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ABSTRACT. Controlled frames and g-frames were considered recently as gen-
eralizations of frames in Hilbert spaces. In this paper we generalize some of
the known results in frame theory to controlled g-frames. We obtain some new
properties of controlled g-frames and obtain new controlled g-frames by con-
sidering controlled g-frames for its components. And we also find some new
resolutions of the identity. Furthermore, we study the stabilities of controlled
g-frames under small perturbations.

1. Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [9] in order to
study problems in nonharmonic Fourier series, and they were widely studied after
the great 1986 work by Daubechies, Grossmann, and Meyer [8]. Today, frame the-
ory has broad applications in pure mathematics, such as for the Kadison—Singer
problem and statistics (see, e.g., [5], [10]), as well as in applied mathematics (see,
e.g., [3]), computer science (see, e.g., [11], [14]), and emerging applications (see,
e.g., [16], [20]). We refer the reader to [7] for an introduction to frame theory and
its applications.

In 2006, Sun [21] introduced the concept of g-frames, generalized frames which
include ordinary frames, bounded invertible linear operators, fusion frames, as
well as many recent generalizations of frames (for more details see [12], [15],
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[17]). G-frames and g-Riesz bases in Hilbert spaces have some properties sim-
ilar to those of frames, but not all the properties are similar (see [21]). Con-
trolled frames for spherical wavelets were introduced in [4] and have been used
recently to improve the numerical efficiency of iterative algorithms (see [2]). The
role of controller operators is like the role played by precondition matrices or
operators in linear algebra. So we give some new properties of controlled g-
frames.

Controlled g-frames were introduced in [19]. In the present article, we give some
new properties of controlled g-frames and construct new controlled g-frames from
a given controlled g-frame, and we generalize some known results of g-frames to
controlled g-frames in Section 2. In Section 3 we obtain some new resolutions of
the identity with controlled g-frames, and in Section 4 we study the stability of
controlled g-frames under small perturbations.

Throughout this paper, H and K are two separable Hilbert spaces and {H; :
i € I} is a sequence of subspaces of IC, where I is a subset of Z. We denote
by L(H,H;) the collection of all bounded linear operators from H into H;,
and GL(H ) denotes the set of all bounded linear operators which have bounded
inverse. It is easy to see that if T,U € GL(H ), then T*, T, and TU are also
in GL(H ). Let GL™(#H ) be the set of all positive operators in GL(# ). Also Iy
denotes the identity operator on H .

Note that for any sequence {H; : i € I} of Hilbert spaces, we can always find
a large Hilbert space K such that for alli € I, H; C K (e.g., K = P,c; Hi).

Definition 1. A sequence A = {A; € L(H,H;) : i € I} is called a generalized
frame, or simply g-frame, for H with respect to {H; : i € I} if there exist
constants 0 < A < B < oo such that

AIFIP < DD INFIP < BIFIP, VfeH. (1.1)
el
The numbers A and B are called g-frame bounds.

We call A a tight g-frame if A = B and a Parseval g-frame if A = B = 1. If
the second inequality in (1.1) holds, the sequence is called a g-Bessel sequence.

A={N, € L(H,H;):1 € I} is called a g-frame sequence if it is a g-frame for
span{A;(H ;) }ier. For each sequence {#H ;}icr, we define the space (3., ®H i),
by

A RS g 112
(Xoem.), = {Uder: fieHuicland 3|5 < foof
i€l el
with the inner product defined by
<{fz‘}7 {gz}> = Z(fi»gi>'
icl

Definition 2. Let A = {A\; € L(H,H ;) : i € I} be a g-frame for H. Then the
synthesis operator for A = {A\; € L(H ,H ;) : i € I} is the operator

Or: (YooMi), —H

i€l



GENERALIZED FRAMES FOR CONTROLLED OPERATORS IN HILBERT SPACES 539

defined by
Oa({fi}ier) = D> _A(f2).
iel
The adjoint ©F of the synthesis operator is called the analysis operator which

is given by

O H — (Z OHi),. O = (Aifber
By composing O, and ©}, we obtain the g-frame operator

SniH M, Saf=Oa03f =Y AN

iel

It is easy to see that the g-frame operator is a bounded, positive, and invertible
operator.

2. Controlled g-frames and constructing new controlled g-frames

Controlled g-frames with two controller operators were studied in [18], [19].
Next, we give the definition of controlled g-frames.

Definition 3. Let T,U € GL*(H ). The family A = {A; € L(H ,H;) : i € I} will
be called a (T, U)-controlled g-frame for H , if A is a g-Bessel sequence and there
exist constants 0 < A < B < oo such that

AIFIP <Y NTEAUS) < BlIfI?, VfeH.
icl
A and B are called the lower and upper controlled frame bounds, respectively.

If U = I, then we call A = {A;} a T-controlled g-frame for H with bounds
A and B. If the second part of the above inequality holds, then it is called a
(T, U)-controlled g-Bessel sequence with bound B. Let A = {A; € L(H ,H;) :
i € I} be a (T,U)-controlled g-frame for H . Then the (7', U)-controlled g-frame
operator is defined by

Srav i M —H,  Srawf =Y UNANTf, VfeH.
iel
It follows from the definition that for a g-frame, this operator is positive and
invertible and

Al < Srav < Bly.

Also Spay = U*SAT. For the reader’s convenience, we state the following lemma.

Lemma 1 ([2, Proposition 2.4]). Let T : H — H be a linear operator. Then
the following conditions are equivalent.

(i) There exist m > 0 and M < oo such that mIy <T < M1y .
(ii) T is positive and there exist m > 0 and M < oo such that

m[fI? < T2 fI1? < M| f]1%.
(iii) T € GL*(H).
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Proposition 1. Let T,U € GL*(H), and let A = {A; € L(H,H;):i € I} be a
family of operators. Then the following statements hold.

(i) If {A;: i € I} is a (T,U)-controlled g-frame for H , then {A\; :i € I} is a
g-frame for H. .

(ii) If {A; : i € I} is a frame for H and T, U € GL*(H ), which commute with
each other and commute with Sx, then {A; : i € I} is a (T, U)-controlled
g-frame for H .

Proof. The proof consists of two parts.
(i). For f € H, since the operator

Salf) = (U  SracTH(f) = S AN S
iel
is well defined, we can show that it is a bounded and invertible operator and also
that it is a positive linear operator on H because

(Saf, £ =D IS
i€l

Also, we have
— - * — * 1 *
1S3 = 1T Srac U1 < (TS rau TN < ZIT NI

So S € GLT(#H). Therefore, by Lemma 1, we have Cl; < Sy < DIy for some
0 < C <D < o0o. So the result follows.

(ii). Let {A; : @ € I} be a g-frame with bounds C, D, and let m,m’ > 0,
M, M’ < oo be such that

mly <T < My, m'ly <U*< MIy.
By Lemma 1, we then have
mAly < S\T < MBIy
because T" commutes with Sy. Again U* commutes with S,7 and then
mm/ ALy < Spav < MM'BI,,
So we have the result. O

Theorem 2.8 in [1] leads us to the following result.

Proposition 2. Let T\U € GL(H ), and let {A; : i € I} be a (T,U)-controlled
g-frame for H with lower and upper bounds A and B, respectively. Let {'; : i € I}
be a g-complete family of bounded operators. If there exists a number 0 < R < A
such that

0< Y (U (NN —T;T)TS ) < RIfIP, VfeH,

i€l

then {T'; 13 € I} is also a (T,U)-controlled g-frame for H .
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Proof. Let f be an arbitrary element of H . Since {A; : i € I} is a (T, U)-controlled
g-frame for ‘H , we have

CIFIP <Y (UNATS, f) < Bl f]*
iel
Hence,

SUTITTS, f) =Y (U = AT S f) + > (U ANTS, f)

i€l i€l i€l

< R|fI? + BIlfI* = (R+ B)| f|I*.
On the other hand,

SUUTITTS, f) = > (UNATF f)+ ) (U — A A)T S f)

iel iel icl
> (UNANTS, f) =Y (UN(TT = A A)T S, f)
el el
> A|lfIl = RIfIP = (A= R)|f|* > 0.
So we have the result. O

Proposition 3. Let T,U € GL(H ), and let {A; : i € I} be a (T,U)-controlled
g-frame for H. Let {T'; : i € I} be a g-complete family of bounded operators.
Suppose that ® : H — H defined by

=D UL = AJA)TS, Ve,
icl
is a positive and compact operator. Then {I'; : i € I} is a (T,U)-controlled
g-frame for H. .

Proof. Let {A; : i € I} be a (T,U)-controlled g-frame for . Then by Proposi-
tion 1 it is a g-frame for H . On the other hand, since ® is a positive compact
operator, U1®T~! is also a positive compact operator. Hence,

(U)T =) LTI f —AAf, VfEH.

icl
Let U = (U*)"'®T~! and let P:H — H be an operator defined by
P = SA + U,

A simple computation shows that ¥ is bounded and self-adjoint and that P is
bounded, linear, and self-adjoint. Let f be an arbitrary element of H. We have

IPFIl = 1Saf + AL < ISaf |+ 1EfI < (B+12N)IA-

Therefore,

YT IPPE £ < (B+ 211>

icl
Since ¥ is a compact operator, ‘IISXI is also a compact operator on H . By The-
orem 2.8 in [1], P has closed range. Now we show that P is injective. Let g be an
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element of H such that Pf = 0. Then
> IITugll® = (Pg, g) = 0.
iel
Hence, I';g = 0 for each i € I. Since {I'; € L(H,H;) : i € I} is g-complete, we
have g = 0. Furthermore, we have
Range(P) = (N(P*))" = N(P)* = H.

Hence P is onto and therefore invertible on H . Similar to the proof of Theorem
2.8 of [1], we have

1y 1y

ST rgl? = (B + ) PR

iel
Then {I'; : i € I} is a g-frame for H . Since & = U*SpT — U*S\T, U*StT =
O + U*S\T. 1t is easy to see that U*SpT is a bounded positive operator. By
Lemma 1, we have that {I'; : i € I'} is a (T, U)-controlled g-frame for H . O

The next result is a generalization of Theorem 3.3 of [6].

Theorem 1. Let T,U € GL(H ), and let {\; € L(H ,H ;) : i € I} be a family of
bounded operators. Let {I';; € L(H ;,H ) : j € Ji} be a (Cy, D;)-(T, U)-controlled
g-frame for each H ;, and suppose that they are (C, D)-bounded. Then the follow-
ing conditions are equivalent.

(i) {Ai € L(H,H;):i€ I} isa (T,U)-controlled g-frame for H .
(ii) {TyjAs € L(H;,Hij) i €1, je Ji}isa(T,U)-controlled g-frame for H .
Proof. The proofs consists of two parts.
(i) = (ii). Let {A; € L(H,H;) : i € I} be a (T,U)-controlled g-frame with
bounds (A, B) for H . Then for all f € H we have
YOS (TuANTTHAUS)

el jEJi
=3 ) (T5TuNT AU f)
iel jGJi
<Y DANTf, AU )
el
< DBJ|f|*.

Also, we have
iel jeJ;
=3 ) (T5TuNT AU f)
iel jeJ;
> Z Ci(NT f, U f)
iel

> CA|f]*
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(i) = (). Let {T;;A; € L(H i, Hij) i € I, j € J;} be a (T,U)-controlled
g-frame with bounds A, B for H . Since A;f € H ;, we have

SATEAUR < 2 ST TGAU ) < SIS

iel iel ' jeJ;
Also,
1 A
Z(Ain, NUS) > Z D, Z(FiinTf7 Ly NUf) > 5||f||2

iel iel ' jeJ;

O]
Our next result is a characterization theorem for (T, U)-controlled g-frames.

Theorem 2. Let T,U € GL(H), and let {\; € L(H ,H;) : i € I} be a family of
bounded operators. Suppose that {e;; : j € J;} is an orthonormal basis for H ; for
each i € 1. Then {A; :i € I} is a (T, U)-controlled g-frame for H if and only if
{T*u;; i €1,j € Ji} is a U(T*) " -controlled frame for H , where u;; = Afe;;.

Proof. Let {e;; : j € J;} be an orthonormal basis for H ; for each i € I. For any
feH, since \;f € H,;, we have

AN(Tf) = Z(Ai(Tf), ez’j>eij = Z<f> T Ajeij)eq;.

JET; JET;
Also,
N(US) = Z<Ai(Uf)>eij>6ij = Z(ﬁ U*Afeij)ei;.
JeJs JeJi
Hence,

(NTFNUS) =D (f, T Nei) (U Ney, f).

j€Ji
Now, if we take u;; = Afe;;, fi; = T*uy;, and Q = U*(T*)™!, then

AFIP <Y ANTF AU F) < BIFIP
i€l

is equivalent to

AP DN U F) (i f) < BIIFIP.

i€l jed;
So we have the result. O

Note that {u;; : ¢ € I,j € J;} is the sequence induced by {A; : i € I} with
respect to {e;; : j € J;}.

By the above result, finding suitable operators 7" and U such that {A; : 7 € I}
forms a (7', U)-controlled fusion frame for H with optimal bounds, is equivalent
to finding suitable operators 7" and U such that {T%u;; : i € I,j € J;} is a
U*(T*)'-controlled frame for # with optimal frame bounds.

Let H and K be two Hilbert spaces. We recall that H & K = {(f,g9) : f €

H,g € K} is a Hilbert space with pointwise operations and inner product

<(f7g)7(flag/)> = <f7f,>'H +<gvg,>/C7 vfhfl GH,Q,QIEK:.
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Also, if A€ L(H,V) and T" € L(K,W), then for all f € H, g € K we define
AT elLHaK,VaeW) by (Ael)(Tf Ug):=(ATf,TUg),

where V., W are Hilbert spaces and T' € GL(H ), U € GL(K).

Theorem 3. Let T € GL(H), U € GL(K). Let {A\; € L(H,V;) : i € I}
and {T'; € LIK,W;) : i € I} be a (T,T)-controlled g-frame with bounds (A, B)
and a (U,U)-controlled g-frame with bounds (C,D), respectively. Then {A\; @
I've LHea K, V;eW,) : i € I} is a (T,U)-controlled g-frame with bounds
(min{A, C}, max{B, D}).

Proof. Let (f,g) be an arbitrary element of H @ K. Then we have

ZH(Ai o I)(Tf, Ug)H2 = Z<(Ai o) (Tf,Ug), N &Ty)(Tf,Ug))

iel el
=Y ((ATF,TUg), (AT £,TiUg))
i€l
=Y (NTf A f) + (TiUg, TiUg)
i€l
=S IATFP + U £
i€l el

< B|fI*+ D|gl
< max{B, D}(||f|* + llg]I*)
= maX{B,D}H(fa 9)”2'

Similarly, we have
) 2
min{A, CH(I£I* + lg*) < Y (A @ T)(Tf,Ug)||".
icl
So we have the result. O

Our next result is a generalization of Proposition 3.9 in [18].

Proposition 4. Let {\; € L(H,H;) : i € I} be a g-frame for H with frame
operator Sy and bounds A, B, and let € > 0 be a real number. Let T € GL(H )
be an operator such that |T — S| < e|T||. If |IT| < #m, then {A; €
L(H,H;):i€ 1} is a(T,T)-controlled g-frame for H with bounds

£ -BE+2)| TP and BT+ %)

5 £ £ an £ 1)

Proof. Let f € H be an arbitrary element, and let ©, be the synthesis operator
of {\; € L(H ,H ;) :i€ I}. Then we have

ORI = 107 g1y FI° + (Oh g1/ Ohgr )
+(Ohg1 /, Oh gy /) + ||@Zs;1f”2-
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Now by the hypothesis and the Cauchy-Schwarz inequality, we have
1% fII* < B(IT = Sy 1" + 2||T =Sy ISx I+ IS IP) LI

2 2 L 2
< B(2ITI? + 26l + 5 ) 1]

= BT+ ) 171

On the other hand, since {A; S} }ie 7 is also a g-frame with lower frame bound %,
we have

SR <1035 1P
= 10521y FIP + (s O )
- (O3rf, B )+ Oir
= B(IS3" =TI +20155" = TSI + 1031

Therefore, we have

1
(5 = BE +22IITI2) I£1 < 13711

Now the result holds. O

We end this section by giving the following results concerning the constructions
of new controlled g-frames.

Theorem 4. Let T € GL(H), and let {\; € L(H,H;) : i € I} be a
(T, T)-controlled g-frame with bounds (A, B). Let {T';}icr be a g-sequence with
synthesis operator Or. For any two positively confined sequences {a;}ic; and

{b}ier, if ||Or|* < %, then {a;\; + b1 }ier is a (T,T)-controlled
g-frame for H .

Proof. For any f € H, we have
S | (asti + 0T

el

=N AT f?+ Y DT

el el

+ 2Re Z<aiAin7 bl T f)

el
<2( Yl TSP+ Y IrTf )
el el
< supa Z |A; Tf”2 SUPb2 Z |1l )
il el

< 2((supaf) BIIf|* + (sup 67) [OF T )
< 2((supaf) B+ (sup ;) | TI1Or %) 1
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Since
ST an TP =@k + bD)T f = biD T £
i€l el
<2( D I[(@is + bT)TA| + D LT ),
el el
we have
23 " |[(aihs +bT)TF|* > > ahTf|? =23 60T £
el el el
> mfa ) INT I - 2(supbg)||®*Tf||2
i€l
> ((inf a7) A - 2(supb2)HTH ler )11

From ||Or|]? < %, we obtain that {a;A; + ;1 }ier is a (T, T')-controlled
1€ [

g-frame for H . O

3. Resolutions of the identity

In this section, we will find new resolutions of the identity. In fact, let T, U €
GL(H), and let {A; € L(H,H;) : i € I} be a (T,U)-controlled g-frame. Then

we have

F=Y_ SiagUNANTf =Y UNANTS;f, VfEH.
icl iel
By choosing suitable control operators we may obtain more suitable approxima-

tions. Now we will give a new resolution of the identity by using two controlled
operators.

Definition 4. Let T,U € GL(H ), and let {A; € L(H,H;) : i € I} and {I'; €
L(H,H;):i€ I} be (T,T)-controlled and (U, U)-controlled g-Bessel sequences,
respectively. We define a (7', U)-controlled g-frame operator for this pair of con-
trolled g-Bessel sequences as follows:

Srrav(f) =Y UTINT(f), VfeH.
icl
As mentioned before, {A; € L(H,H;) : i € I} and {I'; € L(H,H;) : i €
I} are also two Bessel g-sequences. So by [13], the g-frame operator Spa(f) =

Y i LiAi(f) for this pair of g-Bessel sequences is well defined and bounded.
Since Spray = U*SraT, Strav is a well-defined and bounded operator.

Lemma 2. Let T,U € GL(H), and let {A; : i € I} and {I'; : i € I} be
(T, T)-controlled and (U,U)-controlled g-Bessel sequences, respectively. If Strau
is bounded below, then {A; : ¢ € I} and {I'; : i € I} are (T,T)-controlled and
(U,U)-controlled g-frames, respectively.
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Proof. Suppose that there exists a number A > 0 such that for all f € H,
A< [[Srravl-

Then we have

AL [Sreavll = sup (ST UTIAT S g)
el

geH llgll=1

= sup ‘<ZA,-Tf, FiUg>‘

llgll=1 icl

1/2 12
< AT 2 U 9
< s (S arae) (S irel?)
<VB(LIarsi) "
el

Hence,

)\2
5||f||2 <Y IATF.
icl
On the other hand, since

Tray = (USSpAT)* = T*SEA\U = T*SarU = Syarr,

we can say that Spyarr is also bounded below. So by the above result, {I'; : i € I}
is a (U, U)-controlled g-frame. O

Theorem 5. Let T € GL(H), and let A = {\; € L(H,H;) : i € I} be a
(T, T')-controlled g-Bessel sequence. Then the following conditions are equivalent.
(i) A is a (T, T)-controlled g-frame for H .
(ii) There exists an operator U € GL(H) and a (U,U)-controlled g-Bessel
sequence I' ={T'; € L(H ,H ;) : i € I} such that Syrar > mly onH , for
some m > 0.

Proof. The proofs consists of two parts.

(i) = (ii). Let A be a (T, T)-controlled g-frame with lower and upper g-frame
bounds A; and Brp, respectively. Then we take U = T, I'; = A;, for all ¢ € I.
Hence, we have

(Stantfs f) = (YT NNTS £) = Y (NTFATS) > Ar| £
el el
for all f € H . Moreover,
CrllfI? < 1Sl < DrllfI1

By Lemma 1, Spaar € GLT(H).

(ii) = (i). Suppose that there exist an operator U € GL(H ) and a (U,U)-
controlled g-Bessel sequence I' = {I'; € L(H ,#H ;) : i € I} with Bessel bound By.
Also, let m > 0 be a constant such that

(Surarf, f) = m| f?



548 D. LI and J. LENG

for all f € H . Then we have
meH2 (Surarf, f)
=Y (NTFTUS)

i€l

< (S iars) (S imwse)”

el el
1/2
< VBl (D IaTsI)
i€l

by the Cauchy-Schwarz inequality Hence,

—HfH2 < > INTFIP < Brllf)”

el

So A is a (T, T)-controlled g-frame for H . O

Theorem 6. Let .U € GL(H), and let {A; € L(H,H:) : i € I} be a
(T, T)-controlled g-frame with bounds (A, B) for H. Let the family {I'; €
L(H,H;) : i € I} be a (U U)-controlled g-Bessel sequence. Suppose that there
exists a number 0 < A < A such that

|(Strav — Star) f|| < MlfIl, VfeH.

Then Srrav is invertible and also {I'; € L(H,H ;) :i € I} is a (U,U)-controlled
g-frame for H. .

Proof. Let f € H be an arbitrary element of H . Then we have

|Strav fll = |Stravf — Starf + Srarf||
> |[Srarf|l = [|Strav f — Srar f]|
> (A= NI f]l-

So Strav is bounded below and therefore one-to-one with closed range. On the
other hand, since

| Surar — Star|| = H(STFAU - STAT)*H <A

by the above result Syrar is also bounded below (A — ) and therefore one-to-one
with closed range. Hence, both Spray and Syrar are invertible. And

(A= NIIFl < ISorarl = sup <Z T'ATUf )|
I

geH llgll=1
= sup

sup, <Zr US.ATg)
< o (S ires?) (S inrar?)

<VB(XIrwsip) "
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Hence,
(A-)N)7°
e < S I =
icl
Another version of these cases is as follows.
Proposition 5. Let A and T" be controlled g-Bessel sequences as mentioned in

Definition 3. Suppose that there exists 0 < € < 1 such that

If = Sreavfll <ellfll, VfeH.
Then A and I' are (T, T)-controlled and (U,U)-controlled g-frames, respectively.
Furthermore, Stray s invertible.

Proof. First,
1% — Srrav|| < e < 1;

therefore, Spray is invertible. Second, let f be an arbitrary element of H of H.
Then we have

[Sreav fIl = 11l = lf = Strav fIl = (L =)l £]-

Hence, Srray is bounded below. By Lemma 2, we know that A is a (T, T)-con-
trolled g-frame.
On the other hand, we have

1I; = Suarr|| = ||(In — Srrav)*|| < e.

Hence, we can similarly say that I" is a (U, U)-controlled g-frame. O
With the hypotheses, both Srray and Syrar are invertible. Then the family
{SrravU T AT Ve
is a resolution of the identity. Also, we have the new reconstruction formulas

f= Z SrravUTiNT f = Z T AT Siap f
iel iel

and
F=Y SoardeT"NTUf =Y T*NTUSp A f-
iel iel
Suppose that || I3 — Srrav|| < 1. Then as we mentioned in Proposition 5, Srray
is invertible and we have

[e o]

Srtav = Y (T = Srrav)™

n=0
Then we have
F=Y2 (I = Sreav)"UTIANTf =Y Y U T;NT(Iy — Srrav)" [
i€l n=0 i€l n=0

Furthermore,
_ -1
IS7eaull < (1= 15 = Szravll)
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Therefore,
{(In = Srrav)"UT;AT}

is a new resolution of the identity.

ielneZ+

4. Perturbation of controlled g-frames

The perturbation of frames is important for constructing new frames from a
given one. In this section we give new definitions of perturbations of g-frames
with respect to the operators T', U.

Definition 5. Let T,U € GL(H), and let {A; € L(H,H;) : i € I} and {I; €
L(H,H;) : 1 € I} be two g-complete families of bounded operators. Let 0 <
A1, A2 < 1 be real numbers, and let C = {¢;};c; be an arbitrary sequence of

positive numbers such that ||C |2 < co. We say that the family {I"; € L(H,H ;) :
iel}isa (N, ,C,T,U)-perturbation of {A; € L(H ,H ;) : i € I} if we have

AT f = TUFI < MINTFIL + X DU fI + all fIl Ve,
We have the following important result.

Proposition 6. Let {\; € L(H,H;) : i € I} be a g-frame for H with frame
bounds A, B. Suppose that T,U € GL(H ). Let {I'; € L(H ,H;) : i € I} be a
(A1, Ao, C, T, U)-perturbation of {A\; € L(H ,H;):i € I}, in which
(1= 2M)VAIT T > €.
Then {T; € L(H,H ;) :i € I} is a g-frame for H with g-frame bounds
((1 —AVAIT T =€l -1\ 2 L+ A)VBIT| + [l -1\ 2
o) - o))
14X 1= X
Proof. Since {A; € L(H ,H ;) : i € I} is a g-frame for H with frame bounds A,
B, for all f € H, we have

A 1
SEIA S S OAT < VBT

el

Then by triangular inequality we have

(S IrusR) < (SUAT +IaTs - T 1))’

< (;(HAMH FMIATA el LU A+ 1))
< (1420 (AT + 3 S (MU FP)°
ekl
Hence,
(1= 30) (TSR < (4 VBTl + 1€ gt

i€l
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Since U f € ‘H , finally we have
(LA AVBIT] 4 € ll2) 1)
SOl < (R 21017 A1
‘ 1=
i€l
Now for the lower bound we have
1 ~N
(S s?)’ = (SSUAT I - TS =T fI)?)°
iel il
9 1
> (SSUATFI = MIAT A = MU~ el £1)7)°
el
> (1= 20) Y (IATAP)® =22y (ITUFIP)?
el el
—lle la11 11
Hence,
i 11 1U U
0+ S (r0sP) = - aovarr ik - e L
i€l
which yields
L= MVAIT T =l or)?
T f|12 > ( ! 1 2, O
SR> o 1o1) A1

i€l
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