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ABSTRACT. In this article, we introduce the concept of generalized multipliers
for g-frames. In fact, we show that every generalized multiplier for g-Bessel
sequences is a generalized multiplier for the induced sequences, in a special
sense. We provide some sufficient and/or necessary conditions for the invert-
ibility of generalized multipliers. In particular, we characterize g-Riesz bases
by invertible multipliers. We look at which perturbations of g-Bessel sequences
preserve the invertibility of generalized multipliers. Finally, we investigate how
to find a matrix representation of operators on a Hilbert space using g-frames,
and then we characterize g-Riesz bases and g-orthonormal bases by applying
such matrices.

1. Introduction

Frames in Hilbert spaces were originally introduced by Duffin and Schaeffer
[12] to deal with some problems in nonharmonic Fourier analysis. These frames
were later brought to life by Daubechies, Grossmann, and Meyer [10], after which
they became popular subjects of research.

Let I be a subset of integers Z. A frame for a separable Hilbert space H is a
family of vectors {f;}ic; in H so that there are two positive constants A and B
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satisfying
AlFIB < STRE B < BIFIR,  (F€H). (1.1)

iel
The numbers A, B in (1.1) are called frame bounds.

Frames have been used as a powerful alternative to Hilbert space bases, and
they allow for the development of a deep theory (for an overview, see [7]). They
are also very important for applications in fields such as physics (see [9]), signal
processing (see [5]), and acoustics (see [6]). Over the years, various extensions of
frame theory have been investigated. Several of these are contained as special cases
of the elegant theory for g-frames that was introduced by Sun [24]. Examples of
these special cases include fusion frames, bounded quasiprojectors, outer frames,
oblique frames, pseudoframes, and a class of time-frequency localization opera-
tors. G-frames and g-Riesz bases in complex Hilbert spaces have some properties
similar to those of frames and Riesz bases, but not all the properties are similar.
For example, exact g-frames are not equivalent g-Riesz bases (see [24], [25]).

The concept of Bessel multipliers in Hilbert spaces was introduced by Balazs
[2] and later extended by the third author [22] to g-Bessel sequences. Bessel
multipliers are operators that are defined by a fixed multiplication pattern which
is inserted between the analysis and synthesis operators. This class of operators is
not only of interest for applications in modern life, for example, in acoustics (see
[26]), psychoacoustics (see [6]), and denoising (see [17]), but it is also important
in different branches of functional analysis. In this respect, it is important to find
the inverse of a multiplier if it exists.

The standard matrix description of operators on Hilbert spaces, using an
orthonormal basis, was presented in [8]. This idea was developed for Bessel
sequences, frames, and Riesz sequences by Balazs [3]. In this setting, multipli-
ers are those operators that can be represented with diagonal matrices. Hence, it
is a very natural idea to extend this representation to include more side-diagonals.
Using this approach, a generalization of Bessel multipliers is obtained. For Gabor
frames, this is a particular case of the “generalized Gabor multipliers” as found in
[11]. Moreover, it is interesting to note that every bounded operator on a Hilbert
space is a generalized frame multiplier (see [4]). The authors [1] recently used oper-
ator theory tools to obtain some detailed properties of generalized multipliers.

Motivated by the generalized multipliers for Bessel sequences, our aim here will
be to extend generalized multipliers to more general cases, that is, for g-Bessel
sequences. This article is organized as follows. In Sections 2 and 3, we briefly
review some basic notation and preliminaries needed for the developments in the
following sections. In Section 4, we define the concept of generalized multipliers for
g-Bessel sequences, and then we investigate a number of properties with a special
emphasis on the invertibility of generalized multipliers. Finally, in Section 5, we
focus on studying the matrix representation of operators using g-frames.

2. Notation and preliminaries

Throughout this article, H and K are separable Hilbert spaces and {H; : ¢ € I}
is a sequence of Hilbert spaces. Moreover, B(H, H,) is the collection of all bounded



182 H. HOSSEINNEZHAD, G. ABBASPOUR TABADKAN, and A. RAHIMI

linear operators from H to H;. Note that for any sequence {H,; : ¢ € I}, we can
assume that there exists a Hilbert space K such that, for alli € I, H; C K (e.g.,
K = @,c; Hi)- So throughout the article, we understand the inner product (g;, g;)
for g; € H; and g; € H;, as the inner product in the bigger Hilbert space K.

Definition 2.1 ([24, Definition 1.1]). A sequence {A; € B(H,H;) : i € I} is called
a generalized frame, or simply a g-frame, for H with respect to {H; : i € I} if
there exist constants A and B, 0 < A < B < oo, such that

AllfI5 < D NAif o, < BIIG. (€ H). (2.1)

el

The numbers A and B are called g-frame bounds.

The family {A; : @ € I} is called a tight g-frame if A = B and a normalized
tight frame if A = B = 1. If in (2.1) only the second inequality holds, then the
sequence is called a g-Bessel sequence.

Definition 2.2 ([24, Definition 3.1]). A sequence {A; € B(H,H;) : i € I} is called
g-complete if {f : A;f =0, i € I} = {0}, and it is called a g-orthonormal basis
for H if it satisfies

(1) (Afgi, Ajgj) = 6i(9i,95)s (0,5 € 1,9 € Hi, g; € Hy),

(2) Xier INFIZ = WIfIP, (f € H).
A sequence {A\; € B(H,H,;) : i € I} is said to be a g-Riesz basis if it is g-complete
and there are positive constants A and B such that, for any finite subset J C I
and f; € H; i € J,

2
AN, < | XA < BY sk,

ieJ ieJ ieJ

For each sequence {#,; : i € I}, we define the space
(EB’H)@ ={(fier: fretiiel, and Y IAl, < oo}

el el

with the inner product defined by ((f;)icr, (9i)ier) = Y _icr(fi» gi)- It is clear that
(B,c; Mi)ex(r) is a Hilbert space.

Remark 2.3. Suppose that for each i € I, {€} }xek, is an orthonormal basis for
H;. For each i € I,k € K;, we define E} = (8; je)je1, where d; ; is the Kronecker
delta. It is clear that {E} }icrrex, is an orthonormal basis for (,.; Hi)e ) and
that, for each (f;)jer € (B,c; Hi)e2(r), we have

<(fj)]€fa Elzg> = <f27 62)
We define the synthesis operator for the g-Bessel sequence A = {A;}ic; as

follows:
TA <@H>g2 _> ) fz el — ZA*fz

el el
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The series converges unconditionally in the norm of H. It is easy to show that
the adjoint operator of T} is

Tiin— (@), . Tif = Af)er
il @
The operator Ty is called the analysis operator for {A;};c;. Composing T and
T%, the g-frame operator is obtained as follows:

Sy=TaTy:H—H,  Saf=> AAS
iel

If A={A;:7 €I} is ag-frame for H with respect to {H; : ¢ € I} with bounds
A and B, then the g-frame operator Sy : H — H is a bounded, positive, and
invertible operator.

The canonical dual g-frame of A = {A; : i € I'} is denoted by A = {A; : i € I},
where for each i € I, A; := Angl, which is also a g-frame for H with frame
bounds B~! and A~!. Moreover, we have the reconstruction formula as

F=Y NAF=) NAS, (feH),
iel el

Sometimes the reconstruction formula of g-frames is valid with other g-frames © =
{O;}icr instead of A = {A;S} ' }ies. They are called (alternative) dual g-frames of
A = {A;}ic;. By using the analysis and synthesis operators of A and O, they are
a dual pair if T\T§ =1 or TeTy = 1.

Let A; € B(H,H;). Suppose that for each i € I, {€} }rck, is an orthonormal
basis for ‘H;, where K is a subset of Z. Then

f = <Alf7 6§€>

defines a bounded linear functional on H. Consequently, for each 7 € [ and k € K,
we can find uf € H such that for each f € H, (f,ul) = (A;f,¢€l). Hence

keK;
and
Afgi = Z (90, er)ur, (i €1,9i €Hy). (2.3)
keK;
In particular,
uy = Ajel, (i€l kekK,). (2.4)

We call {ul :i € I,k € K;} the sequence induced by {A; : i € I} with respect to
{ei :iel ke K}

In order to present the main results of this article, we need the following the-
orem that describes the relationship between the sequence {A; : i € I} and its
induced sequence {u} :i € I,k € K;}.

Theorem 2.4 ([24, Theorem 3.1]). Let A; € B(H,H;), and let u}, be defined as
in (2./). Then we have the following:
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(1) {A; : i € I} is a g-frame (resp., g-Bessel sequence, tight g-frame, g-Riesz
basis, g-orthonormal basis) for H if and only if {ul :i € I,k € K;} is a
frame (resp., Bessel sequence, tight frame, Riesz basis, orthonormal basis)
for H;

(2) the g-frame operator of {A; : i € I} coincides with the frame operator for
{ui i€ Ik € K;};

(3) {A; - i € I} and {A; : i € I} are a pair of (canonical) dual g-frames if
and only if the induced sequences are a pair of (canonical) dual frames.

The following proposition gives a criterion for the invertibility of operators.

Proposition 2.5 ([14, Corollary 8.2]). Let F' : H — H be invertible on H.
Suppose that G : H — H is a bounded operator and that |Gh — Fh| < v||h],
for all h € H, where v € [O,ﬁ). Then G is invertible on H and G™' =

Yol TN - G

3. Bessel multipliers and g-Bessel multipliers

Bessel multipliers in Hilbert spaces were introduced by Balazs in [2]. Given
two Bessel sequences G = {g; }icr and F' = {f;}ic;r in H and the weight sequence
m = {m; }icr, the Bessel multiplier for these sequences is an operator on H defined
by

M, c.r(f) = Zmi<fa figi, (f €H). (3.1)
el
Several basic properties of these operators were investigated in [2]. It should be
mentioned that multipliers are not only interesting from a theoretical point of
view, but they are also used in applications, particularly in the fields of audio
and acoustics (see [26]). The concept of multipliers has been extended in several
directions (for instance, multipliers for g-Bessel sequences were introduced by the
third author in [22]). Moreover, X -Bessel sequences in Banach spaces and Bessel
sequences in Hilbert modules have been studied in [13] and [16].
Let {#; : i € I} be a family of Hilbert spaces. Let A = {A; € B(H,H;)} and
© = {0, € B(H,H;)} be g-Bessel sequences for H with bounds B, and Bg. For
a weight m = {m, },e; € (>°(I), the operator

Muae(f) =Y mlOif, (f€H), (3:2)
el
is called the g-Bessel multiplier of A,© with symbol m. In fact, a g-Bessel mul-
tiplier M, o can be written as

M,.r0 = T\D, 15, (3.3)

where D,, is the diagonal operator
Dmi( z) —>< z) ) Dy (&i)ier = (mi&i)ier-
EB’H e GBH e (&)ier = (mi&)ier

As was mentioned, multipliers are defined by a fixed multiplication pattern (the
symbol) which is inserted between the analysis and synthesis operators. For a
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theoretical approach, it is very natural to extend this notion by replacing an
arbitrary operator on the sequence space by the fixed multiplication operator
and consider such operators in more general settings. (This idea was considered
by Balazs in [3] and was investigated in more detail in [1].)

Definition 3.1. Let G = {g¢;}icr and F' = {fi}icr be Bessel sequences in H,
and let U be an infinite matrix defining a bounded linear operator on ¢(I),
(Uc)i = >, wikck. Then the operator My ¢ : H — H, defined by

Mycr(f) =TeUTH(f) = Y uei(f. fdge.  (f €H), (3.4)

kel jel

is considered the generalized multiplier for the Bessel sequences F' and G with
symbol U.

The interested reader can find the properties of this operator in [1] and [3]. In
the next section, we introduce the concept of generalized multipliers for g-Bessel
sequences and investigate some properties of such operators.

4. Generalized multipliers associated with G-Bessel sequences

It is well known (see [14]) that for given bounded linear operator U on a
separable Hilbert space H and an orthonormal basis {e;};c; for H, the matrix
that arises from U and the orthonormal basis is denoted by U;; = [u;;], where
u;; = (Uej, e;). Moreover, the operator induced by the matrix U;; on ¢*(I) is

defined by
U () = (), ((U)),, = (Z(Uek,e¢>ck)id, (c € (D).

kel

It is clear that ||U]|op = ||U'||op. Indeed for each ¢ € £2(1),

2 ) 9
1Ueliry = | S Weneen| = T UTeen @2y < N0 el

i€l kel

So [|U"[lop < |U]|op- On the other hand,
1U SNl = HZ< < (f, ex €k) 6i>ei N =

and hence ||Ullop < ||U’ |lop- Furthermore, U is invertible if and only if U’ is
invertible.

Now, suppose that U : (B,.; Hi)eay — (D,e; Hi)eer) is a bounded linear
operator and f = (f;)ier € (B,c; Hi)ez(ry- If for each j € I, we define the opera-
tors V; and W; as

Vj: (ZQQ Hi)ﬁ(l) — H,;, Vi(fi)ier = 15,

Wj:Hj%(@Hi)ZQ(I), Wif = (0.0, f ,0,...),
iel h

1Ty UT ey fllae < 10 lopllf 132
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then
(U =ViUF = ViU (Y WiVif) = S ViOWsfy = > ufy,  (4)
jel jel jel
where u;; = V;UW,; € B(H;,H;). So, we can consider the (infinite) matrix arising

from U as
Uipz U2 ... Uiy

Ui,j — U1 U22 ... U5 ... | . (42)

On the other hand, since w;; € B(H;,H;), 1,7 € I, it can also induce a matrix
as [(uij)wr) = (uiel, ek, where for each i € I, {e}}rex, is an orthonormal basis

for H;. Therefore, U, ; looks like a block matrix of matrices. Hence, the operator
(D, (K ))gz () = (B, 12(K;))eqry induced by the matrix (4. 2) is obtained

((U/(Cli)jel,keKj),;/ ZEI kK EK; = <Z Z uljek)?ek’ ) EI,k'GK»;’ (43)

Jj€l kEK;

as

for every (c})jernex; € (B, (*(K;))e(r). Furthermore, we have ||U]|op = ||U”[|op-

We now extend the notlon of generalized multipliers to g-frames. In the remain-
der of this article, special attention is devoted to the study of invertible generalized
multipliers.

Definition 4.1. Let {#H; : i € I} be a family of Hilbert spaces. Let A = {A; €
B(H,H;)} and © = {©; € B(H,H;)} be g-Bessel sequences for H with bounds
By and Be. Moreover, we should let U : (B,c; Hi)eery — (Dic; Hi)ezary be a
bounded linear operator. Then the operator My o : H — H, defined as

My e = TaAUTE, (4.4)

is considered the generalized multiplier of g-Bessel sequences A and © with symbol

U.

Clearly, MU,A,@ is well deﬁned, and ||].v.[U7A’@||0p S vV BAB@”U”op

As is mentioned above, every operator U : (B,c; Hi)exry — (D;e; Hi)ee(r) has
the matrix description defined by U = [u;;], where u;; = VU W;. Hence, by usmg
(4.1), the generalized Bessel multiplier can be shown in the form

Muae(f) =TaAUTE(f) = Z ZA:Uz‘j@j(f)~ (4.5)
iel jel
We will use both (4.4) and (4.5) in this article.
Ezample 4.2. Let A and © be two g-frames for H. Then, as is proved in [18,
Proposition 3.5], there exists a bounded linear operator U : (,c; Hi)e2(y —
(B,c; Hi)ez(ry such that for any f € H, T§(f) = UTx(f). Hence, the frame

operator
Soe =TTy =ToUTy = Myena

is a generalized frame multiplier of A and © with symbol U.
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Remark 4.3. Let B(#H) denote the C*-algebra of all bounded linear operators on
H. For a compact operator U € B(H), let A;(U), A\2(U), ..., denote the singular
values of U, that is, the eigenvalues of the positive operator |U| = (U*U)'2. For
1 < p < oo, the Schatten p-class S,(H) is denoted by the set of all compact
operators U for which ). A'(U) < co. For U € S,(#), the Schatten p-norm of U
is denoted by

ol = (3 w) "

It is worth mentioning that the concept of Schatten p-class can be defined for oper-
ators between different Hilbert spaces in a similar way (see [21]). As a consequence
of [21, Theorem 15.5.7], it is easy to verify that, for Hilbert spaces H1, Ho, Hs, Ha
and operators U € B(Hi,H2),V € B(Ha, Hs), and W € S,(Hs3, H1), we have
UW € S,(Hs, Hs) and WV € S,(Ha4, H1). Moreover, [UW|, < [[W||,||U|lop and
WV, < [[WlpllV |lop- (We refer the reader to [21] for more detailed information
about these operators.) So, we conclude that if U € S,((D,c; Hi)e2(r)), for some
1 < p < o0, then by (4.4), the generalized multiplier My 5 o also belongs to the
same class of operators.

In [22, Theorem 4.7], the third author proved that for m € ¢’(I), the mul-
tiplier M, belongs to S,(H) if (dim#,;)ie; € ¢*(I). The following example
shows that for some m = (m;)ic; € (B;c; P(I;))er (1), the generalized multi-
plier M,,, € S,(H) while (dim#,;);e; ¢ ¢>°(I), where for each 1 < p < oo the
space (D ,c; F(K;))e(r) is defined as follows:

(D), = {m)er:m; € () and {lmjll},., € (1)} (46)

Jjel

Ezample 4.4. Suppose that {H; : i € I} is a sequence of finite-dimensional Hilbert
spaces and that, for each i € I, {€}}rck, is an orthonormal basis for H;. Fur-
thermore, let dim(#;) = |K;| (cardinality of the set K;). Consider the diagonal
operator Up, : (B,c; Hi)ex(ry — (B, Hi)ez(ry which is defined by

UnE. =cE., (iclkeK,;),

where E! :'(5@]'62)]'61 is an orthonormal basis for (B,.; Hi)e(y and m =
(mi)ier = (¢,) € (B,er 0°(K5))ee(r). Then, for two g-Bessel sequences A =
{A;}icr and © = {O,},cr, we can define the generalized multiplier My, Ao =
T\U,, T4, which is a more general form of (3.3).

Now, we are going to show that if (m;)ic; € (B,c; P (K5))ew(r), for some 1 <
p < 00, then Uy, € S,((P,c; Hi)ery)- Indeed, let {Ej}je[ be the rearrangement
of {E} :1 € I,k € K,} given by

Ej = El:hLl’ j > |K1|7
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where n =max{m € I : j > |Ky|+ -+ |K,y|} and k = j — (|Kq| + -+ + | K,]).
Therefore, the sequence {E;};c; has the form

{EJ}Jejz{Ell,,E‘lf(1|7E12,’E|2](2|,7E17 rK|’}

Thus, for every

= (fi)ier € <€B7—L> and m = (m;)ier € (EBE” ) )

i€l el

we have
Unf =) > ([ ENUE) =) mi{f . E)E,
i€l keK; jel
where
(M) jer = (cq, - ,c|1K1|,cf, . ,chﬂ, s Chy s Clpeypy )
Moreover,
- 1/p » 1/
(2 binsl) ™ = (3 limally)
jel el

which implies that U, € S,((D,c; Hi)e2(r)) and so, by Remark 4.3, the multiplier
My, ro € Sp(H). Now, let {H; : i € I} be a sequence of Hilbert spaces with
dim(H,;) = 2071 i = 1,2,... and my = {1}, ma = {3,3}, ms = {3, %, 5,3}, -
Then {rm;}jer = {1,5.5,...} € #(I), 1 < p < o0, and so My,, € S,(H), Whlle

(dim H;)ier & €(1).

The following lemma gives the connection between generalized multipliers of
g-Bessel sequences and generalized multipliers of Bessel sequences.

Lemma 4.5. Every generalized multiplier of g-Bessel sequences is a generalized
multiplier of the induced Bessel sequences.

Proof. Let A = {\; € B(H,H;)} and © = {©; € B(H,H;)} be g-Bessel sequences
for H with induced sequences {\; : i € I,k € K;} and {0} : i € I,k € K},
respectively. Then by using (4.5), (2.2), and (2.3), we get

My a6( Z Z Ajui;O;

el jel

-S> 9z>uw~eﬁ;)

i€l jel kekK;

= Z Z <Z Z (f, H@uije{c, ez,>>\2,

i€l kK'eK; jel kekK;

:ZZ Z Z(f,@j (ugjel, et )AL

icl jel Kek; kek,

= My a.r(f),
WhereG:{)\z:iEIkeK} F =10 :i¢€ Ik e K}, and U’ :
(DB, C(K;))eery — (B, C(K;))e(ry is defined as (4.3). O
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The next proposition determines equivalent conditions under which the gener-
alized multiplier is invertible.

Proposition 4.6. Let A = {A; € B(H,H:)} and © = {©, € B(H,H;)} be two
g-frames for H, and let U € B((B,c; Hi)exry)- Then the following assertions are
equivalent:

(1) Myae is invertible if and only if U is invertible,
(2) both A and © are g-Riesz bases.

Proof. Suppose that A and © are g-frames for H with induced sequences {\§ :
i€l keK;}and {0 :i€ I ke K,;}, respectively.

To derive the first statement from the second one, we assume that A and ©
are two g-Riesz bases for H. Then by Theorem 2.4, {\, : i € I,k € K;} and
{0; :i € I,k € K;} are Riesz bases for H. If the generalized multiplier My A o
is invertible, then by Lemma 4.5, the multiplier My ¢ r is also invertible. Since
the sequences G = {\, }icrkex, and F = {0} }icr kek, are Riesz bases, then by [1,
Proposition 4.1], U’ is invertible and so is U. Conversely, if U is invertible, then U’
is invertible. Due to the fact that F' and G are Riesz bases for H, it follows from
[1, Proposition 4.1] that My ¢ r is invertible and hence My 5 g is also invertible.

To obtain the second statement from the first one, set U = 17Tg. Thus,

Muyae = TaUTE = Ta(TiT5)Te = 1.
So by the assumption, U = T5Tg is invertible. In particular, Tg is injective and
has closed range. Hence by [20, Lemma 7], © is a g-Riesz basis, and by [19,
Theorem 4.2] we conclude that © is also a g-Riesz basis. Furthermore, since T is

also injective, the same technique can be used for showing that A is also a g-Riesz
basis. ]

In the following, we show that the invertibility of the generalized multiplier
implies that the underlying g-Bessel sequences are g-frames.

Proposition 4.7. Let A = {A; € B(H,H;)} and © = {©; € B(H,H;)} be two
g-Bessel sequences for H. If the generalized multiplier My s o is invertible, then
both A and © are g-frames for H.

Proof. Suppose that A and © are g-Bessel sequences for H with induced sequences
{\i i€ Lk e K;} and {0, : i € I,k € K;}, respectively. Since My o is
invertible, by Lemma 4.5 My ¢ p is invertible. Now since, by Theorem 2.4, the
sequences G = {\! bicrrex, and F = {0} }icr ek, are Bessel, it follows that, by
[1, Proposition 4.2], both F' and G are frames for . Hence, Theorem 2.4 implies
that the sequences A and © are g-frames for H. O

We immediately obtain the following useful corollary.

Corollary 4.8. Let A = {A; € B(H,H;)} be a g-Riesz basis, and let © = {0©, €
B(H,Hi)} be a g-Bessel sequence for H. Moreover, let U € B((D,;c; Hi)exr)) be
invertible. Then My a o ts invertible if and only if © is a g-Riesz basis for H.

In the following two propositions, we show that under certain conditions the
invertibility of generalized multipliers can be stable.
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Proposition 4.9. Let A = {A; : i € I} be a g-frame for H with bounds A, B, and
let ©; € B(H,H;). Moreover, suppose that there exists a constant 0 < p < 1/\/§

such that
(Z”(@i — [\i)f‘

i€l

1/2
) <l (4.7)

Then

(1) {©; :i € I} is a g-frame for H,
(2) Myae is invertible.

Furthermore, suppose that U is a bounded linear operator on (B, Hi)ex(r) with
U] < 3 and |U - I| < %. If (4.7) holds, then My a o is invertible.

Proof. (1) By [25, Theorem 3.1}, the proof is evident.
(2) For every f € H, we have
IMraef = flln = I1TATe f — TaAT flln
= [ 7Ta(Te = 1)1,
_ 5 \ 1/2
<VB(Ylle: = A)flf5, )
icl
< VBul|flls < I Il

which shows that ||M;xe — I|lop < 1. Therefore, M, o is invertible.
Let us deal with the second claim. For each f € H,

Muaef = fllu < [[Muaef —Myaiflln+ IMyaif —Mpaiflln
= |TAU(T = T3) f|],, + | Ta(U = DT5 f
VB
< VBu||U||, + =|U =1, < .
< VBul|U|lopll fll# ﬂll lopllf Il < NIl

Since [|[Mpyae — I||op < 1, it follows that My 5 g is invertible. O

”

Proposition 4.10. Let A={A\;:i€I},0={0,:i €I}, andT ={T;:i €I}
be g-Bessel sequences for H, and assume that there exist constants Ay, Ao, u > 0
such that

IS -
i€ly

+)\2‘
H

<\
H

SOA S| +u(0R) L @)
el el el

for any finite subsets Iy C I and f; € H;. Moreover, suppose that there are
Ui, Uy € B(D,c; Hi)ex) with ||[Uy — Usllop < €. If My, a0 is invertible and

v/ BaBee + VBo(MV By + MoV Br + )| Uzlfop < (4.9)

HMﬂll,A,@Hop’

then My, r.e is also invertible.
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Proof. By (4.8) and (4.9), we have
M,.a0 — My, rellop
< My, a0 — My, a6llop + [[Muya0 — Mo, rellop
= ||Ta(Ur = )T |, + [[(Ta — Tr)USTS ||,
< V/BrBo||Ui = Usllop + VBo(MVBy + AV Br + 1) [ Uzl op

< /BaBoe + VBo(MVBx + AoV Br + 1) ||Us|op
1
||M nellop’
which implies, by Proposition 2.5, that My, r e is invertible. O

As a consequence of Proposition 4.10, we have the following corollary.

Corollary 4.11. Let T' = {T'; : i € I} be a g-frame with bounds Ar, Br, and let
A ={A; : i € I} be a g-Bessel sequence with bound By for H such that (}.8)
holds. Moreover, let U € B((D,c; Hi)eery) such that ||U — If|op < €, for some
positive constant €. If

\/MG + \/B_F(/\l\/EA + )\2\/§r +p) < Ar,
then My ar is invertible.
Proof. For every f € H,
IMuarf = Scfllu < [Muarf — TaTy flla + 1TATEf = Srfllu
< || T = DTz f{ly, + [1(Tn = To)Te £,
< \/mﬁHfHH +VBr(MVBy + A VBr + )| f |l

[nalezs

< Acll <

o=t
||0p
Now, Proposition 2.5 implies that My 4 r is invertible. 0

5. Generalized cross-Gram matrix for g-frames

The matrix representation of operators in Hilbert spaces using an orthonormal
basis (see [8]), Gabor frames (see [15]), and linear independent Gabor systems (see
[23]) led Balazs to develop this idea in full generality for Bessel sequences, frames,
and Riesz sequences (see [3]). Those matrices are constructed by composing the
given operator V' with the synthesis and analysis operators. Therefore, they can
be considered as a generalization of Gram matrices. In this section, we are going
to develop this idea for g-Bessel sequences from a different viewpoint.

Definition 5.1. Let A = {A;}ie; and © = {0, };c1 be g-Bessel sequences in H. For
given V' € B(H), the matrix Gy a e, defined as

(Gvae)ij = AiVO], (5.1)

is called the generalized cross-Gram matrixz for A and © with symbol V. Therefore,
Gy ae looks like a block matrix of operators in B(H;, H,;).
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It is obvious that the generalized cross-Gram matrix defines a bounded linear
operator on (@]EI i)e- In fact, for every f = (f;)jer € (@jel Hi)e )

(Gvaef)i = Z(GVA@ ali = S AVEL = AV (30 0) = M(VTof),

JeI Jel Jel

which shows that as operator we have Gy e = TRV 7Te. Moreover, G%‘/’A@ =
GV*,@,A and

IGvaellor < v/ BaBel[V|lop-

Since matrices are helpful in solving operator equations, the algebraic properties
of matrices may then be used to solve the equations. For instance, the invertibility
of matrices plays a key role in this topic. Therefore, it would be very interesting to
provide some conditions for the invertibility of the matrix description of operators.

The following proposition gives us a sufficient and necessary condition for the
invertibility of the generalized cross-Gram matrix. Before proceeding, we need
the following lemma.

Lemma 5.2. Let A = {A;}icr be a g-Riesz basis for H with the unique (canonical)
dual g-Riesz basis A = {A;}ic;. Then T STh=1.

Proof. For every f = (fi)icr,9 = (gi)icr € (@ H) 2(I)s

(TRTnf,9) = (Taf Trg) = <Z A*fz,ZA*g]> =Y Y (A fAg)

el J€el el jel
=3 6iilfngi) = (f.9),
i€l jel
which implies that T3T) = I. (]

Proposition 5.3. Let A = {A;}ie; and © = {O;}ier be g-Riesz bases for H.
Then Gy e is invertible if and only iof V' is invertible.

Proof. Suppose that A = {A;};c; and © = {©,},c; are the canonical dual g-Riesz
bases of A and O, respectively. If V' is invertible, then

(TRVTe)TLV\Ty) = TVV Ty = TiT; = 1.

Furthermore, one can check that (TZV T3 )(T3VTe) = I, and so Gy e is invert-
ible. Conversely, let Gy s ¢ have the inverse G‘_/}A’@. Then

V(ToGyy oTx) = TiTx (VTG o) Tx = Ti(TxVTe Gy o) Th = TiTx =1,
and by the similar argument (T@G‘_,}A’@T )V = I. Hence, V is invertible. O

In the next result, we characterize generalized cross-Gram matrices of g-ortho-
normal bases.

Proposition 5.4. Let A = {A;}ic; be a g-frame for H. Then A is a g-orthonormal
basis for H if and only if Graa = 1.
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Proof. First, assume that {A;};c; is a g-orthonormal basis for H. Then for every

f=(fi)ier,9 = (9i)ier € (D, Hi)exr)

(Granf.) = ({ANT} _Aodier) = S (D AN fiay)

el jel el
=33 (Ajfi Algy)
jel iel
= Z<fj7gj> = <f7g>7
J€elI

which shows that Gyaa = 1.
Conversely, assume that Gy =TTy = I. Then

S2 = T\TiTAT; = TAT; = Sh.

Since Sy is invertible, we conclude that Sy = I. So, for every f € H,
1F13, = |(Saf. )] = (<ZA*A 1.1)| = \Z (AN )| = 2Nl (62

Now we prove that, for every f; € H; and f; € H;, 4,5 € I,
Assume that f = {0,...,0, f;,0,...}, for an arbitrary j € I. Then
f=TTA(f) = {Nil\} fi }ier,

which implies that A;A} = 0;;,4,j € I. Therefore, for every f; € H; and f; € H;,
1,7 € I, we have

(A7 fis ;) = (fis AfAS f3) = (i i fi) = 6ag(fis £i)- O
Our next result shows that the invertibility of the generalized cross-Gram

matrix of two g-Bessel g-complete sequences implies that both of them are g-
Riesz bases.

Proposition 5.5. Let A = {A;}ie; and © = {O;}icr be two g-complete g-Bessel
sequences for H, and let V€ B(H). If Gy is invertible, then both A and ©
are g-Riesz bases for H.

Proof. Suppose that A is a g-complete g-Bessel sequence for H. We show that ©
is a g-Riesz basis for H. For every f = (f;)icr € (B, Hi)e(n)

1F I, . = [F: )]
= | Gf/l,\@Gv,A,@ﬂ f>‘
< ”GVA8||0p||GV,A7@f||(@lE] Hz)g2(])||f||(@151 Hi)[Q([)

< VBAlIGyp ellop IV llop 1T f Il l@.c, 2,
= VBAlGh ellopVIlop|| Y ©5 f:
i€l

H||f||(@z€[ Hi)gQ([)’
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which implies that

1 171 <|>eu 53)
- c1 Hi — iJt . .
BAllGh o3 IIVIR, " @ret #0a = [l 2Pl
Moreover, clearly
2
I> 01|, = ITe sl < Bollflig, ., 1ony (5.4)
el

By considering the inequalities (5.3) and (5.4) and due to the fact that © is
g-complete, we conclude that © is a g-Riesz basis for H. For the second part, it
is enough to imply the same process for G,y g = Gy+ e a- O

Now, we immediately obtain the following useful corollary.

Corollary 5.6. Let © be a g-Riesz basis, let A be a g-complete g-Bessel sequence
for H, and let V € B(H). Then Gy e is invertible if and only if A is a g-Riesz
basis for H and V is invertible.
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