
On the Cauchy problem for noneffectively
hyperbolic operators: The Gevrey 4
well-posedness

Enrico Bernardi and Tatsuo Nishitani

Abstract For a hyperbolic second-order differential operator P , we study the relations
between the maximal Gevrey index for the strong Gevrey well-posedness and some alge-
braic and geometric properties of the principal symbol p. If the Hamilton map Fp of p

(the linearization of theHamilton field Hp along double characteristics) has nonzero real
eigenvaluesat everydouble characteristic (the so-calledeffectivelyhyperbolic case), then
it is well known that the Cauchy problem for P is well posed in any Gevrey class 1 ≤ s <

+∞ for any lower-order term. In this paperwe prove that if p is noneffectively hyperbolic
and, moreover, such that KerF 2

p ∩ ImF 2
p �= {0} on a C∞ double characteristic mani-

fold Σ of codimension 3, assuming that there is no null bicharacteristic landing Σ tan-
gentially, then the Cauchy problem for P is well posed in the Gevrey class 1 ≤ s < 4 for
any lower-order term (strongGevreywell-posednesswith threshold 4), extending in par-
ticular via energy estimates a previous result of Hörmander in a model case.

1. Introduction

Let

(1.1) P (x,D) = −D2
0 +

∑
|α|≤2,α0<2

aα(x)Dα = P2 + P1 + P0

be a second-order differential operator with real analytic or Gevrey s class aα(x)
(s is close to 1) defined in an open neighborhood of the origin of R

n+1 with
the principal symbol p(x, ξ), hyperbolic with respect to the x0-direction, where
x = (x0, x1, . . . , xn) = (x0, x

′), ξ = (ξ0, ξ1, . . . , ξn) = (ξ0, ξ
′). We are interested in

the Cauchy problem for P in the Gevrey classes when p has double characteristics
ρ ∈ T ∗

R
n+1 \ {0}, p(ρ) = 0, dp(ρ) = 0. We say that f(x) ∈ γ(s)(Rn), the Gevrey

class s (≥ 1), if for any compact set K ⊂ R
n, there exist C > 0, h > 0 such that

|∂α
x f(x)| ≤ Ch|α| |α|!s, x ∈ K, ∀α ∈ N

n.

We set γ
(s)
0 (Rn) = γ(s)(Rn) ∩ C∞

0 (Rn).
Let ρ be a double characteristic; then the Taylor expansion of p around ρ

starts with a quadratic polynomial pρ called the localization of p at ρ, which is
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a hyperbolic polynomial (see [10]). The linearization of the Hamilton field Hp

at ρ is called the Hamilton map Fp(ρ) of p at ρ (see, e.g., [6], [10]). Note that
Hpρ(θ) = Fpθ. If the Hamilton map has nonzero real eigenvalues at every double
characteristic (effectively hyperbolic case), then the Cauchy problem for P is well
posed in C∞; in particular, in any Gevrey class s, 1 ≤ s < +∞ for any lower-
order term. To check this fact it is enough to apply the energy method developed
in [13] to e−x0〈D′ 〉1/s

Pex0〈D′ 〉1/s

(0 < s 	 1). In this paper we are thus interested
in the optimal (maximal) Gevrey index s∗ such that the Cauchy problem for
the noneffectively hyperbolic operator P is well posed in the Gevrey class s for
1 ≤ s < s∗ for any lower-order term and how this index s∗ relates to the geometry
of the double characteristic manifold and null bicharacteristics.

As proved in [7], a hyperbolic quadratic form Q in R
2(n+1) such that the

Hamilton map FQ of Q has no nonzero real eigenvalues can be written in a
suitable system of symplectic coordinates according to the spectral structure of
FQ; according to whether KerF 2

Q ∩ ImF 2
Q = {0} or KerF 2

Q ∩ ImF 2
Q 
= {0}, we

have

Q(x, ξ) = −ξ2
0 +

k∑
j=1

μj(x2
j + ξ2

j ) +
k+�∑

j=k+1

ξ2
j ,(1.2)

Q(x, ξ) = (−ξ2
0 + 2x1ξ0 + ξ2

1)/
√

2 +
k∑

j=2

μj(x2
j + ξ2

j ) +
k+�∑

j=k+1

ξ2
j ,(1.3)

respectively.
To symbols (1.2) or (1.3) there correspond (apart from harmonic oscillator

contributions) the differential operators

Pne,1 = −D2
0 +

r∑
j=1

D2
j , r < n,(1.4)

Pne,2 = −D2
0 + 2x1D0Dn + D2

1 +
r∑

j=2

D2
j , r < n,(1.5)

respectively. It is easy to see that the Cauchy problem for Pne,1 + SDn is not
well posed in the Gevrey class s > 2 for S 
= 0, while it is well known that the
Cauchy problem for P is well posed in the Gevrey class s, 1 ≤ s < 2, for any
lower-order term Pi(i = 0,1) which is a special case of a general result (see [4],
[9]). On the other hand, in [7] an explicit formula of the forward fundamental
solution of Pne,2 +SDn is obtained for every S ∈ C which is a distribution on the
Gevrey class 4. Thus we see that the Cauchy problem for Pne,2 is well posed in
the Gevrey class 1 ≤ s < 4 for any S ∈ C and not well posed in the Gevrey class
s > 4 for S 
= 0 which follows from the explicit formula in [7] (for another proof
of this fact, which is available for the more general case, see [16]). Therefore, in
this paper, we consider the case (1.3) in a more general setting.
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In what follows we assume that p vanishes exactly to order 2 on a C∞-
manifold Σ, which means that near every ρ ∈ Σ one can write

p = −ξ2
0 +

r∑
j=1

φj(x, ξ′)2,

where dφj are linearly independent at ρ and Σ is given near ρ by

Σ =
{
(x, ξ) | ξ0 = 0, φj(x, ξ′) = 0, j = 1, . . . , r

}
on which Fp(ρ) has no nonzero real eigenvalues and

(1.6) KerF 2
p (ρ) ∩ ImF 2

p (ρ) 
= {0}, ρ ∈ Σ.

In this case the spectral properties of Fp(ρ) are not enough by themselves to
determine completely the behavior of null bicharacteristics near Σ (see [15]),
while the behavior of null bicharacteristic,

(1.7) there is no null bicharacteristic falling on Σ tangentially,

is crucial to the C∞ well posedness (see [3]). In this paper we prove the following.

THEOREM 1.1

Assume (1.6) and (1.7). We also assume that the codimension of Σ is 3. Then
the Cauchy problem for P is well posed in the Gevrey class 1 ≤ s < 4 for any
lower-order term; for any f(x) ∈ γ(s)(Rn+1) vanishing for x0 ≤ 0, there is u(x)
which is C∞, vanishing for x0 ≤ 0 verifying

(1.8) Pu = f

near the origin.

The Gevrey index 4 is optimal in the following sense. Consider a model operator

Pmod = −D2
0 + 2D0D1 + x2

1D
2
n (n ≥ 2)

which verifies (1.6) and (1.7).

THEOREM 1.2 ([7, SECTION 9], [16, PROPOSITION 1.3])

The Cauchy problem for Pmod + SDn with S 
= 0 is not locally solvable in any
Gevrey class s > 4.

This paper is organized as follows. In Section 2, we analyze our assumptions and
we rewrite the principal symbol p in a suitable form microlocally. In Section 3,
giving heuristic arguments, we explain the idea of the proof of Theorem 1.1. In
Section 4 we prepare symbol classes which are used in this paper and introduce
a weight exp (φ̃) for an energy estimate which plays a crucial role to derive
a priori estimates. In Sections 5 and 6, we justify the heuristic arguments in
Section 3. In Section 5, we prove required properties for the transformed operator
exp (φ̃)P exp (−φ̃). In Section 6 we derive a priori estimates for the transformed
operator, and using these a priori estimates we prove the existence of a parametrix
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of P with finite propagation speed of wave front sets which proves Theorem 1.1.
In Appendix A we collect several results about symbols without proofs which
are used in this paper, and in Appendix B we present some formulas about
exp (φ̃)P exp (−φ̃).

2. Preliminaries

Let s̄ < 4; we prove Theorem 1.1 by proving the existence of a parametrix at any
ρ̂′ = (0, x̂′, ξ̂′) of the Cauchy problem{

Pu = f, f ∈ C0([−T,T ];γ(s̄)(Rn)),

u = 0, x0 ≤ 0,

with finite propagation speed of wave front sets, abbreviated as a parametrix with
finite propagation speed in the following (see [11, Appendix]; here we define such
parametrices by just requiring (A.3), (A.5) without (A.4)), where the support of
f is contained in [0, T ] × { |x′ | ≤ K} with some K = K(f) > 0.

Let κ be a local homogeneous canonical transformation (y, η) �→ (x, ξ) from
a neighborhood of (ŷ, η̂) to a neighborhood of (x̂, ξ̂) such that y0 = x0. Since
κ preserves the y0-coordinate, a generating function of this canonical transfor-
mation has the form x0η0 + H(x, η′). We assume that H(x, η′) = x′η′ + φ(x, η′)
with | ∇x,η′ φ(x, η′)| 	 1 which is actually in our case (after a quadratic change
of coordinates x if necessary). Recall that

ξ′ =
∂H(x, η′)

∂x′ , y′ =
∂H(x, η′)

∂η′ .

Let us denote by S(s)(m,gρ,δ), 0 ≤ δ < ρ ≤ 1, the set of all smooth a(x, ξ′) veri-
fying

|∂β
x∂α

ξ′ a(x, ξ′)| ≤ CA|α+β| |α + β|!sm〈ξ′ 〉m+δ|β|−ρ|α|

for all α, β. Extending φ(x, ξ′) so that it becomes homogeneous of degree 1 in
ξ′ and hence cutting off near ξ′ = 0, which is in S(s)(〈ξ′ 〉, g1,0), we consider the
Fourier integral operators

Op0(eiφ)u = (2π)−n

∫
ei(x′ −y′)η′+iφ(x,η′)u(y′)dy′ dη′,

Op1(e−iφ)u = (2π)−n

∫
ei(x′ −y′)η′ −iφ(x0,y′,η′)u(y′)dy′ dη′,

where x0 is regarded as a parameter. Let 0 < ρ ≤ 1; then we have the following.

PROPOSITION 2.1

Let p ∈ S(s)(〈ξ′ 〉m, g1,0) and φ ∈ S(s)(〈ξ′ 〉, g1,0) be real valued. Then we have

Op0(eiφ)Op0(p)Op1(e−iφ) = Op0(p̃) + Op0(r),

where p̃ ∈ S(s)(〈ξ′ 〉m, g1,0) and r ∈ S((1+2ρ)s+ε)(e−c〈ξ′ 〉1/s

, gρ,0) for any ε > 0 with
some c > 0. Here

p̃(x, ξ′) = J(x, ξ′)p
(
x0, ∇η′ H(x,Ξ′),Ξ′) + S(s)(〈ξ′ 〉m−1, g1,0),
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where Ξ′(x, ξ′) verifies ∇x′ H(x,Ξ′) = ξ′, H(x, η′) = x′η′ + φ(x, η′), and

J(x, ξ′) = det
[∂Ξ′(x, ξ′)

∂ξ′

]
.

Proof
The proof is standard (see e.g., [5], [12]) except for the Gevrey estimates for
p̃ and r. We only sketch how to get the Gevrey estimates for r. Let us write
Op0(eiφ)Op0(p) = Op0(b1) + Op0(b2), where

bi = (2π)−2

∫
e−iy′η′+iφ(x,ξ′+η′)χi(ξ′, η′)p(x′ + y′, ξ′)dy′ dη′

with χ1 = χ(η′ 〈ξ′ 〉 −1), χ2 = 1 − χ1. Here χ(x′) ∈ γ
(s)
0 (Rn) is such that χ(x′) = 1

for |x′ | ≤ 1/4 and χ(x′) = 0 for |x′ | ≥ 1/2. We see easily that b1 = eiφq with
q ∈ S(s)(〈ξ′ 〉m, g1,0). We examine b2. Let s1 = s + ε > s. From Corollary A.3 we
have ∣∣∂β

x′ ∂
α
ξ′ eiφ(x,ξ′+η′)〈Dy′ 〉N 〈η′ 〉 −Nχ2p(x′ + y′, ξ′)

∣∣
≤ CA|α+β|+N |α + β|!s1ec〈η′ 〉1/s1

N !s〈η′ 〉 −N(2.1)

≤ CA|α+β|+N |α + β|!s1ec〈η′ 〉1/s1 〈ξ′ 〉 −ρ|α|N !s〈η′ 〉 −N+ρ|α|.

We choose N = [ρ|α| + �] such that the right-hand side of (2.1) is bounded by

CA|α+β|(|α + β|!)s1+ρs〈ξ′ 〉 −ρ|α|ec〈η′ 〉1/s1 (A�s/〈η′ 〉)�.

Choosing � such that � = [(A−1e−1〈η′ 〉)1/s] and noting s1 > s, we conclude that

b2 ∈ S(s1+ρs)(e−c〈ξ′ 〉1/s

, gρ,0).

By standard arguments and the same type estimates as (2.1), we see

Op0(eiφq)Op0(e−iφ) = Op0(p̃) + Op0(r̃),

where p̃ ∈ S(s)(〈ξ′ 〉m, g1,0) verifies the assertion of Proposition 2.1 and r̃ ∈
S((1+ρ)s+ε)(e−c〈ξ′ 〉1/s

, gρ,0). Repeating arguments similar to (2.1), we get

Op0(b2)Op0(e−iφ) = Op0(c)

with c ∈ S(s1+2ρs)(e−c〈ξ′ 〉1/s

, gρ,0), which proves the assertion. �

For any k ∈ N there is j ∈ S(s)(1, g1,0) such that Op0(J)Op0(j) − 1 ∈
Op0(S(s)(〈ξ′ 〉 −k, g1,0)), and hence we conclude that

Op0(eiφ)P Op1(e−iφ)Op0(j)

= Op0
(
p(κ−1(x, ξ))

)
(2.2)

+ Op0
(
S(s)(〈ξ′ 〉 −k, g1,0)ξ2

0 +
1∑

j=0

S(s)(〈ξ′ 〉1−j , g1,0)ξ
j
0

)

+ Op0
( 2∑

j=0

S((1+3ρ)s+ε)(e−c〈ξ′ 〉1/s

, gρ,0)ξ
j
0

)
,
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where κ : (x0, x
′ + ∇η′ φ(x, η′), η0, η

′) �→ (x0, x
′, η0 + ∂x0φ, η′ + ∇x′ φ(x, η′)).

Let us fix any ρ = (0, x′,0, ξ′) ∈ Σ; we work in a conic neighborhood of ρ′ =
(0, x′, ξ′). Since the codimension of Σ is 3, one can write

p = −ξ2
0 + φ2

1 + φ2
2.

We set φ0 = ξ0. Consider {φ0, φj }(ρ), j = 1,2, and suppose {φ0, φj }(ρ) = 0,
j = 1,2. With q = φ2

1 +φ2
2 we would have KerF 2

p ∩ ImF 2
p = KerF 2

q ∩ ImF 2
q which

contradicts (1.6) since KerF 2
q ∩ ImF 2

q = {0} for q is nonnegative. Thus consider-
ing (φ̃j)j=1,2 = O(φj)j=1,2 with a suitable smooth orthogonal O, we may assume
that {φ0, φ1}(ρ) 
= 0 and {φ0, φ2} is a linear combination of φ1 and φ2. We next
examine {φ1, φ2}(ρ) 
= 0. If {φ1, φ2}(ρ) = 0, then p would be effectively hyperbolic
at ρ. Indeed, Hφ1 ∈ (TΣ)σ and

pρ(Hφ1) = −σ(Hφ0 ,Hφ1)
2 + σ(Hφ2 ,Hφ1)

2 = −σ(Hφ0 ,Hφ1)
2 < 0;

hence it follows from [6, Corollary 1.4.7] that p is effectively hyperbolic at ρ.

LEMMA 2.1

One can write p as

p = −(ξ0 + φ1)(ξ0 − φ1) + φ2
2,

{ξ0 + φ1, φj } = 0, j = 1,2, {φ1, φ2} 
= 0 on Σ.

Proof
Recall that

p = −ξ2
0 + φ2

1 + φ2
2.

Let 0 
= X = aHφ0 + bHφ1 + cHφ2 ∈ ImF 2
p ∩ KerF 2

p , which exists by our assump-
tion. Since X = Fp(αHφ0 + βHφ1 + γHφ2), it follows that

a = −2β{φ0, φ1}, c = 2β{φ2, φ1}.

From F 2
p (X) = 0 we see that

b[{φ0, φ1}2 − {φ1, φ2}2] = 0, β[{φ0, φ1}2 − {φ1, φ2}2] = 0.

If {φ0, φ1}2 − {φ1, φ2}2 
= 0, then we would have X = 0, which is a contradiction.
Thus we have proved

{ξ0, φ1}2 = {φ1, φ2}2 on Σ.

We may assume that {ξ0, φ1} = {φ1, φ2} so that {ξ0 + φ2, φ1} = 0 on Σ. Writing

p = −(ξ0 + φ2)(ξ0 − φ2) + φ2
1

and exchanging φ1 and φ2, we get the desired assertion. �

Since {ξ0 + φ1, φ2} = 0 and {φ1, φ2} 
= 0, it follows that {ξ0, φ2} 
= 0. Hence one
can write φ2 = a(x, ξ′)(x0 − ψ(x, ξ′)), where a(x, ξ′) is nonvanishing and ψ is
independent of x0. Since {φ1, φ2} 
= 0 and hence dψ 
= 0, one can take a new
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system of homogeneous symplectic coordinates (y, η) so that

y0 = x0, η0 = ξ0, y1 = ψ(x, ξ′).

Hence we may assume, for instance, that φ2 = a(x, ξ′)(x0 − x1). Make a linear
change of coordinates

y0 = x0, y1 = x1 − x0.

We get

(2.3)

⎧⎪⎪⎨
⎪⎪⎩

p = −(ξ0 + ξ1 + φ1)(ξ0 + ξ1 − φ1) + φ2
2,

φ2 = a(x, ξ′)x1, a(x, ξ′) 
= 0,

{ξ0 + ξ1 + φ1, φj } = 0, j = 1,2, {φ1, φ2} 
= 0 on Σ.

Here we recall a result that characterizes when (1.7) occurs. Choose a smooth
vector field z(ρ) on Σ such that z(ρ) ∈ KerF 2

p (ρ) ∩ ImF 2
p (ρ) and Fp(ρ)z(ρ) 
= 0.

Then we have the following.

PROPOSITION 2.2 ([2, THEOREM 2.1], [14, THEOREM 4.1])

Let S(x, ξ) be a smooth real-valued function vanishing on Σ such that HS(ρ)
is proportional to z(ρ) modulo KerFp(ρ). Then there is no null bicharacteristic
falling on Σ if and only if H3

Sp = 0 on Σ.

Let us write with Λ = ξ0 + ξ1 + φ1,

p = −Λ2 + 2φ1Λ + φ2
2, {Λ, φ2} = αφ1 + βφ2.

LEMMA 2.2

Assume (1.7). Then we have α = 0 on Σ. In particular, we have

(2.4) {Λ, φ2} = aφ2
1 + bφ2.

Proof
Note that FpHφ1 = 2{φ2, φ1}Hφ2 and hence Hφ2 ∈ ImF 2

p . On the other hand,
since FpHφ2 = {φ1, φ2}HΛ, hence Hφ2 ∈ KerF 2

p because FpHΛ = 0. Thus we may
take S = φ2 in Proposition 2.2. Then H3

Sp = 0 implies that{
φ2, {φ2,Λ}

}
= 0,

which proves α = 0 on Σ and hence the result. �

Since the existence of a parametrix with finite propagation speed (i.e., a parame-
trix verifying (A.3), (A.5) in [11]) is invariant under conjugation with Fourier
integral operator associated to a local homogeneous canonical transformation
preserving the x0-coordinate (see the proof of [11, Proposition A.5]), we can
assume that the operator we are studying has the form in the right-hand side
in (2.2), and in particular, we can assume that (2.3) and (2.4) hold near the
reference double point ρ.

We extend p globally outside the reference double point.
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LEMMA 2.3

Assume that (2.3) and (2.4) are satisfied in a conic neighborhood of ρ′ = (0, x′, ξ′).
Then we can extend φ1(x, ξ′) such that φ1(x, ξ′) ∈ S(〈ξ′ 〉, g1,0),

φ2(x, ξ′) = a(x, ξ′)ψ(x1),

where a ∈ S(1, g1,0) with C−1 ≤ a(x, ξ′) ≤ C and ψ(x1) is nondecreasing,
|ψ(x1)| ≤ 1 and ψ(x1) = x1 near x1 = 0, and

(2.5) {φ1, ψ} ≥ c > 0

provided |ψ(x1)| + 〈ξ′ 〉 −2|φ1(x, ξ′)|2 is small. Moreover, there exists ci(x, ξ′) ∈
S(〈ξ′ 〉i, g1,0) which vanishes in a conic neighborhood of ρ′ such that

(2.6)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{Λ + c1ψ + c0φ1 + c−1φ
2
1, φ1}

= d0φ1 + d′
0φ2 + d1

√
ψ2 + 〈ξ′ 〉 −4φ4

1,

{Λ + c1ψ + c0φ1 + c−1φ
2
1, ψ}

= d−2φ
2
1 + d−1φ2 + d′ ′

0

√
ψ2 + 〈ξ′ 〉 −4φ4

1

with some di, d′
i, d′ ′

i ∈ S(〈ξ′ 〉i, g1,0), where Λ = ξ0 + ξ1 + φ1.

Proof
We may assume that {φ1, φ2}(ρ′) > 0 and hence ∂ξ1φ1(ρ′) > 0. Thus one can write
φ1 = b(x, ξ′)(ξ1 − ψ1(x, ξ′)) near ρ′, where ψ1 is independent of ξ1. Extending b

and ψ1 so that b ∈ S(1, g1,0), C−1 ≤ b ≤ C and ψ1 ∈ S(〈ξ′ 〉, g1,0), the assertion
(2.5) follows immediately because x1 − ψ = 0 near x1 = 0. We turn to (2.6).
From (2.4) it follows that {Λ, ψ} = d−2φ

2
1 + d−1φ2 + R with R ∈ S(1, g1,0) which

vanishes in a neighborhood of ρ′. Note that

{φ1, ψ} + K
√

ψ2 + 〈ξ′ 〉 −4φ4
1 ≥ c > 0

with a large K > 0 thanks to (2.5). Hence we can write

R = a({φ1, ψ} + r), r = K
√

ψ2 + 〈ξ′ 〉 −4φ4
1,

with a ∈ S(1, g1,0) vanishing in a neighborhood of ρ′. Thus we have

{Λ + c0φ1 + c−1φ
2
1, ψ} = (d−2 + {c−1, ψ})φ2

1 + d−1φ2

+ (a + c0){φ1, ψ} + ar + ({c0, ψ} + 2c−1{φ1, ψ})φ1.

Choose c0 = −a and 2c−1 = {a,ψ}({φ1, ψ} + r)−1 so that ci ∈ S(〈ξ′ 〉i, g1,0) van-
ishes in a neighborhood of ρ′; we get

{Λ + c0φ1 + c−1φ
2
1, ψ} = d−2φ

2
1 + d−1φ2 + d0r.

A similar argument proves that there is c1-vanishing in a neighborhood of ρ′ such
that {Λ + c1ψ,φ1} = d0φ1 + d′

0φ2 + d1r. These prove the assertion (2.6). �

Replacing Λ by Λ + c1ψ + c0φ + c−1φ
2
1, the resulting symbol −Λ2 + 2φ1Λ + φ2

2

differs from the original one by

C0ξ0 + C1,
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where Ci ∈ S(〈ξ′ 〉i, g1,0) vanishes in a neighborhood of ρ′. Thus it sufffices to show
the existence of a parametrix with finite propagation speed for the operator where
Λ is replaced by Λ + c1ψ + c0φ + c−1φ

2
1 (see the proof of [11, Lemma A.1].

3. Idea of the proof of Theorem 1.1

We prove Theorem 1.1 by deriving a priori estimates for the transformed opera-
tor. In this section we give a heuristic argument on how to do it, in which symbols
and operators are not strictly distinguished. Moreover, we write p ∼ q if the main
parts of p and q coincide, and write p � q if the main part of q − p is nonnegative.

The symbol of the operator that we are studying looks like (replacing ξ0 +
ξ1 + φ1 by ξ0)

P = −ξ2
0 + 2φ1〈ξ〉ξ0 + φ2

2〈ξ〉2,

where φj are homogeneous of degree 0, and verifies

(3.1) {ξ0, φ2} = aφ2
1 + bφ2, {ξ0, φ1} = a′φ1 + b′φ2, 〈ξ〉 {φ1, φ2} ≥ c(> 0).

With w =
√

φ4
1 + 〈ξ〉 −1 we introduce a weight function

Φ = i〈ξ〉1/4
{
log(φ2 + iw) − log(φ2 − iw)

}
= −2〈ξ〉1/4arg(φ2 + iw).

Conjugate eγ〈D〉1/4x0 to P ; then e−γ〈D〉1/4x0Peγ〈D〉1/4x0 yields

P ∼ −(ξ0 − iγ〈ξ〉1/4)2 + 2φ1〈ξ〉(ξ0 − iγ〈ξ〉1/4) + φ2
2〈ξ〉2.

We rewrite this in the form

P ∼ −(ξ0 − iγ〈ξ〉1/4 + kφ3
1〈ξ〉)(ξ0 − iγ〈ξ〉1/4 − kφ3

1〈ξ〉)

+ 2φ1〈ξ〉(ξ0 − iγ〈ξ〉1/4 − kφ3
1〈ξ〉)

+ 2kφ4
1〈ξ〉2 + φ2

2〈ξ〉2 − k2φ6
1〈ξ〉2

= −MΛ + 2φ1〈ξ〉Λ + Q

with a positive constant k > 0. We next conjugate eΦ with P ; that is, we study

eΦPe−Φ ∼ −eΦΛe−Φ · eΦMe−Φ + 2eΦφ1〈ξ〉e−Φ · eΦΛe−Φ + eΦQe−Φ.

Let eΦΛe−Φ = Λ + Λ′; then the main part of Λ′ consists of eΦ{ξ0, e
−Φ}/i =

i{ξ0,Φ} and ieΦ{φ3
1〈ξ〉, e−Φ} = −{φ3

1〈ξ〉,Φ}. Note that

(3.2) i{ξ0,Φ} = −2〈ξ〉1/4{ξ0, φ2} w

φ2
2 + w2

+ 2〈ξ〉1/4{ξ0,w} φ2

φ2
2 + w2

and {ξ0,w} = 2w−1φ3
1{ξ0, φ1}. By the assumption (3.1), we have

|eΦ{ξ0, e
−Φ}| ≤ C〈ξ〉1/4.

We also note {
φ3

1〈ξ〉,Φ
}

∼ 6〈ξ〉1/4φ2
1〈ξ〉 {φ1, φ2} w

φ2
2 + w2

which shows that ∣∣eΦ
{
kφ3

1〈ξ〉, e−Φ
}∣∣ ≤ Ck〈ξ〉1/4.
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We now study eΦφ1〈D〉e−Φ = φ1〈D〉 + φ̃1. The main part of φ̃1 is

1
i
eΦ

{
φ1〈ξ〉, e−Φ

}
∼ 2i〈ξ〉5/4{φ1, φ2} w

φ2
2 + w2

,

and hence

Im
(1

i
eΦ{φ1〈ξ〉, e−Φ}

)
≥ c〈ξ〉1/4 w

φ2
2 + w2

, c > 0

by assumption (3.1), which gives a positive contribution, crucial to the control of
not only lower-order terms but also of other terms caused by conjugation of eΦ.

We consider eΦQe−Φ = Q + iQ′. The main part of Q′ is

−eΦ
{
φ2

2〈ξ〉2 + kφ4
1〈ξ〉2, e−Φ

}
=

{
φ2

2〈ξ〉2 + kφ4
1〈ξ〉2,Φ

}
∼ −8〈ξ〉2+1/4{φ2, φ1}

[ φ2
2φ

3
1

(φ2
2 + w2)w

+ k
φ3

1w

φ2
2 + w2

]
which gives

|Q′ | � 〈ξ〉5/4w1/2

because |φ1| ≤ w1/2. Now eΦPe−Φ looks as follows:

P̃ = −MΛ + 2BΛ + (Q + 〈D〉) − 〈D〉,

where we regard Q+ 〈D〉 as a new Q and −〈D〉 as a lower-order term. Note that

Λ ∼ ξ0 − iγ〈ξ〉1/4 − kφ3
1〈ξ〉 + iλ̃ = ξ0 − iγ〈ξ〉1/4 + λ, |Imλ| ≤ C〈ξ〉1/4,

M ∼ ξ0 − iγ〈ξ〉1/4 + kφ3
1〈ξ〉 + im̃ = ξ0 − iγ〈ξ〉1/4 + m, |Imm| ≤ C〈ξ〉1/4,

B ∼ φ1〈ξ〉 + 2i〈ξ〉5/4{φ1, φ2} w

φ2
2 + w2

, ImB ≥ c〈ξ〉1/4 w

φ2
2 + w2

,

Q + 〈D〉 ∼ φ2
2〈ξ〉2 + kφ4

1〈ξ〉2 + 〈ξ〉 + iQ′, |Q′ | � 〈ξ〉5/4w1/2.

We recall an energy identity (see Proposition 6.1)

2 Im(P̃ u,Λu) =
d

dx0

(
‖Λu‖2 + ((ReQ)u,u)

)
+ 2γ‖ 〈D〉1/8Λu‖2 + 2γRe

(
〈D〉1/4(ReQ)u,u

)
+ 2

(
(ImB)Λu,Λu

)
+ 2

(
(Imm)Λu,Λu

)
+ 2Re

(
Λu, (ImQ)u

)
+ Im([D0 − Reλ,ReQ]u,u) + 2Re

(
(ReQ)u, (Imλ)u

)
.

The terms 2((Imm)Λu,Λu) and 2Re((ReQ)u, (Imλ)u) are easily estimated
because |Imλ|, |Imm| ≤ C〈ξ〉1/4. In what follows we note that the terms

ε
∣∣∣( 〈ξ〉1/4w

φ2
2 + w2

Λu,Λu
)∣∣∣, K

∣∣(〈ξ〉1/4(φ2
2〈ξ〉2 + φ4

1〈ξ〉2 + 〈ξ〉)u,u
)∣∣

with small ε > 0 and any K > 0 can be controlled by 2((ImB)Λu,Λu) and
2γRe(〈D〉1/4(ReQ + 〈D〉)u,u), taking γ large if necessary.
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To estimate (ImQu,Λu) it suffices to note that

∣∣(〈ξ〉5/4w1/2u,Λu)
∣∣ ≤ ε

∣∣∣( 〈ξ〉1/4w

φ2
2 + w2

Λu,Λu
)∣∣∣

+ ε−1
∣∣(〈ξ〉2+1/4(φ2

2 + w2)u,u
)∣∣

≤ ε
∣∣∣( 〈ξ〉1/4w

φ2
2 + w2

Λu,Λu
)∣∣∣

+ ε−1
∣∣(〈ξ〉1/4(φ2

2〈ξ〉2 + φ4
1〈ξ〉2 + 〈ξ〉)u,u

)∣∣.
To see how any lower-order term can be controlled, it is enough to note that

2K|(〈ξ〉u,Λu)|

≤ ε−1K2
∣∣∣( (φ2

2 + w2)〈ξ〉2

〈ξ〉1/4w
u,u

)∣∣∣ + ε
∣∣∣( 〈ξ〉1/4w

φ2
2 + w2

Λu,Λu
)∣∣∣

≤ ε−1K2
∣∣(〈ξ〉2+1/4(φ2

2 + w2)u,u
)∣∣ + ε

∣∣∣( 〈ξ〉1/4w

φ2
2 + w2

Λu,Λu
)∣∣∣

≤ ε−1K2
∣∣(〈ξ〉1/4(φ2

2〈ξ〉2 + φ4
1〈ξ〉2 + 〈ξ〉)u,u

)∣∣ + ε
∣∣∣( 〈ξ〉1/4w

φ2
2 + w2

Λu,Λu
)∣∣∣

because (〈ξ〉1/4w)−1 ≤ 〈ξ〉1/4. We finally check the commutator term, [D0 − Reλ,

ReQ]. Note that

[D0 − Reλ,ReQ] ∼ −i
{
ξ0 − kφ3

1〈ξ〉, φ2
2〈ξ〉2 + kφ4

1〈ξ〉2
}

∼ −2iφ2〈ξ〉2{ξ0, φ2} − 4ik〈ξ〉2φ3
1{ξ0, φ1} + 6ik〈ξ〉3φ2

1φ2{φ1, φ2}

and hence

|Im[D0 − Reλ,ReQ]| � CM (φ2
2〈ξ〉2 + φ4

1〈ξ〉2)

because of (3.1). Thus we conclude

2 Im
(
(P̃ + K〈D〉)u,Λu

)
� d

dx0

(
‖Λu‖2 + ((ReQ)u,u)

)
+ cγ‖ 〈D〉1/8Λu‖2 + cγRe

(
〈D〉1/4(ReQ)u,u

)
,

and hence an a priori estimate is obtained. We justify these heuristic arguments
in Sections 4 – 6.

4. Symbols

In this section we precisely define our weight function and the symbols with
which we work. As observed in the end of Section 2, we can assume that P (x, ξ)
is globally defined and the principal symbol p(x, ξ),

p(x, ξ) = −Λ2 + 2φ2Λ + φ2
2, Λ = ξ0 + λ1,
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verifies the conditions (2.5) and

(4.1)

{
{Λ, φ1} = d0φ1 + d′

0φ2 + d1

√
ψ2 + 〈ξ′ 〉 −4φ4

1,

{Λ, ψ} = d−2φ
2
1 + d−1φ2 + d′ ′

0

√
ψ2 + 〈ξ′ 〉 −4φ4

1.

We dilate the variable: x0 → μx0 (small μ > 0) so that we have

P (x, ξ,μ) = μ2P (μx0, x
′, μ−1ξ0, ξ

′)

= p(μx0, x
′, ξ0, μξ′) + μP1(μx0, x

′, ξ0, μξ′) + μ2P0(μx0, x
′, ξ0, μξ′)

= p(x, ξ,μ) + P1(x, ξ,μ) + P0(x, ξ,μ).

In what follows we often write p(x, ξ), φj(x, ξ′) for p(x, ξ,μ), φj(x, ξ′, μ), drop-
ping μ.

Let us denote by S(s)(m,g) with

g =
n∑

j=0

δ2
j dx2

j +
n∑

j=1

ρ−2
j dξ2

j

the set of all smooth a(x, ξ′;μ) satisfying

(4.2) |∂β
x∂α

ξ′ a(x, ξ′;μ)| ≤ CA|α+β| |α + β|!sm(x, ξ′;μ)δβρ−α

with some C > 0, A > 0 independent of μ, where δ = (δ1(x, ξ′, μ), . . . , δn(x, ξ′, μ)),
ρ = (ρ1(x, ξ′, μ), . . . , ρn(x, ξ′, μ)), and δj , δj are assumed to be in S(s)(δj , g),
S(s)(ρj , g), respectively.

We also denote by S(m,g) the symbol class consisting of all smooth a(x, ξ′, μ)
verifying (4.2) with Cα,β , independent of μ, instead of CA|α+β| |α + β|!s. Note
the following.

LEMMA 4.1

Let a(x, ξ′) ∈ S(s)(〈ξ′ 〉k, g1,0). Then we have with, g0 = μ2dx2
0 + |dx′ |2 +

〈ξ′ 〉 −2
μ |dξ′ |2, 〈ξ′ 〉2

μ = μ−2 + |ξ′ |2 = μ−2〈μξ′ 〉2,

a(μx0, x
′, μξ′) ∈ S(s)(〈μξ′ 〉k, g0).

We rewrite p(x, ξ) as

p = −(ξ0 + λ1 + k〈μξ′ 〉 −2φ3
1)(ξ0 + λ1 − k〈μξ′ 〉 −2φ3

1)

+ 2φ1(ξ0 + λ1 − k〈μξ′ 〉 −2φ3
1) + φ2

2 + 2k〈μξ′ 〉 −2φ4
1

{
1 − k/2〈μξ′ 〉 −2φ2

1

}
.

Taking a positive constant k to be sufficiently small, we set

Q = φ2
2 + θ2, θ2 = 2k〈μξ′ 〉 −2φ4

1

{
1 − k/2〈μξ′ 〉 −2φ2

1

}
,

and note that θ(x, ξ′) ∈ S(〈μξ′ 〉, g0) verifies C−1〈μξ′ 〉 −1φ2
1 ≤ θ ≤ C〈μξ′ 〉 −1φ2

1 with
some C > 0. Thus one can write

(4.3) p = −M(x, ξ)Λ(x, ξ) + 2φ1(x, ξ′)Λ(x, ξ) + Q(x, ξ′),
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where M = ξ0 + λ1 + k〈μξ′ 〉 −2φ3
1, Λ = ξ0 + λ1 − k〈μξ′ 〉 −2φ3

1. Let us set

w(x, ξ′) =
√

〈μξ′ 〉 −4φ1(x, ξ′)4 + 〈ξ′ 〉 −1
μ ;

then it follows from Corollary A.4 that

w ∈ S(s)

(
w,w−1(μ2dx2

0 + |dx′ |2 + 〈ξ′ 〉 −2
μ |dξ′ |2)

)
,

⊂ S(s)

(
w, 〈ξ′ 〉1/2

μ (μ2dx2
0 + |dx′ |2 + 〈ξ′ 〉 −2

μ |dξ′ |2)
)
.

Let

0 < κ <
1
4

be fixed hereafter. Eventually we take κ very close to 1/4. We introduce the
symbol

φ = i〈μξ′ 〉κ
{
log

(
ψ(x1) + iw(x, ξ′)

)
− log

(
ψ(x1) − iw(x, ξ′)

)}
(4.4)

= 〈μξ′ 〉κarg
ψ(x1) − iw(x, ξ′)
ψ(x1) + iw(x, ξ′)

= −2〈μξ′ 〉κ arg
(
ψ(x1) + iw

)
and set

r(x, ξ′) =
√

ψ(x1)2 + w(x, ξ′)2 =
√

ψ2 + 〈μξ′ 〉 −4φ4
1 + 〈ξ′ 〉 −1

μ .

Then from Lemma A.6 it follows that

φ(x, ξ′) ∈ S(s)(〈μξ′ 〉κ, g), r(x, ξ′) ∈ S(s)(r, g),

where

(4.5) g =
(
r(x, ξ′)−1 + w−1/2

)2
dx2

1 + w−1(μ2dx2
0 + |dx′ ′ |2) + w−1〈ξ′ 〉 −2

μ |dξ′ |2

with x′ ′ = (x2, . . . , xn). We also use

g ≤ ĝ = 〈ξ′ 〉μ dx2
1 + 〈ξ′ 〉1/2

μ (μ2dx2
0 + |dx′ ′ |2) + 〈ξ′ 〉 −3/2

μ |dξ′ |2

≤ 〈ξ′ 〉μ|dx|2 + 〈ξ′ 〉 −3/2
μ |dξ′ |2 = ḡ.

We now recall conditions (2.5) and (2.6) in terms of symbol classes.

LEMMA 4.2

We have

(4.6) {φ1, ψ} ≥ cμ

provided r(x, ξ′) is small. Moreover, we have

(4.7)

{
{Λ, ψ} ∈ μS(r, g), {Λ, φ1} ∈ μS((r + w1/2)〈μξ′ 〉, g),

∂ξ1Λ ∈ μS(r, g), ∂2
ξ1

Λ ∈ μS((r + w1/2)〈ξ′ 〉 −1
μ , g).

Proof
The first two assertions follow from (2.5) and (4.1) immediately. Note that

(4.8) {Λ, ψ} = C−2φ
2
1 + C−1φ2 + C0r
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with some Cj ∈ μS(s)(〈μξ′ 〉j , g0). Noting that {Λ, x1} = {Λ, x1 − ψ} + {Λ, ψ} and
{Λ, x1 − ψ} vanishes if x1 is small, one can then write

∂ξ1Λ = {Λ, ψ} + Cψ(x1)

with C ∈ μS(1, g), which shows ∂ξ1Λ ∈ μS(s)(r, g). From this expression it is clear
that ∂2

ξ1
Λ ∈ μS(s)((r + w1/2)〈ξ′ 〉 −1

μ , g). �

5. Transformed symbols

Take κ′ so that

κ′ + κ =
1
2
,

and assume that s > 1 verifies, with ρ = 3/4, δ = 1/2,

(5.1) (s − 1)κ′, (s − 1)(1 − ρ + κ) < ρ − δ − κ, sκ′ < 1 − δ.

Let us set

φ̃(x, ξ′) = −x0〈μξ′ 〉κ′
+ φ(x, ξ′).

We study in detail the operator Op0(eφ̃)Op0(p)Op1(e−φ̃), where Opt(p) is the
t-quantization of p (see Appendix B). In what follows it is assumed that |x0| ≤ T

with some T > 0. Our goal in this section is Proposition 5.4.
In this section we apply the results in Appendices A and B with a1 = 1/2,

aj = 1/4, j ≥ 2, bj = 3/4, δ = 1/2, ρ = 3/4, and

h = 〈ξ′ 〉 −1/4
μ , k = 〈μξ′ 〉κ〈ξ′ 〉ε

μ,

where 0 < ε < 1/4 − κ.
Recalling that p is a polynomial in ξ0,

p(x, ξ) = −ξ2
0 + p1(x, ξ′)ξ0 + p2(x, ξ′),

we apply Proposition B.1 (ρ = 3/4, δ = 1/2) to get

Op0(eφ̃)Op0(p) = Op0(eφ̃q) + Op0(r0ξ0 + r1),

where ri(x, ξ′) ∈ S(sd)(e−c〈μξ′ 〉1/2s

, ḡ) with d = 5/2 and

q(x, ξ) =
∑

|β|<5

1
β!

∂β
η′ p(β)

(
x0, x

′ − iΦ̃(x, ξ′, η′), ξ
)
η′=0

+ R1(x, ξ′) + R0(x, ξ′)ξ0

with R1(x, ξ′) ∈ μ5/4S(s)(〈μξ′ 〉, ḡ), R0(x, ξ′) ∈ μ5/4S(s)(1, ḡ), where

Φ̃(x, ξ′, η′) =
∫ 1

0

∇ξ′ φ̃(x, ξ′ + θη′)dθ.

We now conjugate Op1(e−φ̃) on the right:

Op0(eφ̃q)Op1(e−φ̃) + Op0(r0ξ0 + r1)Op1(e−φ̃).

If an operator T is given by T = Op0(p) with some p ∈ S(s)(m,g), then we abbre-
viate as T = Op0(S(s)(m,g)). Since 1/2s > κ′, it follows from Proposition B.3
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that

Op0(r0ξ0 + r1)Op1(e−φ̃) = μk Op0
(
S(sd2)(〈μξ′ 〉 −k, ḡ)ξ0 + S(sd2)(〈μξ′ 〉 −k, ḡ)

)
for any k ∈ N. Since pi(x, ξ′) ∈ S(s)(〈μξ′ 〉i, g0), we see by Lemma A.2 that

pi(β)

(
x0, x

′ − iΦ̃(x, ξ′, η′), ξ′) ∈ S(s)(〈μξ′ 〉i, g|E)

for any β because Φ̃(x, ξ′, η′) ∈ μ3/4S(s)(〈μξ′ 〉κ−3/4, g|E), where E = {(x, ξ′, η′) |
|η′ | < |ξ′ |/2} (for the definition S(s)(m,g|E), see Appendix A). This proves that

∂β
η′ pi(β)

(
x0, x

′ − Φ̃(x, ξ′, η′), ξ′) ∈ μ3(|β|+1)/4S(s)(〈μξ′ 〉i+κ−3/4〈μξ′ 〉 −3|β|/4, g|E)

for |β| ≥ 1 by Lemma A.2 and hence

q(x, ξ) = p
(
x0, x

′ − i∇ξ′ φ̃(x, ξ′), ξ
)
+ R0(x, ξ′)ξ0 + R1(x, ξ′)

with R0(x, ξ′) ∈ μ5/4S(s)(1, ḡ) and R1(x, ξ′) ∈ μ5/4S(s)(〈μξ′ 〉, ḡ). From Proposi-
tion B.2 we see that

Op0
(
eφ̃(R1 + R0ξ0)

)
Op1(e−φ̃) = μ5/4 Op0

(
S(sd2)(〈μξ′ 〉, ḡ) + S(sd2)(1, ḡ)ξ0

)
.

Thus we conclude that

Op0(eφ̃)Op0(p)Op1(e−φ̃) = Op0
(
eφ̃p(x0, x

′ − i∇ξ′ φ̃(x, ξ′), ξ)
)
Op1(e−φ̃)

+ μ5/4 Op0
(
S(〈μξ′ 〉, ḡ) + S(1, ḡ)ξ0

)
.

Let us set q(x, ξ) = p(x0, x
′ − i∇ξ′ φ̃(x, ξ′), ξ) and study Op0(eφ̃q)Op1(e−φ̃). Since

q is a polynomial in ξ0 of order 2, we have Op0(eφ̃q)Op1(e−φ̃) = Op0(b) +
μ3/2 Op0(S(sd2)(〈μξ′ 〉κ+1/2, ḡ)), where

b(x, ξ) = lim
ε→0

(2π)−n

∫
e−i(x′ −y′)(ξ′ −η′)+φ̃(x,η′)−φ̃(x0,y′,η′)χε(y′, ξ′, η′)

× q
(
x, ξ0 + i∂x0 φ̃(x0, y

′, η′), η′)dy′ dη′

because

Op0(eφ̃)Op1(e−φ̃∂2
x0

φ̃) ∈ μ3/2 Op0
(
S(sd2)(〈μξ′ 〉κ+1/2, ḡ)

)
which follows from an assertion similar to Proposition B.2 because we have ∂2

x0
φ̃ ∈

μ3/2S(s)(〈μξ′ 〉κ+1/2, ḡ). Here we have set χε(y′, ξ′, η′) = χ(εy′)χ(ε〈ξ′ 〉 −1
μ η′) with

χ(t) ∈ γ
(s)
0 (Rn) such that χ(t) = 1 near t = 0. Let Ξ′(x, y′, ξ′) = ξ′ + G′(x, y′, ξ′)

be the solution to

Ξ′ − i

∫ 1

0

∇x′ φ
(
x0, x

′ + θ(y′ − x′),Ξ′)dθ = ξ′

given by Proposition A.3 and

J(x, y′, ξ′) = det
[∂Ξ(x, y′, ξ′)

∂ξ′

]
.



782 Enrico Bernardi and Tatsuo Nishitani

Applying Proposition B.2 we get

b(x, ξ) =
∑

|α|<5

1
α!

∂α
ξ′ Dα

y′
[
J(x, y′, ξ′)

× q
(
x, ξ0 + i(∂x0 φ̃)(x0, y

′,Ξ′(x, y′, ξ′)),Ξ′(x, y′, ξ′)
)]

y′=x′

+ R1(x, ξ′) + R0(x, ξ′)ξ0 + R−1(x, ξ′)ξ2
0 ,

where Ri(x, ξ′) ∈ μ5/4S(〈μξ′ 〉i, ḡ). We summarize by the following.

PROPOSITION 5.1

We have

Op0(eφ̃)Op0(p)Op1(e−φ̃)

= Op0
(
b(x, ξ)

)
+ μ5/4 Op0

(
S(〈μξ′ 〉, ḡ) + S(1, ḡ)ξ0 + S(〈μξ′ 〉 −1, ḡ)ξ2

0

)
,

where

b(x, ξ) =
∑

|α|<5

1
α!

∂α
ξ′ Dα

y′
[
J(x, y′, ξ′)p

(
x0, x

′ − i(∇ξ′ φ̃)(x,Ξ′(x, y′, ξ′)), ξ0

+ i(∂x0 φ̃)(x0, y
′,Ξ′(x, y′, ξ′)),Ξ′(x, y′, ξ′)

)]
y′=x′ .

To simplify notation we denote by S#
(s)(m,g) the set of a(x′, y′, ξ′) verifying[

∂β
x′,y′ ∂

α
ξ′ a(x′, y′, ξ′)

]
y′=x′ ∈ S(s)

(
m(r−1 + 〈ξ′ 〉1/4

μ )β1 〈ξ′ 〉 |β′ |/4−3|α|/4
μ , g

)
, ∀α,β.

From Proposition A.3 with k̄(ξ′) = 〈μξ′ 〉κ, Δ1 = r−2w + r−1w1/2, Δj = r−1w1/2,
j 
= 1, it follows that

Gj(x, y′, ξ′) ∈ S(s)(〈μξ′ 〉κ〈ξ′ 〉1/4
μ , ĝ), j 
= 1,

G1(x, y′, ξ′) ∈ S(s)(〈μξ′ 〉κ〈ξ′ 〉1/2
μ , ĝ),(5.2)

Gj(x, y′, ξ′) ∈ S#
(s)(Δj 〈μξ′ 〉κ, g),

where G′(x, y′, ξ′) = (G1, . . . ,Gn).

LEMMA 5.1

We have

w
(
x,Ξ′(x,x′, ξ′)

)
∈ S(s)

(
w(x, ξ′), g

)
, r

(
x,Ξ′(x,x′, ξ′)

)
∈ S(s)

(
r(x, ξ′), g

)
,

w
(
x,Ξ′(x,x′, ξ′)

)
= w(x, ξ′)

(
1 + O(μ1/4)

)
,

(1 + Cμ1/4)r(x, ξ′)2 ≥
∣∣r(x,Ξ′(x,x′, ξ′)

)∣∣2 ≥ (1 − Cμ1/4)r(x, ξ′)2.

Proof
Note that w(x, ξ′) ∈ S(s)(w(x, ξ′), g) and r(x, ξ′) ∈ S(s)(r(x, ξ′), g) by Lemma A.6.
Since Ξ′(x,x′, ξ′) = ξ′ + G′(x,x′, ξ′) taking into account (5.2), the first assertion
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follows from Lemma A.3. The second assertion follows from Corollary A.1. To
check the third assertion it is enough to remark that∣∣r(x,Ξ′(x,x′, ξ′)

)∣∣2 =
∣∣ψ(x1)2 + w

(
x,Ξ′(x,x′, ξ′)

)2∣∣
=

∣∣ψ(x1)2 + w(x, ξ′)2
(
1 + O(μ1/4)

)∣∣. �

The next lemma is an immediate consequence of Corollary A.1, but we give a
proof here.

LEMMA 5.2

Let a(x′, ξ′) ∈ S(s)(〈μξ′ 〉m, g) and a(x′ + iy′, ξ′ + iη′) be the almost-analytic exten-
sion given by Proposition A.1 with k(ξ′) = 〈μξ′ 〉κ〈ξ′ 〉ε

μ, 0 < ε < 1/4 − κ. Let

z(x′, y′, ξ′, η′) ∈ S(s)(〈μξ′ 〉κ〈ξ′ 〉 −3/4
μ , ĝ|E(k)), ζ(x′, y′, ξ′, η′) ∈ S(s)(〈μξ′ 〉κ〈ξ′ 〉1/2

μ ,

ĝ | E(k)); then we have

a(x′ + z, ξ′ + ζ) −
∑

|α+β|<�

1
α!β!

∂β
x′ ∂

α
ξ′ a(x′, ξ′)zβζα

∈ μ�/4S
(

〈μξ′ 〉m−(1/4−κ−ε)�, ĝ
∣∣ E(k)

)
.

Proof
Let us denote z = x̂′ + iŷ′ and ζ = ξ̂′ + iη̂′. With ã(x′, y′, ξ′, η′) = a(x′ + iy′, ξ′ +
iη′), we have from Taylor formula

a(x′ + z, ξ′ + ζ)

=
∑

|α+β+μ+ν|<�

1
α!β!μ!ν!

∂β
x′ ∂

ν
y′ ∂α

ξ′ ∂
μ
η′ ã(x′,0, ξ′,0)x̂′β ŷ′ν ξ̂′αη̂′μ

+
∑

|α+β+μ+ν|=�

�

α!β!μ!ν!

∫ 1

0

(1 − θ)�−1∂β
x′ ∂

ν
y′ ∂α

ξ′ ∂
μ
η′

× ã(x′ + θx̂′, θŷ′, ξ′ + θξ̂′, θη̂′)dθx̂′β ŷ′ν ξ̂′αη̂′μ.

Since (∂xj + i∂yj )ã(x′,0, ξ′,0) and (∂ξj + i∂ηj )ã(x′,0, ξ′,0) belong to the class
S(s)(e−c〈μξ′ 〉(1/4−κ−ε)/(s−1)

, g) by Proposition A.1, one can replace ∂yj , ∂ηj by i∂xj ,
i∂ξj with errors

S(s)(e−c〈μξ′ 〉(1/4−κ−ε)/(s−1)
, g).

This shows that the first term in the right-hand side is∑
|α+β|<�

1
α!β!

∂β
x′ ∂

α
ξ′ a(x′, ξ′)zβζα + S(s)

(
e−c〈μξ′ 〉(1/4−κ−ε)/(s−1)

, ĝ
∣∣ E(k)

)

because ∂β
x′ ∂α

ξ′ ã(x′,0, ξ′,0) = ∂β
x′ ∂α

ξ′ a(x′, ξ′). From Lemma A.3 it follows that∫ 1

0

(· · · )dθ ∈ S(s)

(
〈μξ′ 〉m〈ξ′ 〉 |β+ν|/2−3|α+μ|/4

μ , ĝ | E(k)
)
.
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On the other hand, since

x̂′β ŷ′ν ξ̂′αη̂′μ ∈ S(s)

(
〈μξ′ 〉κ�〈ξ′ 〉 −3|β+ν|/4+|α+μ|/2

μ , ĝ
∣∣ E(k)

)
for |α + β + μ + ν| = �, we have∫ 1

0

(· · · )dθx̂′β ŷ′ν ξ̂′αη̂′μ ∈ μ�/4S(s)

(
〈μξ′ 〉m−(1/4−κ−ε)�, ĝ

∣∣ E(k)
)
,

which proves the desired assertion. �

LEMMA 5.3

Let us denote Ξ′ = Ξ′(x, y′, ξ′). Then we have

∂ξj φ̃(x,Ξ′)y′=x′ = ∂ξj φ̃(x, ξ′) + μ3/2S(r−2w〈μξ′ 〉κ−5/4, g) + μ3/2S(〈μξ′ 〉 −1, g),

∂xj φ(x,Ξ′)y′=x′ = ∂xj φ(x, ξ′) + μ1/2S(r−2w〈μξ′ 〉κ−1/4, g) + μS(1, g),

∂x1φ(x,Ξ′)y′=x′ = ∂x1φ(x, ξ′) + μ3/4S(r−3w〈μξ′ 〉κ−1/2, g) + μS(1, g),

and

∂x0 φ̃(x0, y
′,Ξ′) = 〈μξ′ 〉κ′

+ μS#
(
(r−1w1/2〈μξ′ 〉κ + r−1〈μξ′ 〉 −1/2), g

)
.

Proof
Recall that ∂ξj φ̃(x, ξ′ + iη′) is the almost-analytic extension of ∂ξj φ̃(x, ξ′) with
k(ξ′) = 〈μξ′ 〉κ〈ξ′ 〉ε

μ. Since Ξ′(x, y′, ξ′) = ξ′ + G′(x, y′, ξ′) it follows from
Lemma 5.2 that

∂ξj φ̃(x,Ξ′) = ∂ξj φ̃(x, ξ′) +
∑

1≤ |α|<�

1
α!

∂α
ξ′ ∂ξj φ̃(x, ξ′)G′(x, y′, ξ′)α

+ μ3/2S
(

〈μξ′ 〉 −1, ĝ
∣∣ E0(k) × R

n
)
.

Since

∂α
ξ′ ∂ξj φ̃(x, ξ′) ∈ S(〈μξ′ 〉κ′ 〈ξ′ 〉 − |α|−1

μ , g) + S(r−1w1/2〈μξ′ 〉κ〈ξ′ 〉 −1−3|α|/4
μ , g)

and G′(x,x′, ξ′) ∈ S((r−2w + r−1w1/2)〈μξ′ 〉κ, g), we have the desired assertion.
To prove the last two assertions of the first group it suffices to note that

∂α
ξ′ ∂xj φ(x, ξ′) ∈ S(Δj 〈μξ′ 〉κ〈ξ′ 〉 −3|α|/4

μ , g).

To prove the last assertion we note that

∂x0φ(x0, y
′, ξ′) ∈ μS#(r−1w1/2〈μξ′ 〉κ, g)

and 〈μΞ′ 〉κ′
= 〈μξ′ 〉κ′

+μS#(r−1〈μξ′ 〉 −1/2, g), which follows from Lemma 5.2. �

LEMMA 5.4

We have

{Λ, φ}(x, ξ′) ∈ μS(〈μξ′ 〉κ, g),

{φ1, φ}(x, ξ′) = 2r−2w〈μξ′ 〉κ{φ1, ψ} + μS(〈μξ′ 〉κ, g),
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{φ2, φ}(x, ξ′) = f(x, ξ′) + μS(〈μξ′ 〉κ, g),

where f(x, ξ′) ∈ μS(r−1w1/2〈μξ′ 〉κ, g).

Proof
We first note that

{F,φ} = 〈μξ′ 〉κ
[
2w

{F,ψ}
r2

− 2ψ
{F,w}

r2

]
+

{
F, 〈μξ′ 〉κ

}
S(s)(1, g),

{F,w} = 2w−1φ3
1〈μξ′ 〉 −4

{
F,φ1

}
+ 2w−1φ4

1〈μξ′ 〉 −3
{
F, 〈μξ′ 〉 −1

}
+ 2−1w−1

{
F, 〈ξ′ 〉 −1

μ

}
.

The first assertion follows from (4.7) immediately. For the second assertion it
suffices to note that {φ1,w} ∈ μS((w + w−1〈ξ′ 〉 −1

μ ), g) ⊂ μS(w,g). To show the
third assertion we note that {φ2, ψ} = {a,ψ}ψ ∈ μS(r, g) and

{φ2,w} = 2w−1φ3
1〈μξ′ 〉 −4{φ2, φ1} + μS(w,g) ∈ μS(w1/2, g). �

To simplify notation we set

Λ̃(x, y′, ξ) = Λ
(
x0, x

′ − i∇ξ′ φ̃(x,Ξ′), ξ0 + i∂x0 φ̃(x0, y
′,Ξ′),Ξ′),

φ̃1(x, y′, ξ′) = φ1

(
x0, x

′ − i∇ξ′ φ̃(x,Ξ′),Ξ′)
with Ξ′ = Ξ′(x, y′, ξ′). We define M̃(x, y′, ξ), φ̃2(x, y′, ξ′), θ̃(x, y′, ξ′) similarly.

PROPOSITION 5.2

Let Λ̃(x, y′, ξ), φ̃1(x, y′, ξ′), φ̃2(x, y′, ξ′), and θ̃(x, y′, ξ′) be as above. Then we have

Λ̃(x, y′, ξ) = Λ(x, ξ) − i〈μξ′ 〉κ′
+ μS#(r−1w1/2〈μξ′ 〉κ, g)

+ μS#
(
(r−1〈μξ′ 〉 −1/2 + 〈μξ′ 〉κ′

), g
)
,

Λ̃(x,x′, ξ) = Λ(x, ξ) − i〈μξ′ 〉κ′
+ μS(〈μξ′ 〉κ′

, g) +
√

μS(1, g),

φ̃1(x, y′, ξ′) = φ1(x, ξ′) + μS#(r−1〈μξ′ 〉κ, g) + μS#(〈μξ′ 〉κ′
, g),

φ̃1(x,x′, ξ′) = φ1(x, ξ′) + i{φ1, φ}(x, ξ′) + μ5/4S(r−2w〈μξ′ 〉κ, g)

+ μS(〈μξ′ 〉κ′
, g),

φ̃2(x, y′, ξ′) = φ2(x, ξ′) + μS#(r−1w1/2〈μξ′ 〉κ, g) + μS#(〈μξ′ 〉κ′
, g),

φ̃2(x,x′, ξ′) = φ2(x, ξ′) + i{φ2, φ}(x, ξ′) + μ5/4S(r−2w〈μξ′ 〉κ−1/4, g)

+ μS(〈μξ′ 〉κ′
, g),

θ̃(x, y′, ξ′) = θ(x, ξ′) + μS#(r−1w1/2〈μξ′ 〉κ, g) + μS#(〈μξ′ 〉κ′
, g),

θ̃(x,x′, ξ′) = θ(x, ξ′) + if(x, ξ′) + μ5/4S(r−1w1/2〈μξ′ 〉2κ−1/4, g)

+ μS(〈μξ′ 〉κ′
, g),

where f ∈ μS(r−1w1/2〈μξ′ 〉κ, g) is real.
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Proof
Recall that Ξ′ = ξ′ +G(x, y′, ξ′). From Lemma 5.2 (or rather from its proof) and
(5.2), we have

Λ̃(x, y′, ξ) = Λ
(
x0, x

′ − i∇ξ′ φ̃(x,Ξ′), ξ0 + i∂x0 φ̃(x0, y
′,Ξ′),Ξ′)

= Λ(x, ξ) + i∂x0 φ̃(x0, y
′,Ξ′)

+
∑

|α+β|=1

∂β
x′ ∂

α
ξ′ Λ(x, ξ)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α(5.3)

+
∑

2≤ |α+β|<�

1
α!β!

∂β
x′ ∂

α
ξ′ Λ(x, ξ)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α

+ μ�/4S#(〈μξ′ 〉κ, g)

taking � large if necessary. Noting (4.7), ∂β
x′ ∂α

ξ′ Λ(x, ξ) ∈ S(〈μξ′ 〉 〈ξ′ 〉 − |α|
μ , g), and

∇ξ′ φ(x,Ξ′) ∈ S#((1 + r−1w1/2)〈μξ′ 〉κ〈ξ′ 〉 −1
μ , g), it follows from (5.2) that

i∂x0 φ̃(x0, y
′,Ξ′) +

∑
|α+β|=1

∂β
x′ ∂

α
ξ′ Λ(x, ξ)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α

∈ μS#
(
(r−1w1/2〈μξ′ 〉κ + 〈μξ′ 〉κ′

), g
)
.

Thanks to (4.7) similar arguments show∑
2≤ |α+β|<�

· · · ∈ μ5/4S#(〈μξ′ 〉κ, g).

Thus we have the assertion about Λ̃(x, y′, ξ). We turn to the assertion for φ̃1(x,

y′, ξ′). The same arguments as above show that∑
|α+β|=1

φ
(α)
1(β)(x, ξ′)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α

∈ μS#
(
(r−1〈μξ′ 〉κ + 〈μξ′ 〉κ′

), g
)
.

We turn to the term |α + β| ≥ 2. It is easy to see that∑
2≤ |α+β|<�

1
α!β!

φ
(α)
1(β)(x, ξ′)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α

∈ μS#
(
(〈μξ′ 〉κ + r−1〈μξ′ 〉κ−1/4), g

)
and hence the result. We show the assertion for φ̃2(x, y′, ξ′). Let |α + β| = 1.
Noting that φ

(α)
2 (x, ξ′) ∈ S(r〈μξ′ 〉〈ξ′ 〉 − |α|

μ , g), the same arguments as above show
that ∑

|α+β|=1

φ
(α)
2(β)(x, ξ′)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α

∈ μS#
(
(r−1w1/2〈μξ′ 〉κ + 〈μξ′ 〉κ′

), g
)
.
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We check the term
∑

|α+β|≥2 · · · . It is easy to see that

∑
2≤ |α+β|<�

1
α!β!

φ
(α)
2(β)(x, ξ′)

(
−i∇ξ′ φ̃(x,Ξ′)

)β
G′(x, y′, ξ′)α ∈ μS#(〈μξ′ 〉κ, g)

and hence the result. To check the assertion about θ̃(x, y′, ξ′) it suffices to note
θ(x, ξ′) ∈ S(〈μξ′ 〉, g0) ∩ S(w〈μξ′ 〉, g) and Lemma 5.2.

We prove the assertion for Λ̃(x,x′, ξ). Since Ξ′(x,x′, ξ′) = ξ′ + i∇x′ φ(x,Ξ′),
we see with Ξ′ = Ξ′(x,x′, ξ′),

Λ̃(x,x′, ξ)

= Λ
(
x0, x

′ − i∇ξ′ φ̃(x,Ξ′), ξ0 + i∂x0 φ̃(x,Ξ′), ξ′ + i∇x′ φ(x,Ξ′)
)

= Λ(x, ξ) + i∂x0 φ̃(x,Ξ′) +
∑

1≤ |α+β|<�

1
α!β!

∂β
x′ ∂

α
ξ′ Λ(x, ξ)(−i∇ξ′ φ̃)β(i∇x′ φ)α

+ μ5/4S(〈μξ′ 〉κ, g)

by Lemma 5.2 taking � large. From Lemma 5.3 and (4.7) it follows that∑
2≤ |α+β|<�

1
α!β!

∂β
x′ ∂

α
ξ′ Λ(x, ξ)(−i∇ξ′ φ̃)β(i∇x′ φ)α ∈ μ5/4S(〈μξ′ 〉κ′

, g).

Since ξ′ = Ξ′ − i∇x′ φ(x,Ξ′), we see that

i∂x0 φ̃ +
∑

|α+β|=1

∂β
x′ ∂

α
ξ′ Λ(x, ξ)(−i∇ξ′ φ̃)β(i∇x′ φ)α

= −i〈μΞ′ 〉κ′
+

∑
|α+β|=1

∂β
x′ ∂

α
ξ Λ(x, ξ)(−i∇ξ′ φ)β(i∇xφ)α + μS(〈μξ′ 〉κ′

, g)

= −i〈μΞ′ 〉κ′
+ i{Λ, φ}(x,Ξ′)

+
∑

1≤ |γ|<�,|α+β|=1

1
γ!

∂γ
ξ′ ∂

β
x′ ∂

α
ξ Λ(x, ξ0,Ξ′)(−i∇x′ φ)γ(−i∇ξ′ φ)β(i∇xφ)α

+ μS(〈μξ′ 〉κ′
, g)

by Lemma 5.2 again. From Lemma 5.3 and (4.7) it is easy to check that the third
term in the right-hand side is in μ5/4S(〈μξ′ 〉κ, g). We now consider {Λ, φ}(x,Ξ′).
Note that

{Λ, φ}(x,Ξ′) = {Λ, φ}(x, ξ′) +
∑

1≤ |γ|<�

1
γ!

(∂γ
ξ′ {Λ, φ})(x, ξ′)(i∇x′ φ)γ

+ μ5/4S(〈μξ′ 〉κ, g).

Thanks to {Λ, φ}(x, ξ′) ∈ μS(〈μξ′ 〉κ, g) by Lemma 5.4, one sees easily that the
second term in the right-hand side is in μ5/4S(〈μξ′ 〉κ, g), and hence we have
{Λ, φ}(x,Ξ′) ∈ μS(〈μξ′ 〉κ, g). These prove the assertion.
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Noting the fact

(5.4)

⎧⎪⎪⎨
⎪⎪⎩

∇ξ′ φ(x,Ξ′(x,x′, ξ′)) = ∇ξ′ φ(x, ξ′) + μ3/2S(r−2w〈μξ′ 〉2κ−3/2, g),

G1(x,x′, ξ′) = i∂x1φ(x, ξ′) + μ3/4S(r−3w〈μξ′ 〉2κ−3/4, g),

Gj(x,x′, ξ′) = i∂xj φ(x, ξ′) + μ1/2S(r−2w〈μξ′ 〉2κ−1/2, g),

which follows from Lemma 5.2 or rather its proof because we have G′(x,x′, ξ′) =
i∇x′ φ(x0, x

′, ξ′ + G′(x,x′, ξ′)), the assertions on φ̃1(x,x′, ξ′), φ̃2(x,x′, ξ′) and
θ̃1(x,x′, ξ′) are checked by similar easier arguments. �

Let us denote

j(x, ξ′) =
∑

|α|<5

1
α!

Dα
y′ ∂α

ξ′ J(x, y′, ξ′)y′=x′ .

Let ai(x′, ξ′) ∈ S(〈μξ′ 〉mi , g); then there exists b ∈ S(〈μξ′ 〉m1+m2 , g) such that
Opt(a1)Opt(a2) = Opt(b). We denote b as

b = a1#a2.

PROPOSITION 5.3

We have ∑
|α|<5

1
α!

Dα
y′ ∂α

ξ′ [M̃(x, y′, ξ)Λ̃(x, y′, ξ)J(x, y′, ξ′)]y′=x′

= [M̃(x,x′, ξ)Λ̃(x,x′, ξ)]#j + C1(x, ξ′)Λ̃(x,x′, ξ) + μS(〈μξ′ 〉, g)

with C1(x, ξ′) ∈ μS(〈μξ′ 〉κ, g),∑
|α|<5

1
α!

Dα
y′ ∂α

ξ′ [φ̃1(x, y′, ξ′)Λ̃(x, y′, ξ)J(x, y′, ξ′)]y′=x′

= [φ̃1(x,x′, ξ′)Λ̃(x,x′, ξ)]#j + C2(x, ξ′)Λ̃(x,x′, ξ) + μS(〈μξ′ 〉, g)

with C2 ∈ μ5/4S(r−2w〈μξ′ 〉κ−1/4, g) + μS(〈μξ′ 〉κ′
, g), and∑

|α|<5

1
α!

Dα
y′ ∂α

ξ′ [φ̃2(x, y′, ξ′)2J(x, y′, ξ′)]y′=x′ = φ̃2(x,x′, ξ′)2#j(x, ξ′)

+ μS(〈μξ′ 〉, g),∑
|α|<5

1
α!

Dα
y′ ∂α

ξ′ [θ̃(x, y′, ξ′)2J(x, y′, ξ′)]y′=x′ = θ̃(x,x′, ξ′)2#j(x, ξ′)

+ μS(〈μξ′ 〉, g).

In what follows, in this section, to simplify notation we denote by C1, C2, R

symbols belonging to (or the class itself)

μ3/4S(〈μξ′ 〉κ′
, g), μ5/4S(r−2w〈μξ′ 〉κ−1/4, g), μS(〈μξ′ 〉, g),

respectively. To show the proposition we first prove the following.
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LEMMA 5.5

We have

∂α
y′ ∂α

ξ′
(
M̃(x, y′, ξ)Λ̃(x, y′, ξ)J(x, y′, ξ′)

)
y′=x′

= M̃(x,x′, ξ)Λ̃(x,x′, ξ)∂α
y′ ∂α

ξ′ J(x, y′, ξ′)y′=x′ + C1(x, ξ′)Λ̃(x,x′, ξ) + R,

∂α
y′ ∂α

ξ′
(
φ̃1(x, y′, ξ′)Λ̃(x, y′, ξ)J(x, y′, ξ′)

)
y′=x′

= φ̃1(x,x′, ξ′)Λ̃(x,x′, ξ)∂α
y′ ∂α

ξ′ J(x, y′, ξ′)y′=x′

+ C1(x, ξ′)Λ̃(x,x′, ξ′) + C2(x, ξ′)Λ̃(x,x′, ξ) + R,

∂α
y′ ∂α

ξ′
(
φ̃2(x, y′, ξ′)2J(x, y′, ξ′)

)
y′=x′

= φ̃2(x,x′, ξ′)2∂α
y′ ∂α

ξ′ J(x, y′, ξ′)y′=x′ + R,

∂α
y′ ∂α

ξ′
(
θ̃(x, y′, ξ′)2J(x, y′, ξ′)

)
y′=x′

= θ̃(x,x′, ξ′)2∂α
y′ ∂α

ξ′ J(x, y′, ξ′)y′=x′ + R.

Proof
From Proposition 5.2 and Lemma 5.4 one can write

Λ̃(x, y′, ξ) = Λ(x, ξ) − i〈μξ′ 〉κ′
+ λ(x, y′, ξ′),

M̃(x, y′, ξ) = M(x, ξ) − i〈μξ′ 〉κ′
+ m(x, y′, ξ′)

with

λ(x, y′, ξ′), m(x, y′, ξ′) ∈ μS#
(
(r−1w1/2〈μξ′ 〉κ + r−1〈μξ′ 〉 −1/2 + 〈μξ′ 〉κ′

), g
)
.

Recall that J(x, y′, ξ′) ∈ S#(1, g) and, moreover,

∂β
ξ′ ∂

α
y′ J(x, y′, ξ′)y′=x′ ∈ S

(
(r−2w + r−1w1/2)〈μξ′ 〉κ〈ξ′ 〉 −3/4

μ

× (r−1 + 〈ξ′ 〉1/4
μ )α1 〈ξ′ 〉 −3|β|/4+(|α|−α1)/4

μ , g
)

⊂ S
(
(r−2w + r−1w1/2)〈μξ′ 〉κ〈ξ′ 〉 −3(1+|β|)/4+(|α|+α1)/4

μ , g
)

(5.5)

⊂ S
(
(r−1 + 〈ξ′ 〉1/4

μ )〈μξ′ 〉κ〈ξ′ 〉 |α|/2−3(1+|β|)/4
μ , g

)
⊂ μ1/4S(〈μξ′ 〉κ−1/4〈ξ′ 〉 |α|/2−3|β|/4

μ , g)

with α = (α1, α
′) for |β + α| ≥ 1. Let us set Λ̄ = Λ(x, ξ) − i〈μξ′ 〉κ′

and M̄ =
M(x, ξ) − i〈μξ′ 〉κ′

and consider

M̃ Λ̃J = M̄ Λ̄J + mΛ̄J + λM̄J + mλJ.

It is clear that ∂α
ξ′ ∂α

y′ (mλJ)y′=x′ ∈ R. Here we note that M̄(x, ξ) = Λ̄(x, ξ) +
2kφ1(x, ξ′)3〈μξ′ 〉 −2 and hence

λM̄J = λΛ̄J + φ3
1〈μξ′ 〉 −2λJ.

Noting that φ3
1〈μξ′ 〉 −2 ∈ S(w3/2〈μξ′ 〉, g), we see easily that

∂α
ξ′ ∂α

y′ (φ3
1〈μξ′ 〉 −2λJ)y′=x′ ∈ R, |α| ≥ 1.
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We now study mΛ̄J (or λΛ̄J). Since

∂α′ ′

ξ′ ∂α
y′ (mJ)y′=x′ ∈ μS

(
(r−1w1/2〈μξ′ 〉κ + r−1〈μξ′ 〉 −1/2

+ 〈μξ′ 〉κ′
)〈ξ′ 〉 |α|/2−3|α′ ′ |/4

μ , g
)
,

hence ∂α′

ξ′ Λ̄∂α′ ′

ξ′ ∂α
y′ (mJ)y′=x′ ∈ R if |α′ | ≥ 1 where α′ + α′ ′ = α. This shows

∂α
ξ′ ∂α

y′ (Λ̄mJ)y′=x′ = C1Λ̄ + R, |α| ≥ 1.

Thus we have

∂α
ξ′ ∂α

y′ (M̃ Λ̃J)y′=x′ = ∂α
ξ′ ∂α

y′ (M̄ Λ̄J)y′=x′ + C1Λ̃(x,x′, ξ) + R

because (C1λ)y′=x′ ∈ R. Finally, we consider ∂α
ξ′ ∂α

y′ (M̄ Λ̄J). Let |α′ | ≥ 1. Then
from (5.5) one sees that

∂α′

ξ′ (M̄ Λ̄)(∂α′ ′

ξ′ ∂α
y′ J)y′=x′ = C1Λ̄ + R

because M̄ = Λ̄ + S(w3/2〈μξ′ 〉,w−1g0) and

(5.6) ∂ξ1Λ̄, ∂ξ1M̄ = μS(r, g) + S(〈μξ′ 〉κ′ 〈ξ′ 〉 −1
μ , g)

thanks to (4.7). Thus we conclude that

(∂α
ξ′ ∂α

y′ M̄ Λ̄J)y′=x′ = M̄ Λ̄(∂α
ξ′ ∂α

y′ J)y′=x′ + C1Λ̄ + R.

Noting that

M̄ Λ̄(∂α
ξ′ ∂α

y′ J)y′=x′ = M̃ Λ̃(∂α
ξ′ ∂α

y′ J)y′=x′ + C1Λ̃(x,x′, ξ) + R,

we have the desired assertion.
We next consider φ̃1Λ̃J . From Proposition 5.2 we can write

φ̃1(x, y′, ξ′) = φ̃1(x, ξ′) + ν1(x, y′, ξ′)

with ν1(x, y′, ξ) ∈ μS#((r−1〈μξ′ 〉κ + 〈μξ′ 〉κ′
), g). Let φ̃1Λ̃J = φ1Λ̄J + Λ̄ν1J +

φ1λJ + ν1λJ . It is easy to check that ∂α
ξ′ ∂α

y′ (ν1λJ)y′=x′ ∈ R for |α| ≥ 1. Not-
ing that

(5.7) φ1(x, ξ′) ∈ S(w1/2〈μξ′ 〉, g) ∩ S(〈μξ′ 〉, g0),

we have ∂α
ξ′ ∂α

y′ (φ1λJ)y′=x′ ∈ R, |α| ≥ 1. Let |α′ | ≥ 1; then from (5.6) we have

∂α′

ξ′ Λ̄∂α′ ′

ξ′ ∂α
y′ (ν1J)y′=x′ ∈ R, |α′ | ≥ 1.

Since ∂α
ξ′ ∂α

y′ (ν1J)y′=x′ ∈ μ7/4S(r−2〈μξ′ 〉κ−3/4, g)+μS(〈μξ′ 〉κ′
, g) and noting that

S(r−2〈μξ′ 〉κ−3/4, g) ⊂ μ−1/2S(r−2w〈μξ′ 〉κ−1/4, g), we conclude that

∂α
ξ′ ∂α

y′ (Λ̄ν1J)y′=x′ = C1(x, ξ′)Λ̄ + C2(x, ξ′)Λ̄ + R, |α| ≥ 1.

Thus we can write

[∂α
ξ′ ∂α

y′ (φ̃1Λ̃J)]y′=x′ = [∂α
ξ′ ∂α

y′ (φ1Λ̄J)]y′=x′ + C1Λ̄ + C2Λ̄ + R.

We check ∂α
ξ′ ∂α

y′ (φ1Λ̄J). Let |α′ | ≥ 1 and |α| ≥ 2. Then from (5.7) and (5.5) it
follows that

∂α′

ξ′ (φ1Λ̄)(∂α′ ′

ξ′ ∂α
y′ J)y′=x′ = C1Λ̄ + R.
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Let |α′ | = |α| = 1, and consider Λ̄∂α
ξ′ φ1(∂α

y′ J)y′=x′ and φ1(∂α
ξ′ Λ̄)(∂α

y′ J)y′=x′ . From
(5.6) and (5.7), taking (5.5) into account again we see that

φ1(∂α
ξ′ Λ̄)(∂α

y′ J)y′=x′ ∈ R, ∂α
ξ′ φ1(∂α

y′ J)y′=x′ ∈ C1 + C2.

Hence we conclude that

∂α
ξ′ ∂α

y′ (φ1Λ̄J)y′=x′ = φ1Λ̄(∂α
ξ′ ∂α

y′ J)y′=x′ + C1(x, ξ′)Λ̄ + C2(x, ξ′)Λ̄ + R.

Noting that (C2λ)y′=x′ ∈ R and

φ1Λ̄(∂α
ξ′ ∂α

y′ J)y′=x′ = φ1Λ̃(x,x′, ξ)(∂α
ξ′ ∂α

y′ J)y′=x′ + R

= [φ̃1Λ̃(∂α
ξ′ ∂α

y′ J)]y′=x′ − [ν1Λ̃(∂α
ξ′ ∂α

y′ J)]y′=x′ + R

we get the second assertion for (ν1∂
α
ξ′ ∂α

y′ J)y′=x′ ∈ C1 + C2.
We turn to considering φ̃2

2J and θ̃2J . From Proposition 5.2 one can write

φ̃2(x, y′, ξ′) = φ2(x, ξ′) + ν2(x, y′, ξ′),

θ̃(x, y′, ξ′) = θ(x, ξ′) + ν3(x, y′, ξ′)

with νi(x, y′, ξ′) ∈ μS#((r−1w1/2〈μξ′ 〉κ + 〈μξ′ 〉κ′
), g). Since φ2(x, ξ′) ∈ S(r〈μξ′ 〉,

g), writing φ̃(x, y′, ξ′)2 = φ2(x, ξ′)2 +r(x, y′, ξ′) it is clear that ∂α
ξ′ ∂α

y′ (rJ)y′=x′ ∈ R

for |α| ≥ 1. Recalling (5.5) and ∂α′

ξ′ φ2
2 ∈ S(r2〈μξ〉2〈ξ′ 〉 − |α′ |

μ , g), we have

∂α′

ξ′ φ2
2(∂

α′ ′

ξ′ ∂α
y′ J)y′=x′ ∈ R

if |α′ | ≥ 1. Thus we get

∂α
ξ′ ∂α

y′ (φ̃2
2J)y′=x′ = φ2

2(∂
α
ξ′ ∂α

y′ J)y′=x′ + R.

Since (r∂α
ξ′ ∂α

y′ J)y′=x′ ∈ R, |α| ≥ 1, we have the third assertion. Since

(5.8) θ(x, ξ′) ∈ S(w〈μξ′ 〉, g) ∩ S(〈μξ′ 〉, g0),

then writing θ̃(x, y′, ξ′)2 = θ(x, ξ′)2 + r(x, y′, ξ′), it is easy to see

(∂α
ξ′ ∂α

y′ rJ)y′=x′ , (r∂α
ξ′ ∂α

y′ J)y′=x′ ∈ R, |α| ≥ 1.

Since ∂α′

ξ′ θ(x, ξ′)2 ∈ S(w(4− |α′ |)/2〈μξ′ 〉2〈ξ′ 〉 − |α′ |
μ , g) for |α′ | ≤ 4, it follows from

(5.5) that ∂α′

ξ′ θ2(∂α′ ′

ξ′ ∂α
y′ J)y′=x′ ∈ R if |α′ | ≥ 1, and hence we have, for |α| ≥ 1,

[∂α
ξ′ ∂α

y′ (θ̃2J)]y′=x′ = θ(x, ξ′)2(∂α
ξ′ ∂α

y′ J)y′=x′ + R.

Since [θ̃2(∂α
ξ′ ∂α

y′ J)]y′=x′ = θ(x, ξ′)2(∂α
ξ′ ∂α

y′ J)y′=x′ +R, we get the fourth assertion.
�

Proof of Proposition 5.3
We note that

j(x, ξ′) = 1 + S
(
(r−2w + r−1w1/2)〈μξ′ 〉κ〈ξ′ 〉 −3/4

μ , g
)
,

and hence

∂β
ξ′ ∂

α
x′ j ∈ S

(
(r−1 + 〈ξ′ 〉1/4

μ )1+α1 〈μξ′ 〉κ〈ξ′ 〉 −3/4+(|α|−α1)/4−3|β|/4
μ , g

)
, |α + β| ≥ 1.
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Then using similar easier arguments as in the proof of Lemma 5.5, we can show
that with Λ̃ = Λ̃(x,x′, ξ), M̃ = M̃(x,x′, ξ),

Λ̃M̃
∑

|α|<5

1
α!

(Dα
y′ ∂α

ξ′ J)y′=x′ = Λ̃M̃#j + C1Λ̃ + R.

The proof for the other cases is similar. �

Since we can write Op0(μ5/4S(〈μξ′ 〉 −1, ḡ)ξ2
0) = Λ̃M̃#j′ + C1Λ̃ + R with j′ ∈

μ5/4S(〈μξ′ 〉 −1, ḡ), combining Propositions 5.1 and 5.3 we get

Op0(eφ̃)Op0(p)Op1(e−φ̃)

= Op0
(
p̃(x, ξ)#j̃ + C1Λ̃(x,x′, ξ) + C2Λ̃(x,x′, ξ) + R̄

)
,

where j̃ = j + j′, and hence Op0(eφ̃)Op1(e−φ̃) = Op0(j̃) and

p̃ = −M̃(x,x′, ξ)Λ̃(x,x′, ξ) + 2φ̃1(x,x′, ξ′)Λ̃(x,x′, ξ) + Q̃(x,x′, ξ′),

Q̃(x,x′, ξ′) = φ̃2(x,x′, ξ′)2 + θ̃(x,x′, ξ′)2,

C1(x, ξ′) ∈ μS(〈μξ′ 〉κ′
, g) + μS(1, ḡ),

C2(x, ξ′) ∈ μ5/4S(r−2w〈μξ′ 〉κ−1/4, g),

where R̄ denotes the symbol class

μS(r〈μξ′ 〉κ′+1, g) + μS(〈μξ′ 〉, ḡ)

or, rather, a symbol itself belonging to R̄. Thanks to Lemma 5.4 and Proposi-
tion 5.2, one can write

φ̃2 = φ2(x, ξ′) + ih(x, ξ′) + μS
(
(r−1〈μξ′ 〉κ−1/4 + 〈μξ′ 〉κ′

), g
)

with h ∈ μS(r−1w1/2〈μξ′ 〉κ, g) which is real; then we see that

(5.9)

{
Re φ̃2(x,x′, ξ′)2 = φ2(x, ξ′)2 + R̄,

Im φ̃2(x,x′, ξ′)2 = μS(w1/2〈μξ′ 〉1+κ, g) + R̄.

From Proposition 5.2 we can write

θ̃(x,x′, ξ′) = θ(x, ξ′) + if + μ5/4S(r−1w1/2〈μξ′ 〉2κ−1/4, g) + μS(〈μξ′ 〉κ′
, g)

with f ∈ μS(r−1w1/2〈μξ′ 〉κ, g) which is real. Noting

S(w1/2〈μξ′ 〉2κ+3/4, g) ⊂ μ−3/4S(w2〈μξ′ 〉2, g)

and (5.8), we obtain (because w ≤ r)

Re θ̃(x,x′, ξ′)2 = θ(x, ξ′)2 + μ1/2S(w2〈μξ′ 〉2, g) + R̄,

Im θ̃(x,x′, ξ′)2 = μS(w1/2〈μξ′ 〉κ+1, g) + R̄.

Since w2〈μξ′ 〉2 = 〈μξ′ 〉 −2φ4
1 +μ〈μξ′ 〉, with α(x, ξ′) ∈ S(1, g) such that C−2 ≤ α ≤

C we can write

(5.10)

{
Re θ̃2 = α(x, ξ′)θ(x, ξ′)2 + R̄,

Im θ̃2 = μS(w1/2〈μξ′ 〉κ+1, g) + R̄.
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From (5.9) and (5.10) we have

Re Q̃(x,x′, ξ′) = φ2
2 + αθ2 + R̄,

Im Q̃(x,x′, ξ′) = μS(w1/2〈μξ′ 〉1+κ, g) + R̄.

Let us write j̃ = 1+μ1/4S(1, ḡ). For small μ there exists an inverse of Op0(j̃)
in L2 which is actually given by Op0(j̃−1) with a j̃−1 ∈ S(1, ḡ) (see [1]) so that

Op0(j̃)Op0(j̃−1) = I.

Let Ci(x, ξ′) be as above. Then it is easy to check that

(C1Λ̃)#j̃−1 = C1(x, ξ′)Λ̃(x,x′, ξ) + C̃1Λ̃ + μS(〈μξ′ 〉, ḡ),

(C2Λ̃)#j̃−1 = C2(x, ξ′)Λ̃(x,x′, ξ′) + C̃1Λ̃ + μS(〈μξ′ 〉, ḡ),

where C̃1(x, ξ′) ∈ μS(〈μξ′ 〉κ′
, g). With a constant K > 0, let us put

(5.11) ω = 2r−2w〈μξ′ 〉κ{φ1, ψ} + μK〈μξ′ 〉κ.

Since {φ1, ψ} ≥ c1μ if r is small, then taking K large it is clear that

ω ≥ cμr−2w〈μξ′ 〉κ

with some c > 0. Finally, we can conclude the following.

PROPOSITION 5.4

We have

Op0(eφ̃)Op0(p)Op1(e−φ̃)Op0(j̃−1) = Op0
(
p̂
)

with

p̂ = −(M − i〈μξ′ 〉κ′
+ m̃)(Λ − i〈μξ′ 〉κ′

+ λ̃)

+ 2(φ1 + iω + C)(Λ − i〈μξ′ 〉κ′
+ λ̃)

+ Q + μS(r〈μξ′ 〉1+κ′
, g) + μS(〈μξ′ 〉, ḡ),

where m̃(x, ξ′), λ̃(x, ξ′) ∈ μS(〈μξ′ 〉κ′
, g) +

√
μS(1, g), ω ∈ μS(r−2w〈μξ′ 〉κ, g)

which is real, C(x, ξ′) ∈ μ5/4S(r−2w〈μξ′ 〉κ, g), and

Q = φ2
2 + αθ2 + iQ1, Q1 ∈ μS(w1/2〈μξ′ 〉1+κ, g),Q1 is real,

Λ = ξ0 + λ1 − k〈μξ′ 〉 −2φ3
1, M = ξ0 + λ1 + k〈μξ′ 〉 −2φ3

1.

Moreover, we have ω ≥ cμr−2w〈μξ′ 〉κ with some c > 0 and

(5.12) {Λ, φ2} ∈ μS(r〈μξ′ 〉, g), {Λ, φ1} ∈ μS
(
(r + w1/2)〈μξ′ 〉, g

)
.

Proof
From Proposition 5.2 we have

M̃(x,x′, ξ) = M(x, ξ) − i〈μξ′ 〉κ′
+ m̃,

Λ̃(x,x′, ξ) = Λ(x, ξ) − i〈μξ′ 〉κ′
+ λ̃
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where λ̃, m̃ ∈ μS(〈μξ′ 〉κ′
, g)+

√
μS(1, g). From Proposition 5.2 and (5.11) we can

write

φ̃1(x,x′, ξ′)Λ̃(x,x′, ξ) =
(
φ1 + iω + C + μS(〈μξ′ 〉κ′

, g)
)
Λ̃(x,x′, ξ)

with C ∈ μ5/4(r−2w〈μξ′ 〉κ, g), where we move the term μS(〈μξ′ 〉κ′
, g) into m̃,

which completes the proof. �

6. Energy estimate (proof of Theorem 1.1)

Let P be the operator with symbol given in Section 4, that is, the symbol which
is equal, in a conic neighborhood of the reference point, to that given by the
right-hand side of (2.2).

In this section we derive a priori estimates for the transformed operator P̃ ,

P̃ = Op0(eφ̃)P Op1(e−φ̃)Op0(j̃−1),

where the principal symbol of P̃ is given in Proposition 5.4. Let us denote
Op1/2(a) = aw, the Weyl quantization of a. By the same M , Λ, we denote M =
D0 − i〈μD′ 〉κ′ − m, Λ = D0 − i〈μD′ 〉κ′ − λ, where λ = −(λ1 − k〈μξ′ 〉 −2φ3

1 + λ̃)w,
m = −(λ1 + k〈μξ′ 〉 −2φ3

1 + m̃)w. We also denote (Q + 2μ〈μξ′ 〉)w by the same Q

and 2(φ1 + iω + C)w by B. Note that one can write

P̃ = −MΛ + BΛ + Q + P̃1

with P̃1 = awΛ + bw, a ∈ S(1, ḡ), b ∈ R̄. Recall the following.

PROPOSITION 6.1 ([3, PROPOSITION 4.1])

We have

2 Im
(
(P̃ − P̃1)v,Λv

)
=

d

dx0

(
‖Λv‖2 + ((ReQ)v, v)

)
+ 2‖ 〈μD′ 〉κ′/2Λv‖2 + 2Re

(
〈μD′ 〉κ′

(ReQ)v, v
)

+ 2
(
(ImB)Λv,Λv

)
+ 2

(
(Imm)Λv,Λv

)
+ 2Re

(
Λv, (ImQ)v

)
+ Im([D0 − Reλ,ReQ]v, v) + 2Re

(
(ReQ)v, (Imλ)v

)
for any v ∈ C2((−T, −T ); S(Rn)).

In this energy identity, the main term that controls (any) lower-order term is(
(ImB)Λv,Λv

)
+ Re

(
〈μD′ 〉κ′

(ReQ)v, v
)
.

We first consider ((ImB)Λv,Λv). Since ImC ∈ μ5/4S(r−2w〈μξ′ 〉κ, g), hence one
can write

ω + ImC = μ(
√

wr−1〈μξ′ 〉κ/2a)#(
√

wr−1〈μξ′ 〉κ/2a) + μS(〈μξ′ 〉κ, g)

with a =
√

μ−1w−1r2〈μξ′ 〉 −κ(ω + ImC) ∈ S(1, g), where a ≥ c > 0. This shows
that

(6.1)
(
(ImB)Λv,Λv

)
≥ μ‖(

√
wr−1〈μξ′ 〉κ/2a)wΛv‖2 − Cμ‖〈μD′ 〉κ′/2Λv‖2.
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We next study the terms ((ReQ)v, v) and Re(〈μD′ 〉κ′
(ReQ)v, v). Note that

(〈ξ′ 〉 −1
μ 〈μξ′ 〉2 = μ〈μξ′ 〉),

ReQ = q#q + μ〈μξ′ 〉 + μS(r〈μξ′ 〉, g) + μ3/2S(〈μξ′ 〉, g),

q =
√

φ2
2 + αθ2 + μ〈μξ′ 〉 ∈ S(r〈μξ′ 〉, g).

Since q ≥ c〈μξ′ 〉r with some c > 0,

(6.2)
(
(ReQ)v, v

)
≥ (1 − Cμ1/2)‖qwv‖2 + μ(1 − Cμ1/2)‖〈μD′ 〉1/2v‖2

because one can write μS(r〈μξ′ 〉, g) = C#q+μ3/2S(〈μξ′ 〉1/2, g) with C ∈ μS(1, g).
Noting that

〈μD′ 〉κ′
ReQ = (〈μξ′ 〉κ′

q2)w + μ〈μD′ 〉1+κ′

+ μ3/4S(r〈μξ′ 〉κ′+5/4, g) + μ2S(〈μξ′ 〉κ′
, g),

one can write S(r〈μξ′ 〉κ′+5/4, g) = C#(〈μξ′ 〉κ′/2q) + μS(〈μξ′ 〉1/2+κ′
, g) with C ∈

S(〈μξ′ 〉1/4+κ′/2, g), and we have

Re
(

〈μD′ 〉κ′
(ReQ)v, v

)
≥

(
(〈μξ′ 〉κ′

q2)wv, v
)
+ μ‖〈μD′ 〉κ′/2+1/2v‖2

− Cμ1/4
∥∥(〈μξ′ 〉κ′/2q)wv

∥∥2 − Cμ5/4‖〈μD′ 〉1/4+κ′/2v‖2.

On the other hand, since

〈μξ′ 〉κ′
q2 = (〈μξ′ 〉κ′/2q)#(〈μξ′ 〉κ′/2q) + μS(r〈μξ′ 〉1+κ′

, g) + μ3/2S(〈μξ′ 〉κ′+1/2, g)

it follows that(
(〈μξ′ 〉κ′

q2)wv, v
)

≥ (1 − Cμ1/2)
∥∥(〈μξ′ 〉κ′/2q)wv

∥∥2 − Cμ3/2‖〈μD′ 〉1/4+κ′/2u‖2

and hence

Re
(

〈μD′ 〉κ′
(ReQ)v, v

)
≥ (1 − Cμ1/4)

∥∥(〈μξ′ 〉κ′/2q)wv
∥∥2(6.3)

+ μ(1 − Cμ1/4)‖〈μD′ 〉κ′/2+1/2v‖2.

We estimate the terms ((Imm)Λv,Λv) and Re((ReQ)v, (Imλ)v). Noting that
Imm ∈ μS(〈μξ′ 〉κ′

, g) +
√

μS(1, g), it is clear that

(6.4)
∣∣((Imm)Λv,Λv

)∣∣ ≤ Cμ‖ 〈μD′ 〉κ′/2Λv‖2 + C
√

μ‖Λv‖2.

With a large constant K > 0, let us write(
K(μ〈μξ′ 〉κ′

+
√

μ) − Imλ
)
#(ReQ)

=
(
(K(μ〈μξ′ 〉κ′

+
√

μ) − Imλ)1/2q
)
#

(
((Kμ〈μξ′ 〉κ′

+
√

μ) − Imλ)1/2q
)

+ μ5/4(〈μξ′ 〉κ′/2q)#C + μ2S(〈μξ′ 〉κ′+1/2, g)

with C ∈ S(〈μξ′ 〉1/4+κ′/2, g) which shows that

KμRe
(

〈μD′ 〉κ′
(ReQ)v, v

)
+ K

√
μ
(
(ReQ)v, v

)
≥ Re

(
(ReQ)v, (Imλ)v

)
− Cμ

∥∥(〈μξ′ 〉κ′/2q)wv
∥∥2 − Cμ3/2‖〈μD′ 〉1/2+κ′/2v‖2
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and hence

(6.5) Re
(
(ReQ)v, (Imλ)v

)
≤ K ′μRe

(
〈μD′ 〉κ′

(ReQ)v, v
)
+ K ′ √

μ
(
(ReQ)v, v

)
with some K ′ > 0.

Let us consider Re(Λv, (ImQ)v). Let ImQ = Q1 ∈ μS(w1/2〈μξ′ 〉1+κ, g). Writ-
ing

Q1 = (μr−1w1/2〈μξ′ 〉κ/2a)#A + μ3/2S(〈μξ′ 〉κ+1/2, g)

with A ∈ S(r〈μξ′ 〉1+κ/2, g), we get

|(Λv,Q1v)| ≤ μ5/4
∥∥(w1/2r−1a〈μξ′ 〉κ/2)wΛv

∥∥2

+ μ3/4‖Av‖2 + Cμ3/2‖〈μD′ 〉κ/2+1/4v‖2.

Writing A = C#(〈μξ′ 〉κ′/2q) + μ1/2S(〈μξ′ 〉1/2+κ/2, g) with C ∈ S(1, g), we have

μ3/4‖Av‖2 ≤ Cμ3/4
∥∥(〈μξ′ 〉κ′/2q)wv

∥∥2 + Cμ7/4‖〈μD′ 〉1/2+κ′/2v‖2

and hence by (6.1), (6.3),∣∣(Λv, (ImQ)v
)∣∣ ≤ Cμ3/4Re

(
〈μD′ 〉κ′

(ReQ)v, v
)

(6.6)
+ Cμ1/4

(
(ImB)Λv,Λv

)
+ Cμ5/4‖〈μD′ 〉κ′/2Λv‖2.

We turn to ([D0 − Reλ,ReQ]v, v). Note that

[D0 − Reλ,ReQ] =
1
i

({
ξ0 + λ1 − k〈μξ′ 〉 −2φ3

1 + Reλ̃, φ2
2 + αθ2

})w

+ μ2S(〈μξ′ 〉κ′+1, g).

From (5.12) it follows that{
ξ0 + λ1 − k〈μξ′ 〉 −2φ3

1, φ
2
2

}
∈ μS(r2〈μξ′ 〉2, g).

Recalling that θ = βφ2
1 with some β ∈ S(〈μξ′ 〉 −1, g0), it is clear that{

ξ0 + λ1 − k〈μξ′ 〉 −2φ3
1, αθ2

}
∈ μS(w3/2〈μξ′ 〉2, g) ⊂ μS(r3/2〈μξ′ 〉2, g).

Let A ∈ μS(r3/2〈μξ′ 〉2, g); then one can write

A = μ1/4(〈μξ′ 〉κ′/2q)#A1 + μ7/4S(〈μξ′ 〉1+κ′
, g)

with A1 ∈ μ3/4S(r1/2〈μξ′ 〉1−κ′/2, g), and again we can write

A1#A1 = μ1/2(〈μξ′ 〉κ′/2q)#A2 + μ2S(〈μξ′ 〉1+κ′
, g)

with A2 ∈ μS(〈μξ′ 〉1−3κ′/2, g) ⊂ μS(〈μξ′ 〉1/2+κ′/2, g). These prove that

(6.7) |(Av, v)| ≤ Cμ1/2
∥∥(〈μξ′ 〉κ′/2q)wv

∥∥2 + Cμ7/4‖〈μD′ 〉1/2+κ′/2v‖2.

On the other hand it is easy to see

{Reλ̃, φ2
2 + αθ2} = μ1/4(〈μξ′ 〉κ′/2q)#A3 + μ2S(〈μξ′ 〉1+κ′

, g)

with A3 ∈ μS(〈μξ′ 〉1/2+κ′/2, g). Hence taking (6.3) and (6.7) into account, we
have

(6.8) C
√

μRe
(

〈μD′ 〉κ′
(ReQ)v, v

)
+ Im([D0 − Reλ,ReQ]v, v) ≥ 0

with some C > 0.
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Finally, we consider P1 = S(1, ḡ)Λ+μS(r〈μξ′ 〉1+κ′
, g)+μS(〈μξ′ 〉, ḡ). We first

study the term A ∈ μS(〈μξ′ 〉, ḡ) and estimate |(Av,Λv)|. Write

A = μ5/8(w1/2r−1a〈μξ′ 〉κ/2)#(μ−5/8A′) + μ5/4S(〈μξ′ 〉3/4, ḡ)

with A′ ∈ μS(w−1/2r〈μξ′ 〉1−κ/2, ḡ). Thus we have

|(Av,Λv)| ≤ Cμ5/4
∥∥(w1/2r−1a〈μξ′ 〉κ/2)wΛv

∥∥2 + Cμ−5/4‖(A′)wv‖2

+ Cμ‖ 〈μD′ 〉κ′/2Λv‖2 + Cμ3/2‖〈μD′ 〉1/2+κ′/2v‖2.

Since r2w−1〈μξ′ 〉2−κ = r2〈μξ′ 〉2+κ′
w−1〈μξ′ 〉 −1/2 ≤ μ−1/2r2〈μξ′ 〉2+κ′

so that

μ−5/4A′#A′ ∈ μ1/4S(r2〈μξ′ 〉2+κ′
, ḡ),

one can write

Kμ1/4〈μξ′ 〉κ′
q2 − μ−5/4A′#A′ = μ1/4(b〈μξ′ 〉κ′/2q)#(b〈μξ′ 〉κ′/2q)

+ μ3/4(〈μξ′ 〉κ′/2q)#C + μ5/4S(〈μξ′ 〉1+κ′
, ḡ)

with b =
√

K − μ−3/2〈μξ′ 〉 −κ′ q−2(A′#A′) ∈ S(1, g) with a large K > 0 and C ∈
S(〈μξ′ 〉1/2+κ′/2, ḡ). This shows that

Cμ1/4
(
(〈μξ′ 〉κ′

q2)wv, v
)

≥ μ−5/4‖(A′)wv‖2

− Cμ1/4‖(〈μξ′ 〉κ′/2q)wv‖2 − Cμ5/4‖〈μD′ 〉1/2+κ′/2v‖2.

Thus we get, from (6.1) and (6.3),

|(Av,Λv)| ≤ Cμ1/4
(
(ImB)Λv,Λv

)
(6.9)

+ Cμ1/4Re
(

〈μD′ 〉κ′
(ReQ)v, v

)
+ Cμ‖〈μD′ 〉κ′/2Λv‖2.

In particular, this shows that one can control any lower-order term by the right-
hand side of (6.9). We next estimate |(Av,Λv)|, A ∈ μS(r〈μξ′ 〉1+κ′

, g). Write

A = μ〈μξ′ 〉κ′/2#A′ + μ3/2S(〈μξ′ 〉κ′+1/2, ḡ), A′ ∈ S(r〈μξ′ 〉1+κ′/2, ḡ),

and hence

|(Av,Λv)| ≤ Cμ‖ 〈μD′ 〉κ′/2Λv‖2 + Cμ‖(A′)wv‖2 + Cμ2‖〈μD′ 〉κ′/2+1/2v‖2.

Writing A′ = 〈μξ′ 〉κ′/2q#C + μ1/2S(〈μξ′ 〉κ′/2+1/2, ḡ) with C ∈ S(1, ḡ), we get

(6.10) |(Av,Λv)| ≤ Cμ‖ 〈μD〉κ′/2Λv‖2 + CμRe
(

〈μD′ 〉κ′
(ReQ)v, v

)
.

For A ∈ S(1, ḡ) it is clear that

(6.11) |(AΛv,Λv)| ≤ C‖Λv‖2.

From (6.1) to (6.11) we now have

Im(P̃ v,Λv) = Im
(
(P̃ − P̃1)v,Λv

)
+ Im(P̃1v,Λv)

≥ d

dx0

(
‖Λv‖2 + ((ReQ)v, v)

)
+ (1 − Cμ3/4)‖〈μD′ 〉κ′/2Λv‖2(6.12)

+ μ(1 − Cμ1/4)‖ 〈μD′ 〉κ′/2+1/2v‖2 − Cμ
(
(ReQ)v, v

)
− C‖Λv‖2.
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Multiplying (6.12) by e−γx0 we get

e−γx0 ‖ 〈μD′ 〉 −κ′/2P̃ v‖2

≥ d

dx0

[
e−γx0

(
‖Λv‖2 + ((ReQ)v, v)

)]
+ (1 − Cμ3/4)e−γx0 ‖ 〈μD′ 〉κ′/2Λv‖2

+ μ(1 − Cμ1/4)e−γx0 ‖ 〈μD′ 〉κ′/2+1/2v‖2

+ (γ − C)e−γx0 ‖Λv‖2 + (γ − Cμ)e−γx0
(
(ReQ)v, v

)
.

Thus for 0 < μ < μ0 and γ > γ0(μ0), taking (6.2) into account, one has∫ t

−T

e−γx0 ‖ 〈μD′ 〉 −κ′/2P̃ v‖2 dx0

≥ ce−γt
(

‖Λv(t)‖2 + μ‖ 〈μD′ 〉1/2v(t)‖2
)

(6.13)

+ c

∫ t

−T

e−γx0
{

‖ 〈μD′ 〉κ′/2Λv‖2 + μ‖〈μD′ 〉κ′/2+1/2v‖2
}

dx0

+ cγ

∫ t

−T

e−γx0
{

‖Λv‖2 + μ‖〈μD′ 〉1/2v‖2
}

dx0

for v ∈ C2((−T,T ); S(Rn)) vanishing in x0 ≤ 0.
Let h(x′, ξ′) ∈ S(s)(1, g0), and assume {Λ, x0 + h} ≥ c > 0 with some c > 0.

Then it is easy to see that the a priori estimates (6.13) holds with phase function

φ̃h = −(x0 + h)〈μξ′ 〉κ′ − 2〈μξ′ 〉κ arg (φ2 + iw)

since 〈μξ′ 〉κ′
h ∈ S(s)(〈μξ′ 〉κ′

, g0), and hence {Λ, 〈μξ′ 〉κ′
h} ∈ μS(s)(〈μξ′ 〉κ′

, g0).
Starting with P ∗ instead of P , we get Op0(eφ̃h)P ∗ Op1(e−φ̃h)Op0(jh), where
Op0(eφ̃h)Op1(e−φ̃h)Op0(jh) = I . Taking its adjoint we have

ThPSh = P̃h,

where

Th = Op1(j̄h)Op0(e−φ̃h), Sh = Op1(eφ̃h)

because Op0(p)∗ = Op1(p̄). Recall that ThSh = ShTh = I . We prove the existence
of a parametrix of finite propagation speed of P by using the a priori estimates
for P̃h. Recall that P can be assumed to be of the form (2.2).

As for the fourth term in the right-hand side of (2.2), assuming that s verifies
(1 + 3ρ)sκ′ < 1, we apply the following (ρ = 3/4, δ = 1/2).

LEMMA 6.1

Let s1 > s and 1 > s1κ
′, and assume R ∈ S(s1)(e

−c1〈μξ′ 〉1/s

, gρ) with gρ = |dx|2 +
〈ξ′ 〉 −2ρ

μ |dξ′ |2. Then we have

Op0(eφ̃h)Op0(R)Op1(e−φ̃h) = Op0(c),
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where

c ∈ S((1+ρ)s1+ρs/(1−δ))(e−c2〈ξ′ 〉s2
, ḡ)

with s2 = min {1/s1, (1 − δ)/s}. In particular, c ∈ S(〈μξ′ 〉�, ḡ) for any � ∈ Z.

Proof
We sketch the proof. To simplify notations we write φ̃ for φ̃h. Let Op0(eφ̃) ×
Op0(R) = Op0(b). Then repeating arguments similar to those in the proof of
Proposition 2.1, we see that

b ∈ S((1+ρ)s1)(e
−c〈μξ′ 〉1/s1

, ḡ).

We next consider Op0(b)Op1(e−φ̃) = Op0(c1) + Op0(c2), where

ci = (2π)−n

∫
e−iy′η′ −φ̃(x′+y′,ξ′+η′)χib(x′, ξ′ + η′)dy′ dη′

with χ1 = χ((η′ − ξ′)〈ξ′ 〉 −1
μ ), χ2 = 1 − χ1. It is easy to check that

c1 ∈ S(ŝ)(e−c〈μξ′ 〉1/s1
, ḡ)

with ŝ = (1 + ρ)s1. We consider c2. Note that

|∂β
x′ ∂

α
ξ′ 〈Dy′ 〉N 〈η′ 〉 −Ne−φ̃(x′+y′,ξ′+η′)χ2b(x′, ξ′ + η′)|

≤ CA|α+β| |α + β|!ŝ〈η′ 〉δ|β|+ρ|α| 〈ξ′ 〉 −ρ|α|
μ ec〈μη′ 〉κ′

ANN !s〈η′ 〉 −(1−δ)N .

Choose N so that N = [(ρ|α| + δ|β| + �)/(1 − δ)], � ∈ N, and hence the right-hand
side is bounded by

CA|α+β| |α + β|!ŝ+ρs/(1−δ)〈ξ′ 〉 −ρ|α|
μ ec〈μη′ 〉κ′ (A�s/(1−δ)

〈η′ 〉
)�

.

Taking � such that � = [(A−1e−1〈η′ 〉)(1−δ)/s] and noting (1 − δ)/s > κ′, we con-
clude that

c2 ∈ S(ŝ+ρs/(1−δ))(e−c〈ξ′ 〉(1−δ)/s
μ , gρ).

These prove the desired assertion. �

Let us fix a small T > 0 and h = ε. Since the energy estimates (6.13) hold for
P̃ε, then from the standard arguments on functional analysis we conclude that
for any given F ∈ C0([−T,T ];H∞(Rn)) vanishing in x0 ≤ 0, there is a unique
U ∈ C2([−T,T ];H∞(Rn)) vanishing in x0 < 0 such that P̃εU = F . Let 1 ≤ s̄ < 4,
and let f ∈ C0([−T,T ];γ(s̄)

0 (Rn)) be such that f(x) = 0 for x0 ≤ 0. We choose κ′

and κ such that

s̄ <
1
κ′ < 4, κ′ + κ =

1
2
.

Since −φ̃ε ≤ C〈μξ′ 〉κ′
, it is easy to see that Op0(e−φ̃ε)f ∈ C0([−T,T ];H∞(Rn))

because 1/s̄ > κ′, and hence F = Tεf ∈ C0([−T,T ];H∞(Rn)). Then as remarked
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above, there exists a unique U ∈ C2([−T,T ];H∞(Rn)) such that

(6.14) TεPSεU = P̃εU = F = Tεf,

where U = 0 in x0 ≤ 0. This implies that P (SεU) = f . Let us denote

u = SεU = Gf

and prove that G is a parametrix of P with finite propagation speed.
We first examine u = SεU ∈ C2([−T,T ];H∞(Rn)). Since φ̃ε ≤ −ε〈μξ′ 〉κ′

for
x0 ≥ 0, it is easy to see from Corollary A.3 that eφ̃ε ∈ S(s)(1, ḡ), and this proves
the assertion. We now prove that G is a parametrix with finite propagation speed.
Let h1(x′, ξ′) ∈ S(s)(1, g0) be such that

(6.15) supph1 ∩ {0 ≤ x0 ≤ τ } ⊂ {x0 + h < 0}.

LEMMA 6.2

Assume (6.15) and ρ > sκ′. Then we have

Op0(e−φ̃h)Op0(h1) = Op0
(
S((1+ρ)s)(〈μξ′ 〉�, ḡ)

)
, 0 ≤ x0 ≤ τ,

for any � ∈ Z.

Proof
We sketch the proof. Write Op0(e−φ̃h)Op0(h1) = Op0(b1) + Op0(b2), where

Op0(bi)u = (2π)−n

∫
e−iy′η′+φ̃h(x,ξ′+η′)χi(ξ′, η′)h1(x′ + y′, ξ′)u(y′)dy′ dη′

with χ1 = χ(Mη′ 〈ξ′ 〉 −1
μ ), χ2 = 1 − χ1. We consider only Op0(b1). Let us write

Op0(b1) = Op0(b11) + Op0(b12), where

Op0(b1i)u = (2π)−n

∫
e−iy′η′+φ̃h(x,ξ′+η′)χ̃i(y′)χ1(ξ′, η′)h1(x′ + y′, ξ′)u(y′)dy′ dη′

with χ̃1(y′) = χ(Ky′) and χ̃2 = 1 − χ̃1. Choose K > 0 large so that

−φ̃h(x, ξ′ + η′) ≤ −c′ 〈μξ′ 〉κ′
, 0 ≤ x0 ≤ τ,

on the support of χ1(ξ′, η′)χ̃1(y′) with some c′ > 0. Then from integration by
parts we see b11 ∈ S(s)(e−c〈μξ′ 〉κ′

, ḡ). We turn to Op0(b12). By Corollary A.3 we
see

|∂β
x′ ∂

α
ξ′ ∂

γ
η′ (y′)−γeφ̃h(x,ξ′+η′)χ1(ξ′, η′)χ̃2(y′)h1(x′ + y′, ξ′)|

≤ CA|α+β+γ| |α + β|!s〈ξ′ 〉 −ρ|α|+δ|β|
μ |γ|!s〈ξ′ 〉 −ρ|γ|

μ ec〈μξ′ 〉κ′

.

Take γ such that |γ| = [(A−1e−1〈ξ′ 〉ρ
μ)1/s] and hence the right-hand side is

bounded by

CA|α+β| |α + β|!s〈ξ′ 〉 −ρ|α|+δ|β|
μ e−c′ 〈μξ′ 〉ρ/s

because ρ/s > κ′. This proves b12 ∈ S(s)(e−c′ 〈μξ′ 〉ρ/s

, ḡ). It is not difficult to see

that b2 ∈ S((1+ρ)s)(e−c′ 〈ξ′ 〉1/s
μ , ḡ). These prove the assertion. �
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We now consider Pu = h1f . From ThPShThu = Thh1f we have

P̃h(Thu) = Thh1f.

From Lemma 6.2 it follows that for any p, q we have

‖Thh1f ‖p ≤ Cp,q ‖f ‖q,

where ‖u‖p = ‖u‖Hp(Rn). Thus one has, from (6.13),

‖Thu‖p ≤ Cp

∫ t

‖Thh1f ‖p dx0 ≤ Cp,q

∫ t

‖f ‖q dx0.

Assume that h2 ∈ S(s)(1, g0) verifies

(6.16) supph2 ∩ {0 ≤ x0 ≤ τ } ⊂ {x0 + h > 0}.

A repetition of similar arguments proving Lemma 6.2 gives

h2Sh ∈ S((1+ρ)s)(〈μξ′ 〉�, ḡ)

for 0 ≤ x0 ≤ τ and for any � ∈ Z, and hence

‖h2Gh1f ‖p = ‖h2u‖p = ‖h2ShThu‖p ≤ Cp,q ‖Thu‖p ≤ Cp,q

∫ t

‖f ‖q dx0

for any p, q.
Assume supph1 ∩ supph2 = ∅. Then it is clear that one can take τ > 0 and h

satisfying (6.15) and (6.16). Indeed it is enough to take h as a finite sum of such

ε

√
|ξ′ 〈ξ′ 〉 −1

μ − ξ̃′ 〈ξ̃′ 〉 −1
μ |2 + |x′ − x̃′ | + ε21 − ε2,

where 0 < ε1 < ε2, 0 < ε < 1 are small. Thus we have proved that G is a parametrix
of P with finite propagation speed at (0, x̂′, ξ̂′).

Since the existence of a parametrix with finite propagation speed is invariant
under conjugation of Fourier integral operators, then the original operator (1.1)
has a parametrix with finite propagation speed at every (0, x′, ξ′), |ξ′ | 
= 0. Then
it follows (see the proof of Proposition A.6 in [11]) that there is τ1 > 0 such
that for any f ∈ C0([−T,T ];γ(s̄)

0 (Rn)) vanishing in x0 ≤ 0 there exists a unique
u ∈ C2([−τ1, τ1];H∞(Rn)) vanishing in x0 ≤ 0 verifying (1.8).

Appendices

A

Here and in Appendix B we collect several results about symbol classes used
in this paper and Fourier integral operators with complex phase function (4.4)
without proofs. We refer to [17] for the proofs.

A.1 Almost analytic extension of Gevrey functions
In this subsection we study an almost analytic extension of a(x, ξ,μ) ∈ S(s)(m,g)
with

gx,ξ(y, η) =
n∑

j=1

δ2
j y2

j + ρ−2
j η2

j ,
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where δ = (δ1(x, ξ,μ), . . . , δn(x, ξ,μ)), ρ = (ρ1(x, ξ,μ), . . . , ρn(x, ξ,μ)) and δj(x,

ξ,μ), ρj(x, ξ,μ) are assumed to be in S(s)(δj , g), S(s)(ρj , g), respectively. Let
χ(t) ∈ γ

(s)
0 (R) which is 1 in |t| ≤ 1/4 and 0 in |t| ≥ 1/2, and set

χ(x) = χ(x1)χ(x2) · · · χ(xn).

In what follows, to simplify notation we often drop a small parameter μ > 0.
We assume that there exists a metric

g ≤ ĝξ(y, η) =
n∑

j=1

〈ξ〉2aj
μ y2

j + 〈ξ〉 −2bj
μ η2

j ,

where 0 ≤ aj < bj ≤ 1. Let us set

ĝσ
ξ (y, η) =

n∑
j=1

〈ξ〉2bj
μ y2

j + 〈ξ〉 −2aj
μ η2

j , h(ξ,μ) = 〈ξ〉− mini,j(bi −aj)
μ .

Let k(ξ,μ) ∈ S(s)(k, ĝ), and set

E(k) =
{
(x, y, ξ, η) ∈ R

4n
∣∣ ĝσ

ξ (y, η) < k(ξ,μ)2
}
,

E0(k) =
{
(x, ξ, η) ∈ R

3n
∣∣ ĝσ

ξ (0, η) < k(ξ,μ)2
}
.

We denote by S(s)(m,g|E(k)) the set of all a(x, y, ξ, η) ∈ C∞(E(k)) verifying

|∂β
x,y∂α

ξ,ηa(x, y, ξ, η)| ≤ CA|α+β| |α + β|!smδβρ−α, ∀α,β,

for (x, y, ξ, η) ∈ E(k) with some C > 0,A > 0. Similarly we define S(s)(m, ĝ |
E0(k)). Let

dj = Bjs−1, j ≥ 1, d0 = 1,

where B is some positive constant, take k(ξ,μ) ∈ S(s)(k, ĝ) such that

(A.1) k(ξ,μ)h(ξ,μ) ≤ C〈ξ〉−ε
μ

with some ε > 0, and define an almost analytic extension ã(z, ζ) = a(x+ iy, ξ+ iη)
of a(x, ξ) ∈ S(s)(m,g) by

a(x + iy, ξ + iη) =
∑
α,β

1
α!β!

∂β
x ∂α

ξ a(x, ξ)(iy)β(iη)αχ(kdβ 〈ξ〉a−b
μ )χ(kdα〈ξ〉a−b

μ ),

where dβ 〈ξ〉a−b
μ = (dβ1 〈ξ〉a1−b1

μ , . . . , dβn 〈ξ〉an −bn
μ ).

PROPOSITION A.1

Let a(x, ξ) ∈ S(s)(m,g). Then we have

ã(z, ζ) ∈ S(s)

(
m,g

∣∣ E(k)
)
.

Moreover, with ∂̄zj = ∂xj + i∂yj and ∂̄ζj = ∂ξj + i∂ηj we have, with some c > 0,

∂̄zj ã(z, ζ) ∈ S(s)

(
mδej e−c(hk)−1/(s−1)

, g
∣∣ E(k)

)
,

∂̄ζj ã(z, ζ) ∈ S(s)

(
mρ−ej e−c(hk)−1/(s−1)

, g
∣∣ E(k)

)
.
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COROLLARY A.1

Let Yj ∈ S(s)(k〈ξ〉−bj
μ , g | E(k)), Hj ∈ S(s)(k〈ξ〉aj

μ , g|E(k)), and let Y = (Y1, . . . ,

Yn), H = (H1, . . . ,Hn). Then we have

ã(x,Y, ξ,H) −
∑

|α+β|<N

1
α!β!

∂β
x∂α

ξ a(x, ξ)(iY )β(iH)α ∈ S(s)

(
m(kh)N , g

∣∣ E(k)
)

for any N ∈ N.

PROPOSITION A.2

Let θ(x, ξ, v) be a positive function. Assume that a(x, ξ, v) ∈ C∞(R2n × Ω) verifies

|∂β
x∂α

ξ ∂γ
v a(x, ξ, v)| ≤ CA|α+β+γ| |α + β + γ|!smδβρ−αθγ , (x, ξ, v) ∈ R

2n × Ω

for all α, β, γ. Then an almost analytic extension ã(z, ζ, v) verifies

|∂β
x,y∂α

ξ,η∂γ
v ã(z, ζ, v)| ≤ CA|α+β+γ| |α + β + γ|!smδβρ−αθγ ,

|∂β
x,y∂α

ξ,η∂γ
v ∂̄zj ã(z, ζ, v)| ≤ CA|α+β+γ| |α + β + γ|!s

× mδej e−c(hk)−1/(s−1)
δβρ−αθγ ,

|∂β
x,y∂α

ξ,η∂γ
v ∂̄ζj ã(z, ζ, v)| ≤ CA|α+β+γ| |α + β + γ|!s

× mρ−ej e−c(hk)−1/(s−1)
δβρ−αθγ

for (x, y, ξ, η, v) ∈ E(k) × Ω and for any α, β, γ.

A.2 Estimates of composite functions
Let us put

Γs(k) = M
k!s

ks+2
.

Then we have the following.

LEMMA A.1

Choosing a positive constant M suitably, we have

(i)

∑
α′+α′ ′=α

(
α

α′

)
Γs(|α′ | + p + 1)Γs(|α′ ′ | + q) ≤ Γs(|α| + p + q)

for p ≥ 0 and q ≥ 1, p, q ∈ N,
(ii)

∑
α′+α′ ′=α

(
α

α′

)
Γs(|α′ | + p)Γs(|α′ ′ |) ≤ Γs(|α| + p)

for p ≥ 0.
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LEMMA A.2

Assume that

|∂α
x φj(x)| ≤ CjA

α
1 Γs(|α| − 1), |α| ≥ 1, j = 1,2, . . . ,N,

|∂α
z u(z)| ≤ CAα

2 Γs(|α| − 1), |α| ≥ 1,

where Cj = Cj(x), A1(x) = (A11(x), . . . ,A1n(x)), A2(z) = (A21(z), . . . ,A2N (z)),
and u(z) = u(z1, . . . , zN ). Let

d(x, z) =
N∑

j=1

Cj(x)A2j(z).

Then we have, with φ(x) = (φ1(x), . . . , φn(x)),∣∣∂γ
xu(φ(x))

∣∣ ≤ Cd
(
x,φ(x)

)(
1 + d(x,φ(x))

)|γ|−1
Aγ

1Γs(|γ| − 1), |γ| ≥ 1.

LEMMA A.3

Assume that

|∂α
x φj(x)| ≤ CjA

α
1 Γs(|α| − 1), |α| ≥ 1, j = 1, . . . ,N,∣∣[∂α

x ∂γ
z F (x, z)]z=φ(x)

∣∣ ≤ CAα
2 Bγ

2 Γs(|α + γ| − 1), |α + γ| ≥ 1,

for |α + γ| ≤ k, |α| ≤ k, where Cj = Cj(x), A1(x) = (A11(x), . . . ,A1m(x)),
A1j(x) > 0, A2(x) = (A21(x), . . . ,A2m(x)), and B2 = (B21(x), . . . ,B2N (x)).
Assume that

N∑
j=1

CjB2j +
m∑

j=1

A2jA
−1
1j ≤ 1;

then we have ∣∣∂μ
xF

(γ)
(α) (x,φ(x))

∣∣ ≤ CAα
2 BγAμ

1Γs(|α + μ + γ| − 1)

for |α + γ + μ| ≤ k, where F
(γ)
(α) (x, z) = ∂α

x ∂γ
z F (x, z).

COROLLARY A.2

Assume that

|∂α
x φj(x)| ≤ CjA

α
1 Γs(|α| − 1), |α| ≥ 1, j = 1, . . . ,N,∣∣[∂α

x ∂β
y ∂γ

z F (x, y, z)]z=φ

∣∣ ≤ CAα
2 Bβ

2 Dγ
2Γs(|α + β + γ| − 1), |α + β + γ| ≥ 1,

for |α + β + γ| ≤ k, |α| ≤ k, where Cj = Cj(x), A1(x) = (A11(x), . . . ,A1m(x)),
A1j(x) > 0, A2(x) = (A21(x), . . . ,A2m(x)), B2(x, y) = (B21(x, y), . . . ,B2�(x, y)),
and D2(x, y) = (D21(x, y), . . . ,D2N (x, y)). Assume that

N∑
j=1

CjD2j +
m∑

j=1

A2jA
−1
1j ≤ 1;

then we have ∣∣∂μ
x∂ν

y F
(
x, y,φ(x)

)∣∣ ≤ CAμ
1Bν

2Γs(|μ + ν| − 1)

for |μ + ν| ≤ k.
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A.3 Estimates of some special symbols
LEMMA A.4

Assume that φ ∈ S(s)(k(ξ,μ), g). Let ωα
β = e−φ∂β

x∂α
ξ eφ. Then we have, with some

constants Ai > 0, ∣∣∂ν
x∂μ

ξ ωα
β

∣∣ ≤ CA
|ν+μ|
1 A

|α+β|
2 δβ+νρ−α−μ

×
|α+β|∑
j=0

k(ξ)|α+β|−j(|μ + ν| + j)!.

COROLLARY A.3

We have

|∂β
x∂α

ξ eφ| ≤ CeφA|α+β|δβρ−α

|α+β|∑
j=0

k(ξ)|α+β|−jj!s

≤ CA
|α+β|
1 |α + β|!sδβρ−αeφek(ξ)1/s

.

LEMMA A.5

Assume that φ(x) verifies

|∂α
x φ(x)| ≤ C1A1(x)α|α|!s, x ∈ R

n.

For given m, � ∈ N, let us set

w(x) =
(
φ(x)2m + B−2

)1/�
.

Then we have

|∂α
x w(x)| ≤ CC

|α|
2 w(x)w(x)−�|α|/2mA1(x)α|α|!s

for x ∈ R.

COROLLARY A.4

Assume that

|∂β
x∂α

ξ φ(x, ξ)| ≤ CA|α+β| |α + β|!s〈ξ〉− |α|
μ .

Then we have, with w(x, ξ) = (φ(x, ξ)2m + 〈ξ〉 −p
μ )1/�,

|∂β
x∂α

ξ w(x, ξ)| ≤ C1A
|α+β|
1 |α + β|!sw(x, ξ)w(x, ξ)−�|α+β|/2m〈ξ〉− |α|

μ ,

that is, w ∈ S(s)(w,w−�/m(|dx|2 + 〈ξ〉−2
μ |dξ|2)). In particular, w ∈ S(s)(w,

〈ξ〉p/m
μ (|dx|2 + 〈ξ〉 −2

μ |dξ|2)).

COROLLARY A.5

We have

w−1 ∈ S(s)(w−1, 〈ξ〉p/m
μ |dx|2 + 〈ξ〉 −2+p/m

μ |dξ|2).
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Proof
Since |(d/dx)kx−1| = k!|x| −k−1 the assertion follows from Lemma A.2. �

Let ψ(s) satisfy

|ψ(k)(s)| ≤ CAkk!s, s ∈ R,

and consider

φ = log
(
ψ(x1) + iw

)
− log

(
ψ(x1) − iw

)
.

We set

r(x, ξ) =
√

ψ(x1)2 + w(x, ξ)2.

LEMMA A.6

Let

g∗ =
(
r(x, ξ)−1 + w−�/2m

)2
dx2

1 +
n∑

j=2

w−�/m dx2
j + w−�/m〈ξ〉−2

μ |dξ|2.

Then we have φ(x, ξ) ∈ S(s)(1, g∗) and r(x, ξ) ∈ S(s)(r, g∗).

Proof
For |α + β| = 1 we have

∂β
x ∂α

ξ φ = −2ir(x, ξ)−2[w(x, ξ)∂β
x ∂α

ξ ψ(x1) − ψ(x1)∂β
x ∂α

ξ w].

Since it is clear that ψ(x1) ∈ S(s)(r, g∗) and w ∈ S(s)(r, g∗), to prove the assertion
it is enough to prove r(x, ξ)−2 ∈ S(s)(r−2, g∗). Noting that

|(d/dx)kx1/2| ≤ CAkk!x1/2x−k, x > 0,

and r2 = ψ(x1)2 + w2(x, ξ) ∈ S(s)(r2, g∗), applying Lemma A.2 we get r ∈
S(s)(r, g∗). Again applying Lemma A.2 we conclude that r−1 ∈ S(s)(r−1, g∗),
which proves the assertion. �

A.4 Implicit functions Ξ(x, y, ζ)
Let φ(x, ξ) ∈ S(s)(k̄(ξ,μ), g) be real valued, and assume that ∂xj φ(x, ξ) ∈
S(s)(k̄Δj , g), where k̄ is assumed to satisfy (A.1) and Δj ∈ S(s)(Δj , g). Set

F (x, y, ζ) =
∫ 1

0

∇xφ
(
y + θ(x − y), ζ

)
dθ, ζ = ξ + iη,

where ∇xφ(x, ζ) is an almost analytic extension of ∇xφ(x, ξ) with k = k̄〈ξ〉ε′

μ and
small 0 < ε′ < ε.

PROPOSITION A.3

There is a C∞-function Ξ(x, y, ζ) = ζ + G(x, y, ζ) defined for (x, ξ, η;y) ∈
E0(k̄〈ξ〉ε′ ′

μ ) × R
n (0 < ε′ ′ < ε′) such that

(A.2) Ξ(x, y, ζ) = iF
(
x, y,Ξ(x, y, ζ)

)
+ ζ,
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where Gj(x, y, ζ) satisfies, for (x, ξ, η;y) ∈ E0(k̄〈ξ〉ε′ ′
μ ) × R

n,

|∂β
x,y∂α

ξ,ηGj(x, y, ζ)| ≤ CA|α+β| |α + β|!sk̄〈ξ〉aj
μ 〈ξ〉aβ

μ 〈ξ〉−bα
μ .

Moreover, we have

[∂β
x,y∂α

ξ,ηGj(x, y, ζ)]y=x ∈ S(s)

(
k̄Δjδ

βρ−α, g
∣∣ E0(k̄〈ξ〉ε′ ′

μ )
)
, |α + β| ≥ 1.

We have also

|∂β
x,y∂α

ξ,η∂̄ζj Ξ(x, y, ζ)| ≤ CA|α+β| |α + β|!she−c(hk̄〈ξ〉ε′ ′
μ )−1/(s−1) 〈ξ〉aβ

μ 〈ξ〉−bα
μ

with some c > 0 for (x, ξ, η;y) ∈ E0(k̄〈ξ〉ε′ ′

μ ) × R
n.

B

In this section we use

ḡ(y, η) =
n∑

j=1

〈ξ〉2δ
μ y2

j + 〈ξ〉 −2ρ
μ η2

j , gρ(y, η) =
n∑

j=1

y2
j + 〈ξ〉 −2ρ

μ η2
j ,

where 0 < δ < ρ ≤ 1. Let p(x, ξ) ∈ S(s)(〈μξ〉m, ḡ), and let φ ∈ S(s)(〈μξ〉κ′
, ḡ) which

is real valued such that

∇ξφ ∈ S(s)(〈μξ〉κ〈ξ〉−ρ
μ , ḡ), ∇xφ(x, ξ) ∈ S(s)(〈μξ〉κ〈ξ〉δ

μ, ḡ).

We assume that (κ′ ≥ κ, s > 1)

(B.1) (s − 1)κ′, (s − 1)(1 − ρ + κ) < ρ − δ − κ, sκ′ < 1 − δ.

Recall

Opt(eφp)u = (2π)−n

∫
ei(x−y)ξ+φ(ty+(1−t)x,ξ)p(ty + (1 − t)x, ξ)u(y)dy dξ,

where 0 ≤ t ≤ 1. Let us put

Φ(x, ξ, η) =
∫ 1

0

∇ξφ(x, ξ + θη)dθ

so that φ(x, ξ + η) − φ(x, ξ) = ηΦ(x, ξ, η). Then we have the following.

PROPOSITION B.1

Assume (B.1). Then we have

Op0(eφ)Op0(p) = Op0(eφq) + Op0(r),

where q ∈ S(s)(〈μξ′ 〉m, ḡ) and r ∈ S(sd)(e−c(μ−1〈μξ〉)(1−δ)/s

, gρ) with d = (1 + ρ −
δ)/(1 − δ), and one can write

q(x, ξ) =
∑

|β|<N

1
β!

∂β
η p(β)

(
x − iΦ(x, ξ, η), ξ

)
|η=0 + qN (x, ξ)

with qN ∈ μ(ρ−δ)NS(s)(〈μξ〉m−(ρ−δ)N , ḡ), where p(β)(x + iy, ξ) is the almost ana-
lytic extension of (−i)|β|∂β

xp(x, ξ) given by Proposition A.1.
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Consider Op0(eφq)Op1(e−φ), where q ∈ S(s)(〈μξ〉m, ḡ). Let Ξ(x, y, ξ) be the solu-
tion to

Ξ − i

∫ 1

0

∇xφ
(
x + θ(y − x),Ξ

)
dθ = ξ

which is given by Proposition A.3. Then we have the following.

PROPOSITION B.2

Assume (B.1). Then one can write

Op0(eφq)Op1(e−φ) = Op0(p) + Op0(r),

where p(x, ξ) ∈ S(s)(〈μξ〉m, ḡ) and r(x, ξ) ∈ S(sd)(e−c(μ−1〈μξ〉)(1−δ)/s

, gρ), and we
can write

p(x, ξ) =
∑

|α|<N

1
α!

∂α
ξ Dα

y

[
J(x, y, ξ)q

(
x,Ξ(x, y, ξ)

)]
y=x

+ RN (x, ξ)

with RN (x, ξ) ∈ μ(ρ−δ)NS(s)(〈μξ〉m−(ρ−δ)N , ḡ), where

J(x, y, ξ) = det
[∂Ξ(x, y, ξ)

∂ξ

]
.

PROPOSITION B.3

Let s > 1. Assume that

p(x, ξ) ∈ S(s)(ecμ−a 〈μξ〉κ 〈μξ〉m1 , ḡ), q(x, ξ) ∈ S(s)(ec′μ−a 〈μξ〉κ 〈μξ〉m2 , ḡ)

with c + c′ < 0 and some a > 0. Then one can write

Op0(p)Op1(q) = Op0(r1) + Op0(r2)

withr1(x, ξ) ∈ S(s)(〈μξ〉m1+m2e−c1μ−a 〈μξ〉κ

, ḡ),r2(x, ξ) ∈ S(sd)(e−c2(μ
−1〈μξ〉)(1−δ)/s

,

gρ) with some ci > 0. In particular, we have Op0(p)Op1(q) ∈ μkS(sd)(〈μξ〉−k, ḡ)
for any k ∈ N.

COROLLARY B.1

Assume (B.1) and p(x, ξ) ∈ S(s)(〈μξ〉m, ḡ). Then we have

Op0(e−φ)Op0(p)Op1(eφ) = Op0(p̃) + Op0(r),

where p̃(x, ξ) ∈ S(s)(〈μξ〉m, ḡ) and r(x, ξ) ∈ μkS(sd2)(〈μξ〉−k, ḡ) for any k ∈ N.
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