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ABSTRACT. In this article, we give a boundedness criterion for Cauchy singular
integral operators in generalized weighted grand Lebesgue spaces. We estab-
lish a necessary and sufficient condition for the couple of weights and curves
ensuring boundedness of integral operators generated by the Cauchy singular
integral defined on a rectifiable curve. We characterize both weak and strong
type weighted inequalities. Similar problems for Calderén—Zygmund singular
integrals defined on measured quasimetric space and for maximal functions
defined on curves are treated. Finally, as an application, we establish existence
and uniqueness, and we exhibit the explicit solution to a boundary value prob-
lem for analytic functions in the class of Cauchy-type integrals with densities
in weighted grand Lebesgue spaces.

1. Introduction

The theory of grand Lebesgue spaces LP) introduced by Iwaniec and Sbordone
in [11] is nowadays the focus of one of the most intensively developing directions
in modern analysis. The necessity of introducing and studying these spaces grew
out of their rather essential role in various fields. For example, besides the orig-
inal question about minimal hypotheses to ensure the integrability of the Jaco-
bian determinant, we recall applications in partial differential equations (PDEs)
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(see, e.g., [9]), geometric function theory (see, e.g., [4]), Sobolev spaces theory
(see, e.g., [8], [6]), and Banach function spaces theory (see, e.g., [3], [6], [7]). In
order to study the existence and uniqueness of solutions for the nonhomogeneous
n-harmonic equation div a(z, Vu) = p, Greco, Iwaniec, and Sbordone [9] defined
the more general grand LP? spaces. Afterwards, it turned out that, in the the-
ory of PDEs, generalized LP? spaces were also appropriate for treating some
regularity problems (see, e.g., [6]).

An intensive study of the boundedness of singular integrals in weighted grand
Lebesgue spaces was carried out in [13, Chapter 14]. In the present article, we
explore the same problem in the more general grand Lebesgue spaces introduced,
in the unweighted case, by Capone, Formica, and Giova in [3]. We treat both
cases of weighted spaces differing by the position of the weight function in the
norms.

Let ' ={t e C:t=1(s),0 <s <1< oo} be a simple rectifiable curve with
arc-length measure. In the remainder of this article, we use the notation

D(t,r)=InNB(tr), 0<r<daml,

where B(t,r) = {z € C: |z — t| < r}. A rectifiable curve I' is called a Carleson
(regular) curve if

|D(t,7)]
sup — < <.
tel,0<r<diam I’ r

Here |D(t,7)| denotes the arc-length measure of the portion D(¢,r).
Now let w be a weight, that is, an almost everywhere positive integrable func-
tion on a given rectifiable simple curve I'; for arbitrary Borel sets e on I', we

denote
we = / w(t) ds.

Let 1 < p < o0, and let § be a positive, nondecreasing, bounded function on
(0,p—1), 6(0+) = 0. By Lﬁ,)’é(F), we denote the set of all measurable functions
on I' for which

||f||L?L),6(r) = Of;il;_l(é(g) /F‘f(t){p_gw(t) ds) ~

In the following, we will consider also the generalized weighted grand Lebesgue

space L%) (") defined by the norm

g =, w0 (56 [ [7@uio] = as)™
When w(t) = 1, we put LP(T) = Lzlo)’é(F), LPA(T) = E’f’ (). It is clear that
in such a case, when I' = (0, 1), both these spaces coincide with the space L)
introduced in [3].

In the following, we will also need the definition of Muckenhoupt-type weights
suited to the curves. We set

Ap(T) = {w : tel—‘,0<s'}1<l:zliaml"<% /D(m)w(T) ds) (% /D(tm) w' (1) ds>p1 < oo}.
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Together with Lﬁ)’a(l“) spaces, we are interested in the weak grand Lebesgue
spaces WLE) ’6(F), which we define by the quasinorm

:iupA sup (6(e)w{t €T : |f(1)] >/\})"%5.

)6
”fHWLﬁ I) >0 0<e<p—1

It is clear that LE)°(T') — WLZ*(I).

2. Boundedness of the Cauchy singular integral operator in L{Z)’(S(F)
In this section, we prove the following statement.

Theorem 2.1. Let 1 < p < 0o. Then the following conditions are equivalent:

(i) the Cauchy singular integral operator

sef)y = [ 7 4
r7T— t
is bounded in qu)’&(l“);
(ii) St is bounded from Lﬁ)’é(l“) to WL’ZU)’(S(F);
(iii) I" is @ Carleson curve and w € A,(I).

Corollary 2.2. Let 1 < p < oo. Then the operator Sy is bounded in LP)(T') if
and only if I" is a Carleson curve.

It is evident that, after formally setting d(¢) = 1, Corollary 2.2 is G. David’s
well-known result.

Proof. First, we show that (iii) = (i). It is well known that Carleson curves
with arc-length measure and Euclidean distance are spaces of homogeneous type;
moreover, the Muckenhoupt class of weights defined on spaces of homogeneous
type is always open (see, e.g., [16]).

From the openness of A,(I"), there exists a small positive number o such that
w € A,_,(I'). Furthermore, by the definition of L’J,)’J(F), we have that f € L27(T")
for 0 < 0 < p— 1. Using Holder’s inequality, we get

p—o—1

[1701s < Ul oy ([0 0185) 7= <

hence, if f € LIZU)"S(F), then from f € L277(T") and w € A,_,(T") we get f € L}(T),
and the Cauchy singular integral Stf(t) exists almost everywhere on I'. This
latter existence of Spf(t) almost everywhere when I' is an arbitrary rectifiable
curve is in fact a consequence of Calderén’s well-known result in [2, Theorem 1]
on the boundedness of St in the case of Lipschitz curves when Lipschitz constants
are sufficiently small (for details, we refer the reader to [5, Theorem 2.23, p. 215]).
It is well known that for the operator St to be bounded in L2 (I') (1 < p < 00) it
is necessary and sufficient that I' be a Carleson curve and that w € A,(I"). This
result was established independently in [1, Theorem 4.8 and Chapter 5] and [12,
Theorem 4.2|, using different approaches.
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Fix some o, 0 < ¢ < p— 1 such that w € A,_,(I'). Due to the aforementioned
results, we have

15l o ry < Mallfll ooy
and
1St e vy < Ma|| £ 22,y

By the Riesz—Thorin interpolation theorem, there ex1sts a constant M > 0 such
that the inequality

1Sefll =0y < MIFIl g

holds uniformly for all e, 0 < ¢ < ¢ and for all f € Lﬂ_E(F). From the latter
inequality, it follows that

sup (5(e))7 NSefllpeqy < M Sup ( ()7 Nl e= (2.1)

0<e<o

Now let € > o. Using Holder’s inequality with the exponent , we get

1Sefll o= vy < IS0 SNl ooy - (w]) T (2.2)

therefore,

||SFfHL§L)75( —max{ sup ( (e ))p EHSFfHLP 5(T)> SUP (5(5))pj||5rf||m’f(r)}

0<e<o <e<p—1

< max{ sup (3(2)) " [ISrfll yp+r)

0<e<o

sup (5(8))E||Spf||Lg_a(F)(w])m}

o<e<p—1

= max{ sup (5(5))P%

0<e<o

sup 8(0) 7 8(e)77 8(0) 7 | Sp 1l oo oy (WD) TG }

o<le<p—1

<I- max{l,é(a)_rl—% sup 5(8)1%6(1 —i—wF)p;;o},

O<e<p—1

Srfllre-=r)

where )
I = sup d(e)r—=

0<e<o

Sefllpz=r)
From estimate (2.1), we conclude that

150 £l ey < MU s - 8(0) 7% sup 8(e)7% (1 -+ wl) 5"

O<e<p—1

l1—0c

Thus we have proved the implication (iii) => (i) and, consequently, since again
by [5, Theorem 2.23, p. 215] (i) = (ii) holds, we have that (iii) = (ii). It
remains to prove that (ii) = (iii). The proof of this implication is divided into
two steps.

Step 1. We prove that, from condition (ii), the inequality

/ ’LU(T)iP%l ds < oo
D(t,r)
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holds for arbitrary ¢ € I" and r, 0 < r < diamI". Let us suppose the contrary,

namely, that
/ UJ(T)_p%l ds = o0
D(t,r)

holds for some t € I" and r, 0 < r < diamI', which we may assume to be suffi-

ciently small. We have W ¢ Lv1(D(t,r)): therefore, there exists a nonnegative
h € LP(D(t,r)) such that h = 0 outside of D(t,r) and

/D(t )w(f)—ih(f) ds = 00. (2.3)

Set f = w™rh. It is obvious that f € LP(T'); consequently, f € Lﬁ)’d(F). Recalling
that the point ¢ € I and the radius r are fixed, let = € T" be such that |z —t| = 3r.
Introduce the function 4

-

g(r) = f(7) ﬁei welta), (2.4)

Then for arbitrary z € D(z,r), we have

‘Spg(z)| > E/ uf%(T)h(T) ds,
T JD(t,r)

and, taking (2.3) into account, we conclude that
|Srg(2)| = o0 (2.5)
for z € D(z,r). Therefore, according to (ii) there exists ¢ > 0 such that

(Be)w{t € T+ [(Seo)(t)] > A7 < Sl

for arbitrary ¢ € Llf,J)’(S(F), A>0and e, 0 <e < p—1. Then the last inequality
for ¢ = g and arbitrary A > 0, by virtue of (2.5), yields
c
wD(z,r) < XHQHLQ«S-
Consequently, wD(x,r) = 0. The latter expression contradicts the assumption
that w(t) is positive almost everywhere.
1

Now, substituting in (2.4) the function f by w™#=Txp(, for z € D(z,r), we

have

r

|Srg(2)| > 2/ w_PTll(T) ds. (2.6)
D(t,r)

For A = %fD(t " wfpfll(T) ds, condition (ii) turns into the estimate

1

1 L 1
[ ) 0w D) < el s,
D(t,r)

which in turn implies that
1 1

_ 1 e
v /D(t,r)w ) dslixpen g < v o, (2.7)

with a constant ¢ that does not depend on ¢, x, and 7.
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Step 2. We now assert that for arbitrary D(t,r) and f € L) *(T'), the inequality

_1
Hf“L{L)"s(D(t,r)) < (WD(t’T)) ? ”fHLﬂ(D(t,r))HXD(t,r)”ng})ﬁ (2'8)

holds; in fact, by applying Hélder’s inequality with the exponent ]ﬁ, we get the
chain of inequalities

1 [C=0T)
10000y < 500 3()7 ( / ( )w(r)ds)p "zt o)
D(t,r

O<e<p—1
1

Fllez oy (WD, 7“))7% (wD(t,r)) 7=

= sup 5(5)ﬁ

O<e<p—1

1
= (wD(t,r)) I N 2t o I [ oo

1

Setting f = w »T in (2.8) and using (2.7), we deduce that

1 1
! / w7 (1) sl |, o
D(t,r) w

T
<o /D . w P (7) ds)

1
7

1 1
D) ([ w i ()ds) vl s < ollxoenllge (29)
D(t,r)

Changing the roles of D(t,r) and D(z,r), we get

(i) ([,

Multiplying the inequalities (2.9) and (2.10) term by term and taking into account

the rectifiablity of I' and the estimate
(/ w_TiI(T) d5>p :
D(z,r)
we come to the condition

]- 1 / p—1
—/ w(T) ds(—/ w7 (1) ds> <cg,
T JD(t,r) " JD(t,r)

where ¢ does not depend on ¢t € ' and 0 < r < diamI'. Theorem 1 is proved. [

S =

_1
(wD(t,7) 7 IxD@n | s

and hence

1

_ 1 o
w p*l(T) d8> “XD(W)HLQ"S S Cr||XD(CC7T)||L2)’6' (2.10)

z,r)

LA

r <|D(z,7)| < (wD(z,1))

By analyzing the proof of Theorem 2.1, we can conclude that, in fact, for
Calderon-Zygmund singular integrals defined on measured quasimetric space, a
more general statement is true.

Definition 2.3. Let (X, d, 1) be a quasimetric measured space. The conditions
uB(x,r) < eqr® (2.11)

and
pB(x,r) > cor’
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imposed on measure p are known as the upper and lower Ahlfors conditions
of orders a and f3, respectively. The first one is also referred to as the growth
condition. Here the constants ¢; and ¢y do not depend on z € X and 0 < r <
diam X, and B(z,r) denotes the ball in X with center 2 € X and radius r.

Theorem 2.4. Let (X,d, ) be a quasimetric measured space. Let 1 < p < oo,
and let § be a positive, nondecreasing, bounded function on (0,p —1), 6(0+) = 0.
Then the following assertions are true.

(i) If w € Ay(X) and p satisfies the upper Ahlfors condition of order 1, then
the Calderon—Zygmund operator

Kf(z) = /X ke, y) ) dp

is bounded in Lﬁ)’a(X).

(ii) Let p satisfy the lower Ahlfors condition of order 1. Suppose that the kernel
k: X x X — R is such that for arbitrary ¢ € L' (X, ), there exist a
measurable function g and balls B, By in X such that supp g C By and

Kge)| 2 [ %du(y) V2 € B,

where cq does not depend on @ and z. Then from the boundedness of K

from LP(X) to WLQZ))’&(X), it follows that the measure | satisfies the
upper Ahlfors condition of order 1 and that w € A,(X).

3. Boundedness of the Cauchy singular integral operator in EIZ])’(S(F)

In this section, we establish the boundedness of St in the other weighted gen-
eralized grand Lebesgue spaces, namely, the generalization where weights are
interpreted as multipliers.

Theorem 3.1. If 1 < p < oo, I is a Carleson curve, w? € A,(I'), and 6 is as in
Theorem 2.1, then Sr is bounded in EIZ])"S(F).

Proof. By the virtue of the openness of A,(I') and the assumption that w? €
A,(T'), there exists a small positive number o such that w? € A,_,(I"). Note that
it is also wP~? € A,_,; in fact, by applying Jensen’s inequality, we derive the

estimate
1 Al 1
(_/ wP*U(w ds) L (_/ w(P*U)[lf(P*U)'} (t) dS) (p—0o)’
" JD(tr) T JD(t,r)

1 Al / o
< (—/ wP(t) ds) (—/ wP=P=o)l(¢p) ds>( nr
T JD(,r) " JD(,r)

Since £=% = p — o — 1, we conclude that w?=7 € A,_,.
(p—o) p

Now let us consider the operator

f— Ku,f = wSp<£>.
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It is obvious that the boundedness of St in £Z (I') is equivalent to the boundedness
of K, in LP(I"). Since w? € A, and w?~7 € A, ,, the inequalities

| K fllee < el fllze
and
| K fllr—o < coll fll oo

hold, and by repeating verbatim the arguments used to prove Theorem 2.1, we get
the boundedness of K,, in LP*(I"), which in turn is equivalent to the boundedness

of Sp in E}Z,)’(S(F). Theorem 3.1 is proved. O

4. Hardy—Littlewood maximal function defined on curve

Let I' be a rectifiable curve of finite length. Let us consider the Hardy—Little-
wood maximal function defined as

1
Mr = sup — T)|ds,
(Mrf)(t) = sup /D e

r

where the supremum is taken over all r, 0 < r < diam I'. Using the arguments in
Section 2, we are able to prove the following statement.

Theorem 4.1. Let 1 < p < 0o, and let § be a positive, nondecreasing, bounded
function on (0,p — 1), 6(04+) = 0. The following conditions are equivalent:

(i) My is bounded in Lﬁ,)’a(F);
(ii) Mr is bounded from L’Z,)’é(l“) to WLZ)’(S(F);
(iii) T" is @ Carleson curve and w € A,(I).

We provide a sketch of the proof.

Sufficient part: The operator Mr is bounded in LP(I") (1 < p < oco) when I is
Carleson curve and w € A,(I"). This follows from the fact that I" with arc-length
measure and Euclidean distance is a space of homogeneous type. On the other
hand, the Hardy—Littlewood maximal function defined on a space of homogeneous
type is bounded in L2 if w is a Muckenhoupt weight (see [16]).

Necessary part: It is sufficient to note that from the definition of the maximal
function, we have that

1/ ’f(T)|ds§ch(f-XD(w))(z), z € D(t,r).
D(t,r)

r

The remaining part of the proof is once more analogous to that of Theorem 2.1,
and so we omit the details. Finally, we state the following result, whose proof
follows the same lines as that of Theorem 3.1.

Theorem 4.2. Let 1 < p < oo andw? € A,('). Then the operator My is bounded
in £)°(T).
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5. The Riemann problem for analytic functions in the class of
Cauchy-type integrals with densities in L?9(I")

In this section, we show an application of Theorem 2.1 to boundary value prob-
lems for analytic functions, a topic which was formulated for the first time by
Riemann and which arose from several important results established by Hilbert,
Sokhotski, Plemely, Poincaré, Bertrand, Noether, Carleman, Gakhov, Muskhel-
ishvili, and Vekua.

We begin by introducing the necessary notation and definitions. Let

e = {o:0() =)o) = o [ AT pe v st}

211 T— 2z

and

e = {0 06) = Cro)e) - o [0 pentagr)

" 2mi T—Z
The function ¢ is known as the density of the Cauchy-type integral Cr(¢y).

Definition 5.1 ([15, p. 203]). Let D be a simply connected domain in the complex
plane with rectifiable Jordan boundary I'. The Smirnov class E*(D) (s > 0) is the
set of analytic functions on D enjoying the following property. For every sequence
(I')n=12.., I'v € D being rectifiable Jordan curves approaching I" as n — oo,
in the sense that if D,, is the bounded domain with boundary I',,, we have

DycDyC--CD and |JD,=D,

n=1

the condition
sup/ | f(2)]" |dz] < o0
n Jr,
is fulfilled.

The classes EP(D) generalize the well-known Hardy classes.

Proposition A ([10, p. 501]). Let D be a simply connected domain in the complex
plane with rectifiable Jordan regular boundary I'. Then ® € E*(D) (1 < s < 00)
if and only if it is represented by a Cauchy-type integral with density from L*(T).

Proposition B ([15, p. 205]). The class E*(D) coincides with the class of func-
tions representable in D by a Cauchy-type integral.

By using Theorem 2.1 and following the approach developed in [14, Section 4.18],
we can establish the following result. Here we just recall that for ® defined in
C, the symbol ®* denotes the restriction of ® in D' := D, and the symbol ®~
denotes the restriction of ® in D~ := C\ D.

Theorem 5.2. Let I' be a simple closed rectifiable Carleson curve, and let G(t)
be continuous on T', with G(t) # 0, t € T, p > 1, and g(t) € LP*(T). If 5 =
ind G(t) = 5-larg G(t)]r, then
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(1) for s =0, the boundary value problem
Ot (t) =Gt)P (t) + g(t) ae onT (5.1)

15 uniquely solvable in Cllf)’(s and the solution is given by
X(2) 9(t)
D(2) = 5.2
()= 5m /F X(1)(t — 2)’ (52)

X(z) =expCr(lnG)(z), =z¢T;

where

(i) for ¢ > 0, problem (5.1) is unconditionally solved in Clg)’a and its general
solution is given by the equality

o) = 50 [ = + X Q) (5:3)
where
~ Jexph(z), ze€ DT,
X(2) = {(t — z0) *exph(z), z€ D7,z € DT,

h(z) = Cr(InG()(t — ) ) (2),
and Q,.—1(z) is an arbitrary polynomial of order » —1 (Q—1(z) = 0).
(iii) for s < 0, problem (5.1) is solvable in CIIZ)’J if and only if

g(t) Kk T
t"dt =0, k=0,x—1.
/rX+(t)

If the latter conditions are fulfilled, then problem (5.1) has a unique solu-
tion given by equality (5.3) for Q,._1(z) = 0.

Proof. Select a rational function G(t) such that

G(t 1 -
sup % - 1‘ < 5(1 + 115t || Lo0 s o0 g (5.4)

tel

It is clear that ind G(¢) = 0; indeed,
ind G = ind g + ind G,

and by (5.4), we have ind% — 0, so that ind G(t) = 0.
Consider now the function

X(z) =expCr(nG)(z), z¢T, (5.5)
so that the functions [X (z)]*! are bounded and
oy ()

G(t) = o
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Let us rewrite condition (5.1) in the form
O\t G D\~
X G\X X+
Since the sought function ® & CI@"S, we have that ®(z) € EP = for0<e<p—1

and that, according to Theorem 2.1, ®*(¢) € LP)9(T'). The fact that % is
bounded implies that

D(2) p—e /Mt 1/ M+
)Af(z) € E25(D¥) C E*(D¥).

Due to the latter inclusion, the function % belongs to CIQ(')’H; indeed,

2(z) +
o+ —= z€e DT,
CI‘ (T) (Z) = {X(z)

X 0, ze D™
and
DN\ - 0, ze DT,
(%) <Z>:{_§;<(3, cep
Thus,
P P+ PN\ -
)z(f)) =al(z) -(3) )@
and
(2 (2] e
Therefore,
P
—~ e’
that is,
o =G, @ e )

The equality

DN+ O - G DN - g
&) - -G
X X G X X+
follows from (5.6). Consequently, by the Sokhotski-Plemely formula we derive
that

o) = (5 -1) (2o + seo)0) + 2 (5.7

The latter is the equation
¢ = Mo, (5.8)

where, due to Theorem 2.1, the operator M is bounded in LP)*(T). Then, by
virtue of condition (5.4), the norm of the operator M is less than 1 and it is a
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contractive operator. Therefore, equation (5.8) is uniquely solvable in LP)*(T).
Hence, ®(z) = X (2)Cr(p)(z) € CP° C Cr.
Now if we consider the function

X(2) = exp(Cr(InG))(z), (5.9)
then
X*()
= T
and the boundary condition (5.1) can be rewritten in the form
DN+ DN\ - g
(x) (%) =+ (5.10)

Since the boundary T is a Carleson curve, we have that (see [12])

1 = 1 =~
® e Er(D%), e (N E“(DY), ( —1)e E*(D™).
(DY), 5z eNEON. (3-1) 20D
p=1 p=1
Therefore, ;};(é)) € E'(D*) and, consequently, + € Cr. But equation (5.10) has
the unique solution
g
B(2) = X(2)Cr (F) (2) (5.11)

in Cr, and then ® € sz)’é.

If we take into account that the function ®*(¢) — (¢t — z9)*® (¢) belongs to
LP)3(T), then the remaining part of the proof of Theorem 5.2 for the case » # 0
is valid. Theorem 5.2 is proved. O
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