k — Qk)N (T4 — k" — QK') =0
for k, k' € (QT%) N Z%. Tt follows that
Q' —Q 'k —k)N(Q T = QK — k) =10
for k, k' € (QT NZ% So (A —k)N (A —k') =0 by the definition of A, which
implies that S, NSy = 0. The proof is completed. O

EXAMPLE 2.1
Let @ =(43) in Lemma 2.2. Then (QT?)NZ%*={(0,0)'}, Q7' = (3> 2,), and

A:{(amy)t€R2:O§3x+2y<1,0§4x+3y<1}.
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Under the notation of Lemma 2.2, we have
K={(-2,2)",(-2,1)",(-1,1)",(=1,0)",(0,0)", (0, —1)",

(0.-2)", (1, -2)",(1,-3)". (2.-8)", (2. ~4)'}.
and {Sy : k € Z?} has the following form:

S22y = {(@,y) €R?:

S—2,1yt = {(z»y)t €R?:

S(—l,l)t = {(x,y)

U {(x,y)t €R?

1
3

1
teR%0§x<——Z%

2

2 <zr<
- = X
39_

1 3 1
S(o,())t:{(x,y)t€R2:0§x<Z—Zy’0§y§§ 7

5(07_1)t

S(0,~2)

S(1’72)t

1
U{(m,y)t€R2:§——y<x

5
Sa, sy = { (@) €R?: 2

{(m y)
{(x,y)t eR?: %
{(w y)

3

t 2
cR”: -
4

2
t€R2:0§w<§(1—y),

4

S2,—3)t = {(x,y)t €R?:0
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3 T T T T T T T T
Yy
S(_z, ;
2+ _
+
S
(+ W S(?.—4)' 5(1 -3)"
Lr \ \{ ? NS N
(2,-3) \\ \\\\\\S -2)"
S Nt NN Y
SN *1’\2’\9\(1,1‘% T Sy
AR SN N
NN NN
0 S
S(J(;())‘ = S(O,O)' S(—l 1)t S(—2,2)t T
+
0,-\
_17 -
+
S<017 ;
A -
- t
_27 -
+
( N\t
SS=5+k .
_3, -
¢
)

_4 1 1 1 1 1 1 1 1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

Figure 1. {Sy, : k € Z*} is a partition of T?, and {S;: = Sk +k: k €Z?} is a partition of A

By the proof of Lemma 2.2, {S}, : k € Z2} is a partition of T2, and {S," =S}, +k:
k € Z?} is a partition of A (see also Figure 1). Therefore, T? and A are Z>-
congruent.

LEMMA 2.3
Let N, M € GL(Z%), and let g € [2(Z%). Define G(-) as in (2.2). Then
U Bamng) = O [ (G OFE), 0 e
(Nt)=1Td

for f€l?(Z%), me (MT) NZ, and n € Z¢, where F(-) = (f( — (NH)=1 x

k))ke(NtTd)mZd'
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Proof
A simple computation shows that

(24)  (BainTnng)(§) = 2T TN gm0 4(c - A~ )
for m € (MT?) NZ%, neZ? and ac & € T?. It follows that

i - FrENATE A f—1o0) 02T (Nn
(25)  {fsBarminTheng) = 2T | (O9(E = M Tm)et NS d

for m € (MT?) NZ% and n € Z%. Letting Q = N* in Lemma 2.2, we have T and
(2.6) A= ) ()T (NY)TE)
kE(NTd)NZ4

are Z%congruent, and the union here is a disjoint union. So, by Definition 2.3,
there exists a partition {A, : £ € Z} of A such that {A,+£: £ € Z4} is a partition
of T It follows that T% ={J,cz4(A¢ + €), where the union is a disjoint union.
Also observing that the integrand in (2.5) is Z%-periodic, we have

FOE =TT o) gg = 3~ / FOTtE =TT o) gg
B pega’ Aett

(2.7) Z 9(& = M~—Tm)e2™ N8 g¢

ezl
/ F(€)5E — M Tm)e?mi N9 g,

where we use the fact that A is a disjoint union of Ay, ¢ € Z%, in the last equality.
Since the union in (2.6) is a disjoint one, we arrive at

/f é— M- 1m) 2771<Nn,£>d£

) Z /(Nf) 1Td—(N*) kf(é)mezmmn@dg

ke(NtT4)NZa

B F(&=(ND)'k)§(€ = M~tm — (N*)~1k) TN,
ke(NtZTd)mZd /(Nt) iTd

This, together with (2.7) and (2.5), leads to

<f7 EMflmTNng>
_ e—27ri<M71m,Nn>

" /mlw( S e (V) TR)GE - MTm— (N TR))

ke(NtT4)NZd

% 627Ti<Nn’§>d£
_ e—27ri<M71m,Nn>/ (G*(f)}—(g))m€2m<Nm§)d§
(Nt)-1Td

for m € (MT?) NZ? and n € Z?. The proof is completed. ]
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Proof of Theorem 2.1
By Lemma 2.3, G(g, N, M) is complete in 12(Z%) if and only if f = 0 is the unique
solution to the equation about f € [2(Z):

(2.8) G*()F()=0ae on (N)~'T%

where F () := (f( — (Nt)ilk))ke(N‘Td)ﬁZd'

For sufficiency, suppose that rank(G(-)) = |det N| ae on (N*)~'T%, and sup-
pose that f € [?(Z?) satisfies the equation (2.8). Then F(-) =0 ae on (N')~1T9,
which together with Lemma 2.2 implies that f(-) =0 ae on T%. It follows that
f=0, and thus G(g, N, M) is complete in [?(Z%).

For necessity, we argue by contradiction. Suppose that G(g, N, M) is complete
in [2(Z%), and suppose that rank(G(-)) < |det N| on E for some measurable set
E C (N*)~'T? with |E| > 0. Then ker(G*(&)) # {0} for £ € E. Define

P()i= lim e G050,
Then P(-) is measurable and the orthogonal projection onto the kernel of G*(+)
by an easy application of the spectral theorem for self-adjoint matrices (see also
[6, p. 978]). Therefore there exist an i € Njqe¢ ;) and a measurable set ECE
with |E| > 0 such that P(€)e; # 0 for & € E, where e; is defined as in (1.3) with
d replaced by |det N|. Define f € [2(Z%) via its Fourier transform by

P(-)e; on E,

0 otherwise,

(= (N e ooy = {

aeon (N*)7!T<. Then f is well defined by Lemma 2.2, and f is a nonzero solution
0 (2.8). This is in contradiction to the first paragraph of the proof. The proof is
completed. O

3. Density results

In this section, we characterize N, M € GL(Z?) for the existence of complete
Gabor families (Gabor frames, Gabor Riesz bases) of the form G(g, N, M) in
12(Z%). We first introduce some definitions and lemmas.

DEFINITION 3.1
Let Q € GL(RY), and let e;, i € Ny, be as in (1.3). Given z € RY, the vector
(wg,...,24-1)" € R is called the Q-coordinate of z if z = > ien, TiQei. The set

{x eERY:z= Z x;Qe;,x; > 0,1 GNd}
1€Nyg

is called the first Q-quadrant.

Definition 3.1 is well defined. In fact, Qe;, ¢ € Ny, are linearly independent, and
consequently, for each z € R?, there corresponds a unique (zg,...,r4 1) € R?

such that z = ZieNd z;Qe;. In particular, the @-coordinate is identical with the
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usual rectangular coordinate when @ is the identity matrix. Without specifica-
tion, a point (zo,...,24_1)" or a set S in R? is always referred to as the one
defined according to the rectangular coordinate system. The following lemma is
another equivalent statement of [16, Theorem 1.2].

LEMMA 3.1

Let Q1 and Qg be two matrices in GL(R?) such that |det Q| < |det Qa|. Then
there exists a measurable set Q in R such that Q tiles R by Q1Z¢ and packs
R? by Q.Z%.

LEMMA 3.2

Given Q1, Q2 € GL(R?), let S and S be two bounded measurable sets in RY
such that they are (Q17Z% + Q27%)-congruent. Then there exist a finite subset
{(kiyt;):1<i<n} of Z¢ x Z% and a partition {S;:1<i<n} of S such that
{S; + Q1ki + Q24; : 1 <i<n} is a partition of S.

Proof

Since S and S are Q2% + Q4Z"-congruent, there exists a partition {Ske:(k,0) €
7% x 7%} of S such that {Sk¢+ Q1k + Qaf : (k,0) € Z? x Z%} is a partition of S.
Also recall that by assumption S and S are both bounded. It follows that

A={X:X=Q1k + Q2 for some (k) € Z% x Z* with Sk ¢| >0}

is a finite set. Suppose that {(k;,¢;):1 <14 <n} is a finite subset of Z¢ x Z¢ such
that A = {)\1 = Qlkz —+ QQ& 01 S ) S n} Define

S; = U Skt

(k,0)€29:Q1 k+Qal=\;

for 1 <i<mn. Then {S;:1<i<n} is as desired. The proof is completed. O

LEMMA 3.3

For arbitrary Q1, Q2 € GL(Z%) with |det Q1| < |det Q2|, there exists a set £ in 74
such that & is a full set of Z¢/Q1Z% and is a subset of some full set of Z.4/Q27.1.
In particular, when |det Q| = |det Qs|, £ is also a full set of Z¢/Qo7%.

Proof

By Lemma 3.1, there exists a measurable set  in R? such that Q tiles R? by QZ¢
and packs R? by Q2Z®. Note that Q:T% and Q»T¢ tile R% by Q1Z% and Q,Z¢,
respectively. It follows that  is Q1Z%congruent to Q;T¢ and Q2Z%congruent to
asubset of Q2T?, and thus QT is (Q1Z% +Q2Z%)-congruent to a subset of QoT?.
Then, by Lemma 3.2, there exist a finite subset {(k;,£;):1<i<n} of Z¢ x Z4
and a partition {S;:1<i<n} of Q;T? such that {S; + Q1k; + Q2l; : 1 <i<n}
is a mutually disjoint measurable collection of subsets of Q2T%. Fix an arbitrary
v € (Q1T4) NZ. We denote by U(v,5) the § neighborhood of v and define

Ug,(7,0) =U(v,8) N{x +~:x is in the first Q;-quadrant}
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for 6 > 0. We claim that there exists i, with 1 <i, <n such that S;. NUg, (v,0)
has positive measure for any § > 0. If, for each 1 <1i < n, there exists §; >0
such that |S; N Ug, (v,6;)] =0, then by taking 6 = mini<,;<, d;, we have |S; N
Ug, (7,0)] =0 for each 1 <i<n, which contradicts the fact that {S,:1<i<
n} is a partition of Q1T¢. So we can choose some 1 < iy < n such that |SiW N
Ug, (7,6)] > 0 for each 6 > 0, and consequently,

(3.1) |(Sz~, + Qlkiw + ngiw) NUgq, (’Y + Qlk’iw + Q26i775)| >0 for each § > 0.
Also observe that S; + Q1k;, + Q20 C QT leads to

(3.2) Y+ Quki, + Q2li, € Q2T

We define € = {y+ Q1k;, : v € (Q:1T) N Z%}. Since (Q1T¢) NZ% is a full set of
72/Q17%, so does E. For v # 4 in (Q:T%) NZ?, we have v + Qrki, + Q2l; #
’7 + Qlki.—y + ngi,y by (31) and the fact that {Sz + Qlkz + QQ& 01 S ) S n} is a
mutually disjoint measurable collection of subsets of Q;T¢. Combined with (3.2)
and the fact that (Q2T9) NZ% is a full set of Z¢/Q,Z?, it follows that & is a
subset of some full set of Z¢/Q,Z?. In particular, when |det Q;| = | det Qz|, the
cardinality of £ is |det Qs|, and so & is also a full set of Z?/Q2Z. The proof is
completed. (I

LEMMA 3.4
Given Q € GL(Z%), let € be a full set of Z9/Q'Z%, and let £ be a nonempty
subset of £. Then

(1) {(1/y/]detQ)Eg-1mx, : m € (QT) NZ} is an orthonormal basis for
12(€).

(i) {(1/y/detQ)Eg-1mX,, :m € (QT) NZ} is a normalized tight frame
for 12(&7).

Proof

Clearly, the condition (i) is an equivalent statement of [32, Lemma 2.1], a special
case of which was obtained in [15, Lemma 5.1]. Since [?(£’) is a closed subspace
of 12(€), and the family in (ii) is the orthogonal projection onto [?(£’) of the one
in (i), it is a normalized tight frame for I2(£’) by [2, Proposition 5.3.5]. O

Note that G(-) in Theorem 2.1 is a (|det N| x | det M|) matrix. By Theorem 2.1,
the condition |det N| < |det M| is necessary for the existence of a complete Gabor
family G(g, N, M) in (?(Z%). It turns out that such a condition is also sufficient,
and we can say much more about it.

THEOREM 3.1
For N, M € GL(Z%), the following are equivalent.

(i) There exists g € 12(Z%) such that G(g, N, M) is a frame for I>(Z%).
(ii) There exists g € 12(Z%) such that G(g, N, M) is complete in 12(Z%).
(iii) We have |det N| < |det M]|.
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Proof

It is obvious that (i) implies (ii). Also observing that the matrix G(-) in (2.2)
is a |det N| x |det M| matrix-valued function, we have rank(G(-)) < |det M|. So
(ii) implies (iii) by Theorem 2.1. Next we prove that (iii) implies (i). Suppose
that (iii) holds. Then, by Lemma 3.3, there exists a set £ in Z? such that &
is a full set of Z?/NZ® and is a subset of some full set of Z¢/M?*Z?. Tt follows
that 1%(Z%) = @,,cz4 1*(€ + Nn) and that {Ey-1,,9 : m € (MTY) N Z%} with
g=(1/y/|det M|)x, is a normalized tight frame for [?(£) by Lemma 3.4. So
{TNnEp-1mg:m € (MTY) NZ4 n € Z4} is a normalized tight frame for 12(Z4);
equivalently, G(g, N, M) is a normalized tight frame for 12(Z?). The proof is
completed. O

LEMMA 3.5
Let N, M € GL(Z%), and let g € 1?(Z%). Suppose that G(g,N,M) is a frame for
12(Z). Then ||S;4%g||? = | det N|/| det M].

Proof
Arbitrarily fix v € (NT9) N Z%. It is easy to check that

1 2
>y ‘<f» E]\/[—lmTNnWXH}>‘

n€Z* me(MT4)NZE

=Y lfr+No)P=|f]?

nezd

for f € 2({y}+ NZ%).So G((1//| det M|)x,,,,N, M) is anormalized tight frame
for ({7} + NZ%). Also note that I*(Z%) = @, ¢ yraynze *({7} + NZ). The
family

1
—_— im
\/|detM|Xh}

is a normalized tight frame for 12(Z%). It follows that
155429l

9,9

- m Z Z Z (Sga”29: Ext-1mTnX )

YE(NTE)NZE neZd me(MTE)NZE

1
= [det M| o> Y UBuemTneSy g 20 x )

Y€(NT4)NZE neZd me(MT)NZd

1 _
N |d€tM| Z Z Z ‘<EM71(M'rh—m)TanSg’;/ZgaX{-y}>|27

YE(NT4)NZE neZd me(MT)NZe

{EMflmTNn € (MTY) NZ4 nezsye (NTY)N Zd}

where m = (sgn(myg), ...,sgn(mg—_1))%, (mo,...,mq_1)" denotes the M-coordinate
of m and sgn(-) denotes the sign function. Note that x € MT? if and only if
its M-coordinate (xg,...,z4-1)" satisfies 0 < z; <1 for i € Ny. It follows that
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{Mm —m:me (MT)NZ¥} = (MT?) NZY, and consequently,
1
| det M|

X Z Z Z |<EM_1mTNnS;;/2gvX{7}>|2’

~€(NT4)NZd neZd me(MT*)NZ4

1S4/ =
(3.3)

However, G(S g/ g, N, M) is a normalized tight frame for [?(Z<) since G(g, N, M)
is a frame for lZ(Zd). So, by (3.3), we have

1 | det V|
1/2 112 _ 2 _
1554 91" = [det M] _ > Ixenl?= [ det M|’
€(NT4)nzZd

The proof is completed. O

THEOREM 3.2

Let N, M € GL(Z%), and let g € 1*(Z%). Suppose that G(g, N, M) forms a frame
for 12(Z4). Then G(g, N, M) is a Riesz basis for 12(Z%) if and only if |det N| =
|det M|.

Proof

Note that G(g, N, M) is a Riesz basis for 12(Z4) if and only if G(S g_;/gg,N, M) is
an orthonormal basis for [2(Z<), which is also equivalent to ||S,;;/ gl =1 since
G(Sy, ;/ ®g,N,M) is a normalized tight frame for (2(Z%). The theorem therefore
follows by Lemma 3.5. O

THEOREM 3.3
For N, M € GL(Z%), there exists g € 1*(Z?) such that G(g, N, M) is a Riesz basis
for 12(Z%) if and only if |det N| = |det M.

Proof

The necessity is an immediate consequence of Theorem 3.2. Next we turn to
the sufficiency. Suppose |det N| = |det M|. Then, by Lemma 3.3, there exists
a set & in Z¢ such that £ is a full set of both Z¢/NZ? and Z¢/M'Z%. Tt fol-
lows that 1*(Z%) = @, cz4 1*(€ + Nn) and that {Ey-1,,9:m e (MT?) N 2%}
with g = (1/+/|det M|)x, is an orthonormal basis for [2(£) by Lemma 3.4. So
{TNnEr-1mg :m € (MTY) N Z% n € Z4} is an orthonormal basis for 12(Z4);
equivalently, G(g, N, M) is an orthonormal basis for I2(Z%). The proof is com-
pleted. O

4. Frames and duals

In this section, we characterize Gabor frames and their Gabor duals, obtain
a formula about the frame bounds of tight Gabor frames, derive an explicit
expression of the canonical dual for a Gabor frame, and prove its norm minimality
among all Gabor duals.
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LEMMA 4.1
Let Q € GL(Z%), and let k' € (QT?) NZ%. Define

N ={ke(@QTY)NZ: k; <1—K, for each i € Ny},
No:={ke(QTY)NZ:1—k;<k; for somei€Ny},

where (ko,...,ka—1)" and (k{,...,k}, |)' denote the Q-coordinates of k and k',
respectively. Then

(A1) (@TYNZ = {k+K keMPu{k+K = Y QeikeNs),
€Ty

where e; is defined by (1.3) for each i € Ny, and T, j» ={i € Ng: 1 =k, <k;} for

k, k' € (QT?) Nz

Proof
Define a mapping 7 : (QT¢) NZ% — Z? by

a4 if ke Ny,

AR - Yier, Qe ifREND,
for k € (QT%) N Z%. Then range(r) C (QT9) N Z¢ since x € QT? if and only if
its Q-coordinate (zq,...,zq_1)" satisfies 0 < z; < 1 for i € N;. Also observing
that k — k ¢ QZ? for k # k in (QT?) NZ?, we have that 7 is injective. The
equation (4.1) therefore follows. O
LEMMA 4.2

For Q € GL(Z%) and J €N, let (QTY) NZ* = {ng: L € Njgerq(}, let E={e;:
j €Ny} be a finite set in RY, and let \(-) be a Z%-periodic Lebesque measurable
function on R?. Define a |det Q| x J matriz-valued function A(-) by

A() = ()‘(' —Q 'ng— 6j))0§é§|detQ\—1,O§j§J—l

ae on R, Then:

(i) To each k' € (QT?) NZ? there corresponds a row permutation matriz Uy
such that A(- — Q7 K") = U A(-) ae on R?.

(ii) The rank of A(-) and the spectrum of A(-)A*(-) on Q'T? completely
determine the ones on R%.

Proof
We use the notation in Lemma 4.1. Fix arbitrarily &' € (QT9) N Z?. Since A(-) is
Z%-periodic, we can rewrite (¢, j)-entries of A(- — Q7'k) as

_ A= Q7 e+ k) —¢j) ng € N1,
A-—Q7K)), =
( (—-Q ))é,g {)\( —Q t(ng+k — Zielw,k/ Qe;) — ej) ng € Na.
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So A(- — Q7'K’) can be obtained by a permutation of the rows of A(-) by
Lemma 4.1, which gives (i). It follows from (i) that

(AC = QTR (- = Q7K )z, ) = (A()A*(YUpz, Upw)
ae on R? for x € C. Therefore, the rank of A(-) and the spectrum of A(-)A* (")

on Q 'T? completely determine the ones on T¢ and thus on R? by Lemma 2.2
and Zd-periodicity of A(-). O

Let N, M € GL(Z%), and let g € [?(Z%). Define G(-) as in (2.2). Note that only the
spectrum of G(-)G*(+) is involved in what follows. All conditions in our theorems
are stated on (N?)~!T? instead of T¢ or R since they are equivalent to each
other by Lemma 4.2.

LEMMA 4.3
For N, M € GL(Z%) and g € 12(Z%), G(g,N, M) is a Bessel sequence in 1*(Z%)
with Bessel bound D if and only if

G(-)G*(-) < D|det N|I
almost everywhere on (N*)~1T?, where G(-) is defined as in (2.2).

Proof
Let T'={f € 12(Z%) : f € L>°(T%)}. Then T is dense in [2(Z%). For f €T, by
Lemma 2.3, we have

> > W Ey-imTvng)

n€Zd me(MT)NZ

= Z Z ‘/ (G*(g)]:(f))me%m\’"@ dé 2’

nezd me(MTd)nzd ¥ V)T
where F(§) := (f(f - (Nt)_lk))ke(zvtqrd)mzd' Also observe that each component of
G*(-)F(-) is in L>((N*)~'T9), and {+/|det N|e*™*Nn) . p € Z4} is an orthonor-
mal basis for L2((N?)~1T%). It follows that

Z Z ‘<faEM*1mTNng>|2

neZd me(MTY)NZ

(42) = |det N L 1[G OF @l de

mE(MTd)ﬁZd

= |det N /(Nt)1Td<G(€)G*(£)f(§),f(€)>df

for f € I". However,

12 = /|f OPi= Y / F(6— (N[ de

ke(NtTd)nza ” (N 71T

(4.3)
:/ 17 €)1 g
(Nt)=1Td
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by Lemma 2.2, where the norm of F(¢) is taken in Cl!9¢* NI, Therefore, by [2,
Lemma 3.2.6], G(g, N, M) is a Bessel sequence in [2(Z¢) with Bessel bound D if
and only if

(4.4) / (GG (E)F (&), F(8)) d§ < D\detN|/ 1F (€)1 dg
(Nt)fl'[[‘d (Nt)fl‘]rd

for f € I'. So the sufficiency obviously holds. Now we turn to the necessity. Sup-
pose that G(g,N, M) is a Bessel sequence in [2(Z?) with Bessel bound D. We
only need to prove that

(4.5) (G()G* (&), x) < D|det N||l|*

for z € Cl9tN| and ae € € (N*)~'T?. Note that all entries of G(-)G*(-) are in
L'(T9), and thus they are locally integrable by their Z?-periodicity. Then almost
every interior point of (N*)~1T9 is a Lebesgue point of all entries of G(£)G*(€).
Let & be such an arbitrary point, and let  be an arbitrary vector in Cldet NI,
To finish the proof, next we only need to prove that (4.5) holds for £ and z. Let
€ > 0 be such that the e-neighborhood of &y, denoted by U(&,¢€), is contained in
(NY)~IT4. Define f € 12(Z%) by

F(&) = U0, )™ Xy g, (€)2
for £ € (N*)71T9. Then f €T, and by (4.4) we have

1
T (GG (&), x) < D|det N|[|z]*.
U (80, 6)| Ju(eo,e)
Letting € — 0 leads to (4.5) for & and x. The proof is completed. O

REMARK 4.1

By Lemma 4.3, for N, M € GL(Z%) and g € 1*(Z%), G(g,N,M) is a Bessel
sequence in [2(Z?) if and only if each entry of G(-) is in L>((N*)~1T%). Indeed,
G(g, N, M) being a Bessel sequence in 1?(Z?) is equivalent to the existence of a
constant 0 < D < co such that G(-)G*(-) < D|det N|I; equivalently, ||G*(-)z|| <
\/D]det N|||z|| for z € C!9t NI a¢ on (N*)~'T<. This is also equivalent to each
entry of G(-) being in L>((N*)~1T?).

THEOREM 4.1
For N, M € GL(Z%) and g € 1*(Z%), G(g, N, M) is a frame for 1*(Z9) with frame
bounds 0 < C' < D < oo if and only if

C|det N|I < G(-)G*(-) < D|det N|I

ae on (N)~I1Te, where G(-) is defined as in (2.2).
Proof

By Lemma 4.3, we may as well assume that G(g, N, M) is a Bessel sequence in
12(Z%) with Bessel bound D. We use the notation in Lemma 4.3. Next we only
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need to prove that
(4.6) CIAP<Y. > KA BumTnag)f® for f€T
n€Zd me(MT4)NZI

if and only if
(4.7)  Cldet N|||z||*> < (G(£)G*(&)x,x) for x € ClU N and ae £ € (N*) 1T
by [2, Lemmas 3.2.6, 5.1.7]. By (4.2) and (4.3), (4.6) can be rewritten as

C|detN\/ ||]-‘ €))% d¢
(4.8)
<[ (GO OFEQ.FO) for feT.
(Nﬁ)—l’ﬂ‘d

So we only need to prove the equivalence between (4.8) and (4.7). This can be
done by the same procedure as in Lemma 4.3. The proof is completed. (]

COROLLARY 4.1

Let N, M € GL(Z%), and let g € 1*(Z%) with §(-) € L°(T%). For L €N, let {S:
€N} be a partition of (N*)~'T? such that, to each £ € Ny, there corresponds
a (] det N| x | det N|)-invertible submatriz G¢(-) of G(-) satisfying that all entries
of (G¢(+))~t are in L>°(Sy). Then G(g, N, M) is a frame for 12(Z%). In particular,
when |det N| = |det M|, G(g, N, M) is a Riesz basis for 12(Z%).

Proof
By Theorems 4.1 and 3.2, we only need to prove that, to each ¢ € N, there
corresponds 0 < Cy < Dy < oo such that

(4.9) Cillel]? < (G()G" (Ja,2) < Dzl for z € T4t N

ae on Sy. Since §(-) € L*°(T?), the right-hand-side inequality in (4.9) holds. Now
we prove the left-hand-side inequality in (4.9). Fix ¢ € N. By Theorem 3.1
and the argument ahead of Theorem 2.1, we may as well assume that G(-) =
(Ge(-),Ge(-)) ae on Sg when |det M| > | det N|, where the size of Gy(-) is | det N| x
(|det M| — | det N|). In particular, G(-) = G¢(-) when |det M| = |det N|. Then

(4.10) (GG (Ja,2) 2 (Ge( )G (z,2) = |G (Jal|® for € ClIN]

ae on Sy. Since each entry of (Gy(-))~! is in L°°(S;), there exists a constant
0 < Cp < 0o such that ||(G5(-))"1z||? < C;Y||z||? for = € CI9*NT ae on Sy. So
G5 ()z||? > Cyllz||? for 2 € CI9* NI ae on Sy, which together with (4.10) leads
to the left-hand-side inequality in (4.9). O

THEOREM 4.2
Let N, M € GL(Z%), and let g € 1*(Z9). Suppose that G(g, N, M) is a tight frame
for 12(Z%) with frame bound C. Then C = (|det M|/|det N|)||g||?.
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Proof
By Theorem 4.1, we have G(§)G*(¢) = C|det N|I, and consequently,
(4.11) > g€ =M 'm)]* = C|det N|

me(MT4)NZ2

for ae ¢ € (N*)7!T?. By Lemma 2.2, T? is Z?congruent to the set
Unmemraynze [M~1T — M~'m], where the union is a disjoint one. It follows
that

ol =11 = [ @)= S0 [ e ot
T me(MTd)nzd Y M~'T
which together with (4.11) yields

|det N|
|det M|

The proof is completed. O

lgl*=C

THEOREM 4.3

Let N, M € GL(Z%), and let g, h € I2(Z%) be such that G(g, N, M) and G(h, N, M)
are both Bessel sequences in I12(Z%). Let G(-) be defined as in (2.2), and let H(-)
be defined analogously. Then Sp.q =1 on 1*(Z%) if and only if

(4.12) G()H (1) = | det N|I
ae on (N*)~1T4.

Proof
By Lemma 2.3 and (2.4), we have

(Sngf) (€= (N) k)

(4.13) => Y (/(Nt)_le(H*(f/)f(f’))m

neZd me(MT)NZ4

« lem’(Nn,{’) dg/) e—27m'<Nn,§) (G(i))k .
for fel2(Z%), ke (N'TY) NZ, and ae € € (N*)~'T? where F(£) = (f(¢ —
(N')7'k))pe(nimaynze- Since all entries of H*(-) are in L*((N')"'T%) by
Remark 4.1, all entries of H*(-)F(+) are in L2((N*)~1T4). However, {,/|det N| x

e~ 2miNn) Ly € 7} is an orthonormal basis for L2((N*)~'T?). So (4.13) can be
rewritten as

(Shgf) (€= (N) k) = |det N|71 >~ (H*(E)F(9)),,(G©),n

me(MT4)NZe

=|det N[~ (G() H* (§)F(9)),

for f €12(Z9), k € (N'TY)NZ4, and ae £ € (N')~1T?. Tt follows that S, = on
12(2%) if and only if

(4.15) G(EH™(§)F (&) = |det N|F(E)

(4.14)
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for f €12(Z%) and ae ¢ € (N*)~1T<. Obviously, (4.12) implies (4.15). Conversely,
for an arbitrary x € Cl9t Nl we define f € 12(Z%) by F (&) = x for ac £ € (N*)~1T<,
Then applying (4.15) to such f gives (4.12). The proof is completed. O

THEOREM 4.4

Let N, M € GL(Z%), and let g € 12(Z%) be such that G(g, N, M) is a frame for
12(Z%). Let G(-) be defined as in (2.2). Define o € 12(Z%) via its Fourier trans-
form by

(VAO(' - (Nt)ilk))ke(Nf«Td)mZd
= [det N|(G()G* ()™ (3(- = (V) 78)) e ooy
ae on (NY)™'Te. Then

(4.16)

(i) 7o is the canonical Gabor dual of g, i.e., yo = S;;g;

(i) |Ivoll < IVl for an arbitrary Gabor dual v of g, and the equality holds if
and only if v=1y-

Proof
(i) By Theorem 4.1, there exists 0 < C' < co such that
(GG () <C Y det N|7'T

ae on (N*)7'T? which together with Lemma 2.2 implies that 7o(-) is an essen-
tially bounded measurable function. It follows that vy is well defined, and G(~o, N, M)
is a Bessel sequence in 12(Z%) by Remark 4.1. From (4.14), we have

((Se0f) = (ND)71H)) e ey
= |det N|_1G(')G*(')(f(' - (Nt)_lk))ke(NtTd)mZd

for f € 1?(Z%) ae on (N*)~'T?. Then taking f =S, }g leads to

(g( - (Nt)_lk))ke(]\]tjrd)mzd
=[det N|T'G ()G () ((S599) (- = (N)THE)) e (werayze
ae on (N')'T?. So 5o(- — (N*)~1k) = (S, 29) (- — (N*)~'k) for k € (N'T?) N Z*
ae on (N')~1T9 and consequently, 7o = S, 49
(ii) Since S,y =8S5y.4 = I on 1?(Z%), we have
0= (8y-40,970,70)

=Y > (0 By Tna(y = 790) (Ear-1mTng, Y0)
n€Z me(MT)NZ

(4.17) Z Z (Epr-1(—m)T-nn70,7 = 0){9s Enr—1 (=) T NnY0)
n€Zd me(MT)NZ
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= > (Ba-rati—mTn0,7 = Y0)
n€Zd me(MT*)NZ4

X <ga E]\/I—l(M’rh—7n)TNTL70>7

where m = (sgn(myg), ...,sgn(mgq—_1))%, (mo,...,mq_1)" denotes the M-coordinate
of m, and sgn(-) denotes the sign function. Note that x € MT? if and only if
its M-coordinate (xo,...,z4—1)" satisfies 0 < z; <1 for i € Ng. It follows that
{Mm —m:mée (MT4) N7} = (MT?) NZ?, and consequently, (4.17) can be
rewritten as

0= <g7S’Yo,"/o ('Y - ’YO)> = <SW0,’Yog77 - ’YO>

However, Sy, =S by [2, Lemma 5.1.5]. So Sy,,09 = ;g = 70, and thus
(70,7 — 70) =0, which implies that

I?

1711Z = ol + 1y = ol = 701,

and the equality holds if and only if v =~y. The proof is completed. O
We conclude this section with two classes of examples.

EXAMPLE 4.1
Let N, M € GL(Z%) with T? N (N*)71Z¢ c T? N M~'Z%, and let g € I12(Z%) be
such that supp(g(-)) = (N*)"*T? + Z4. Then we have the following.

(i) G(g,N,M) is complete in 12(Z9).
(i) When

(418)  CVIAONIX o) 1son () < 1§0)] < Dy/Tdet N]x

(Nty—1lrdyz7d (.)

ae on R? for some constants 0 < C' < D < 0o, G(g, N, M) is a frame for 12(Z4).
In particular, it is a Riesz basis for 12(Z4) if T? N (N')71Z4 =T N M~1Z in
addition.

(iif) When ¢(-) = /[det N|x , _1,4,,4(:) ae on R?, then G(g,N, M) is a
tight frame for [2(Z%). In particular, it is an orthonormal basis for [2(Z%) if
TN (N)~1Z% =T? N M~1Z? in addition.

Proof

Let G(-) be defined as in (2.2). We use the notation in Lemma 2.1. By Zd-
periodicity of § and the argument ahead of Theorem 2.1, we may as well assume
that

G() = (Go(),Go( — 61), . .,Go(' — €L—1))7

where Go(-) = (§(- —m — k))keqy,men, 18 a |det N| x | det N| matrix-valued func-
tion. Since —N'Qq and N€) are both full sets of Z¢/(N'Z?), we can define a
bijection 7: Qo — Qg by Ni7(k) + N'k € N'Z4, that is, 7(k) + k € Z9. Then we
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claim that

(4.19) g(-mk){#) ifm =r(k),

=0 ifm#7(k),

ae on (N*)~1T4 for k, m € Q. Indeed, given arbitrarily k,m € Qo. If m = 7(k),
then §(- —m —k) =g(-) # 0 ae on (N*)"1T9. If m # 7(k), then m+k € Qo\{0} +
Z%. Also observing that (N*) T4 ((N*)71T9+Qp\{0} + Z?) = () by Lemma 2.2,
we have §(- —m — k) =0 ae on (N*)71T9. So (4.19) holds.

(i) From (4.19), it follows that rank(Go(-)) = |det N| ae on (N*)~1T9, and
thus rank(G(-)) = |det N| ae on (N*)~!T¢. By Theorem 2.1, G(g, N, M) is com-
plete in 12(Z%).

(ii) Suppose that (4.18) holds. Note that |det N| = |det M| when T¢ N
(Nt)=1Z4 =T N M~1Z%. We only need to prove that G(g,N, M) is a frame
for 12(Z4) by Theorem 3.2. From (4.19), we have C2%|det N|I < Go(-)G(-) <
D?|det N|I ae on (N*)~1T< and thus on R? by Lemma 4.2. Therefore, we have

LC?|det N[ < G()G*(-)= Y Go(-—e0)Gy(- — g¢) < LD*|det N|I
€eNg,
ae on RY, which implies that G(g, N, M) is a frame for [?(Z?) with frame bounds
LC? and LD? by Theorem 4.1.

(iii) Suppose §(-) = |detN|X(Nt)71Td+Zd(~) ae on R, Take C =D =1 in
(ii). Then G(g,N,M) is a tight frame for I2(Z?) by (ii). In particular, when
TN (NH)1Z24 =Tdn M~1Z%, L =1. Also observing that ||g|| =1 leads to the
fact that G(g, N, M) is an orthonormal basis for (?(Z4). O

REMARK 4.2

Let N € GL(Z?) be a triangular matrix with the ith diagonal element being r,
other diagonal elements being 1, and all elements of the ¢th row being in rZ, and
let M € GL(Z?) be a triangular matrix with the ith diagonal element being r and
all elements of the ith column being in rZ. Then T¢ N (NY)~1Z¢ c T9 N M7
as required in Example 4.1.

Next we turn to another class of examples, where the Gabor generators g are
finitely supported.

EXAMPLE 4.2

Let 7,11,l2,13 € Z\{0} and a,b,c € R. Let N = (1) and M = (. }). Define
g €1%(2%) by

o) () (C5)
(G- ()
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=0 sez{(g)-=(0)-(T)- Gi) = (7))
Then

(i) when a#0 or ¢#0, G(g, N, M) is complete in 1*(Z?);
(ii) when |b| < 1/2 and ac # 0, G(g, N, M) is a frame for [2(Z?). In particular,
when |r| =1, G(g, N, M) is a Riesz basis for 12(Z?).

Proof
Let G(-) be defined as in (2.2). It is easy to check that

ooy =0 (R)() ()

Then, by the argument ahead of Theorem 2.1, we may as well assume that G(-)
have the following form:

G() = (Go(),G1()),

o (- (")
o(= () o0 ()

A simple computation shows

where

&) =g (5 - (1(/)2>) =1+ 2acos2n&y + 2bcos(4ly &y + 4laméy)

+42c¢sin(4lzméo + 27&p),

(6= () =0 ()
— 1 — 2acos 2m&y + 2bcos(4lywEo + 4laméy)
— i2¢sin(4lyméo + 2mo)
for ac £ = (&) €R2 It follows that
det(Go(€)) = 8(1 + 2bcos(4l1m& + 4loméy)) (acos 2m& + icsin(4lzméy + 27Ep)).

(i) When a #0 or ¢ # 0, the set of zeros of det(G((£)) has measure zero.
So rank(Go(+)) = 2, and thus rank(G(-)) = 2 ae on R2. Therefore G(g, N, M) is
complete in [2(Z?) by Theorem 2.1.

(i) When |b] < 1/2 and ac # 0, det(Go(+)) # 0 on R%. Note that det(Go(-))
is a Z%-periodic continuous function. It follows that |det(Go(-))| has a positive
bound from below on R?, which implies that all entries of (Go(-)) ™! are essentially
bounded measurable functions. Therefore, by Corollary 4.1, G(g, N, M) is a frame
for 1?(Z?). In particular, when |r| =1, G(g, N, M) is a Riesz basis for [?(Z?) by
Corollary 4.1. O
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