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ABSTRACT. The present article deals with the modified forms of the Baskakov
and Szasz basis functions. We introduce a Durrmeyer-type operator having
the basis functions in summation and integration due to Stancu (1970) and
Paltanea (2008). We obtain some approximation results, which include the
Voronovskaja-type asymptotic formula, local approximation, error estimation
in terms of the modulus of continuity, and weighted approximation. Also, the
rate of convergence for functions with derivatives of bounded variation is estab-
lished. Furthermore, the convergence of these operators to certain functions is
shown by illustrative graphics using MAPLE algorithms.

1. INTRODUCTION

The inverse Pdlya-Eggenberger distribution (see [11, pp. 229-232]) is defined
by

Pr(N =n+k)
_ (n—i—k:—1)u(u+s)--~(u—|—(n—1)s)v(v+s)---(v+(k—1)s)
k (utv)(ut+v+s) - (utv+(n+k—1)s)
k=0,1,....
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Stancu [19] proposed Baskakov operators based on inverse Pdlya—Eggenberger
distribution depending on a nonnegative parameter & = a(n) — 0 as n — 0o,

Vel x) Zv[a] ( ) z € ]0,00), (1.1)

where ULQL(J:) = ("ﬂfﬁ% nd th = t(t —h) - (t — (n — 1)h).

In 1989, Razi [16] introduced a Bernstein-Kantorovich operator based on
Pélya—Eggenberger distribution and studied the rate of convergence and degree of
approximation for these operators. Very recently, Deo, Dhamija, and Miclaus [4]
considered a Stancu-Kantorovich operator based on inverse Pdlya-Eggenberger
distribution of the operators (1.1) and established some direct results. Paltanea
[15] introduced a generalization of the well-known Phillips operators by consid-
ering the generalized basis functions under integration depending on a certain
parameter p > 0. Gupta and Rassias [8] proposed a Durrmeyer modification of
certain Szész-type operators and obtained some approximation properties, for
example, asymptotic formula, weighted approximation, and error estimation in
terms of modulus of continuity. Very recently, Goyal, Gupta, and Agrawal [6]
defined a one-parameter family of hybrid operators and studied local, weighted,
and simultaneous approximation properties for these operators. The rate of con-
vergence for functions with derivatives of bounded variation is another important
topic of research. In the literature, many authors have discussed the approxi-
mation behavior of different summation-integral-type operators (see [2], [7], [12],
[18], [20], etc.).

Inspired by the above work, we consider a new sequence of summation-integral-
type operators as follows.

For v > 0 and C,[0,00) := {f € C[0,00) : |f(t)| < Nye, for some Ny > 0},
we define

RELS0) = 3ok [ @0 dlnro, 0

where s (t) = npe_"”t% and ULQL(:U) is defined as above. We note that the
operators (1.2) preserve only the constant functions.

Special cases:

(1) For a = 0 and p = 1, these operators include Baskakov—Szasz operators
(see, e, [1], [9])

(2) For a = 0 and p — oo, these operators reduce to well-known Baskakov
operators [3].

(3) For a > 0 and p — oo, these operators include Stancu operators [19].

Our aim is to study some approximation properties of the operators Rgf‘ 1;. We
begin with an estimate of the rate of convergence in terms of the moduli of con-
tinuity and a Lipschitz-type space, and then we find the weighted approximation
properties for these operators. Furthermore, we obtain the rate of convergence for
unbounded functions with derivatives of bounded variation by these operators.
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2. DIRECT RESULTS

Let ¢;(u) = u',1 € NU{0}. Applying the definition of gamma function, we get

9] o0 t)kp—l
s (Ot dt = / npe—on (PO
/0 k( ) 0 I'(kp)
_ Tlkp+l) — (kp+1—-1)---(kp)

= = 2.
T (ko)) (o) 21)
For f € C,[0,00), we consider
k=0
-1\
with by () = <” + ; > W (2.2)

Kup(f3t) = ank / W f ) du+boo(®FO).  (23)

Then, we obtain the following representation of the operators R%f ]p.

Lemma 2.1. For a > 0 and x € R", we have

o (py_ L © et :
R”:P(f’x) B(£ l)/o <1+t) Itz n,p(f7t> dt, (24)

a’ «

where B(r,s),r,s > 0 is the beta function.

Proof. The form (2.4) of the operators R,Up can be obtained using the following

relation:
1 o n+k—1\" sz 1
B( +k—+n>_ Hc(x)( . ) B(-,—). .

a «

Using (2.1)—(2.3), Lemma 2.1, and [17, Lemma 1] in the following result, we
calculate the values of the first five moments of the operators given by (1.2).

Lemma 2.2. For p > 0, we have
(i) Rivpleo; ) = 1
(i) Ritp(ersa) = 125

[a] . o (n+1)z? a(n+1) +1
(111> Rn7p(€2,.’1§') T (1—a)(1-2a)n + [(1704)(17204)71 + np/()lfa)]x'

Remark 2.1. By simple computations, from Lemma 2.2 we get

R[O‘] St — 7)) = ar

1—a’
(1+na+2na®)z?  (1—-2a+p+ (n—1ap)z
n(l—a)(1—2a) np(l —a)(l — 2a)

Ry (¢ —2)%2) =
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Lemma 2.3. If a = a(n) — 0, as n — oo and lim,_,o, na(n) =1 € R, then

lim nR,[ﬁ]p(t —z;x) = lx,

n—o0
) IL+p+lip
« 2, — 2

nh_)n;@ nRL}p((t —z)%z) = (14102 + TL (2.5)

6(1+ 1)(pl 1) .

lim nQR[,?L((t _ x)4;x) =301+ 1% + (+1)(pl+p+ )xs

n— 00 ’ p
3(pl 1)?
J Bl p 1 (2.6)
p

Proof. This result is obtained by straightforward computation, but the details
are omitted. O

3. MAIN RESULTS

Theorem 3.1. Let f € C,[0,00), and let &« = a(n) — 0 as n — oo. Then
lim,, oo Rff]p(f; x) = f(x), uniformly in each compact subset of [0,00).

Proof. Using Lemma 2.2 and the Bohman-Korovkin theorem, this result is
proved. Il

Example 3.1. The convergence of the operators R,[f L( f;z) is illustrated in Fig-
ure 1, where f(z) = —3ze >, a € {3,1.8,0.4}, n = 20, and p = 5. We can see
that when the values of « are decreasing, the graph of operators RLO,[ L( f;x) are
going to the graph of the function f.

0

—0.1 4+
-0.2 4,

—-0.34,

~04+

— R 5(fx) o RS o) —— RN (f: o)

FIGURE 1. The convergence of lef]p(f; x) to f(x).
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FIGURE 2. Graphics of the difference z — R[O 4](f z)— f(x), when
n = 20, 40, 60.

Ezample 3.2. For € [1,7], « = 0.4, p = 5, the convergence of the difference

of the operators R 1)( f;+) to the function f, where f(z) = 2xe=%, for different
values of n is illustrated in Figure 2.

3.1. Voronovskaja-type theorem. In this section, we establish a Voronvos-
kaja-type result for the R,[f ]p operators.

Theorem 3.2. Let f € C,[0,00), and let « = a(n) — 0 as n — oo. If f" exists
at a point x € [0,00) and lim,,_,, na(n) =1 € R, then we have
I1+p+lip

; x| f"(x).

lim n[R,[ffL(f;x) — f(:v)] =lzf'(z) + % (14 Da? +

n—oo

Proof. Applying Taylor’s expansion, we can write
1
F(t) = f@) + ['(@)(t = 2) + 5 f"(@)(t =) + e(t, 2)(t — @)%, (3.1)
where lim;_,, (¢, 2) = 0. By using the linearity of the operator RL{X 1), we get

RIL(F: ) = () = RI((¢ = 2): ) () + SR (1 — )% 2) £(a)
+ Rgff}p(e(t, z)(t — z)% ).

Applying the Cauchy—Schwarz inequality, we obtain

nRLff}p(e( z)(t — )% \/R[a] e2(t, ) )\/nQRLffL((t—x)‘l;x).
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In view of Theorem 3.1, limy 0o RI%(2(t, 2); )= 2(x,2) = 0, since (t,z) — 0
as t — z, and using Lemma 2.3, we obtain lim,, nRLffl,(e(t, z)(t —x)% 1) = 0.
Thus, the theorem is proved. O

3.2. Local approximation. Let Cp [0,00) be the space of all real-valued
bounded and uniformly continuous functions f on [0, c0) endowed with the norm

£l G000 = SUP \f )|.

x€[0,00)

For f € Cp[0,00), the Steklov mean is defined as

fn(x) = %/02 /02[2f(13+u+v) — f(z +2(u+v))] dudv. (3.2)

By simple computation, it is observed that

(a) ”fh - f”CiB[O,OO) < w2(f’ h)’

(b) fh, fil € Cp[0,00) and || fill 0,00 < 79 (s 1) 1R | G000y < gzwa(f 1),
where the second order modulus of continulty is defined as

wa(f,0) = sup sup |f(z+2u) —2f(z+u+v)+ f(z+2v)

z,u,020 ju—v|<s

, 0>0.

The usual modulus of continuity of f € Cp [0,00) is given by

w(f,0) = sup sup ‘f(x—i—u)—f(x—i—vﬂ.

x,U,UZO |U—U‘§6

Theorem 3.3. Let f € Cl0,00). Then for every x > 0, the following inequality
holds:

RIL(S) — F(@)] < 5 (f, /02,0)) + 5w (f, /08,),

where O, () = R%al;((t — )% ).

Proof. For x > 0, and applying the Steklov mean f, that is given by (3.2), we
can write

IR (fr2) — f(a)] < REL(F = falsz) + |REL(fu — fule); )|

| fala) - F@)]. (33)
From (1.2), for every f €Cpl0, 00), we have
’R[a] fio)] < 1l éai0,00)- (3.4)

Using property (a) of the Steklov mean and (3.4), we get
Ry (1F = faliw) < RS = fidll 000 S I = Fallcnioe < walfh)-
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By Taylor’s expansion and the Cauchy-Schwarz inequality, we have

R (= fule) )\<||fh||03000JRESL(@—x)?;x)
1 oo RED((¢ — )% 2).

By Remark 2.1 and property (b) of the Steklov mean, we obtain

R (e~ fale) )] < 2lf, W08, () + spgn(F, WO, (1)

Choosing h = /0% (), and substituting the values of the above estimates in
(3.3), we get the desired relation. O

Let 8y > 0,82 > 0 be fixed. We consider the following Lipschitz-type space
(see [14]):

|t — | ,
(t+ Bra? + 5217)% 7

Lipy ™ (r) := {f € C0.00) : |£(t) = f(2) < M
x,tG(O,oo)},

where 0 < r < 1.

Theorem 3.4. Let f € L1p (B, 62)( ) and r € (0,1]. Then, for all z € (0,00), we

have
O (x) \5
’R[Oé] . _ M —— -
‘ n,p(f?x) f(l')‘ < <ﬁ1x2:—62x> )

where O5, (r) = R’L?é]p((t — )% ).

Proof. Applying Hélder’s inequality with p = %, q= %, we find that

<> b [ a0l — @) de+ o) - s

: i“ﬂ@ (] sutolse) = s ar)” +0k3]50) = o)

< {kf;vﬂ(x) /Ooosgk@)\f(t)_f( i ) - s )
(X rkh)

= (St [T snaols - sl e @0 - sl )
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> > t—x)? x? 5
<M o / P () dt + vl (1) =————
- (kz:% ) [y U )

< W(gvﬂc@) /000 sh () (t — x)? dt+v[a]( )z );

M r M r
—(R[“] ((t—2)%2))? = ———— (00 ,(2)) 2.
(122 + Pax)> (Br2? + Po)z >
Thus, the proof is completed. 0

Lenze [13] defined the Lipschitz-type maximal function of order r as follows:

O (f,z) = sup M, x € [0,00) and r € (0, 1]. (3.5)

ttate0oo) |t — x|
Theorem 3.5. Let f € C[0,00) and r € (0,1]. Then, for all z € [0,00) we have
[REL(f50) = F(@)] < (f,2)(05,(2))*.
Proof. From (3.5), we have
IRIEL(f;2) = f(2)| < @o(f, 2)RED (1t — 2] ).
Using Holder’s inequality with p = % and ¢ = % and Remark 2.1, we obtain

[REL(f2) = F(@)] <@(f,2) (RIEL((t = 2)%2))7 = 5ol 2)(05,(2))7. O
Theorem 3.6. For any f € CL[0,00) and z € [0,00), we have

[REL(fi) = f(@)] < |72 [17/@) + 24/, () (1, /03,@). (3.6)

Proof. Let f € C%[O,oo). For any t € [0,00),z € [0,00), we have

16~ @) = @t = 2)+ [ (£~ F@)du

1—

Applying R p( x) on both sides of the above relation, we get

R () = f(@)ix) = f @)t — 232) + Ri / (f'(w) = f(@) dus ).
Using the well-known property of modulus of continuity
50 - 1@ < w0 (50 11), 50

we obtain | [}(f'(u) = f/(2)) dul < w(f',6) ("5 + |t - al).
Therefore, it follows that

IREL(f2) = ()] < [f'(@)|| Rt = x52)]
+w(f, 5){573 ) ((t = 2)% 2) + RS (|t—x|;x)}.



114 A. KAJLA, A. M. ACU, and P. N. AGRAWAL

Using the Cauchy—Schwarz inequality, we have
[REL(fi2) = F(@)] < |/ (@)||REL(t — ;)]

+w(f, 5{ \/R (t — )2 +1}\/R[“] t— )% ).

Choosing 6 = /0% (z), the required result follows. O

Let B,[0,00) be the space of all real-valued functions on [0, c0) satisfying the
condition |f(z)| < Myo(z), where My is a positive constant depending only on f
and o(x) = 1+2? is a weight function. Let C, [0, 00) be the space of all continuous
functions in B,[0, 00) endowed with the norm

[F@)]

1fllo = ,
z€[0,00) O'(LU)

and let

00, 00) = {f € C,[0,00) : lim /()] exists and is ﬁnite}.

w2 o(x)

The usual modulus of continuity of f on [0, b] is defined as

w(f,0) = sup sup |f(t) — f(a)]-

0<|t—z|<68 z,t€[0,b]

Theorem 3.7. Let f € C,[0,00). Then, we have
[RiL(fi2) = f(2)| S AMp(1+ )0 (2) + 2wp41 (£, 1/ 05 ,(2)).  (3.7)

Proof. From [10], for = € [0,b] and ¢ > 0, we have

|f(t) — f(x)| < AMp(1+2”)(t —2)* + (1 + It =2 wpp(f,9), 0> 0.
)

Applying the Cauchy—Schwarz inequality, we obtain
R (fr2) = f(2)]

1
<AMs(1+ x2)7€7[31)((t — )% 2) + wep (f, 5)(1 + ERL?L(H - $|,$)>

1
< AMy(1+ 2205 ,(2) + i (£,0)(1+ 51/03,@)).
Now, choosing 0 = ,/©% (), we get (3.7). O

3.3. Rate of convergence of Baskakov—Szasz-type operators for func-
tions with derivatives of bounded variation. In this section, we discuss the
approximation of functions with a derivative of bounded variation.

Let DBV[0,00) be the class of all functions f € B,[0,00) having a derivative
of bounded variation on every finite subinterval of [0,00). The function f €
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DBV [0,00) has the following representation:

ﬂwzllw+ﬂw

where ¢ is a function of bounded variation on each ﬁnite subinterval of [0, 00).

In order to study the convergence of the operators R for functions having a
derivative of bounded variation, we rewrite the operators (1.2) as follows:

Rﬁﬂfﬂﬁ=ié K9 ()£ (1) dt, (3.8)
Kl (1) = 0l (2) 6, (1) + ol ()8 (2),
k=1

with () being the Dirac delta function.

Lemma 3.1. Let a = a(n) — 0 as n — 00, and let lim,,_,o na(n) =1 € R. For
all z € (0,00) and sufficiently large n, we have
(i) [a](xt fo na]pxu)du< ())1“ 0<t<u,

()1— = [~ npxudu< ())1” r<t<oo,

where N (I, p) 8 a posztwe constant dependmg on l and p.

Proof. For sufficiently large n, it follows from (2.5) that

n 1+ 22
RLL((U —z)%2) < N(l,p) . (3.9)

Applying Lemma 2.2, we get

t —

(x,t) / IC[C“] (x,u du</ (x u> /Cn"‘L(x,u) du
o \x —1
1+ 22
[a . 2. < ( )
= (x e (0= @)% 0) < 02—

The proof of (ii) is similar and hence the details are omitted. O

Theorem 3.8. Let f € DBV[0,00), let « = a(n) — 0 as n — oo, and let
lim, o na(n) =1 € R. Then, for every x € (0,00) and sufficiently large n, we
have

IREL(f2) — f(2)]
_1_%¥f@+%;f ’+ Gwlmlifzf@+%;f@—)
xSV )+ GV 6)

+ (aagy + MOl g L2
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L2 N ) = £(a) 2 )

N(l,p)

x+\f 1—{—:132 [Vn] z+%

+7\/f+Nlp ;\/f

where N(I, p) is a positive constant depending on | and p, \/Z f denotes the total
variation of f on la,b], and f. is defined by

@) = fila=), 0<t<u,
f(t) = {

t=u, (3.10)
f’( )— flz+), = <t<oo.

Proof. For any f € DBV|0, 00), from (3.10) we can write

Py = 5 (/(a4) + F1a)) + falw) + 5 (F/(a+) — o)) sen(u — )
o) (F) — 5 (P + fa), (3.11)

where
1, u=u=x,
O(u) = {0, u # .
Since Rm;(eo;a:) = 1, using (3.8), for every x € (0,00) we get,

RED(fi2) — f(a) = / " K (e, ) (1) — f(2)) de

:/K[amt/f ) du dt
//f dulC[a]xt)t

/ /f ) du /c[a (2,t) dt (3.12)
Denote

I = /Ow(/tx f(u) du)lCLOf,]o(x,t) dt, : / / f'(u) du IC[a] (x,t)dt

Since [!4,(u)du = 0, and using relation (3.11), we get

n= [{[ GUan+ra)+ s

4 %(f/(x—F) B f/(x )) Sgn(u _ ;c)) du}’ca (x t dt

(f'(z+) + f'(= ))/Ox(:c—t)lca dt+/ /f dulCa z,t) dt

— 1(f’(x-I—) — f’(m—)) /Om(x — t)lCH)(x,t) dt. (3.13)

1
T2

[\]
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In a similar way, we find that

L=Y(e) + fle »/ﬂvwmm@wﬁ

//f duIC[a(xt)dt

+3 5 (f (x4) — f (33—)) /moo(t — QZ)ICLO:}p(g%t) dt. (3.14)

l\l)l»—l

Combining the relations (3.12)—(3.14), we get

REL(fiz) — fz) <

- [ ([ o) < t)di
+/ /f dulC[a](:ct)dt

Therefore,
[ «T+ + /
R (f52) = |—]f fz “R (t—z7)|
2

[ LD =L g (i

+/ /f dulC[O‘.rtdt‘

+/ /f ) du ) KL (1) | (3.15)
Now, let

Al (fr 1) = / /f ) du /C[a](:c t)dt

and

Bl (f1,x) = / h ( / t £ (u) du)/cgj;,(x,t) dt.

Our problem is reduced to the calculation of the estimates of the terms Ale ( 7 T)

and Bq[la]p( !, x). From the definition of §n,p given in Lemma 3.1, applymg the
integration by parts, we can write

Azt = [ ([ fwd) et = [ roee
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gl s [l
o ndi+ | O (26 d
g/o RIAGIE ) t+/“|fx<t>|§n,p<xt :

Since f/(z) = 0 and &(z,t) < 1, we get

/m | f@)gn e, ) dt = / [f2(8) = o) |z, 1) dt
T=n T—

.1‘—7 n
T xX
=—\ f.
vn Y,
= Un

By applying Lemma 3.1 and considering ¢t = x — £, we have

/O‘r_| el xtdt<N(zp)1” /Ox_fﬂf;a)\%
VLR [T (V)
N(lp1+x /\F(\/f)du

Thus,

B

Bl

Vnl
1+ 22
N ’).
(lp)—— (\/ fi
k=1 z—%
Therefore,
Vn] = x
1+ 2?2 T
A ()] < N (Vi) s i(Vr) e
AR (f @) < N p)—— 3 Vi)+ 7wV 5 (3.16)
=1 z—% =

Also, using integration by parts in B »(fr,x) and applying Lemma 3.1, we have

u) du) 8t(1 ~ €lel(w,0)) dif

|BlL(f1,2)] <

du Kol xtdt’

du“l—& x,2x ‘—l—/x‘f;(t)‘(l—f}ﬁ‘,]o(:c,t)) dt

T



BASKAKOV-SZASZ-TYPE OPERATORS 119

_|_

| ()= skt

T

17| @ - oo al

/%mm—%@Mw

We have

T+ =
= [ 10l 1~ elie.0) a
+ /zx | fe)[(1 = €0l (@,t)) dt = Ty + Jo (say). (3.17)
:c—l—% '

Since fl(z) =0 and 1 — [O‘} <1, we get

T / / [a] T NG '
z+%
IR
Applying Lemma 3.1 and considering t = z + , we obtain
L+a? [ 1
RN [ oo - L) a
z-l—%
1422 (% 1 '
<N /+z@_xyo¢ﬂ>“
T+m z
x+Z
14+22 [V° A
vt [ )
1+ 2[ﬂ k+1 Q[M 4+ ,
< N(.p / \/f du< N )23 (V 12)
k=1 x

Putting the values of J1 and Jy in (3.17), we get

Aﬁmmu'meMwﬁf(Vf)+Muf+x§va)

Therefore, applying the Cauchy—Schwarz inequality and Lemma 3.1, we get

wwmmgm/

2z

(£ + DK (2, t) dt + | f(2 |/ Kol (2, t)d
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1
—|—N( + 22

| f(20) = f(@) — o f'(x+)]
QH_* Vo] =+%

+7(\/ f>+N(lp1+x Z(Yf) (3.18)
Since t < 2(t — z) and x <t — x when t > 2x, we obtain
Mf/  + DKL (2, t) dt + | f(=) \/
2

< (My+ | f(2) / Kl :ctdt—|—4Mf/2 (t — 2)’KL)(x,t) dt

M o
f+|f |/ 2)? Kl (2 t)dt+4Mf/ (t — )’k (x, 1) dt
M; + |f(2)| 1+
< _— _ .
< (4Mf + RN (L) — (3.19)
Using the inequality (3.19), it follows that
M+ |f(z)] 1+ 22
la] ( £/ < il ML VAV -
B (f2)| < (M + LN (L p)—
14 22
+ | f @)\ N (L p)
1+ 2
+ N(p)——=|f(22) = f(2) = 2f'(2+)]
w—i-f 1 x+£
+ a2
_'_T(\/ f>+N(lp Z(\/f) (3.20)
From (3.15), (3.16), and (3.20), we get the required result. O]

3.4. Weighted approximation.

Theorem 3.9. Let f € CY[0,0), and let « = a(n) — 0 as n — oco. Then, we
have

tim [[RE) — £, = 0. (321

Proof. In order to prove this result, it is sufficient to verify the following three
relations (see [5]):

lim [|RED (™ 2) —2™|| =0, m=0,1,2. (3.22)

n—oo
Since RL?jL(l; x) = 1, the condition in (3.22) holds true for m = 0.
By Lemma 2.2, we have

1
o1+ 22

T

—x‘:sup( ’ )L (3.23)

HR (t;x) —xH —sup P\ 2) 1o,

l—«
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Thus, lim,, e ||R£ff]p(t; z) — z||, = 0. Finally, we obtain

2?2 |1+ 3na — 2na?|
< sup
o= >0 1+ 22n|(1 —a)(1l —2a)|
N x |1 =2a+p—ap+nap
su :
o1+ 22 npl(l—a)(1l—2a)]

IR (%5 ) — 27|

which implies that lim,_,e || R (1% 2) — 22|, = 0. O

Let f € CY[0,00). We will consider the weighted modulus of continuity defined
by Yiiksel and Ispir [20] as follows:

o |f(xz+h)— f(z)]
f50) = xe[o,il)l,&hsa L+ (z+h)>

Lemma 3.2 ([20, Section 3]). Let f € C2[0,00), then:

(i) Q(f;0) is a monotone increasing function of §;
(ii) lims_o+ Q(f;0) = 0;

(iii) for each m € N, Q(f,md) < mQ(f;0);

(iv) for each A € [0,00),Q(f;A0) < (1 4+ N)Q(f;9).

Theorem 3.10. Let f € C%0,00). If « = a(n) — 0 as n — oo and
lim, 0o na(n) = 1 € R, then there exists n € N and a positive constant N (1, p)
depending on | and p such that

[a] (r.
p [REMS2) — (@)

b < N, p)Q(f;n~ %),  forn>n. (3.24)
z€(0,00) (1 + Q}2)§

Proof. Fort > 0,z € (0,00) and 6 > 0, by the definition of 2( f; §) and Lemma 3.2,

we can write

|t —
o

£ = F@)] <200+ 23 (1+ (- 2)?) (14 )9

]

Since the operator RL? » 1s linear and positive, we have
[REL(fi2) = fl@)] < 201+ 22)0(f:6) {1+ R (1 = )4 2)
[a] o It — |
+Rn7p<(1—|—(t—x) )T;x)}. (3.25)
From the relation (2.5), it follows that there is n; € N such that

1 2
Rgf“]p((t —z)%1) < N1(l,p)( —;x ), for n > ny, (3.26)

where Ni(I, p) is a positive constant depending on [ and p. Applying the Cauchy—
Schwarz inequality, we have
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R (14 (¢ — o) =00
n, (5 )
1
< \/R (t —x) x)
1
+3\/72£L04p t—x)t \/R (t—2z)%x). (3.27)

From the relation (2.6), it follows that there is ny € N such that

1 2
\/R (t—xz)hz) < Nz(l,p)(—ip—ngc>7 for n > no, (3.28)

where Ny(l, p) is a positive constant depending on [ and p.
Let 7 = max{ni,nqs}. Collecting the estimates (3.25)—(3.28) and taking

N p) = 2(1+ Null,p) + VN p) + Nall, )N ), 6 = %,for n> i,

we get the required result (3.24). O
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