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ABSTRACT. In this article, we first give an essential characterization of Toeplitz
operators with quasihomogeneous symbols on the weighted pluriharmonic
Bergman space of the unit polydisk. Then we completely characterize when the
product of two Toeplitz operators with monomial-type symbols is a Toeplitz
operator. As a result, some interesting higher-dimensional phenomena appear
on the unit polydisk.

1. Introduction

Let D be the unit disk in the complex plane C, and let D™ be the unit polydisk
in the complex vector space C*. For A = (A1,...,A,) with A; > —1 and z =
(21,...,2,) € D", we write

duy(z H A+ 1D)(1—|z]?) jdA(zj),
7=1

where dA denotes the normalized area measure on D. The weighted pluriharmonic
Bergman space of the unit polydisk b3 (D") is the closed subspace of L*(D", dvy)
consisting of all pluriharmonic functions on D". For f € L>(D", dv,), the Toeplitz
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operator Ty with symbol f on b3(D") is defined by

Ty(h) = Qx(fh), heb3(D"),

where @), is the orthogonal projection from L*(D",dvy) onto b3 (D").

In this article, we are concerned with the problem of when the product of two
quasihomogeneous Toeplitz operators on b3 (D") is a Toeplitz operator. Recall
that a bounded function f on D" is called quasihomogeneous if it has the form

fre, . rpe®) = ePOp(r) = Pt tpnbn) o ),

where p = (p1,...,pn) € Z" and (1) = @(r1,...,7,) is a separately radial func-
tion. In this case, the associated Toeplitz operator T} is called a quasihomoge-
neous Toeplitz operator of degree p. Now, if R, denotes the set of all nonnegative
real numbers and [ = (l;,...,[,) € R}, then the quasihomogeneous function
rleird = rlll <yl eiPr01tFpabn) g said to be of monomial type. Obviously, if both
[+pandl—p e (2N)", then r'e®? is just the ordinary monomial z(+P)/2z(=p)/2,

The problem of characterizing when the product of two Toeplitz operators is
another Toeplitz operator has been studied for many years on various classical
function spaces. In 1963, Brown and Halmos [2] proved that T}T, is a Toeplitz
operator on the Hardy space of the unit disk if and only if either f or g is
analytic. For the Bergman space of the unit disk, Ahern and Cuckovié [1] showed
that a Brown—Halmos-type result holds for Toephtz operators with harmonic
symbols. Later, Louhichi, Strouse, and Zakariasy [13] gave necessary and sufficient
conditions for the product of two quasihomogeneous Toeplitz operators to be
a Toeplitz operator. (For related results on the harmonic Bergman space, see

In the setting of the unit polydisk, the problem is known to be much more
delicate and somewhat challenging. For example, TT, is a Toeplitz operator on
the Hardy space of the unit polydisk if and only if T}7, = T}, and, for each i €
{1,2,...,n}, either f(2) or g(2) is analytic in 2 (see [5], [9]). Later, similar results
were obtained on the Bergman space of the unit polydisk by Choe, Lee, Nam, and
Zheng [4] with pluriharmonic symbols. Just recently, in [11], the current authors
completely characterized finite-rank commutators and semicommutators of two
monomial-type Toeplitz operators on the weighted Bergman space and weighted
pluriharmonic Bergman space of the unit polydisk. In this article, we extend the
results of [6] to the polydisk; namely, we first give an essential characterization
of the quasihomogeneous Toeplitz operator on b3(D"), and then we use it to
study when the product of two quasihomogeneous Toeplitz operators is a Toeplitz
operator.

For an n-tuple k = (ky,...,k,) € N*U (=N)", we denote |k| = (|k1], ..., |kn])-
Note that zF = rl*le®0 if k € N* and that z¥l = rlFle?t0 if £ € (-N)", so

(1B + A +2) 'kz'e}
! 1.1
H\/ L(A; + 2)| k]! e kENTU(—N)» (1.1)

is an orthonormal basis for b3(D"). Thus Lemma 2.1 implies that quasihomo-
geneous Toeplitz operators are natural analogues of the classical bilateral shift
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operators. Moreover, quasihomogeneous Toeplitz operators on b%(D") have very
interesting structure and enjoy some meaningful properties. We first give the
following essential result.

Theorem 1.1. Let p € Z", and let f be a bounded function on D". Then f is
a quasithomogeneous function of degree p if and only if the following equivalent
conditions hold:
(a) there ezist (Cpp)penn such that Ty(2%) = C, prE+PleiE+0)0 yith C ) = 0
if k+p¢ N*U(-N)",
(b) there exist (C} . )kenn such that Ty(Z") = C]’mkr‘k*p'ei(*“p)'(’? with C), =
if —k+p¢ N"U(=N)".

Clearly, Theorem 1.1 shows that a Toeplitz operator is quasihomogeneous on
b3 (D™) if and only if it is a weighted shift operator when applied to the holomor-
phic part or the conjugate holomorphic part of the orthonormal basis for b3 (D).
Next, we show a necessary condition for the product of two quasihomogeneous
Toeplitz operators on b3 (D") to be a Toeplitz operator.

Theorem 1.2. Let p,q € Z", and let f and g be two bounded quasihomogeneous
functions on D™ of degrees p and q, respectively. If there exists a bounded function
h such that

TT, =Ty,
then h is quasihomogeneous of degree p + q.

To state our last result, we need the following notation and definition (see
[11]). For two multi-indexes p = (p1,...,pn) € Z" and ¢ = (q1,...,qn) € Z", the
notation p > g means that p; > ¢;,j = 1,...,n. Let [;, m; € Ry and let p;, ¢; € Z.
Then we say that a tuple (I;, p;, m;, ¢;) satisfies [11, Introduction, Condition (.J)]
if at least one of the following conditions holds:

i) I; = p; = 0 (i.e., the function r'e®? is a constant in z;),

ii) m; = ¢; = 0 (i.e., the function r™e? is a constant in 2;),

(iii) {; = p; and m; = ¢; (i.e., both r'e®? and r™e!?? are analytic in z;),

(iv) l; = —p; and m; = —¢q; (i.e., both rle®?? and r™e'? are coanalytic in z;),
v) pi = ¢ = 0 (i.e., both 7'e®? and r™e? are radial in z;),

le?? is identically equal to r™e

(vi) I; = m; and p; = ¢; (i.e., 7le iq0

in z).
The following theorem completely characterizes when the product of two mono-
mial-type Toeplitz operators on b3 (D) is a Toeplitz operator.

Theorem 1.3. Let [,m € R}, and let p,q € Z". Then the following statements
are equivalent.

(a) The product TyigipeTymeiqo is equal to a Toeplitz operator Ty,

(b) The product Tymgiqo T izime is equal to a Toeplitz operator T,.

(¢) The following two conditions hold.

(c1) The symbol h = e'P+O 0TI 4);(r;), where the ;s are the (bounded)
functions

litpi li+qi mi—gi mi—pi

{ﬁf C et it pi# =g

Vilri) =4
ri (1 + (I + pi) log 1) if li 4 pi =mi — g;.
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(c2) One of the following conditions holds.
e Foreachi € {1,2,...,n}, eitherp;=1;=0 orp; =¢q; = 0.
e [oreachi € {1,2,...,n}, either g =m; =0 or p; = q; = 0.
e Neither p X 0, ¢ < 0 norp = 0, ¢ = 0, and for each i €
{1,2,...,n}, (liypi;,mi,q;) satisfies [11, Introduction, Condi-
tion (J)].

In the case when n = 1, Theorem 1.3 shows that the product of two monomial-
type Toeplitz operators is a Toeplitz operator on the weighted harmonic Bergman
space of the unit disk only when one of the following conditions holds:

(I) one of the two operators is the identity operator;
(IT) both operators are diagonal (induced by radial symbols).

The two conditions above are often called the trivial (or obvious) cases (see [6]
for this 1-dimensional result). However, our method, whose main idea is adapted
from [11], is entirely different from that of [6].

When n > 1, Theorem 1.3 produces lots of nontrivial cases when the product
of two monomial-type Toeplitz operators is a Toeplitz operator. For example,
Tortoa2Tloalz = Toyjza2(14210g |2o)) OD D3(D™). (See Examples 3.3 and 3.4 for more
complicated cases.) As a consequence, some interesting new phenomena appear
in operator theory on the unit polydisk.

2. Basic results of quasihomogeneous Toeplitz operators

In order to prove our main results about quasihomogeneous Toeplitz operators
on b3 (D"), we first recall some standard notation in this section. Let A%(D") be
a Bergman space over the polydisk, which is the closed subspace consisting of all
analytic functions in L?*(D", dvy). The reproducing kernel of A3(D") is

n

LA+ ki +2) &,
()‘) —k; n
K Hl—wz N2 HZ FA+2k'“’ﬂZ” zw e,

j=1 j=1k;=0

where each component is the reproducing kernel of Bergman space over the unit
disk (see [10]). Since b2(D") = AZ(D") + A2(D"), the reproducing kernel R in
b3 (D™) is given by

RY = KM 4 kM 1.

z

Therefore, the projection @), can be represented by

Or(F)(2) = (Qu(f), ROY = (f, KN + KV — 1),

where (, ) denotes the inner product in L*(D", dv,).
Let ¢ € L'(D", dvy) be a separately radial function. Then we define the Mellin
transform @ of the function ¢ by

n

z—l znl
/ / (riy ..o, rp)rit Hl—r

Jj=1
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It is clear that @ is well defined on {z € C" : Rez; > 2,j = 1,...,n} and is
holomorphic on {z € C": Rez; > 2,5 = 1,...,n}. For another separately radial
function ¢ € L'(D", dv,), the multiplicative convolution is defined by

7" Tn ~ dtl
(QO*MQ;D) ry...,Tr / / 1 >¢(t1,,t) t_
i=1 '
Then it is easy to see that
xa P(2) = P(2)9(2). (2.1)
A direct calculation gives the following lemma (see [11, Lemma 3.2]).

Lemma 2.1. Let p € Z", let k € N* U (=N)", and let ¢ be a bounded separately
radial function on D"™. Then

Ty B Pl k)0 |t € NP U (=N)?,

Teip%(rlkleik-e) _ {Op

otherwise,
where
'H}HW 52k +p+2) if k>0 and k+p >0,
Wy remomaienzo
pk

H;L12FF((Af—Jl)(IJJIZAJ;2)' P(—2k—p+2) ifk=<0andk+p=0,

n  2I(k; Aj+2 .
T T i@ +2) if k=0 and k+p = 0.

We are now ready to prove Theorem 1.1, which characterizes all quasihomo-
geneous Toeplitz operators on the weighted pluriharmonic Bergman space of the
unit polydisk.

Proof of Theorem 1.1. We fix a p € Z™ and a bounded function f. First we prove
the equivalence of conditions (a) and (b). Let us assume that condition (a) holds.
Fix k € N™. Then for any § € N", by condition (a) we have

<Tf§k,zﬁ) = <szo,zk+ﬁ> = C’pﬂ(r‘p'ei”'e,zHB) (2.2)
with C,o = 0if p ¢ N" U (—N)", and we have
(Tyz", 2°) = (Ty2°, %) = Cpﬁ(r'ﬁ”lei(’“p)'e, 2F) (2.3)

with Cp3 = 01if B+ p ¢ N" U (=N).

If —k+p¢ N"U(—N)", then it follows from (2.2) and (2.3) that (T}z", 2%) =
(Tyz*,Z°) = 0 for any 8 € N", and hence that T;z* = 0.

If —k+pe N"U(=N)", then by (2.2) and (2.3) we obtain

<sz AP % =0

for any ¥’ € N" U (—N)" and k' # —k + p, which implies that 7}(z") is orthog-
onal to every element of the basis (1.1) except the one with index —k + p, and
hence condition (b) holds. The proof that (b) implies (a) follows from the same
arguments (we leave the details to the reader).
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Now we turn to the proof that f is a quasihomogeneous function of degree p if
and only if the equivalent conditions (a) and (b) hold. If f is a quasihomogeneous
function of degree p, then f = €%y for some separately radial function ¢ on D".
As a consequence of Lemma 2.1, we see that both (a) and (b) hold.

Conversely, assuming that conditions (a) and (b) hold, we will show that f is
a quasihomogeneous function of degree p. We first prove the result for the special
case p = 0. For any unitary transformation U of C" with a diagonal matrix, that
is, U = diag{e®r,... e}, by condition (b) we have

Trov(w®)(2) = Ty(U~w)*(U=)
— eia191 . eianGan(waxUz)
— eioz101 . eianﬁnc(l]’awo%Uz)
— C 2 = TH(@*)(2).
Similarly, it follows from condition (a) that Tty (w®)(2) = Tf(w*)(z), and so
Tyory = Tf. Thus foU = f, which implies that f is separately radial. This proves
the desired results for p = 0.

In general, if p = s — ¢, where s t € N" with s1t; + --- + spt, = 0, then we
consider the function p(w ) = ww' f(w). Clearly,

To(@®)(2) = Tapeur (W) (2)
= (fmrowt, KO + KN — 1)

z

<f_a+s,th§)\)> + <wt,7w°‘+s(K§)‘) o 1)>

Note that WK € b2 3(D") and that
—a—s+p=—a—te (-N)",
so by condition (b) we have
<fwa+s K <T —a+s> —tW>

n

oy DN+ ki +2) g,
/ a+t t kj
<Cpa+s - J];Jl:k;-o T\ + 20kl 0% )

Note also that the above sum converges uniformly in w for each fixed z € D", and
hence we can interchange the inner product and the sum. Then as a consequence
of the orthogonality of the conjugate holomorphic monomials, we have

<f—a+s tIC >\)> o4 H F()‘j + oy + 2) <Ea+t —a—i—tZa)

p,a+s L. F()\j+2)05]' , W
L\ 4+ oy +2) (o +t5)!_,
_CZ’WJFSH I z%.

N+ oyt +2)ay!
Observe that a + 8+t # t for any ﬁ € N" with 5 # 0. Then we have
< fwa+s+ﬁ> <Tf(—a+s+ﬁ) —t> _ < 2l)OHFSJFBth-i-B—i-t wt> _ 07
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which implies that

(w', fu (KM — 1)) = 0.
Therefore

T,z = 0,2, a €N,
for constants (& ,)aenn. Since we have proved the equivalence of (a) and (b) and
the result for p = 0, we know that the function ¢ is separately radial, which
implies that f is a quasihomogeneous function of degree p. This completes the
proof. O
Remark 2.2. By a simple calculation, we obtain from (2.2) and (2.3) that

Cp.k

—p(z*,2F) if k>
’ o <Ek—p’2k—p> 1 — p7
pk Cp.0(2P,2P .
—<Z§f,§7zp,k>> if kK <p.

In particular, Cj , = Co .. In fact, the above equations can be verified directly by
elementary calculations using Lemma 2.1, provided that T’ is a quasihomogeneous
Toeplitz operator.

With Theorem 1.1 at hand, it is easy to prove Theorem 1.2.

Proof of Theorem 1.2. Let f = e®%p; and let g = €"7%p,, where ¢; and ¢, are
two separately radial functions. By Lemma 2.1, for each k£ € N” we have

Tng(Zk) _ C'p+q kr\k+p+q|62’(k+p+q)-97

where Cpiqk = Ty kTpktq if both k + ¢ and k + p + ¢ belong to N* U (—N)”, and
Cprqr =0ifk+q ¢ N*U(=N)" or k+p+q ¢ N*U(—N)". Thus by Theorem 1.1,
we see that h is a quasihomogeneous function of degree p + ¢, which completes
the proof. O

The following corollary gives a complete description of when the product of
two Toeplitz operators with separately radial symbols is a Toeplitz operator.

Corollary 2.3. Let ¢ and g be two bounded separately radial functions on
D™ Then T, T,, is equal to a Toeplitz operator if and only if there ewists a
bounded separately radial function ¢ such that 1 is a solution to the multiplicative
convolution equation

[ar ¢ = 1 %0 2,
where I denotes the constant function with value 1. In this case, T, Ty, = Ty.

Proof. Using Theorem 1.2, one sees that if T,,, T, is a Toeplitz operator, then
this operator is quasihomogeneous of degree 0; namely, T,,T,, = T, for some
bounded separately radial function ¢). Hence by Lemma 2.1, the equation

T, Ty (27) = Ty(2%)
implies that

n

F(a; + DN + 1)

)@E(Qa 1) =Gi(2a+2)B((2a+2)  (24)
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for all &« € N". A direct calculation gives

2F<C¥j + )\j + 2) ’

n

I2a+2) =]

i=1

so the desired result is an immediate consequence of (2.1) and (2.4). Conversely,
it is clear that T, Ty, (2*) = T},(2*) for all @ € N". Since ¢4, 2 and 1 are quasi-
homogeneous functions of degree 0, it follows from Remark 2.2 that T}, T,,,(z%) =
T, (Z%), which completes the proof. O

The following corollary shows that there are no idempotent Toeplitz operators
with bounded quasihomogeneous symbols other than the obvious ones.

Corollary 2.4. Let f be a bounded quasihomogeneous function on D". Then
Tf =T} if and only if either f =0 or f =1.

Proof. If Tf2 = TY%, then Theorem 1.2 implies that f is separately radial. It follows

from (2.4) that f(2a+2)[f(2a+2)—I(2a+2)] = 0. Then by [12, Proposition 3.2],
we have f(z) =0or f(z2) =1(z) on {z € C": Rez; >2,j=1,...,n}, thus f =0
or f = 1. The converse implication is clear. This completes the proof. OJ

3. Product of monomial-type Toeplitz operators

In this section, we consider monomial-type Toeplitz operators on b%(D") and
we study the problem of when the product of two such operators is a Toeplitz
operator. For p, ¢ € Z", in what follows we will employ the notation

6; = max{0, —¢q;, —pi — ¢}
and
6 = min{0, —q;, —pi — ;}
for each i € {1,2,...,n}. Obviously, 6 = (d1,...,9,) € N" with 6 + ¢ > 0 and
d+p+q=0,and &' = (d],...,0],) € (-N)™.
Lemma 3.1. Letl;,m; € Ry, let p;, q; € Z, and assume that (1;, p;, m;, q;) satisfies
[11, Introduction, Condition (J)]. Then we can get the following properties.
(a) If 0; > 0, then 6; = —p; — ¢; and 0, = 0.
(b) If 6 < 0, then §, = —p; — q; and §; = 0.
(c) If ; =0, then p; > 0 and ¢; > 0.
(d) If 6; =0, then p; <0 and ¢; < 0.
Proof. Since (l;, pi,m;,q;) satisfies [11, Introduction, Condition (J)], it follows
that
pi=0 or =0 or  pg>0.
It is easy to obtain the desired results in each case. This completes the proof. [J
In sharp contrast to the Hardy and Bergman space cases, the algebraic prop-

erties of Toeplitz operators on the weighted pluriharmonic Bergman space are
quite different. Next, we will give a very interesting lemma.
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Lemma 3.2. Let fi, fa, and f be bounded functions on D". If Ty Ty, = Ty
on b3(D"), then Ty, Ty, = Ty, and hence the operators Ty, and Ty, commute on
b2 (D).

Proof. The proof follows the same arguments as those found in [8, Theorem 1] for
D, and we present them for the sake of completeness. Since R,(Z’\) is real-valued for

each z € D", we note that Q,(g) = Q. (9) for every g € L*(D", dvy), and hence
(Ty, Ty, — Ty)(h) = Qx(F2Qx(fiR)) — QA (fR)

= (T5Ts — T5)(h) = (T Ty, — Ty)*(h)

for any h € b3(D"), where (T}, Ty, — T)* denotes the adjoint operator of Ty, T}, —
Ty. Since Ty, Ty, = Ty on b3(D"), it follows that T, T}, = Ty and that

Ty Ty, — 13Ty, = (Tp Ty, = Ty) — (Tp Ty — Ty) = 0.
This completes the proof. O

Essentially, Tf, Ty, — Ty is a transpose of Ty, T, — Ty on b3 (D"); namely, Tf, T}, —
Ty = C(T4, Ty, —Ty)*C for the ordinary complex conjugation operator C' : C'f = f
on L*(D", dvy), and they must have the same rank (see [11] for more details).

We are now ready to prove Theorem 1.3 stated in the Introduction, which com-
pletely characterizes when the product of two monomial-type Toeplitz operators

is a Toeplitz operator on b3(D").

Proof of Theorem 1.5. By Lemma 3.2, the equivalence of (a) and (b) is obvious.
So we just need to show the equivalence of (a) and (c). First, we suppose condi-
tion (a) holds. Then by Theorem 1.2, we have h = ¢/®*9%) for some bounded
separately radial function . For each o € N" with o > ¢, using Lemma 2.1, we
get

(TrleipﬂTrmeiq-G - Ti(erq).ew)(Za) =0

— 20+ 20+ p+2)r (20 + ¢ + 2)
=T(2a + 2¢ + 2)V(20+ p + ¢ + 2). (3.1)
Let v € Z™ with
vi = max{0, —pi, —Gi, —pi — qi}-
Then (3.1) can be rewritten as

(riAptaty s rm i) 20+ g — oy + 2) = (T“’Y*/M\TPHIZJ)(QQ +q—7+2),

and hence
PIPPTORY s 7™ = Y e P,

Then by the definition of convolution, we obtain

1 1 n 1 1_n
/ R / w(th o 7tn) H t?i_fh‘—l dt; = ,r,l+P/ e / H tlmi—li—}?i—qi—l dt;.
T1 Tn i=1 T1 Tn

=1
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Differentiating both sides of the equation, we get ¥(r) = [, ¥;(r;) with
litpi Li+qi mi—gi mi—p;
bl = {mr ~ it e #m =g,
7 1) T . . .
Pt (1 4 (1 + pi) log ;) if l; + p; = my — g,
which gives condition (c1). Moreover, a direct calculation shows that

TR s BiG IUTR )
o7 (ZFh 4 ) + 1)

j=1
For simplicity, we define
F(Zj + /\j + 2) .

Ly, (%) =

Then by (3.1), we have
(Trleip»QTrmeiqﬂ - Tei(p+q)-9w>(za) =0

m;+q;

n l+p
HL)\j(Oéj+ 3 )L)\j(Oéj+Qj+ J2])
j=1

ij(aj + q;)

2 ~
_ [H m}w(m +p+q+2) (3.2)
for each a € N with o > 6.

We are going to prove that (a) implies (c2). First from condition (a) and
Lemma 3.2, it follows that the operators T,izpo and Thmiqo commute on b3 (D™).
Recall from [11, Theorem 1.3] that T,iipe commutes with Tymeiqe if and only if
at least one of the following statements holds.

(1) For each i € {1,2,...,n}, either p; =1; =0 or p; = ¢; = 0.

(2) For each i € {1,2,...,n}, either ¢ =m; =0 or p; = ¢; = 0.

(3) For each i € {1,2,...,n}, either p; = ¢;, I; = m; or p; = ¢; = 0.

(4) Neither p = 0,¢ < 0 nor p = 0,¢ = 0, and for each i € {1,2,...,n},

(15, pi, my, q;) satisfies [11, Introduction, Condition (.J)].

To show that condition (¢2) holds, it suffices to show that conditions (3) and (a)
together imply that at least one of the conditions (1), (2), and (4) hold. First,
we assume that p; = ¢; = 0 for all ¢ € {1,2,...,n}. Then conditions (1) and (2)
both hold, and we are done.

Next, suppose that for each j € {1,2,...,n} either p; = ¢;,l; = m;, or p; =
¢; = 0 and, additionally, p; = ¢; # 0 for some ¢ € {1,2,...,n}. Since (1) and (2)
are automatically false, we need to show that (4) holds. Note that ({;,p;, m;,q;)
satisfies [11, Introduction, Condition (J)] for each j € {1,2,...,n}, and hence
what remains is to show that assuming that either p <0, ¢ <0 or that p = 0,q >
0 leads to a contradiction.

Without loss of generality, we can further assume that p;, = ¢; > 0, for otherwise
we could take the adjoints. So we have p = ¢ = 0, and we consider

TrigivoTrmeiao(Z%) = Tei(p+q)~6w(za>
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with o = (2p1, .-, 2Pi1, P, 2Dis1, - - -, 2pn) € N™. Then a calculation from Lem-
ma 2.1 gives that

1 Ly, (2p; + mf;pw} La(5%) 1 Ly, (5" *;ﬁ‘)} Ly (")
Py Ly, (ps) x (0) o D (0) 1 L)
A(2p + 2)
[H 2(\; + 1) } .
According to (3.2) with p = ¢ z 0 and a = 0, we have
- BT\ + 1)Ly, (P2 Ly (py + S522)
Y(2p+2) = . TR :
E 2L}\j (p])
and hence
mi+p; litpi
.My — D L+ pi\T L (P52) Lo (57)
[H Ly, (21’3 + ) (55 L. (0)
J#i ‘
z m; + p; ' l; +p,
L, () 1 (s + 2 57)-

Since either p; = ¢;, lj =m;, or pj =¢q; =0 forall j € {1,2,...,n}, we have

Lki(li—’g—_pi) _ L (pz + & +pl)
LAz(O) L>\i (pl) ’

which is equivalent to
T(\i+2)T ("2 + 1) _ T+ A+ 2)T(pi + )
T(htee 4 ) +2) T(p; + 1D (p; + L2+ ) +2)
Let a= A +1>0and b= (I, +p;)/2 > 0, and denote

L(@)l(z+b—a)
[(z—a)l(x+0b)

(3.3)

F(z) =

Then (3.3) can be rewritten as
Flpi+XAi+2)=F(\+2),

but [8, Lemma 5] shows that F(z) is strictly monotone increasing on (a, +00),
which is a contradiction, as desired.

Conversely, we suppose that condition (c) holds. To prove that condition (a)
holds, it suffices to show that

(TrleiP‘GTrmeiq'9 - Tei(P-FQ)'eﬁJ)(T‘k‘eik.a) =0 (34)

holds for any k& € N™ U (—N)™. We break the discussion into four cases.
First, it is clear from condition (c1) that (3.1) holds, and hence (3.4) holds for
any k € N" with k > 4.
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Second, we denote " € N" with
0! = max{0, —p;, —p; — ¢ }-
Then for each o € N™ with o = —¢’, we have a« = 8 + p + ¢ with 8 > ¢”. Since
condition (c2) holds, we have
Lo Trmeiao = Tymeiao Tytgivo.
Hence by Lemma 2.1, we get
(oo Tyngias — Tutrraray) (2%) = 0
= (LmeaoTrieivo — Tei(Pﬂ)‘%)(zﬁerJrq) =0
= 1284 2¢+p+ 2 (28 + g + 2)

~ ~

=126 +2¢+2)v(28+p+q+2) (3.5)
for any 8 = ¢”. It is clear from condition (c2) and the proof of Lemma 3.1 that
6 = 6; = max{0, —p; — ¢;}
for all i € {1,2,...,n}. Thus (3.5) is the same as (3.1), and so

(TrleiMTrmeiqﬁ - Ti(p+q)<0¢)(§a) =0,

e

which implies that (3.4) holds for any k& € (=N)™ with & < ¢’

Third, we consider @ € N" with o % 6 and a £ ¢. Then by Lemma 3.1 and
the definition of d;, we get that oz < —p; — ¢; and a; > —p; — ¢; for some
i,7 € {1,...,n}. Consequently, it follows from Lemma 2.1 that

Trlez‘pﬂTrmeiq»é (Za) = Tei(p“"Z)‘GQ/)(Za) = 0’

and hence (3.4) holds for any k € N™ with k£ % ¢ and k £ ¢. Similarly, for each
o € N"witha i —0"and o A —¢', one can get (Tyiipo Tymeiao —Tyitoraro,) (%) = 0,
and thus (3.4) holds for any k € (—=N)" with k % ¢’ and k £ &'
Fourth and finally, we will consider £ € N* U (=N)" with ¢’ 2 k 2 0. It is clear

from Lemma 3.1 that

d=0+<=p=0,q=0
and that

¥ =0<=p=<0,q9=0.

Now we consider two cases.
Case 1: Neitherp < 0,¢ = 0 norp > 0,q = 0. Then 6; # 0 and §; # 0 for some
i,7 € {1,...,n}. Furthermore, conditions (a) and (b) of Lemma 3.1 imply that

0; =0, 8 =—pi—q; <0, 0j =—p;j —q; >0, 5920‘

We first consider k£ € N* with ¢’ 2 k 2 d. On the one hand, k; = §; = 0 since
k € N" and k; < 6; = 0. Therefore, k; + p; + ¢; > 0. On the other hand, for those
J such that ¢; # 0, at least one of k; satisfies 0 < k; < 6; since k # 9. Thus,
kj +p; +q; < 0. As a consequence of Lemma 2.1, we obtain that (3.4) holds.
Next, we consider k € (—=N)" with 0" Z k 2 0. Similarly, we get k; = ¢} = 0 and
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ki +p;+q¢; <0, and d; < k; <0 and k; + p; + ¢; > 0. Therefore, we also have
that (3.4) holds.

Case 2: Either p <0,q <0 orp = 0,q = 0. Furthermore, condition (c2) shows
that either p =0 or ¢ =0. If p = ¢ = 0, then ¢ = 6 = 0, and there is nothing
to prove. Without loss of generality, we may assume that p =0 and ¢ 2 0. Then
§ =0 and 6 = —q. Since (3.4) holds for any k € N" with k > 0, we have that
(TriginoTymeiao — Tyitraroy)(277) = 0. It follows from (3.2) that

e G L s B

Then for any o € N* with 0 3 a 2 § = —¢, it follows from Lemma 2.1 and (3.6)
that

~

(—q+2) =

.,:1:

1

<
I

(T,r.leip~9T7-meiQ‘9 - Tei(p+q)'9w)(za)
=T lTrmeiq‘O( a) - Teiq'gw( a)

S e e 1R Vb

O‘J — ;)

m —q
3 J) 5w

—qj)

Recall that p = 0, ¢ = 0. Combining this with condition (c¢2), we find a j €
{1,...,n} such that [; = 0. Then it follows that (Ticipo Trmeiao — Tyiorarey)(2%) =
0, as desired. Thus we have derived that TiiipoTmeiao = Tliw+a)o,, and hence
condition (a) holds. This completes the proof. O

We close the article with some interesting applications of Theorem 1.3. We first
present three specific examples.

Ezample 3.3. Tt is easy to check that T}, T, # T.,., on b3 (D"). However, T, Tz, =
TZ12222> Tz1 TZQES - TZIZQES, and even

TZszz I}y, teie? — Tz122 | J

for some ¢; < 0 on b3(D"). Although monomial-type Toeplitz operators may look
like a class of very simple operators, they provide many meaningful examples in
operator theory.

Ezample 3.4. Consider the symbols 7e? = zy|zy|2374|25]26|26|% and r™e? =
2121|2323 25)% 26) 26|%, which correspond to each case of (i)—(vi) in [11, Introduc-
tion, Condition (J)] for the tuple (I;, p;, mi, ¢;), @ = {1,...,6}. Then on b3(D"),

we have

T

22‘Z2|Z3EE‘ZS|ZG‘ZG|2T21‘Zl|2Z?2,E4‘Z5|QZG|ZG|2

=T

z1]21|2 222212575 (2] 25]2 —| 25]) 23 (2|26 |2 —1) -

Example 3.5. Lemma 3.2 shows that two Toeplitz operators must be commuta-
tive on b3(D") if their product is a Toeplitz operator. But the converse is false.
For example, T, ., commutes with 7., on b3(D"). However, T, ,,12T%, (Z1) #
T.21.,2(%1), and hence the product T, .,2T%, is not a Toeplitz operator on b3 (D").
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Recall that the semicommutator (T%,, T, of two Toeplitz operators T, and T},
is defined by (T4, Ty,] = Ty Ty, — Th f,- As a direct consequence of Theorem 1.3,
we have the following corollary which completely characterizes when the semi-
commutator of two monomial-type Toeplitz operators is zero on b3 (D"). This can
be found in [11, Theorem 1.4].

Corollary 3.6. Let I,m € R, p,q € Z". Then the following statements are
equivalent.
(a) The semicommutator (Thigipo, Tymeiao] is zero on b3 (D™).
(b) The semicommutator (Tmgiqo, Trgive] is zero on b3 (D™).
(c¢) One of the following statements holds.
e [oreachi € {1,2,...,n}, eitherp;=10;,=0 orp;, = ¢ =m; =0.
e [oreachi € {1,2,...,n}, either g =m; =0 or ¢; =p; =1; = 0.
e Neither p 2 0,q 0 norp>=0,q =0, and for each i € {1,2,...,n},
(i, pi,my, q;) satisfies one of (i)—(iv) of [11, Introduction, Condition

(/)]
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