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Abstract In this paper, we first recall and apply the fundamental techniques of con-
structing bad Noetherian local domains, due to C. Rotthaus, T. Ogoma, R. C. Heitmann,
and M. Brodmann and C. Rotthaus, to show several basic examples:

(1) a three-dimensional Nagata normal local domain, which is a complete intersec-
tion, whose regular locus is not open;

(2) a three-dimensional Henselian Nagata normal local domain, which is not cate-
nary.

Next we present a unified version of Brodmann and Rotthaus’s and Ogoma’s meth-
ods in order to obtain a particular local domain A with a specified prime element x such
that the local domain A/zA is the bad Noetherian local domain given above:

(3) a three-dimensional unmixed local domain A that has zA = p € Spec(A) such
that A/p is not unmixed.

Finally we follow Ogoma’s construction of factorial local domains whose completions
are designated complete local domains. Then, we gather some examples of bad factorial
local domains.
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0. Introduction

This paper is the first part of our study entitled: A few examples of local rings, I,
II, I1I. In this part I, we first recall the fundamental techniques of constructing
bad Noetherian local domains, due to C. Rotthaus [33], T. Ogoma [26], R. C.
Heitmann [12], and M. Brodmann and C. Rotthaus [5]. Then we apply these
techniques to show several basic examples. Some of the examples we give here
were constructed by Akizuki [1], Nagata [21], and Ferrand and Raynaud [8], and
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others were obtained by the above-mentioned authors to settle long-unsolved
questions or conjectures.”

Next we present a unified version of Brodmann and Rotthaus’s [6] and
Ogoma’s [29] method in order to obtain a particular local domain A with a
specified prime element x such that the local domain A/xA is the bad Noe-
therian local domain given above. We show some interesting examples, including
Valabrega’s [34] bad regular local rings.

Finally we follow Ogoma’s construction [28] of factorial local domains whose
completions are designated complete local domains. Then, we gather some exam-
ples of bad factorial local domains.

Thus part I may be regarded as a concise review of the well-known results.
However, we should emphasize that, to get factorial local domains whose com-
pletion could be almost all complete local rings, we need to use freely as com-
mon knowledge, without explicitly referencing them, these fundamental ideas
and techniques throughout part II. This is the reason that we include part I in
our series of articles.

Now let us summarize the contents of this paper. Fixing notation and termi-
nologies, we begin Section 1 with a basic lemma due to Heitmann, which plays a
key role throughout our study. Using Heitmann’s lemma [12, Proposition 1], we
prove Theorem 1.4.

THEOREM 1.4
Let K be a purely transcendental extension field of countably infinite degree over
a countable field Ky, let n,r,m € N with m <n, and let z1,...,2, be indeter-

minates over K. Let R:= K[z1,...,2n](z,,....2,), and let R denote the comple-
tion of R; that is, R = K[[z1,...,2,)]. For each j with 1 <j <r, let Fj :=
Fi(Zi,...,Zy) be a polynomial in m variables with coefficients in Ky such that
Fie(Z,...,Zn)KolZ1,...,2Zy). Then there exist

(1) elements (1,...,¢n € R that are analytically independent over K such
that K[[C1,...,Ca)] = K][21,--.,24]], and

(2) a local domain A with R CAC Q(R), where Q(R) denotes the field of
fractions of R, such that the ring A and the (; satisfy the conditions (1.4.1),
(1.4.2) and (1.4.3) given below:

(1.4.1) K ([C Gl (FL(C)s o Fr(Q)) = R/ (1 fr) = A

That is, for (1.4.2), if we set the notation: for each j, f;:= F;(¢) = F;(C1,...,
Cm) € Kol[C1y---,Cm]] € K[[C1s---,Cn]] = R; then the canonical ring homomor-
phism i from R to A induced by t: R— A is a surjection with kernel (f1,..., fr).
For convenience, we denote by U the associated isomorphism shown in (1.4.1):

(1.4.2) p=(U(¢),.. .,Z(Cm))A is a prime ideal of A and p N A= (0),

*The recent article [15] contains additional details and motivation for the construction.
Other examples of rings constructed using power series are given in [11].
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(1.4.3) A/p is essentially of finite type over K for every p € Spec(A)\ {(0)}.

Further, we include Corollary 1.5 as a slight generalization of Theorem 1.4.
Section 2 consists of Examples 2.1-2.15 derived from Theorem 1.4 and/or
Corollary 1.5:

Example 2.1: a one-dimensional analytically ramified and/or reducible
local domain of arbitrary characteristic;

Example 2.2: a one-dimensional local domain with given embedding
dimension and multiplicity, which is d-simple for a derivation 6 € Der(A, A);

Example 2.3: a two-dimensional local domain whose completion has em-
bedded associated prime ideal(s);

Example 2.4: a two-dimensional Cohen—Macaulay local domain (A, m)
that has infinitely many non-Noetherian intermediate quasi-local domains
between A and its derived normal ring A;

Example 2.5: a two-dimensional analytically (ir)reducible Nagata normal
local domain that is not analytically normal;

Example 2.6: a two-dimensional quasi-excellent catenary local domain,
which is not universally catenary;

Example 2.7: a two-dimensional local domain, which is a complete inter-
section, whose regular (nor normal) locus is not open;

Example 2.8: a two-dimensional Gorenstein local domain whose complete
intersection locus is not open;

Example 2.9: a two-dimensional Cohen—Macaulay local domain whose
Gorenstein locus is not open;

Example 2.10: a three-dimensional local domain whose Cohen—Macaulay
locus is not open;

Example 2.11: a three-dimensional Nagata normal local domain, which is
a complete intersection, whose regular locus is not open;

Example 2.12: a three-dimensional Nagata normal Gorenstein local do-
main whose complete intersection locus is not open;

Example 2.13: a three-dimensional Nagata normal Cohen—Macaulay local
domain whose Gorenstein locus is not open;

Example 2.14: a four-dimensional Nagata normal local domain that has
nonopen Cohen—Macaulay locus;

Example 2.15: a three-dimensional Henselian Nagata mormal local do-
main, which is not catenary.

Next in Section 3, thanks to Brodmann and Rotthaus [6], Ogoma [29], and
Brezuleanu and Rotthaus [4], we modify Theorem 1.4 to the following form that
makes it possible to specify a prime element.

THEOREM 3.4
Let K be a purely transcendental extension field of countably infinite degree over a
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countable field Ky, let n,r,m € N with m <n, and let x, z1,...,2z, be n+1 inde-
terminates over K. Let R:= K|z, z1,..., Zn](w,zl,---,zn)’ and let R denote the com-
pletion of R; that is, R = K[z, z1,...,2,)]. For each j with 1 <j<r, let Gj :=
G;(X,Z1,...,Zy) be a polynomial in the m+1 variables X, Z,. .., Z,, with coef-
ficients in Ky and zero constant term. For convenience, we let Z := (Z1,..., Zpm).
Define F; .= F;(Z) = G;(0,Z); we consider F; as an element of Ko|Z].

Further, by taking another variable Q, we let ¢ and ¢ be the ring surjections
fizing Ko X, Z,Q)] and Ko[Z,Q)], respectively, shown below:

D Ko[X, Z, Q[T ... T = Ko[X, Z,Q[G1/Q, ... ,Gr/Q]  with Tj — G;/Q,
¢ KolZ,QlT, ..., ] = KolZ, Q[ /Q, ... F;/Q] - with Tj — F;/Q.

We regard Kol|Z,Q) as Ko|X,Z,Q]/ X Ky[X, Z,Q), so that tensoring a Ko[X,
Z,Q)-module with Ko[Z, Q)] over Ko[X, Z, Q)] is the same as tensoring over Ko[X,
Z,Q) with Ko[X,Z,Q]/ X Ko[X, Z,Q), that is, going modulo X or setting X =0.
Suppose that we have
(3.4.0) Kerp = Ko[Z, Q] @k, [x,z,q) Ker @.

That 1is,
KO[Z7 Q] ®K0[X7Z,Q] KO[X7Z; Q][GI/Q7 . 7GT/Q] = KO[Z7 Q][Fl/Qa cee 7FT/Q]

Then there exist

A}l

(1) a local domain (A,m) (where R C A C Q(K|x,z1,...,24])) with prime
element x € m that is transcendental over K,

(2) elements C1,Ca,...,Cn € R that are analytically independent over K|z]
such that K[[z,(1,...,¢0]] = K[z, 21, ..., 2x]], and

(3) a natural isomorphism i that satisfies the following, where (; denotes the
image mod x, ¢ abbreviates (1, ...,(m, (mdé:: (CiyeeeyCm):

(340) 75 Kl Co s Gall/ (G100 Gl O) = B (g1, ,90) = A,

AJzA,

[

(342) B K[[Co o G/ (FID), - Fr(Q) = R/R/(F,- . £r)
(3.4.3)  q:= (i(=),1(¢), .- .,Z(Cm))/l is a prime ideal of A and N A=zA,

A/p is essentially of finite type over K for every p

(3.4.4)

€ Spec(A) \ {zA4,(0)}.
We also get Corollary 3.5 as a modification of Theorem 3.4. Needless to say, in
applying Theorem 3.4 and/or Corollary 3.5 to get desired examples, we remark
that the crucial point is to check the assumption (3.4.0). This is often straight-
forward but sometimes a bit hard as we see in Examples 4.2-4.7 in Section 4:

Example 4.1: a discrete valuation ring of positive characteristic, which is
not a Nagata ring;
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Example 4.2: a two-dimensional normal local domain whose generic formal
fiber is not connected;

Example 4.3: a two-dimensional regular local ring of arbitrary character-
istic, which is not a Nagata ring;

Example 4.4: a two-dimensional Nagata regular local ring of characteristic
p > 0, which is not excellent;

Example 4.5: a three-dimensional Nagata regular local ring of arbitrary
characteristic, which is not excellent;

Example 4.6: a three-dimensional analytically irreducible Nagata normal
local domain A that has p € Spec(A) such that A, is analytically reducible;

Example 4.7: a three-dimensional unmixed local domain A that has p €
Spec(A) such that A/p is not unmixed.

Further, following Ogoma’s original clever idea, we construct factorial local
domains with curious generic formal fiber.”

THEOREM 5.5
Let K be a purely transcendental extension field of countably infinite degree over a
countable field Ky, let n,r,m € N with m <n, and let z1,. .., z, be indeterminates

over K. Let R:= K[z1,...,2n](z,...2,), and let R denote the completion of R;
that is, R:K[[zl,...7zn]]. For each j with 1 <j <, let Fj :=F;(Z1,...,2Zm)
be a polynomial in m wvariables over Ky with mo constant term. Suppose that
Fi(2),...,F-(Z) satisfy the absolute irreducibility condition:

L[Zl,...,Zm]/(Fl(Z),...,FT(Z)) 18 a domain, which is not a field,
for every extension field L of K.
Then there exist

(1) elements (1,(2,...,Cn € R that are analytically independent over K such

that K[[C1,...,Gll = K21, -+, 20]],

(2) a factorial local domain (A, m) with R CAc Q(R), where Q(R) denotes
the field of fractions of R, and

(3) a natural isomorphism T that satisfies the following:

(5.5.1) 5 K[ Gl (Br(Qs Fr(O) = B (i J) = A,

(5.5.2) p= (1), .,Z(Cm))fl is a prime ideal of A and pN A= (0),
(5.5.3) A/p is essentially of finite type over K for every p € Spec(A4) \ {(0)}.
As above, we also get Corollary 5.6 as a variation of Theorem 5.5. Finally we

close this paper by presenting a couple of examples as good demonstrations of
Theorem 5.5 and/or Corollary 5.6:

*More details concerning a similar construction are given in [15, Theorem 10].
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Example 6.1: a two-dimensional Cohen—Macaulay factorial excellent local
domain with a Gorenstein module, which has no dualizing (= canonical) module;

Example 6.2: a three-dimensional excellent factorial Cohen—Macaulay
local domain that has no Gorenstein module.

Throughout this paper, all rings are commutative with 1. A local ring (A, m)
means a Noetherian ring A with a unique maximal ideal m. We fully use the
notation and terminology of EGA [10], Matsumura [19], and Nagata [21]. The
set of natural numbers and that of nonnegative integers are denoted, respectively,
by N and Np.

1. Heitmann’s lemma and fundamental construction of bad local domains

In this section, thanks to R. C. Heitmann, we first prove a fundamental lemma,
that guarantees a good enumeration on a countable set P (for the definition,
see (1.0.1)). Tt is needless to say that this lemma plays a key role throughout
our papers. Namely, with the aid of Heitmann’s lemma, we get a concise recipe
for making bad local domains that was originally obtained by Rotthaus [33] and
developed by Ogoma [26], Brodmann and Rotthaus [5], and Heitmann [12].

1.0. Notation and numbering on P

Let Ky be a countable field; for example, let Q be the field of rational numbers,
let F, be the finite field with ¢ elements, or let IF,, be the algebraic closure of the
prime field of characteristic p > 0, and so on, and let K be a purely transcen-
dental extension field of countable degree over Ky, that is, K = Ko({aix}) with
transcendental basis {a;; |i=1,...,n;k=1,2,...}, and we express it as

K:UKk, where Ky = Ki_1(a1g,-..,ank) for k€ N.
k

Take n indeterminates z1,...,z, over K, and let
So = Kolz1,...,2,] with maximal ideal M = (21, ..., 2,)S50,
Sk = Sk_l[alk, R ,ank] with 9 = (Zl, - ,Zn)Sk for k€N,

S=J S =Kol{air}im1,k €NJ[z1,...,z0]  with R = (z1,...,2,)85.
keN

We localize these polynomial rings by the prime ideals above and obtain
Ro = (So)m, = Kolz1, .-+, 2n](z1,...,2,)  With ng = (21,...,2)Ro,
Ri = (Sk)o, = Kil21, .- 2l (2,0 2y With 0 = (21,..., 20) Ry,
R=8Sn=Klz,...,20)(z,,....2n) Withn=(z1,...,2,)R.

Then Ry = Rg—1(aik,-..,ank), and (R,n) is a countable regular local ring that
satisfies the following:

(1.0_0) R:K[’ZlV"7271}(21,...,2”) :URk
k
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With the notation and assumptions above, we denote by P a set of nonzero
elements of N,

(1.0.1) P\ {0},

that contains enough elements. Namely, for each nonzero p € Spec(R), there
exists at least one p € P such that p € p. Then P is a countable set, and we may
assume that

zi++2, EP

and that P contains an infinite number of elements of Sy.

We fix a surjective mapping p: N — P, which we call a numbering on P, and
set p(i) = p;. By the remark above, we may assume that p; = 2; + - + 2, and
that p satisfies the following:

(1.0.2) pr € Sp_o  for every k > 2.

Next we take a sequence of strictly increasing natural numbers €1, ...,€g, ..., for
example, e, =k, and we define

(1.0.3) PL=214 "+ 2,

(1.0.4) 20 = Zi,

(1.0.5) QK = D1+ Dk,

(1.0.6) Zik = zi +angit + - Fagpq”  for k>1.

Then by the definition above, Py = (21k, .-, 2mk)R becomes a prime ideal of
height m for k > 0.

Thanks to Rotthaus [33], Ogoma [26], Rotthaus and Brodmann [5], and
Heitmann [12], we prove a fundamental lemma.

LEMMA 1.1 (HEITMANN’S NUMBERING)
With the notation above, suppose that m <mn. Let p be a numbering on P that
satisfies (1.0.2). Then (z1k, - - ., zex) Sk s a prime ideal generated by an Sy-regular

sequence zig, ...,z for every £=1,...,m and

(1.1.1) pn ¢ Py whenever h <k+1.

Proof

We prove the lemma by induction on k. The assertions are clear for k = 0, because
(#1,...,20)S0 is a prime ideal generated by an Sp-regular sequence z1,..., 2, and

because p1 =21 + -+ + 2, & (21,...,2m)S0 = Py N Sp.

Let us consider the case k > 0 and assume that the assertions are verified
for £ — 1. Namely, (21(x—1),---,2¢(k—1))Sk—1 is a prime ideal generated by an
Sy —1-regular sequence zq(x—1),. .-, 2 k1) for every £ (1 <£<m) and

Qe & Pr—1 N Sk—1= (21(k=1)> -+ » Zm(k—1))Sk—1-
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Hence zi(x—1),--2m(k—1), qr forms an Si_j-regular sequence. Here we claim
that
(1.1.2) Q" 21 (k—=1)» -+ > Zm(k—1) 18 an Sp_j-regular sequence, too.

We notice the following elementary fact. Let S be a ring and M an S-module.
Then, an M-regular sequence w, ¢ is permutable; that is, ¢, w also forms an M-
regular sequence if and only if ¢ is a nonzero-divisor on M.

In fact, on the Sy _;-regular sequence zj(x_1),- -, Z¢g(k—1); Gk, We can permute
2g(k—1) and gx, because gy is not zero in the domain Sy _1/(21(k—1)-- -, 2(e=1)(k—1))
for every ¢ (1 <¢<m), and this shows (1.1.2).

Now the assumption g € Sip—1 (cf. (1.0.2)) shows that

k-1
Zik = (Zz + Z aijq;j) + ainqy” = Zi(r—1) + @irq"
j=1

is a linear polynomial in a;; with coefficients contained in Si_1. Thus (214, ...,
zok)Sk is a prime ideal for every ¢ (1 < ¢ < m) generated by an Si-regular
sequence Z2ig, ..., 2¢ and

(Zlka . 7ka)5k NSk_1= (0)

Indeed, the following is well known. Let S be a ring, and let T be an indeter-
minate. Suppose that g, w1, ..., w, is an S-regular sequence. Then, (¢7' — w1 ) A[T]
is the kernel of an S-algebra homomorphism ¢: S[T] — S[wi/q] = S’, mapping
T to wy/q, and ¢, wa,...,we becomes an S’-regular sequence.

Hence (z1k,-.-,20k)Sk is the kernel of an Si_;-algebra homomorphism,

21(k—1 20(k—1
G Skﬂ[%kwwalk]—>5k71[ank,--~,a(5+1)k][ ;Ek L ;Ek )
k k

)

mapping a;, to —z;x—1)/qy" for 1 <i <4 (<m), and this proves the assertions.
Therefore, (z1k,. .., 2o )Sk is a prime ideal generated by an Si-regular sequence
21k, -+, 20k and (1.1.1) holds for k. O

REMARK
We remark here that if, in place of (1.0.2), we assume that

(1.1.3) px € Si—1 for every k>1 and Pr & (Z1(k—1)> -+ Ze(k—1))Sk—1,

then the proof above shows that (z1k,...,z2e)Sk is a prime ideal generated by
an Si-regular sequence ziy, ..., ze and that (1.1.1) holds for k& (cf. (5.1.2), [24,
Lemma 1.9]).

1.2. Relations
Let n,r,m € N with m < n. For each j with 1 <j <vr, let F; :=F;(Z1,...,Zp)
be a polynomial in m variables with coefficients in K such that

Fj c (Zl,...,Zm)Ko[Zl,...,Zm]
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and a sequence of strictly increasing natural numbers v, ..., v, ..., for example,
v, = k such that vy, < ey for every k, and set

1
(121) Qg 1= FFj(Zlk,...,ka) GQ(R)
k

for j=1,...,r, where Q(R) = K(21,...,2n) is the field of fractions of R
(cf. (1.0.0)). Then

1
Qjk+1) = T Fi (1 k41)s -5 Zmk1))
Qi+
= o Fila + Qe+ 1) AR s Zmk + G ) G-
k1

Thus we have the following relation between ;i and aj(r1),

Vi41 V41
(122) O = kT—i_klOlj(]H_l) + kT—:lSjk with Sjk c Sk+1.
95 9y
Let
(1.2.3) B:= | Rlawk, ..., on] C Q(R).
keEN

Then we have the following.

LEMMA 1.3
With the notation above, let M = (21, ...,2,)B. Then M is a mazimal ideal of B.

Proof

Let v: R — B be the canonical inclusion. Because oj, € M for every j and k
by (1.2.2), we have a canonical surjection z: R/n — B/M. To get the assertion,
it suffices to show

(1.3.0) M + B.

Indeed, assume the contrary, that is, M = B. Then we find elements Ji,...,
0B € B that satisfy

We may assume that fSi,...,0, € R[ag,...,ax] for sufficiently large k. Thus
there exist 71,...,r, € R and v € N such that ¢}/(51 —71),...,q/(Bn —rn) € Ps.
Hence g} (r1-z1 + -+ n-2n — 1) € Py. Therefore qi, € Py, because r1-21 + --- +
Tn'2Zn — 1 18 a unit in R. This is a contradiction. O

We define
(1.3.1) A= B]\/[CQ(R).
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Then A is a quasi-local domain with its maximal ideal m = M A. In addition, we
define

(1.3.2)  G:=zi+angi' + - +apg +-=2 + Z Wik )"
k=1

(1.3.3)  fj:=Fj(Q)=Fj(C1,--,Cm) € Ko[[Cly - sG]l € K[[C1y- -+, Gal] = R

fori=1,...,nand for j=1,...,r.

THEOREM 1.4

Let K be a purely transcendental extension field of countably infinite degree over
a countable field K. Take polynomials F; := F;(Z1,..., Zy,) with1<j<r, inm
variables over Ko without constant term. Then, for every n > m, the quasi-local
domain (A,m) defined in (1.3.1) is Noetherian and satisfies the following:

(14.1) G K[ Gl (FUQs o Fr(Q) = B/ (Frio  fr) = 4,
(1.4.2) pi= (Z(Q),...J({m))fl is a prime ideal of A and pN A= (0),

(1.4.3) A/p is essentially of finite type over K  for every p € Spec(A) \ {(0)}.

Here 7 is a map induced by the inclusion R:= K[z1,...,2n](z,...2,) — A, the
G are defined in (1.3.2), ¢ abbreviates (i,...,(m, and each f; is as defined
in (1.3.3).

Proof

With the notation above, we first show that A is Noetherian. By a theorem of
Cohen (cf. [21, (3.4)]), it is enough to see that every nonzero prime ideal p of A is
finitely generated. Take a nonzero prime ideal p of A. Then p N R # (0), because
R and A have the same field of fractions. Thus there exists ¢ € N such that
pe € pNP. Then ;i € R+ peA for every j=1,...,r and for every k=1,2,...
by (1.2.2). Hence we have a canonical surjection tp: R — A/peA, and A/psA is
essentially of finite type over K. Consequently p is finitely generated and satisfies
(1.4.3). Further, ¢, induces the canonical surjection i: R—A.

We determine KerZ, verifying (1.4.2) at the same time. We have

(1.4.4) fi— @ ok = Fi(Cy oo Cm) — F (21 2mi) = 435 05

Ek+1

with n;i, € R for j=1,...,r, because (; — zir € ;1 Rfori=1,...,n (cf. (1.2.1),
(1.3.3)). Thus i(f;) € qZ’“/l for every k € N. Then f; € Ker?.
Set P:= (S Cm)R, a prime ideal of height m. We claim that

(1.4.5) PNR=(0).
Assume the contrary, that is, PN R # (0). Then we find h € N such that
pn € PN R, by the condition on P (cf. (1.0.1)). Hence pp, 21 (h—1)s-- - Zm(h—1) €

P. This is a contradiction, because (Phs21(h=1)» - - - » Zm(h—1)) R has height m +1
(cf. (1.1.1)). Thus our claim is completed.
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Consequently R/ f R is R-torsion-free, where [ abbreviates fi,..., f;, be-
cause, for every Q € Ass R(R/ f R), we have Q C P. Further, the canonical homo-
morphism 7: R — }A%/ iR induces an R-algebra homomorphism ¢¥: A — Q(R) ®g
J%/iR, mapping o, to a;jr ®1, and o @1 = 1@ (=g, " p i mjk) € Q(R) @R
R/fR by (1.4.4). Thus ¢ factors through R/fR, which is R-torsion-free. We then
have the following commutative diagram:

A — - R/fR

R —— R
where ¢, 7, and 7,[3 are canonical homomorphisms. Therefore Keri C (f1,..., fr).
This gives (1.4.1), and we get p = P/if% Thus p is a prime ideal of A, and (1.4.5)
implies that pN A = (0). O

We end this section with the following result, which is a corollary to the proof of
Theorem 1.4. The additional hypotheses enable us to bypass some parts of the
proof and thus obtain a slight generalization of the theorem, so that n =m.

COROLLARY 1.5
We use the notation above, except that n=m. Let Fy(Z),...,F.(Z) be polyno-

mials in the variables Z := (Z1,...,2Z,) over Ko with zero constant term. Let
fik =F;(z1ks -y 2nk) and Iy = (fik, ..., fri)R. Suppose that

(1.5.0) pn & VI  whenever h <k for every sufficiently large k

and

R/(Fl ©)s--- ,FT(Q)]% is R-torsion-free,

where ¢ abbreviates Ci,...,Cn. Then (A,m), the quasi-local domain defined in
(1.3.1), is Noetherian and satisfies the following:

(1.5.1) K[ty Gl (FL(©)s e Fr(©) = B (fr, -, o) = A

that is, the homomorphism t induced by the containment R 4B A from the
map ¢ of the proof of Lemma 1.3 is an isomorphism;

(1.5.2) A/p is essentially of finite type over K for every p € Spec(A) \ {(0)}.

Proof

To see this, observe that the notation can be set with m = n, and the proof
still holds as in Lemma 1.3, to show M # B (1.3.0), where pj, ¢ /I; comes in.
Then item (1.4.5) requires that n >m. However, the condition that R/fR =

R/(F, (€)s---s FT(Q))R is R-torsion-free permits the next step. O
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2. Examples

As applications of Theorem 1.4 and/or Corollary 1.5, we obtain the following
examples of local domains.

EXAMPLE 2.1 ([1], [21, EXAMPLE 3, P. 205])
A one-dimensional analytically ramified and/or reducible local domain of arbi-
trary characteristic.

CONSTRUCTION
With notation as in Corollary 1.5, let Ky be a countable field of arbitrary char-
acteristic, and let n =2. For by,...,b5 € Ky and c1,...,cq € N, let

F(Z1,25) = (21 —b1Z5)°" - (Z1 — by Za)“.
Then by Corollary 1.5, we get a one-dimensional local domain (A, m) such that

A= K[[¢, G/ (G = b1Ga)® -+ (G — ba2) ™).

To see that this setup satisfies the hypothesis (1.5.0) of Corollary 1.5, notice that
with n =m =2, we do have pj, & /I = (211 — b122x) -+ (21& — baz2k ) R whenever
h <k as in the proof of Lemma 1.1 and (¢; — b¢2)RN R = (0) as used in (1.4.5)
to show that R/ if% is R-torsion-free.

EXAMPLE 2.2 ([9, EXAMPLE D])
A one-dimensional local domain with given embedding dimension and multiplic-
ity, which is §-simple for a derivation ¢ € Der(A, A).

CONSTRUCTION
Let Ko =Q. For every natural numbers m and ¢, let

Fi(Zy,..., Zy) = 21 and  Fy(Z1,. ., Z) = ZiZ;

with ¢ <jfori=1,...,m and for j =2,...,m. Then by Theorem 1.4, we obtain
a one-dimensional local domain (A, m) that satisfies the following:

AgKHCla s 7<m+1H/( §+1?C1<23 s 7<7%n)

We see that the embedding dimension of A is dimx m/m? =m + 1 and that A
has multiplicity e, (A) =m + t. Here we define a derivation § € Der(A, A) that
makes A d-simple. Firstly, let

1+ +2me1) =0(q1) =1 and  0(z)=—e1anq]
fori=1,...,m (cf. (1.0.6)).

Next we determine the values of d(a;i) as follows:

1 1
S(ar) = w3 (err1ih1) ey 0(qr+1)) € Skt
k

fori=1,...,m and
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5(a(m1yr) = 0.
Then we see that 6(ox) € Sky1lajkt1)], because
1

d(aje) = qQ—Vk(é(Fj(zlka'--azmk))qZk — Fi(21k, -, 2mi)S(qy")),
k

1
6(zik) = 45 0(aik) = —ert1air1) sy 0(qhe)-

We get a desired derivation § € Der(A, A).

EXAMPLE 2.3 ([8, PROPOSITION 3.3, P. 304], [5])

A two-dimensional local domain whose completion has embedded associated prime
ideal(s).

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 3. Let
F\(Z1,25,23) =23, Fo(Z1,20,23) = 2725,  F3(Z1,2Z2,23) = Z12>7Z3.
Then we get a two-dimensional local domain (A, m) such that
A= K[[G, G, G/ (G 666
= K[G, G Gl /(G) (6 6)* 1 (G, G)”

Hence (A, m) is a universally catenary local domain, which is not unmixed, with
multiplicity 1 (cf. [21, (40.6)]). Further, for every height-one prime P € Spec(A),
Ap is a discrete valuation ring (cf. (1.5.0)). The derived normal ring A = A(m),
which is the total transform of A, and every intermediate ring B between A and
A are Noetherian (cf. [8, Proposition 1.1], [18]).

In fact, our construction shows that the derived normal ring A is

(2.3.1) A= UR[Blk] where (1 = %zlk (cf. Section 1.2).
4y
k

Consequently, we have a canonical surjection (cf. (1.2.1)):

A= K¢ G Gl G 06G) — K6 G Gl () = (A
This shows that A is regular (cf. [8, Proposition 3.3]).

REMARK
Let Ky be a countable field, and let n=m + 1. Let F;;(Zn,...,2Zy,) = Z;Z; for
1<14,5 <m. Then we get a one-dimensional local domain (A, m) such that

A2 K[y Gngall/ (Gt ey Cn)?

When m =1, (A,m) is a complete intersection, which is not Japanese. However,
when m > 2, A® Q(A) is not Gorenstein (cf. (1.4.2), [8, Proposition 3.1]). As
above, we have a canonical surjection:

A— (A 2 K[[Cly e et/ (Cro oG (e (2:3.1)).
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EXAMPLE 2.4 ([21, EXAMPLE 4, P. 207], [27], [22, (5.8)])

A two-dimensional Cohen—Macaulay local domain (A, m) that has infinitely many
non-Noetherian intermediate quasi-local domains between A and its derived nor-
mal ring A.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 3. Let

F(Z,) =277 withe¢>2.
Then we get a two-dimensional local domain (A, m) with its completion:

A2 K[[¢1, 6, G/ (C).

For every nonzero element a € m, let C' = AN A[1/a], the integral closure of A in
A[l/a]. We claim that C' is not Noetherian.

Indeed, assume that C is Noetherian. Then, because a* ANC = a”C, we have
canonical injections C/a”C < A/a’ A for every v and C* «— A*, where C* and
A* represent the aC-adic completion of C' and aA-adic completion of A, respec-
tively. Hence C* of C' is reduced. Further, for every prime ideal q € Spec(C/aC),
C/q is a Nagata ring (cf. (1.4.3), [21, (33.10), (36.5)]). Thus C is reduced by a
theorem of Marot [17] (cf. [21, (36.4)]), and C,(= A,) is analytically unramified
for every p € Spec(C[1/a]) (= Spec(A[1l/a])) (cf. [21, (36.8)]). Then, for every
b € m such that a, b is a system of parameters of A, the bA-adic completion A*
of A is reduced. Consequently A should be reduced, because A/p is a Nagata
ring for every prime ideal p € Spec(A/bA) by (1.4.3), a contradiction.

REMARK
We have that A above is Noetherian (see [21, (33.12)]), and, as in Example 2.3,
we have a canonical surjection:

A= K[[C1, G, G311/ (C5) — K[[C, G, Gl (Gr) 22 (A

Hence A is regular. However, the fact that C' is non-Noetherian for every a €
m\ {0} shows that the normal locus Nor(A) = {p € Spec(A) | A, is normal} of A
contains no nonempty open subset (cf. Example 2.7).

EXAMPLE 2.5 ([32])
A two-dimensional analytically (ir)reducible Nagata normal local domain that is
not analytically normal.

CONSTRUCTION
Let Ko =Q, and let n = 3. Take

F(Z1,Z,) =2} - 73  or  F(Zy,2) = Z 2.
Then we obtain a two-dimensional local domain (A, m) such that

AZK[G, GGG =C) o K[[GL GGl (Gié)-
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Because Sing(A4) =V ((¢1,¢2)), the regular locus Reg(A) of A is Spec(4) \ {m}
(cf. (1.4.2)). Thus A is a normal Nagata local domain, which is not analytically
normal (cf. (1.4.3)).

REMARK

When Kj is a countable field of characteristic p > 2 and n =3, let
F(Zy,%Z9) =77 — Z5.

Then we get a two-dimensional local domain (A, m) with its completion:

A= K¢, 6, G/ - ).

Because Sing(A) =V ((¢1)), A satisfies Serre’s condition (Ry). Thus A is normal
and A is a Nagata local domain whenever e, =0 (mod p) (cf. (4.4.1)).

EXAMPLE 2.6 ([21, EXAMPLE 2, P. 203])
A two-dimensional quasi-excellent catenary local domain, which is not universally
catenary.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 3. Take
Fl(Zl,ZQ,Zg)121Z2 and FQ(Zl,ZQ,Zg):leg.

Then by Corollary 1.5, we get a two-dimensional local domain (A, m) as follows:

A2 K[[¢1, 6, G/ (G, GiGs) = K[[Cr, G2, G/ (G) N (G2, G)-

Thus A is a catenary quasi-excellent local domain but not universally catenary
(cf. [30], [20, Theorem 31.7]).

REMARK
For every n=m+ 1 > 3, take
Fi\(Zy,....2,)=Z1Zsy ..., Fn(Z1,...,2Z,) = Z1 Zy,.

Then as above, we get an m-dimensional local domain (A4, m) such that

A2 K[[C,. ., Gll/ () N (G5 Gn)-

Hence A is also a catenary quasi-excellent local domain but not universally cate-
nary (cf. [31], [25]). We remark, however, that these examples are not normal.

EXAMPLE 2.7 ([5, PROPOSITION 21, P. 393])

A two-dimensional local domain, which is a complete intersection, whose regular
(nor normal) locus is not open.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 3. Take

F(Z,) =277 withe>2.



66 Jun-ichi Nishimura

Then as in Example 2.4, we get a two-dimensional local domain (A, m) with its
completion:

A = K[[Clv(?vg'.%]]/(gf)

Thus Nor(A) = {(0)}. Hence the normal locus (nor the regular locus) of A con-
tains no nonempty open subset.

EXAMPLE 2.8 ([5, PROPOSITION 21, P. 393] CF. [7, P. 480])
A two-dimensional Gorenstein local domain whose complete intersection locus is
not open.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n =5. Let

F\(Z1,Z5,Z3) =73,  Fa(Zy,24,23) = Z1Z3,
F3(Zy, Z2, Zs) = Z1 Za + Z3, Fy(Z1, 29, 23) = ZoZ3,
F5(21,25,23) = 7.
Then we obtain a two-dimensional Gorenstein local domain (A, m) such that
A= K[[G1,Ca, G, 60, G/ (63, €1G35 CiGa + G55 €G3, CF).-
Hence CI(A) := {p € Spec(A) | A, is a complete intersection} = {(0)}. Namely,

the complete intersection locus of A contains no nonempty open subset.

EXAMPLE 2.9 ([5, PROPOSITION 21, P. 393])
A two-dimensional Cohen—Macaulay local domain whose Gorenstein locus is not
open.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 4. Take

F\(Z1,Z5) =77,  Fo(Z1,Z) =712  and  F3(Zy,Z2)=Z3.
Then we get a two-dimensional Cohen-Macaulay local domain (A, m) with
A= K[[Gr, G2, G, Gl /(C1,G2)°
Hence Gor(A) := {p € Spec(A) | A, is Gorenstein} = {(0)} (cf. remark of Exam-

ple 2.3). Namely, the Gorenstein locus of A contains no nonempty open subset.

EXAMPLE 2.10 ([5, PROPOSITION 21, P. 393], CF. [8, PROPOSITION 3.5])
A three-dimensional local domain whose Cohen—Macaulay locus is not open.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic with n = 4. Take

Fi(Z,,2) = Z? and Iy (Z1,29) = Z1Z5.
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Then, we obtain a three-dimensional local domain (A, m) such that

A= K[[¢1,Ca,C3,Ca)]/(C) N (C1, G2)2

We show that the Cohen—Macaulay locus of A contains no nonempty open subset
D(a)={q € Spec(A) | q# a} for every nonzero a € m.

Indeed, we find § € D(a) := {q € Spec(A) | § # a} such that A, is not Cohen—
Macaulay and that §N A =g € D(a)\ {(0)}, because /1,3 is not Cohen-Macaulay
and because dim A/p =2 (cf. (1.4.2)). Because A/q is excellent by (1.4.3), A, is
not Cohen—Macaulay.

EXAMPLE 2.11 ([5, PROPOSITION 21, P. 393])
A three-dimensional Nagata normal local domain, which is a complete intersec-
tion, whose regular locus is not open.

CONSTRUCTION
Let Ky be a countable field of characteristic zero, and let n = 4. Take

F(Z1,Zy) =72} - Z3.
Then we get a three-dimensional normal local domain (A4, m) with its completion:

A2 K[[¢1,62,G, )/ (GG - G).

Thus A is a Nagata ring by (1.4.3), and the same reasoning as in Example 2.10
shows that Reg(A) contains no nonempty open subset.

EXAMPLE 2.12 ([5, PROPOSITION 21, P. 393]; CF. [13, EXAMPLE A, P. 192])
A three-dimensional Nagata normal Gorenstein local domain whose complete
intersection locus is mot open.

CONSTRUCTION
Let K be a countable field of characteristic zero with n = 6. Let

Fy\(Z1, 23,23, 24) = Z1 Z3 — Z3, Fy (21,29, 23,24) = Z1 24 — Z2Z3,
F3(Z1,Z9,Z3,24) = ZoZoy — Z3,  Fi(Zy,Z9,Z3,24) = Z} — Z3Z4,
F5(Z1, 2, Z3, Z4) = Z3 Zy — Z3.
Then, we obtain a three-dimensional normal Gorenstein local domain (A, m) with
A= K([G1,C2,C3, s G5, Gol)
/(€16 = G5, Gi6a — CaGa,
CaCa = G5, G — (3Cas (TG — ).

Hence A is a Nagata ring, and as above, CI(A) contains no nonempty open
subset.



68 Jun-ichi Nishimura

EXAMPLE 2.13 ([5, PROPOSITION 21, P. 393]; CF. [13, EXAMPLE, P. 180])
A three-dimensional Nagata normal Cohen—Macaulay local domain whose Goren-
stein locus is not open.

CONSTRUCTION
Let K be a countable field of characteristic zero with n =5. Take

F\(Z1,25,23) = Z3 — Z9Zs, Fy(Z1,25,23) = Z3 2, — Z3,
F3(Z1, 29, Z3) = 2125 — Z3.

Then we get a three-dimensional normal Cohen—-Macaulay local domain (A, m)
such that

A2 K([[G1, G, G306 G/ (G — (G, GG — B, GG — 63).

Thus A is a Nagata ring, and Gor(A) contains no nonempty open subset.

EXAMPLE 2.14 ([5, PROPOSITION 21, P. 393], CF. [14, P. 61])
A four-dimensional Nagata normal local domain that has monopen Cohen—
Macaulay locus.

CONSTRUCTION
Let Ky be a countable field of characteristic zero with n = 6. Let

F\(Z1, 2,73, 24) = Zi — Z3,  Fa(Z1,Z2, 23, Zs) = Za Z3 — 73,
F3(Z1, 22,23, 24) = ZyZ1 — Z4Z3, Fy(Zy,Z2, 23, Z4) = Z3 24 — Z3Zh.
Then we obtain a four-dimensional normal local domain (A, m) that satisfies

A2 K[[G,. Gl /(G — 2,60 — 2,66 — s, GG — GG

As above, A is a Nagata ring and CM(A) contains no nonempty open subset.

EXAMPLE 2.15 ([26], [12])
A three-dimensional Henselian Nagata normal local domain that is not catenary.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 4. Take

Fi(Z1,Z2,723) = Z1 Z> and Fy(Z1,25,73) = Z)\ Z3.
Then we get a three-dimensional local domain (A, m) such that

A2 K[[¢1, 62,6, )/ (G) N (G, G3)s

because Sing(A4) =V (({1,2,¢3)) and because depth A =2, A is a noncatenary
Nagata normal domain (cf. (1.4.2), (1.4.3)). When Kj is a countable field of
characteristic p > 0, by the same reasoning as in Example 4.4, A is a Nagata
ring whenever ¢ =0 (mod p). Hence, by taking the Henselization of A, we get
a desired local domain.
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3. Construction of bad local domains with a specified prime element

In this section, we first make a minor change of the notation of Section 1 and
have a specified Heitmann’s lemma that gives a good enumeration on a countable
set P* (for the definition see (3.0.1)). Then, modifying the construction given in
Section 1, we get bad local domains with a peculiar prime element, originally due
to Brodmann and Rotthaus [6], Ogoma [29], and Brezuleanu and Rotthaus [4].

3.0. Notation and numbering on P*
Let Ky, K, and K}, be as in Section 1.0. Take n + 1 indeterminates z, z1,...,2,
over K, and set

So = Kolz,21,...,2,] with maximal ideal My = (, 21, ..., 2,)50,

Sk = Sk_1]a1ks- -, ank] with Mg = (z,21,...,2,)Sk for k €N,
S= U Sk = Kol{aw o1,k €Nz, 21,...,2,] with M= (x,21,...,2,)9.

keN
We localize these polynomial rings by the prime ideals above and obtain
RO = (So)mo - KO[:E; Zlyee- 7Zn](?1:,21,...,zn) with ng = (xazlv ceey Z’n)ROa
Rk = (Sk)‘ﬂk = Kk[l‘7 Zlyenny Zn](1721,~»-,zn) with N = (.%', TR ,Zn)Rk7
R=Sn=Klz,21,...,%n)(2,21,..,2,) Withn=(z,21,...,2,)R.

Then, Ry = Ri—1(a1k,-..,ank), and (R,n) is a countable regular local ring that
satisfies the following:

(3.0.0) R=Klz,z1,....20)(z,1,...n) :URk.
k

With the notation and assumptions above, we denote by P* a set of elements of
N\ xS,

(3.0.1) P* N\ 28,

that contains enough elements. Namely, for each p € Spec(R) \ {(0),zR}, there
exists at least one p € P* such that p € p. Then P* is a countable set, and we
may assume that

z14+ -+ 2z, €PF

and that P* contains an infinite number of elements of Sj.

In the following, we denote by 5 the image of s €S in S =5/25 (or in R =
R/zR). Then P:={pe S|pec P*} satisfies the same condition as P in (1.0.1).
Namely, P is a set of nonzero elements of M =MN/xS,

(3.0.2) P cn\ {0},

that contains enough elements. That is, for each nonzero p € Spec(R), there exists
at least one p such that p € p.

We fix a surjective mapping p*: N — P*, which we call a numbering on P*,
and set p*(i) = p;. By the remark above, we may assume that p; =21 + - + 2,
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and that p* satisfies the following:
(3.0.3) pr € Sp_o  for every k > 2.

Remark that if p* is the numbering above, the induced mapping p: N — P,
which applies ¢ to p;, is a numbering on P such that 5, = 2z + - - - + 2, and that

(3.0.4) Pk € Sp_2=Sk_2/xS,_o for every k> 2.

As in Section 1, for a sequence of strictly increasing natural numbers €1, ...,
€k,..., we define

(305) Zi0 = i,
(3.0.6) gk = DP1" " Pk,
(3.0.7) Zik = 2 + aﬂqil +--+ aiquk for k>1.

Similarly, we define

(3.0.8) Zio = Zi,
(3.0.9) @r = D1+ Dk,
(3.0.10) Zik =Zi+anq" + - +aq," for k>1.

Then Qk = (x, 21k, - - - , 2mk ) R becomes a prime ideal of height m+1 for k > 0.
The same reasoning as in Heitmann’s lemma shows the following.

LEMMA 3.1 (SPECIFIED HEITMANN'S NUMBERING; CF. [12, PROPOSITION 1])

With the notation and assumptions above, suppose m < n. Let p* be a numbering
on P* that satisfies (3.0.3). Then (x,21k,--.,2k)Sk i a prime ideal, generated
by an Si-regular sequence x, 21k, ...,z for every £=1,...,m, and

(3.1.1) pn ¢ Qr  whenever h<k+1.

3.2. Relations
Let n,r,m € Nwith m <n. Foreach j with 1 <j <r,let G; :=G;(X,Z1,...,Zp,)
be a polynomial in m + 1 variables with coefficients in K such that

Gje(X,Zv,...,Zn)Ko[X, Z1,...,2Zy).
Identifying Ko[X, Z1,...,Zn]/ X Ko[X, Z1,...,Zy] with Ko[Z1,...,Z,), let
Fi(Zi,...,2):=G;(0,Z1,...,2y) € Ko[Z,...,Zy).
Take a sequence of strictly increasing natural numbers vq,...,v,... such that
v, < gy, for every k, and set

1
——Gj(x, 21y, Zmi) €EQ(R) for j=1,...,r

Vi

(32.1)  aj =

1 1 _
(322) Qjk = qkaGj(O,flk, .. .,ka) = %Fj(fuﬁ .. ~72mk) S Q(R)



A few examples of local rings, | 71

K(z,...,2,) are the fields of fractions

Here Q(R) = K (x,21,...,2,) and Q(R) =
(cf. (3.0.0)). Then

of R and of R= R/xR, respectively

1
Qjkt1) = T G (T 21 (k41)5 - -5 Zmk41))
Qi1
_ Ek+1 Ek+1
= o G (T, 210+ a1 1) G s Zmk F Gk 1) Ty )-
k1

Thus we have the following relation between o and a1y

Vi+1 Vi1

(323) Q= kT—i_klOlj(]H_l) + kT—:lSjk with Sjk € Sk+1.
95 95
Let
(3.2.4) B:= | Rlawk, ..., on] C Q(R).
keN

Then the same proof as in Lemma 1.3 shows the following lemma.

LEMMA 3.3
With the notation above, let M = (x,z1,...,2,)B. Then M is a mazimal ideal

of B.

We define

(3.3.1) A:=By CQ(R)=Q(K|x,z1,...,2n])-

Then A is a quasi-local domain with its maximal ideal m = M A. In addition, we
put

(33.2) Gii=zitangi +--Fangt =2+ Zaiqukv

(3.3.3) gj:=G;(,0)
= Gj(xaclv”'a(m) GKO[[xvclv”'vcm]] CKHLU,Cl,,CnH :Rv

(334) G=zi+aadi +- -+ and +=Zzi+ Z@ik@ik,

(3:35)  fj=Fi(Q)=Fj(C1,---,Cm) € KollCr,- -, Gl C K[[C1,- -, Gal] = R”

fori=1,...,nand for j=1,...,r.

THEOREM 3.4

Let K be a purely transcendental extension field of countably infinite degree over
a countable field Ky. Take polynomials Gj = G;(X,Z1,...,Z,) with 1 <j<r,
m m—+ 1 variables over Ky without constant term.

By identifying Ko[X, Z]/ X Ko[X, Z] with K[Z], let

Fj(Zl,...7Zm) IZGj(O,Zl7...7Zm)EK()[Zl,...,Zm] fOT‘jzl,...,’F
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Taking r + 1 indeterminates Q, Ty,...,T,, let é and ¢ be ring homomorphisms:
¢ Ko[X,Z,Q|T,...,T,] = Ko[X, Z,Q]|G1/Q,...,G,/Q] withT; — G;/Q
¢t KolZ, Q[T ....T}] = KolZ,QIIF Q... F,/Q) with Ty — F/Q.
Suppose that, by regarding Ko[Z,Q)] as Ko|X,Z,Q]/XKo[X, Z,Q)], we have
(3.4.0) Keryp = Ko[Z,Q] @k, (x,z,q Kerp.

Then, for every n>m, the quasi-local domain (A,m) defined in (3.3.1) is Noe-
therian with a prime element x € m that satisfies the following:

(841) & Kl Gall/ (Gala Q) Gr.0) = B (g1, 097) = 4,

AJzA,

[®

(342) B K[[Co o G/ (FID), - Fr(O) = R/R/(F,- . fr)

(3.4.3) q:= (i(x), (1), .,Z(Cm))A is a prime ideal of A and
qNA==zA,

(3.4.4) A/p is essentially of finite type over K
for every p € Spec(A) \ {zA4,(0)}.

Proof

We follow the proof of Theorem 1.4. We first show that A is Noetherian. Namely,
we check that every nonzero prime ideal p of A is finitely generated. Note that
pN R =#(0), and we consider two cases.

First case. There exists £ € N such that p, € pNP*. Then «;;, € R+ peA for
every j=1,...,7 and for every k=1,2,... by (3.2.3). Hence, we have a canon-
ical surjection ty: R — A/pgA, and A/peA is essentially of finite type over K.
Consequently p is finitely generated and satisfies (3.4.4).

Second case. Suppose that R =pN R. Then, our assumption (3.4.0) implies that

(3.4.5) B/zB= | ] Rloux, ..., 0] C Q(R).
keN

Thus p =z A, and therefore A is Noetherian. Moreover, (3.4.5) shows that A/zA
has the same structure as local domains in Theorem 1.4.
Next we consider canonical surjections

i:R—A and i:R/zR— A/zA.
It is clear that the same reasoning as in the proof of Theorem 1.4 guarantees
g; € Keri, Keri=(f1,..-, fr), and QNR=2zR,
where Q = (z,(1,...,Cm)R (cf. (1.4.5)). Then

(g17"'7g7') CKerZC (x’g17""g7')'
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Therefore Keri = (g1,...,gy), because z is a nonzero divisor in A. Finally § =
Q/(g) is a prime ideal of A and §N A =xA, because A/xA and R/xR have a
common field of fractions. Thus (3.4.3) holds. O

We end this section with the following result, which is a corollary to the proof of
Theorem 3.4. The additional hypotheses enable us to bypass some parts of the
proof and thus obtain a slight generalization of the theorem, so that n =m.

COROLLARY 3.5

We use the notation above, except that n=m. Let G1(X,Z),...,G.(X,Z) be
polynomials in the variables X and Z := (Z,...,Zy) over Ky with zero constant
term.

By identifying Ko[X, Z]/ X Ko[X, Z] with Ky[Z], let
Fi(Z)=G;(0,2) € Ko[Z,...,Zy).

Let gji = Gj(x, 21k, -, Znk)s Jk = (G1k> - grk) R, and fjp = Fj(Zig, ... Znk)-
Suppose that

ph &/ Jr  whenever h <k for every sufficiently large k,
(3.5.0) R/(m,Gl(az,g),...,Gr(az,g))f% is R/xR-torsion-free,

91k Irk 91k 9k =T fik fri

ULt _Un
9y k d Ay,

} for every k,
s k

where ¢ abbreviates (i, ..., (.
Then (A, m), the quasi-local domain defined in (3.8.1), is Noetherian with a
prime element x that satisfies the following:

(351) L K[[xaclv .- 7Cn“/(G1(xv£)7 .. '7GT(:I:7§))

[

A,
(3.5.2) K [[Ct o Gl (FL (D), Fr(©) = (AfzA) = Az,
(3.5.3) A/p is essentially of finite type over K  for p € Spec(A) \ {xA, (O)}

4. Examples with a specified prime element

We start with Example 4.1, which can be obtained by Corollary 1.5. Then, using
Theorem 3.4 and/or Corollary 3.5, we present examples of local domains with
a specified prime element, whose residue rings have the structure of those con-
structed in Section 1.

EXAMPLE 4.1 ([21, EXAMPLE 3, P. 205])
A discrete valuation ring of positive characteristic, which is not a Nagata ring.

CONSTRUCTION
With notation as in Corollary 1.5, let Ky be a countable field of characteristic



74 Jun-ichi Nishimura

p >0, and let n =2. If we take
F(Zl) =29 — Zf S Ko[ZQ] [Zﬂ,
this F'(Z;) satisfies the conditions (1.5.0) (cf. the proof of Lemma 1.3). We get a

discrete valuation ring (A, m) whose completion is

A2 K[[G1, )/ (22 = (1) = K[G1, 2201/ (22 — 7).

EXAMPLE 4.2 ([21, EXAMPLE 7, P. 209])
A two-dimensional normal local domain whose generic formal fiber is not con-
nected.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 2. Let
G(X,Z,)=X7Z,+ 7% € Ko[X, Z1].

By Theorem 3.4, we obtain a two-dimensional local domain (A, m) such that

A= K([z,G, )/ (x¢ + (F) = K[z, 1, G]/(G) N (2 + G).

Then A is normal, because Sing(A) =V ((x, (1)) and because x is a prime element.

Remark. It might be interesting to study if the following example exists: a normal
Nagata local domain with nonconnected generic formal fiber.

EXAMPLE 4.3 ([21, EXAMPLE 7, P. 209])
A two-dimensional regular local ring of arbitrary characteristic, which is not a
Nagata ring.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 2. Let

G(X,Z,)=X+2Z7 where ¢c>2.

Then, we get a two-dimensional regular local ring (A, m) with a prime element
x such that

A2 K[, GGl @+ and  AfsA=K[G,GI/(C),

Remark ([34]). Let p be a prime number. If we take Zpz(a;x) and p for K and X
in our construction above, we get similar examples of regular local rings of mized
characteristic.

EXAMPLE 4.4 ([27, SECTION 1])
A two-dimensional Nagata regular local ring of characteristic p > 0, which is not
excellent.
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CONSTRUCTION
Let Ky be a countable field of characteristic p (p > 2) with n=2. Let

G(X,Z1,2:)=Z} + X + Z8 € Ko[X, Z1, Zs).

Then by Corollary 3.5, we get a two-dimensional regular local ring (A, m) with
a prime element x such that

A2 K(,¢, GG+ + ).

We show that A is a Nagata ring whenever ¢, =0 (mod p). Firstly, we show a
special case of a theorem of André.

LEMMA (CF. [3])

Let R be an excellent local domain with a prime element x. Let A= R/P be a
local domain, which is a homomorphic image of R. Suppose that x is a nonzero
prime element of A and that Q(A/mfl) is a separable extension field of Q(R/xR).
Then Q(A) is separable over Q(R).

Proof )
Let D= R;r and ' =A_;. Then we have a canonical exact sequence
Hyo(D,E,E/2E) — H(D,E,E) —~— Hy(D,E,E)— H,(D,E,E/zE).
By our assumption, E/zFE is separable over D/xzD. Hence
H;(D,E,E/xE)~ H;(D/xD,E/zE,E/zE)=0 (i=1,2)
(cf. [2, Propositions 4.54, 7.22, 7.23]). Thus

(oo}
H(Q(R),Q(A),Q(A)) = Hy(D,E,E) = (]| " H\(D, E, E).
v=1
Therefore, to get the assertion, it suffices to show that Hy (D, E, E) is z-adically
separated. In fact, we claim that Hy(D, E, E) is a finite E-module.
Indeed, let Q = P + xR be the prime ideal of R. Then, because Q "R =zR
by assumption, we have the canonical local homomorphisms

D=R,z —%— Ry —"— A ;=E

where ¢ is regular, because R is assumed to be excellent, and v is surjective.
The following canonical exact sequence,

0=Hy(D,Ry, E) —— Hy(D,E,E) —— Hi(Ry, E, E),
implies that Hy (D, E, E) is a finite E-module (cf. [2, Théoréme 5.1]). |
By applying the lemma above to A 4 = R;r and to /lx i» we are only able to
check that Q(A/xzA) is separable over Q(A/xA) (cf. (3.5.3)). Namely,
(4.4.1) Q(KT[¢1,&)l/(( + (D)) is separable over K (%1, Z2).

In fact, this is equivalent to the following:
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(4.4.2) K[[G, G/ + @) @iz, ) KYP[577, 2,7 is reduced.
Because K[[(1,(2]] = K[[Z1, Z2]] and because
K51, %)) k(s 2 K757, 2,77)
=~ K[z/7, 2P|/

_1/p -1 i/p 1 1/p 1
= U K[[z1/p7 22/1)]][‘11{]07 a2{p7 R alép’ am/f]
k
1 1 1 1 _1/p -1
= U K(al{pa az{p) e 7a11/cp7 azl/cp)[[zl/pv 22/p]]
k

is a regular local ring that is a direct limit (cf. [21, (E3.1), p. 206]), to get (4.4.2),
it suffices to show that, for every k

1/p 1 1/p 1/p\i=l/p -1 2, Ty
(4.4.3) .f('(czl{197c12{197 e 7a1£p7a2£p)[[21/p7zz/p]]/(Cf +¢5)  is reduced.
Indeed, let R} = K(ai{p,a%{p7 e ,a},/cp,a;,/f)[[éi/p,Eé/p]], and take
9 € Der(Ry,, R;) for some £ > k.

80,15

Because ¢, =0 (mod p) for every h by assumption, the assertion (4.4.3) follows
from

GG g+ CR: (cf (3.3.4)).

EXAMPLE 4.5 ([32])
A three-dimensional Nagata regular local ring of arbitrary characteristic, which
is not excellent.

CONSTRUCTION
Let K be a countable field of characteristic zero or p > 2, and let n = 3. Let

G(X,Z1,22)=Z} + X + Z8 € Ko[X, Z1, Zo, Z3).

Here, in the case char Ky = 0, we may take as p every natural number greater
than one. Then by Theorem 3.4, we get a three-dimensional regular local ring
(A, m) that has a prime element = such that (cf. Example 2.5)

A2 K([x,¢,0.Gll/(G+a+¢&)  and  A/zA= K[, G, GG+ ).

The same argument as in Example 4.4 shows that, when char Ko =p > 2, Ais a
Nagata ring if e, =0 (mod p) for every k.

EXAMPLE 4.6 ([27])
A three-dimensional analytically irreducible Nagata normal local domain A that
has p € Spec(A) such that A, is analytically reducible.

CONSTRUCTION
Let Ky be a countable field of characteristic zero or p > 2, and let n = 3. Taking
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as p every odd number greater than two in the case char Ky =0, let
G(X,Z,,Zy) = X273+ 78 — Z3.

Then by Theorem 3.4, we get a three-dimensional local domain (A, m) with a
prime element x such that

A2 K([z,G,6, G/ (%G + & - ¢}).

Further, A is a domain, because A/zA 2 K[[(1,(a, )]/ (CE — C3).
Take p = (21, 22, 23) A € Spec(A4), and take Ko(x) in place of Ky. Then

A = K(2)[[C1, G2, G/ (22 + & — ¢D).

Thus Ap/\ is reducible, because

1+ e K@)

The same argument as in Example 4.4 shows that, when char Ko =p>2, Ais a
Nagata ring whenever ¢, =0 (mod p) for every k.

EXAMPLE 4.7 ([6], CF. [23])
A three-dimensional unmixed local domain A that has p € Spec(A4) such that
A/p is not unmixed.

CONSTRUCTION
Let Ky be a countable field of arbitrary characteristic, and let n = 4. Take

G1(X, 21,24, 73) = Z3 — Z3, Go(X, 21,25, 23) = Zy X? — Z2,
G3(X, 21,2, 73) = ZoZy — X 73,  Gu(X,Z1,%9,%3) = Z2X — Z37,.
Then, using Macaulay [16], we get (cf. [14, p. 61])
Kerp = (QT) — G1,QTs — G, QTs — G3,QTy — Gy,
XTy — ZsTs — ZyTy, Z\Ty — Z2Ts — ZsTy, ZoTs + Z1T5 — X T,
Z3Ty + Zo X Ty — 20Ty, TiTo + ZoT3 — T3,
Kerp = (QTy — F1,QTy — I3, QT3 — F3,QT, — Fy,
— Z3Ty — ZoTy, ZyTh — Z3Ts — ZsTy, ZoTo + Z1 T,
Z3Ty — 20Ty, Th Ty + ZoT2 — T3).

Thus Kerp = Ko[Z,Q] ®@k,x,z,q) Kerp (cf. (3.4.0)). Therefore, Theorem 3.4
gives us a local domain (A, m) with a prime element x that satisfies the following:

A= K[[2,¢1, 6, G, Gl /(G — 2 Ga? — (GG — 26, G — (3G,

A/zA = K[[G1, G, G, Gll/ (G — G GF G2, 3Ch)
=~ K[[C1,¢2, G, Call/ (65 — G5,¢1) N (61, Gas C3)%
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Namely, A is analytically irreducible but A/xA is not unmixed.

REMARK ([29])
With the notation above, take

Gr(X, Z1, %0, Z3) = 712, Go(X, Z1, Z, Z3) = Z0(X + Za),
Co(X, 21, 2o, Zs) = ZoZs, (X, 21, Zo, Zs) = Zo(X + 7).
Then, Macaulay gives us (cf. [29, Proposition 1.3])

Ker g = (QT1 — G1,QTs — G2, QT3 — G3,QTy — Gu,

(X 4+ Z2)T) — Z3To, (X + Zo)Ty — Z1/ T3,

(X + Z2)Ts — Z1 Ty, (X + Zo)Ts — ZsTy, Ti Ty — T T3),
Kerp = (QTy — F1,QTy — F»,QTs — F3,QTy — Fy,

25Ty — Z3T3, 25Ty — 21 T3,

ZoTy — 2Ty, ZoTs — ZsTy, TiTy — ToTs).

Consequently, Kerp = Ko[Z, Q] @k, [x,z,q] Ker ¢. Therefore, we get a local do-
main (A, m) with a prime element = such that

A = K[[‘r7C17C23C3a<-4]]/(c17c2) N (Ci’nx + CQ)»
AJrA = K[[C1,Ca,C3,Call/ (C1C3, C1Cas Calay C2)
~ K[[C1, G2, C3, Cal]/(Cr, G2) N (Gay G2) N (Gry o5 G3)

We get another analytically unramified unmixed local domain A such that A/zA
is mot unmixed.

5. Construction of bad factorial local domains

In this section, thanks to T. Ogoma, we first define the decomposition of prime
elements of a regular local ring with respect to the equations, or relations, formed
by a subregular system of parameters. Then, we observe how this decomposition
changes when the original regular local ring is extended by a finite number of
indeterminates and when the subregular system of parameters is appropriately
modified according to the extension.

Making use of the observation above, we give a so-called factorial numbering
on the subset of prime elements of the regular local ring R in (1.0.0). Finally we
show that the standard construction in Section 1 combined with this factorial
numbering gives a desired factorial local domain.

5.0. Notation and enumeration on P
With notation as in Section 1.0, we first fix an enumeration on a set of prime
elements that represents the set of all height-one prime ideals of R.



A few examples of local rings, | 79

Take a set of prime elements P of 91 that contains, for each height-one prime
ideal p € Spec(R), a unique p € Sy, with the least possible k such that pR = p:

(5.0.1) P o\ {0}.
Then, as before, P is a countable set, and we may assume that
21+t 2, EP

and that P contains an infinite number of elements of Sy.

Let p: N— P be a bijective mapping, and write p(i) = p; instead of p;. By
the remark above, we may assume that p; =21 +--- + 2, and that p satisfies the
following:

(5.0.2) pr € Sk_o for every k > 2.

In the next subsection, we show that if relation polynomials F'(Z) satisfy
the condition (5.1.0), one can give a so-called factorial numbering on a subset II
of P, which guarantees the realization of desired factorial local domains.

In fact, thanks to Ogoma’s decomposition lemma below, we show that one
can pick up elements of P,

P1,P25- -3 Pksy-- s
and, at the same time, determine a strictly increasing sequence of natural num-
bers

E15E2y v e yEkyenny

so that they fulfill our inductive conditions (5.1.2)—(5.1.5).
However, we end this subsection by fixing some more notation. Namely, first
let

(5.0.3) p1 i=pr=z1+ 0+ 2,
(5.0.4) zio:=z; fori=1,...,n.

Assuming that pq,...,ps and e1,...,e,—1, which satisfy (5.1.2)—(5.1.5), have been
chosen, we define:

(5.0.5) qr:=p1-px for 1<k </,
(5.0.6) Zih =2+ ainq;t + -+ apg” for 1<h <AL
5.1. Relations and prime elements
Take polynomials in m variables over Ky with no constant term,
Fi(2),....,F(Z2) € (Z1,Z2,..., Zm)Ko|Z1,..., Zm],
that satisfy the following absolute irreducibility condition:
L[Zl,...,Zm]/(Fl(Z), ) ..,FT(Z)) is a domain, which is not a field,

(5.1.0)
for every extension field L of Kj.
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With the notation and assumptions above, for 0 < h < ¢, let

(511) Ph:(flhv"'vfrh)Rh with f]h— (Zlh; th).

Then P, is a prime ideal of R, = Kp[21,...,2n](z,,...,2,), because the F(Z)’s
above are assumed to satisfy the condition (5.1.0).
With the notation above, we state the inductive conditions:

(5.1.2)  p1,...,px are nonzero divisors on Ry_1/Px—1 for 1 <k <Y
p1Rg—1+ Pr—1,...,px Rr—1 + Pr—1 are mutually distinct prime ideals

(5.1.3) for 1 <k < ¢;

(5.1 pn=pit - ppup(r—1)  (mod Pr_1) with a unit upp_1) € Rp—1
and eng €ENg for 1<g<h<k<Y;

(5.1.5)  ep >max{en_1+1,e11,€21,. ., €ht1)n E(ht1)(ht1) ) for 1<h <L

Note that p; fulfills the conditions above when ¢ = 1. The following Ogoma’s
decomposition lemma [28, Proposition 2.3] makes us possible to climb our induc-
tion steps up.

LEMMA 5.2 (OGOMA'S DECOMPOSITION LEMMA)

With notation and inductive assumptions above, take an element q € Rx_1. Let
Yik *= Zi(k—1) + airq where the ag.’s are indeterminates over Ry_y (cf. (1.0.6)).
Let g;i, := F;(y) € Ri_1[a] and Qr = (91, - - -, Grk)Ri. Then

(5.2.0) 9ik = fi(k—1) +aH;(a) with Hj(a) € (a)Rx—1[al.

Hence pj Ry + Pr_1 R, = pj, R + Qr if ¢ € pjy Riy—1 for some h. In particular,
prRi + Q is a prime ideal when q € pj, R,—1 and when € > 0. Suppose that

(5.2.1) D1,---,Pr are nonzero-divisors on Ry /Qy.
Take an element r € Ri—1 \ Px—1. By (5.1.2) and (5.1.3), we have
(5.2.2) r=pit---pefes (mod Pr_q) with s € Ry_.
Under the circumstances, suppose that q € 02:1 P Ry—1. Then
(5.2.3) r=pit--pet -t (mod Q) witht € Ry,

(5.2.4) if s above is a unit in Ry_1, t is also a unit in Ry.

Moreover, suppose that r is a prime element of Ry_1 and that ¢ =pi' ---pF-u
with u a unit in Ri—1 and €, > max{ep, 1} for every h. Then

t is either a prime element in Ry /Qy or a unit
(5.2.5)

k
ifté¢ U (ph Rk + Q).
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Proof
Indeed, we get the assertion (5.2.3) by (5.2.0) and the following:

Pt PR R+ P Ry = pi' - pif R + Q.
Next express
r=pi*---pFs+p withpe Py,

Then, because ¢ = p{*-+-pf*-u and p = Z;:lrjfj(k,l) with u, r; € Rg_1, we
have

T T
r=pi'-pk <s—qujHj(a)> +ergjk
j=1 j=1
and

t=s— qujHj(a) (mod Q) (cf. (5.2.1)).
j=1
Consequently t is a unit in Ry, because s is a unit in Ry_; and because
qujHj(a) € (a)Ri—1[a] (cf. (5.2.0)).
j=1

Finally we have the canonical isomorphisms
(kal(a)/(tvg)) [l/q] = ((kal[y]/(n g))[l/q])T
= ((Re-1/rRi-1)ly)/ (F(y)))[1/d])
= ((Rk—1/rRx-1)[1/q] @k, Kolyl/(F(y))) ,-
Then (Rk—1(a)/(t,9))[1/q] is either a domain or (0) by assumption (5.1.0). Thus
we get the assertion, because ¢t and ¢ form an (Ry/Qy)-sequence. O
5.3. Inductive step: Decomposition of p,; and choice of p,; and ¢,
By the inductive hypotheses in Section 5.1, we may assume

(5.3.0) pe+1 =D, vy (mod Py_q)

€(L+1)1 . _pe(z+1)z.
4

where vy € Ry—1 and vy ¢ Uizl(thg_l + Py_1), because pypy1 € Ry—1 by (5.0.2).
Then, take

(5.3.1) €0 >Max{€r_ 1,011,021, -+, €00, E(U41)15 - - » E(L41)L -
And we define

(5.3.2) Zip = 2z +a;1q7" 4 -+ agq;t  with go =p1---py
(5.3.3) Py = (fie,---, fre)Re  with fjo=Fj(z1s,. .., 2me)-
Here we remark that

(5.3.4) every P € Ass(Ry/Py) is contained in (214,...,2me)-
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Then, by Lemma 1.1 plus (1.1.3) and by Lemma 5.2, we see that

(5.3.5)  pi1,...,pe are nonzero divisors on Ry/Py;

(5.3.6) p1Re+ Py,...,peRe + Py are mutually distinct prime ideals;

(6.3.7)  pr=p{* - piF*upe  (mod Pp) with unit uge € Ry for 1 <h <k <,
(5.38) peyr=p TP v (mod Py);

where vgy1 € Ry and veqq ¢ Uizl(kag + P;) (cf. proof of (5.2.4)).

Further, (5.2.5) implies that vy is either a nonzero prime element of R,/ P,
or a unit.

Firstly we have the case when v,y is a prime element of Ry/P,;. By the
choice of P, we can find an element p € P NSy such that vey1 = p-uy1)e where
Ugg41)e 18 a unit in Ry. In fact, p1,...,pe and this p with €, above satisfy the
conditions (5.1.2)—(5.1.5). Consequently, we can take this p as pgi1.

Secondly we have the case when vpy; is a unit. We can find an element
p € PN Sp_q such that p and py,...,ps satisfy the conditions (5.1.2)—(5.1.4),
because P is assumed to contain an infinite number of elements of Sy (cf. proof
of (5.2.5)). In letting vey1 be a unit w41y, in Ry, we can take this p as pyyq.

These complete our inductive process.

5.4. Construction
Notation being as above, let 1= {p; | k=1,2,...} be the subset of P chosen in
Sections 5.1 and 5.3. For j=1,...,r, we define

1 fik
(5.4.1) a,jk:Tij(zlkw--yzmk):ka EQ(R)
dy 4y
where fjr = Fj(z1k, .., 2mk), Q(R) = K(z1,...,2y) is the field of fractions of R,
and v (<eg), k=1,2,..., is a sequence of strictly increasing natural numbers
such that
v > max{er_1,€11,€21, .- <3 €k C(k+1)15 - - ~,€(k+1)k},

for example, vy, :=¢y, (cf. (5.3.1)). Then

Vk+1 Vk+1
(5.4.2) = %aj(k+1) + %Sﬂg with s, € Skyi1.
Let
(5.4.3) B = Rlaw,...,on] CQ(R).
keN
Lemma 1.3 and the remark after Lemma 1.1 show that M = (z1,...,2,)B is a

maximal ideal of B such that B/M = R/n= K. Thus let
(5.4.4) A:=Bpy CQ(R)=Q(K]|z1,...,2n)).
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Then A is a quasi-local domain with its maximal ideal m= MA. Fori=1,...,n
and for j=1,...,r, we define

(5.4.5) G=z+tang' + - +awg +--=z+ Zaiink,
k=1

(54.6)  f; = Fi(Ciye e s Cm) € Ko[[Crsen s Gnl] CK[[Cr -, Cal] = R

THEOREM 5.5
Let K be a purely transcendental extension field of countably infinite degree over a
countable field Ky, let n,r,m € N with m <n, and let z1,. .., z, be indeterminates

over K. Let R:= Klz1,...,2n](,....2,), and let R denote the completion of R;
that is, R=K][[z1,...,24]]. For each j with 1 <j <r, let Fj:= Fj(Z1,...,Zm)
be a polynomial in m wvariables over Ky with no constant term. Suppose that
Fi(2),...,F.(Z2) satisfy the absolute irreducibility condition (5.1.0):

L(Zy,....Zp)/(F\(Z),...,F.(Z)) is a domain, which is not a field,
for every extension field L of K.
Then there exist

(1) elements (1,Cay...,Cn € R that are analytically independent over K such
that K[[C1,-..,Ca)] = K[[z1,-- -, 2a]],

(2) a factorial local domain (A, m) with R CAC Q(R), where Q(R) denotes
the field of fractions of R, and

(3) a natural isomorphism ©

that satisfy the following:
(5:5.1) B K[ Gl (FL(Q)s - Br(Q) = R (fry o ) = 4,
(5.5.2) p:=({(C1), -, i(Cn)) A is a prime ideal of A and N A= (0),
(5.5.3) A/p is essentially of finite type over K for every p € Spec(A) \ {(0)}.

Proof
We prove that A is Noetherian and factorial; that is,

if p is a prime ideal of height one, A/p is essentially of finite type
(5.5.4)
over K and p is principal (cf. [21, (13.1)]).

Indeed, take a nonzero prime ideal p of A. Then pN R # (0), because R and
A have the same field of fractions. Thus there exists £ € N such that py € p N R.
Then

r
pe=p7" Pt ug + s, with a unit ug, € R and s, = erfjk € Py
j=1
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for each k> ¢ (cf. (5.1.4)). Hence

.
€ €
pe=pit Pyt + § 75 ik
=1

-
=pi gt ug + gt erajk =pit - pytug
j=1

where wy is a unit of A. Thus there exists p, € II (h <¥) such that p, € p. Then
ajr € R+ ppA for every j=1,...,r and for every k=1,2,... by (5.4.2). Hence
we get a canonical surjection ¢,: R — A/ppA, and A/pp A is essentially of finite
type over K. Consequently p is finitely generated, and therefore A is Noetherian.

Moreover, our proof of Corollary 1.5 shows that we have a canonical isomor-
phism

th: R/(phnR+ Pr—1R) 2 A/piA.

This implies that A/pp A is an integral domain (cf. (5.1.3)). Hence, further if p is
a prime ideal of height one, p = pp A and this completes the proof of (5.5.3) and
(5.5.4).

Finally (5.5.1) and (5.5.2) follow from the same proof as that of Theorem 1.4
(cf. (5.3.4), (5.1.2), and the remark after Lemma 1.1). O

As in the preceding sections, the additional hypotheses enable us to bypass some
parts of the proof and thus obtain a slight generalization of Theorem 5.5.

COROLLARY 5.6
We use the notation above, except that n =m. Let Fy(Z), ..., F.(Z) be polynomi-
als in the variables Z := (Z1,...,Zy,) over Ky with zero constant term. Suppose
that

L(Zy,....Zy)/(F1(Z),...,F.(2)) is a domain whose dimension is
(5.6.0)

not less than 2 for every extension field L of K.
Let Py = (F1(21,--y2n)s-- s Fr(21,...,2n))Ro. Taking as p1 a linear combination
of z1,...,2zn over Ky, assume that
(5.6.1) p1Ro + Py is a prime ideal of Ry with p1 ¢ Py

R/(Fl(g),,F,«(g))]% is R-torsion-free (cf. (1.5.0)).

Then there exists a factorial local domain (A, m) that satisfies the following:
(5'6'2) L K[[Cla ) Cn]]/(Fl(g)’ ceey Fr(g)) (i) A7

(5.6.3) A/p is essentially of finite type over K for every p € Spec(A4)\ {(0)}.
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6. Examples

As applications of Theorem 5.5 and/or Corollary 5.6, we obtain following exam-
ples of factorial local domains.

EXAMPLE 6.1 ([35], [28, SECTION 4])
A two-dimensional Cohen—Macaulay factorial excellent local domain with a
Gorenstein module, which has no dualizing (i.e., canonical) module.

CONSTRUCTION

With notation as in Corollary 5.6, let Ky be a countable field of characteristic
zero, and let n =4. Take

F\(Z1, 22, Z3, Z3) = Z1 Z3 — 73, Fy(Z1, 22,23, Z4) = Z2Z4 — 73,
(24,29, 23, 24) = Z1Z4 — Z2Z3.
With p; = 21 — 24, we see that Fy(Z), F»(Z), F3(Z) satisfy the conditions (5.6.0)

and (5.6.1). Then by Corollary 5.6, we get a two-dimensional factorial local
domain (A4, m) such that

A2 K[[¢1, G, Cay Cal] /(G165 — 6B, Gl — G5, GG — GoCD).

Thus A is a two-dimensional non-Gorenstein normal local domain with CI1(A) &
Z/5Z. Therefore, A is a desired example (cf. [35, (1.7)]).

EXAMPLE 6.2 ([35])
A three-dimensional excellent factorial Cohen—Macaulay local domain that has
no Gorenstein module.

CONSTRUCTION

Let Ky be a countable field of characteristic zero, and let n =5. Take
Fi(Z1,...,25) = 2125 — ZoZs,  Fo(Zh,...,25) = 2125 — Z3 74,
F3(Zy,...,25) = Z3 — Z37Zs.

Letting p1 = 21 — 25, we see that F1(Z), F»(Z), F5(Z) satisfy the conditions

(5.6.0) and (5.6.1). Hence by Corollary 5.6, we get a three-dimensional factorial
local domain (A, m) such that

A= K[[C,¢2.G, G G/ (GG — G GG — (36 G — GG).

Thus A is a three-dimensional non-Gorenstein normal local domain such that
Cl(A) = Z and Sing(A) =V ((¢1,-..,¢5)). Therefore, A is a desired example (cf.
[35, (1.4)]).
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