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ABSTRACT. Let A be the AF algebra whose scaled ordered group Ky(A) is
(GoH, (G \{0}) @ HU{(0,0)},§®0), where (G, G4, g) is the scaled ordered
group Ko(B) of a unital simple AF algebra B, and H is a countable torsion-free
Abelian group. Let ¢ be an order 2 scaled ordered automorphism of Ky(A),
defined by o(g,h) = (g, —h), where (g,h) € G & H. We show that there is an
order 2 automorphism « of A such that o, = 0. This gives a partial answer to
a lifting question posed by Blackadar. Incidentally, the lift o we construct has
the tracial Rokhlin property. Consequently, the crossed product C*(Zs, A, &)
is a unital simple AH algebra with no dimension growth.

1. Introduction

An important recent problem has been to find and classify all order 2 automor-
phisms of an AF algebra. Historically, partly because of their intrinsic interest
and partly because of their applications in C*-dynamical systems, these kinds
of problems have attracted considerable attention in the literature (see, e.g.,
[4], [6], [17]). Notable among these efforts is Blackadar’s famous construction.
Blackadar [4] constructed an action of Zg on the 2°° uniformly hyperfinite (UHF)
algebra such that the crossed product has nontrivial K;-group, and hence gave a
negative answer to one of two questions about AF algebras posed by him in [3,
Section 10.11.3]. The other one is a lifting question, which is as follows.
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Question 1.1. Let A be an AF algebra, and let ¢ be an automorphism of the
scaled ordered group Ky(A) with ¢” = 1. Is there an automorphism « of A with
a, =0 and " =17

Throughout this paper, for simplicity, we only consider the case where A is
unital, simple, and where n = 2. Clearly, this question is important in studying
the algebraic structure of Aut(A). However, this question appears to be open still,
and even satisfactory partial answers to this question are very scarce. Until very
recently, Barlak and Szabé [1, Corollary 2.13] showed that if A is a separable,
unital, simple, and nuclear C*-algebra with tracial rank zero, then any Zs-action
on the invariant could be lifted to a Rokhlin action of Zs on A, provided that A
absorbs the 2 UHF algebra.

In this article, we consider the following. Let A be the AF algebra whose
scaled ordered group Ko(A) is (G @ H, (G4 \ {0}) ® H U {(0,0)},§ ® h), where
(G,G4,g) is the scaled ordered group Ky(B) of a unital simple AF algebra B,
H is a countable torsion-free Abelian group, and h € H. Let ¢ be an order 2
scaled ordered automorphism of Ky(A), defined by o(g,h) = (g,n(h)), where
(g,h) € G ® H, nis an order 2 automorphism of H which is of type I (see
Definition 2.3). Then there is an order 2 automorphism « of A such that o, = o
(see Theorem 4.1). This provides a partial affirmative answer to Question 1.1.
Moreover, we can choose that the action o has the tracial Rokhlin property. In
this case, C*(Zy, A, «) is a unital simple AH algebra with no dimension growth
(see Theorem 4.1).

Remark 1.2. Let (G, G, g) be the scaled ordered group Ko(B) of a unital simple
AF algebra B, let H be any countable torsion-free Abelian group, and let h € H.
Set

F=GoH, F = (G \{0})oHU{0,0}, u=gah.

Then it is easy to check that (F,F,,u) is a scaled ordered unperforated sim-
ple group; moreover, (F,F, u) also has the Riesz interpolation property (see
Remark 4.3 or [10, Theorem 8.1]). Then by the Effros-Handelman—Shen theorem
(see [9, Theorem 2.2]), (F, Fy,u) is a dimension group.

Our K-theory setup, which is assumed for the AF algebra A in question, has
a kind of “split” property (some concrete examples can be found in [3, Sec-
tion 10.11.3], [6, Section 1], [17, Examples 4.1 and 4.5]). Roughly speaking, our
strategy is to rewrite A as an AH algebra in a nonstandard way and then find an
order 2 product-type action o with tracial Rokhlin property such that o, = o.
The construction is inspired by Blackadar’s own in [4], and also by [17], [15], and
[10]. The classification results for C*-algebras, which have been obtained by many
authors as a part of the Elliott program, play an important role here, illustrating
the power of this theory.

This article is organized as follows. In Section 2, we review definitions, ele-
mentary facts, and important results which we need in later sections. Section 3
contains several technical constructions and existence results. In Section 4, we
prove our main result (Theorem 4.1).
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We use the notation Z; for Z/27. We write K°(X) for the reduced Ky-group of
a topological space X. If A is a C*-algebra and o : A — A is an automorphism of
order 2, then we write C*(Zs, A, ), A* for the crossed product and the fixed point
subalgebra of A by the action of Z, generated by «, respectively. Also, RR and

dr denote the real rank and the decomposition rank, respectively, for convenience.
We take N={n € Z : n > 0}.

2. Preliminaries

In this section, we recall basic definitions and properties which will be used
throughout the article.

2.1. Here are some basic properties of Brouwer’s notion of degree for maps
Sy — Sh.
(1) Let f,g:S, — Sy, if f =~ g, that is, f is homotopic to g. Then deg(f) =
deg(g).
(2) Let (x,y,2) € S?, and let A be the reflection map defined by A\(x,y, z) =
(x,y,—z). Then deg(\) = —1.
(3) If f:S™ — S™ has degree d, then f*: H"(S,,Z) — H"(S,,Z) is multi-
plication by d (see [12, p. 205, Exercise 9]).

2.2. Let X be a connected 3-dimensional finite CW complex. Then K°(X) =
H?(X,7Z) (see [11, Section 3.12]).

Lemma 2.1 ([2, Lemma 2.1]). Let T be an involutory matriz in My(Z), that is,
T? = I. Then there is an invertible matriz S € M (Z), and nonnegative integers
p,q,r, such that

T
A

p q
—— ———
T:S—ldiag{1,...,1;—1,...,—1; [g (1)][(1) (1)] }S

Proposition 2.2. Let H be a countable torsion-free Abelian group, and let n
be an order 2 automorphism of H. Then there are a mnondecreasing sequence of
positive integers {ny : k € N} and monomorphisms By : Z™ — Z™+', order 2
automorphisms ny : 2™ — 7™ such that the following diagram commutes

7 b AL pa WAL _>*83 - H

Jf?l 1772 lﬁs
7 B , 72 B2 7ns B3 o H

and H = limy_,oo (Z™, i), n = lim, 00 M. Moreover, it can be required that under
the canonical basis of 2, ny has the form

Tk
A

Pk 9k e

/—/H/_H
TIlc:diag{l,...,l;—l,...,—l; [(1) (1]][(1) (ﬂ}

for suitable nonnegative integers py, qi, Tr such that pp + qx + 2ry = ng, k € N.
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Proof. Since H is countable, we can write H as H = {ey, es, ...}, and define

H; = Z[el, coekn(er), ... ,n(ek)},

so for k € N, n(Hy) = Hy, H = limy_,o(Hy, 1), where 1 is the embedding
map from Hy to Hy,q. Since Hy is finitely generated, without loss of generality,
only replacing ¢, by some suitable monomorphism f3;, we may assume that H =
limyo0 (Hg, B},), where Hy = Z™, k € N. Moreover, there is a sequence of order
2 automorphisms 7j,, such that 7, 08, = B o, k € N, and n = limy_, 1'. The
proposition follows immediately from Lemma 2.1. O

Inspired by the preceding proposition, we introduce the following definition.

Definition 2.3. Let H be a countable torsion-free Abelian group, and let n be
an order 2 automorphism of H. Then 7 is said to be of type I if there are a
sequence of positive integers {n; : k € N} and monomorphisms fj : Z™ —
Z™+1 order 2 automorphisms 7, : Z™ — Z™ such that the following diagram
commutes

7m B 7na B2 . 7ns Bs . H
lm lm lm
gm P g, P2 AL Ps s o H

and H = limg_,(Z™, Bx), n = lim,,_,o, M, under the canonical basis of Z", n
has the form

Pk dk
—_—

——
e = diag{1,...,1;—=1,..., =1},
for suitable nonnegative integers pg, qx such that py + g = ng, k € N.

One special and important case is the minus one map, that is, n(h) = —h, for

he H.

2.3. Let A;, A be unital C*-algebras, and let ¢ be a unital monomorphism
from A; to As. Let «; : A; — A; be an automorphism, ¢ = 1,2. Assume that
az 0@ = @oaj. Then for any a € AT, ¢(a) € A5

By telescoping the Bratteli diagram, the following fact appears to be well
known.

Lemma 2.4 ([13, Proposition 4.7.2, Lemma 4.7.3]). Let A be a unital simple
AF algebra, and let n be a positive integer. Let a1 < as < --- be an increasing
sequence of positive integers, and let ¢c; < co < --- be another sequence of positive
integers. Then Ky(A) can be written so that

(Ko(A), Ko(A)y) = limg o0 (G, (Gr) 1, @%)

where Gy, is a finite direct sum of my copies of Z with my > ay, and each partial
map of pr has positive multiplicity at least i, k € N.
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Theorem 2.5 ([11, Theorem 5.8]). Let A and B be simple real rank zero inductive
limits of direct sums of matrices over 3-dimensional CW complexes. Then A = B
if and only if

(Fo(A), Ko(A), [1a], K1(A)) = (Ko(B), Ko(B)+, [15], K1(B)).
The following key idea is due to Lin.

Definition 2.6 ([13, Definition 3.6.2]). Let A be a unital simple C*-algebra. Then
the tracial rank of A is zero if the following holds: for any finite subset F C A,
e > 0and ¢ € Ay \ {0}, there exist a nonzero projection p € A and a finite-
dimensional C*-subalgebra B C A and with 15 = p such that

(1) ||lxp — pzx| < € for all x € F,
(2) dist(pzp, B) < ¢ for all z € F, o
(3) 1 —pis (Murray—von Neumann) equivalent to a projection in cAc.

Lastly, we introduce a special case of a useful criterion for an action of Zsy to
have the tracial Rokhlin property obtained by Phillips. The reader is referred to
Phillips’s seminal work [16] for details and more background information about
the (tracial) Rokhlin property.

Lemma 2.7 ([17, Lemma 1.8]). Let A be a finite infinite-dimensional simple
unital C*-algebra with tracial rank zero. Let o € Aut(A) satisfy o® = id4. Suppose
that for every finite set F' C A and every € > 0, there are mutually orthogonal
projections eqg, e1 such that

(1) [Jefeo) — en]l <&,
(2) |leja — aej|| < € foralla € F and j =0,1,
(3) with e = eg + €1, T(1 — €) < & for each tracial state T on A.

The action of Zo generated by v has the tracial Rokhlin property.

3. Existence results

We start with the following construction.

3.1. Let S? = {(sinfcosy,sinfsing,cosb) : p € [-3,5],0 € [—m, 7]} be an

oriented unit 2-dimensional sphere. Define y : S — S? by

X (sin 6 cos p, sin @ sin p, cos 6)

_ (COS 307 Sin 907 O)a 9 € [O,W],
| (sin(20 + Z) cos ¢, sin(260 + Z) sinp cos(20 + %)), 0 € [—m,0].

Then y is a continuous surjective map from S? to S?, and y ~ idg2. Moreover, Y
is symmetric with respect to the xy-plane; that is, if 21,2, € S? are symmetric
with respect to the zy-plane, then y(z1), x(x2) are also symmetric with respect
to the xy-plane. That is to say, x and A do commute, where X is defined as in the
preceding Section 2.1(2) above.



490 Y. ZHANG

3.2. Let S? = {(sinfcosp,sinfsing,cosf) : ¢ € [0,27],0 € [0,7]} be an
oriented unit 2-dimensional sphere. For 0 < ¢ < ¢y < 27, consider the following
subset of S2:

Lo 0] = {(sin&cos @, sinfsin g, cosh) : ¢ € [p1, 2], 0 € [0,7‘(]}.
For k # 0, define

L1 00],k (5106 cOS p, sin @ sin p, cos 6)
= <sin9(:os<2k7r L ),sin@sin(ler L ),cos@).
Y2 — ¥1 Y2 — ¥1
Then for each integer k # 0, §jy, 4],k 1 @ continuous surjective map from I, .
t0 S%. Let gy ook = X © Jlpr,palk- Then gip, oo)x 1S also a continuous surjective
map from Ij,, o, to S? which satisfies the following:

(1) gjpy,00),x maps the boundary of Ij,, ., to the point (1,0,0) € S%;

(2) g1, 000,k is symmetric with respect to the wy-plane, that is, if x1, 25 €
Ity ;) are symmetric with respect to the wy-plane, then gp,, u.x(71),
Glp1.00),6(T2) are also symmetric with respect to the zy-plane (i.e., gis, o)k
and A do commute).

Inspired by [15, Definition 3.3], we have the following constructions.

3.3. Let

tin tig oty
5 to1 top -+ tog
tn271 tn272 T th,m

be a monomorphism from Z"* to Z"*. Let n; be an order 2 automorphism of Z"*
which has the form

Pk qk
—— ——
e = diag{1,...,1;—-1,...,—1}
under the canonical basis of Z", such that Son = o, k = 1,2. It is
straightforward to check that ¢;; = 0 when 7y;m2; = —1, where 1 < i < ny,
1 <j<ns.

For k = 1,2, let Xp; = {(z,y,z,w) : 22 + 9> + 22 = LLbw =1} C RY g, =
(1,0,0,1). Then Xy, = 5%, 1=1,2,...,n. We define X = \/,,,, Xy, to be the
quotient of |_|1§ignk X},; obtained by identifying @y 1, ..., 0k, to a single point
o1, and we define 7, : |_|1§l§nk X1 — Xj, to be the corresponding quotient map.
As we know, K°(X;) = Z™ and K°(X,) = Z".

First, we will define an order 2 homeomorphism wy, of X}, such that the induced
map wj @ K%(Xy) — KY(X}) is exactly g, k = 1,2. Fix k € {1,2}. For [ €
{1, A ,pk}, define w]i: : ch,l — Xk,l by

wi,(6) = &;
for [ € {pk + 1, .0+ qr = nk}, define w,lc : Xk,l — Xk,l by
wh(x,y, 2,1) = (A(m,y,z),l) = (x,y,—2,1), where (z,y,2,1) =& € Xg,.

Note that m(wh(dx1)) = .
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For ( € Xy, if ( = oy, define wi(() = @y; if ( # o, there exists a unique £ €
Ll <1<, Xk such that mp(€) = €. Let I} = P4(§), where Py is the projection onto
the fourth coordinate axis, and define wy(¢) = m(w! (€)). Then by Section 2.1, it
is straightforward to check that wy is an order 2 homeomorphism w; of X such
that the induced map w} : K°(X;) — K°(X}) is exactly 7, and ¢y is a fixed
point of wy, k=1, 2.

Lemma 3.1. There exists a map s : Xo — Xy such that the induced map s* :
K°(X,) = K°Xy) is ezactly 3; moreover, s 0wy = w; 0 .

Proof. For each 1 < 7 < no, set

2m(i — 1) 2m
I, = {(sin@cosg@,sin@singp,cos@,w) Cp € [M,ﬂ]ﬁe [O,W],w:j}
s nq

- XQJ',

i =1,2,...,n;. For each pair (j,7) € {1,2,...,n2} x {1,2,...,n,}, we define a
continuous map from I;; to X ; by

(1) s;i(z,y, Z,]:) =(1,0,0,19), if t;; = 0; o
(2) Sj,i(x7y7 27.7) = (Q[M’M]iji(:ﬁuy?Z)aZ% if tj,i 7é 0.
77.1 nl 2

Fix j € {1,2,...,ny}. Since s;; always maps the boundary of I,; to the point
(1,0,0,7) = @14, and recalling that m(1,0,0,7) = ¢, for each i € {1,2,...,n1}, by
the gluing lemma in general topology, define a map s/ : Xy ; = U1<i<n1 I — Xy
by gluing together the m; o s;,, that is, s7(§) = m 0 s;,(€) if £ € I;;. Note that
each s/ maps s ; to 01, a repeated use of the gluing lemma. Define s : Xy — X
by s(¢) = s7(§), where ¢ = my(£). Note that s(s3) = 0. Moreover, as 3 is
injective, then for each 1 < i < ny, 2711 |t;sl > 0, and it follows that s is
surjective.

We now turn to check sowy = wy 0s. If (o = @y, it is evident that s o wy((y) =
wi 0 8(G) = 01. If (o # 09, then there exists a unique & € |_|1Sj§n2 X, ; such
that 7T2(€2) = CQ. Let ]* = P4(€2) Then 62 S X27j*. Since WQ(Sj*(anJ‘)) = 09 for
each i € {1,2,...,n;} and s;+(&) # 02, there exists a unique i* € {1,2,...,ny}
such that & = (z,y, z,7%) € I. ;«, where X° denotes the interior of a topological
space X. We have the following.

(].) If tj*ﬂ'* 7£ O, and Niix = Tjogx = ]_, then

w1 0 5(Ca) = wi (s, (&)

= wi (9[277(1‘*71) 27i*

ny ’ nq

(z,y,2),1")

]7tj*,i*

— ([g[zm*,l) ](:B,y,z),i*);

ny
sowy((a) = sy 0 (W] (&2))
- Sj*,i* (ZL‘, Y, 27]*>

= ([9[%*;1),%“]”* (z,y,2),7").

2mi*
Y Lt
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(2) If tj*ﬂ'* 7£ O, and Nigx = Togx = —1, then

wy 05(&) =w! (sj*ﬂ-* (52))
:wi* (g[m 27” 20T ] i (l‘,y,Z),i*)

ni

= ([)\ © g[QW(i**l)7%],tj*’i*](x7 Y, Z)v Z*)7

n1

s 0 wa(Ca) = Sjx i» (Wé*(@))
= 550 (M, 9, 2), 57)
= (l9pzs2=0 2eivy 0 M(,9, 2),77).
ni nj ’

(3) If m+ and 1o+ have different signs, then ¢« ;+ = 0. Hence
wi 0 5(Ca) = wi (8500+(&2))
= wi (A(1,0,0),4" ) (1,0,0,4%);
sow2(§2)—8]1(w2 (&)) = (1,0,0,7%)

By Section 3.2, Ao enG o) mityy = GpEnGtl) gmir ity o A, and it follows that
ny YTy I ’

wi 0 5(G2) = s o w2(Ca).
Lastly, by Section 2.1 and Section 2.2, it is standard to check that the induced

map s* 1 Ko(X1) = Ko(X3) is exactly £. O

ni

4. The main result

We are now in a position to prove the main result.

Theorem 4.1. Let A be the AF algebra whose scaled ordered group Ko(A) is
(G H, (G, \{0})®HU{(0,0)},§®h), where (G, G, §) is the scaled ordered
group Ko(B) of a unital simple AF algebra B, H is a countable torsion-free
Abelian group, and h € H. Let o be an order 2 scaled ordered automorphism of
Ky(A), defined by o(g,h) = (g,m(h)), where (g,h) € G @ H, and n is an order 2
automorphism of H which is of type I. Then there 18 an order 2 automorphism
a of A such that o, = 0. Moreover, o could be constructed to have the tracial
Rokhlin property. In this case, C*(Zs, A, @) is a unital simple AH algebra with no
dimension growth.

Proof. Since 1 is of type I, there is a sequence of positive integers {n;, : k£ € N} and
monomorphisms Fy : Z™ — Z"+! and of order 2 automorphisms )y, : Z" — Z"*
such that the following diagram commutes

7 BI\ZTZQ B2/Zn3 .63._>...H

bl

7m B e B2 , 7ns B3 L H
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and H = limg_,oo(Z", Br), n = lim,,_,o . Moreover, under the canonical basis
of Z™ ny has the form

Pk dk
——

—
ne = diag{1,...,1;—-1,...,—1}

for suitable nonnegative integers py, qx such that pr + qx = ng, k£ € N.

Set X = S?2V 8?2V ...V S? where S? repeats n times, k& € N. Then by
Section 3.3 and Lemma 3.1, there exist an order 2 homeomorphism wy, of X}, such
that wi* = g, and a surjective continuous map s from X, to X such that the
induced map st : K°(Xy) — K°(Xp41) is exactly i, k € N; and the following
diagram commutes:

X1 (—81 X2 < 52 X3 < %3
[ R
X1 %81 X2 < 52 X3 %

Without loss of generality, we may assume that there exists h; € Z™ such that
B1.00(h1) = h. It is easy to see that n;(h;) = h;. Denote

hl = (>\17”'7)\p1;<17"'7ct11> S/

Since 1, (hy) = hy, we have

= =Gy =0

By an elementary fact of K-theory (see, e.g., [19, Exercise 11.2]), there exists a
projection q; € M,(C(X1)), where e is a large positive integer, such that

(1] = (rank(q1), ) € Z® Z™ = Ko(C(X1)) and wi(q1) = q1,

where the first coordinate of Z @& Z™ denotes the rank part (in fact, we could
choose @ = 2 and rank(q;) = 1).
For fixed j < k € N, since X; is a compact metric space, there exist v(j, k)

open balls of radius 1, DM ,D%ﬁ), in X; such that

) DY =x,
1<i<v(j,k)
Let I'y; = sj o --- 05,1 be the surjective map from Xj to X;. Define ng’k) =
T,;;(ng’k)). Then ng’k) is an open set in X, 1 < i < (4, k); moreover,
U o =x.
1<i<v(4,k)
Let & ks &5k2, - - - &Gknk) D a sequence of points of X, such that §;; € Qz(j,k)7
1 <1 <~(y,k), and denote

Ej = A{&k1: &k 2s 5 EkaGin }-
For k > 2, rewrite the finite set (U, Ejr. as

{1y &2 Ernn } = B
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It follows from Lemma 2.4 that (G,Gy) = limg_ oo (G, (Gk)+, @), where Gy
is Z™ and my, > 2,k € N. Denote by gp,(;”) the partial map of ¢, from the ith
summand of Z™* to the jth summand of Z"™+1. By Lemma 2.4, we may assume
that d(k,7,7) > 2v(k) + 4, where d(k, 7, j) is the multiplicity of the partial map
of cpl(j’] ), Also, we may assume that

lim min d(k,i,7) = 4o0.

k—o0 1<i<my,1<j<myg1
When d(k,7,7) is odd, define r'(k,i,j) = 2; when d(k,i,7) is even, define
(k,i,7) =1,1<i<my, 1 <j<myy, k€ N. Set

r(k,i,j) = d(k,i,5) — 2v(k) — 1,
and define

T/,(k,i,j) _ T<k7i7j) _27”/(]{:72'7‘7.)'
Then r"(k,i,7) is a positive integer, 1 < i < my, 1 < j < myi1, k € N. By the
Effros-Handelman—Shen theorem (see [9]; see also [13, Proposition 3.4.9]), there
is a unital AF algebra B = limy_,o(By, ¥r), where

B = Myg1) @ -+ © Mymy),
such that
(Ko(By), Ko(Bi)+, [18,]) = (G, (Gr)+, 9x)
and
(Vr)s =, k=1,2,..., klgilo Ok, +oo(gr) = G-

Since B is simple, we may assume without loss of generality that [(1,1) is larger
than e.

Define
my
Cr = (M) (C(Xy))) & <€B MQl(k,i)>~

i=2

Therefore,

(Ko(Cy), Ko(Ck)+, [1¢,])
= (Z™ oz, [(NoZ™) U {(0,0)}] ®Z* ", 2g; & 0),
Define
7T§k) : Ck — M2l(k,1) (C(Xk))
and

7T§k) : Ok — M2l(k,i) for 2 <i < mp
as the quotient maps. Let
Zy={y:y e Xp,wnly) =y}
Choose z; € Zj.
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Fori=1and j =1, define @411 : May@,1)(C(Xk)) = Moyr+1,1)(C(Xi11)) by
T’(k,i,j)Jfr”(k,i,j)
i1 (f) = diag(f o 51 (), -, F(20): f (), f(r(Er))s -
FEram)s (@ (Ernm)))-
For i =1, and j > 1, define ®; 1 ; : Myy1)(C(Xy)) = Magt1,5) by
(ko) 420" (ki)
iy (f) = diag (f () F (1), f(20): F () S (@rl()i
F (&) [ (@)
For i > 1, and j = 1, define ®p;; : Moy i) = Moyir1,1)(C(Xk41)) by
' (kyi,5)+1 2r"(k,i,j)+2v(k)

Py i(a) = tpy11 odiag(a,...,a; @,...,a ),

where 341 is the embedding of Moy(r41,1) into Moyer1,1)C (Xpq1).
For i >1 andj > 1, define (I)k7i7j : MQl(k,i) — M2l(k+1,j) by
7 (ki) +1 20" (ki j)+2v(k)
Oy i(a) = diag(a,...,a; @,....a ).

Set Q4 = D 1<jcpm, ., (Di<icimy, Phiy). Then (Pp). = ¢ ® By Let
¢ = ]}Lrgj(Ck, D).
Therefore, € is an AH algebra and
(Ko(©). Ko(€),) = lim (Z™ & 7', [(N& Z™) U{(0.0)}] © 27 0y & 5y).
K,(€)=0.
Note that

(Go H, (G4 \ {0}) ® HU{(0,0)})
= lim (Z™ @ 2™, (Z7* \ {0}) ® Z™) U {(0,0) }, or ® B).

k—o00
Moreover, since d(k,i,7) > 0 for 1 < ¢ < myg,1 < 7 < myyq,k € N, it is
straightforward to check that

We next show that € is simple. Fix j € N, for a nonzero element f € Cj.
Case 1: ng)(f) # 0 for some ¢ > 1. As each partial map of ®; = ®;;,; has
positive multiplicity, ®; ;+1(f) is full in C,44.

Case 2: 79 (f) # 0. Choose z* € X such that ﬂj)(f)(x*) £ 0. Since 77(f)
is a continuous map on the compact metric space X, there exists a ¢ > 0 such
that
(@)

I (H) (@) = () () 5
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provided that dist(z,z*) < 0, where z € X;. Choose k € N, k > j, such that
2 < 2. Then we could find £ € Ej, such that dist(I'y;(£), z*) < 1. Now ;4 (f) is
full in C},.

By [7, Proposition 2.1(iii)], it follows that € is simple.

Next we will show that RR(€) = 0. Fix j € N. For any f = f* € C}, note that
X is a connected 2-dimensional compact metric space and that ﬂj )( f) is a con-
tinuous map on X;. Recall the fact that a continuous map from a compact metric
space to another metric space is automatically uniformly continuous. Hence, for
g > 0, there exists a § > 0 such that

[ (F) @) == D) < 35

provided that d(z,y) < 6. Choose k € N, k > j, such that % < g. According to
the choice of Ej, we have

max {sup{|Xi (®;(f)(2)) = Ni(®k ()W) ];2,9 € Xi} : 1 <i <2(k, 1)} < %

where \;(T") = the ith lowest eigenvalue of a matrix 7', counted with multiplicity.
Therefore, by [5, Theorem 1.3, Note added in proof], RR(€) = 0. Hence, a priori,
¢ is an AH algebra, but by Theorem 2.5, € turns out to be an AF algebra.

For k € N, define p, = w; @ id@?i’a M, Set u; = id¢,, and for 1 <@ <
my, 1 < j <mypi1,k €N, define

(ki)

(ki 5)+ (k)
' (kyi,j)+1 - 7

. ~—— (0 1 0 1 .
Ukt14j = d1ag{1,...,1; L 01 e [1 0] } @ idazy, . -

Next define

mEg+1  myg

my,
ug = <@ Uk+1,i,1> ® Lo @ @ (69 uk“’i’j)’ el
i=1 5=z =l

Then it is straightforward to check that
q)k o} (Pk) = Ad Uk+1 © (Pk+1) o) (I)k and ui+1 = idck+1’ k e N.

Set v; = id¢,, and define vg; = Pg(vg)ugyr inductively. Then v, = v} and
vi = idg,, k = 1,2,.... Define oy, = Adwvy, o pg, & € N. So one can easily
construct the following commutative diagram:

N3 o)

Cl CQ C3i>€

[ER
o -2 0, 22

Hence the automorphisms «y, define

a: €= lim (Cy, @) — € = lim (Cy, ®y),
k—o0 k—o00
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which is a symmetry with
a, GO H -G H and (g, h) = (g,n(h)).

We are now in a position to show that the action of Z, generated by « has
the tracial Rokhlin property. To this end, we fix a finite set F* C €; = {a :
a € € |la|| <1} and an € > 0. Then there exists a positive integer k such that
F C: Cf and

3 €
1§i§mgllggmk+ld(k, i,7) 2
Define
7 (kyiyg)+y ()
(ki) +1 A A <~
. —— |1 0 10
ek+1,w:d1ag{0,,0,[0 O},,|:O 0:|}
@ idary gy, for 1 <@ <my,1 < j < mpgsa,
and take

mi mrg41 mi
€= (@ 6k:+1,i,1> ® lox,) @ @ (@ 6k+1,z’,j>-
i=1 j=2 =1
Then agy1(e)e = 0, and e commutates with ®4(Cy). Moreover, for any tracial
state 7 on Agyq,

< 3 €
(1-e—anle) < 1<icm Sy<men d(k,1,7) 2
Then « has the tracial Rokhlin property.

Set p1 = (1 ® 1Ml(1,1)—rank(q1)> D Iy @ D 1agyy - Inductively, we define
Pr+1 a8 Pr1 = Pr(pr), k € N. Noting that p; € C1"* and a0 ® = Poay, it follows
from Section 2.3 that p, € C9?; similarly, we have p, € C;*, k € N. For k € N, let
A = piCrpg. Since p € C}*, it is routine to check that @, maps Ay into Ay,
ap maps Ay onto Ay and is also an order 2 automorphism of A, & € N. Let

k—o0
Then it is straightforward to check that
(Ko(20), Ko()-, [1a]) = (G & H, (G+ \ {0}) & H U {(0,0)},§ & }).

Also, as the following diagram commutes:

A —2yo4, 224, By oy

R
A 2 Ay T Ay Ty
the automorphisms ay, define o : 2 — 2, which is a symmetry with o, : G H —
G @ H, such that a,(g,h) = (9,n(h)) = o(g, h).
Define p = @4 o(p1). Then it is obvious that A = pCp; hence A is an AF
algebra. Therefore, by Elliott’s classification theorem of AF algebras (see, e.g.,
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[13, Theorem 3.4.8]), 2 = A. Finally, noting that p € 2%, by [16, Lemma 3.7],
the Zs-action « of A has the tracial Rokhlin property.

Hence, by [16, Corollary 1.6, Theorem 2.6], C*(Zy, A, ) is a unital simple,
separable C*-algebra with tracial rank zero. Since C} is nuclear, A, = prCrpx
is a hereditary subalgebra of Ay, hence Ay is nuclear. Note that Z, is amenable
and compact. It follows from [20, Corollary 7.18] and [8, Proposition 6.1] that
C*(Zy, Ay, o) is nuclear and satisfies the universal coefficient theorem. Hence,
by [18, Proposition 2.4.7(ii)],

C*(Z2, A, @) = lim (C™(Zy, Ay, o), Pr)

is also nuclear and satisfies the universal coefficient theorem. Therefore, by [14,
Theorem 5.2] and its proof, C*(Zy, A, ) is a unital simple AH algebra with no
dimension growth. O

Remark 4.2. Let A be the unital simple AF algebra with

1 1

(Ko(A), Ko(A), [14]) = (ZH YN [5] L BZU{0.0} 0)).

Let o be the order 2 scaled ordered automorphism of Ky(2l) defined by o(a,b) =
(a, —b), where (a,b) € Z[1] ® Z. Let v be any order 2 automorphism of A such
that v, = 0. As the proof is outlined in [3, Section 10.11.3], C*(Zs, A, ) is not an
AF algebra. Hence, by [16, Theorem 2.2], v does not have the Rokhlin property.

Remark 4.3. Let (G,G) be the ordered group of a unital simple AF algebra B,
and let H be a countable torsion-free Abelian group. From the proof of the above
theorem, € is a unital, simple AH algebra of no dimension growth and of real rank

zero. Hence, by [11, p. 571], (Ko(€), Ko(®)4) = (G H, (G4 \{0}) & HU{(0,0)})
has the Riesz interpolation property.

Remark 4.4. If we further assume that 7 is the minus one map in the assumption
of Theorem 4.1, the corresponding proof becomes relatively easy because we do
not need to cut down the algebra € with projection p.
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