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ABSTRACT. We show that the approzimate hyperplane series property (AHSp)
is stable under finite £,-sums (1 < p < 00). As a consequence, we obtain that
the class of spaces Y such that the pair (¢1,Y") has the Bishop—Phelps—Bollobés
property for operators is stable under finite ,-sums for 1 < p < co. We also
deduce that every Banach space of dimension at least 2 can be equivalently
renormed to have the AHSp but to fail Lindenstrauss’ property 5. We also show
that every infinite-dimensional Banach space admitting an equivalent strictly
convex norm also admits such an equivalent norm failing the AHSp.

1. INTRODUCTION

Our main objectives here are to examine the stability properties of the approz-
imate hyperplane series property (AHSp) and the behavior of this property under
equivalent renormings. This section is devoted to basic definitions and a review of
known results related to the AHSp and to the Bishop—Phelps—Bollobas property.
All Banach spaces throughout this manuscript will be considered real or complex
since all the results and definitions work for both cases.

For a Banach space X, as usual, Bx and Sx denote the closed unit ball and
the unit sphere of X, respectively. We will write X* for the topological dual of X.
By a convex series we mean a series of nonnegative real numbers whose sum is
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equal to 1. The approximate hyperplane series property was originally studied in
2008. The following is an equivalent formulation of this property.

Definition 1.1 ([1, Remark 3.2]). Let X be a Banach space. We say that X
satisfies the AHSp if for every € > 0 there exist yx(¢) > 0 and nx(g) > 0 with
lim.,07vx(e) = 0 such that, for every sequence {z,} in Sx and every convex
series y a, with

HZakka >1—nx(e),
k=1

there are a subset A C N with » ,_, o > 1 — vx(¢), an element z* € Sy, and
{2z : k€ A} C (z*)71(1) N Bx such that ||z, — 21| < e for all k € A.

It will be helpful to use the following characterization of the AHSp.

Proposition 1.2. Let X be a Banach space. The following are equivalent.

(a) The space X has the AHSp.

(b) For everye > 0 there exist yx(e) > 0 and nx(g) > 0 withlim._oyx () =0
such that, for every sequence {x,} in Bx and every convex series ) oy,
with || Y-p2 aray|| > 1—nx(e), there are a subset A C N with Y, _, oy >
1 —vx(e), an element x* € Sx-, and {2 : k € A} C (z*)*(1) N Bx such
that ||z — x| < e for all k € A.

(c) For every 0 < e < 1 there ezists 0 < n < & such that, for any sequence
{z,} in Bx and every convex series Y. oy, with ||> o arxg| > 1 —n,
there are a subset A C N with ), ,ar > 1 —¢, an element x* € Sx-,
and {z : k € A} C (z*)" (1) N Bx such that ||z — z¢|| < & for all k € A.

(d) This is the same as (c) but for any sequence {z,} in Sx.

It is known that many Banach spaces have this property.
Theorem 1.3 (][I, Propositions 3.5, 3.6, 3.7]). Let X be a Banach space. Then
X has the AHSp if

(1) X is finite-dimensional,

(2) X =C(K) for some compact Hausdorff topological space K,

(3) X = LYu) for some o-finite measure .

Uniformly convex spaces also have the AHSp. From Theorem 1.3 it follows that
the converse does not hold. However, we have the following result.

Theorem 1.4 ([1, Propositions 3.8, 3.9]). Let X be a Banach space. The following
conditions are equivalent:

(1) X is uniformly convez,

(2) X is strictly convex and satisfies the AHSp.

The AHSp was introduced as a useful tool to prove extensions of the Bishop—
Phelps—Bollobas theorem for the Banach space of continuous linear operators
L(X,Y) between Banach spaces X and Y.

Definition 1.5 ([1, Definition 1.1]). Given two Banach spaces (both real or com-
plex) X and Y, the pair (X,Y") has the Bishop—Phelps—Bollobds property (BPBp)
for operators if for every e > 0 there exists 0 < n(¢) < e such that for any
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S € Spixyy, if ®p € Sx is such that [[S(xo)|| > 1 — n(e), then there exist
T € Seix,yy and uy € Sx satisfying the following conditions:

|7 (uo)|| = 1, lluo — xo| < &, and T — 95| <e.

Roughly speaking, a pair of Banach spaces (X, Y’) has the BPBp for operators
if any pair (7, z) of an operator T € Sy (xy) and xy € Sy such that ||Tzl is
close to 1 can be approximated by a new pair of elements (S, z) in the product
Srx,y) X Sx such that S attains its norm at z. The utility of the two concepts,
AHSp and BPBp, is evident from the following result.

Theorem 1.6 ([, Theorem 4.1]). Let Y be a Banach space. The following con-
ditions are equivalent:

(1) the pair (¢4,Y") has the BPBp,

(2) Y satisfies the AHSp.

Another related and helpful concept is Lindenstrauss’s property [, which was
introduced in [10] as another means of studying the denseness of norm-attaining
operators. For our purpose, the following definition is worth mentioning.

Definition 1.7 ([10, Proposition 3]). A Banach space Y is said to have property
B (of Lindenstrauss) if there are two sets {y; : i € I} C Sy, {y; : i € I} C Sy~
and 0 < p < 1 such that the following conditions hold:

(1) i (y:) = 1 for every i € I,
(2) |y ()l < p<1foranyi,jel,isj,
(3) |lyll = sup{|y;(y)| : i € I} for every y € Y.

Theorem 1.8 ([1, Theorem 2.2]). Let Y be a Banach space. If Y satisfies prop-
erty 5 of Lindenstrauss, then the pair (X,Y) has the BPBp for every Banach
space X.

Relying on [13, Theorem 1.8], the following is a consequence of the previous
result.

Corollary 1.9 ([1, Corollary 2.3]). Let X be a Banach space. Then we have the
following.

(1) If X has property B of Lindenstrauss, then X has the AHSp.

(2) There exists an equivalent norm on X that satisfies the AHSp.

We finish this Introduction with an outline of the main results of this note.
In the upcoming section, we prove that the AHSp is stable under finite £,-sums
(1 < p < o0). As a consequence, we also obtain the following two results. Every
Banach space of dimension at least 2 admits an equivalent norm having the AHSp
but failing property  of Lindenstrauss. Every infinite-dimensional Banach space
admitting a strictly convex equivalent norm also admits such a strictly convex
equivalent norm failing the AHSp.

2. STABILITY OF THE APPROXIMATE HYPERPLANE SERIES PROPERTY

Our aim is to show that the AHSp is preserved by finite £,-sums. In order to do
this, the first step we take is to show the inheritance of the AHSp to £,-summands
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for 1 < p < oo. It should be mentioned that the following result is already known
for p =1 and p = 0o (see [3, Propositions 2.4 and 2.7] and [1, Theorem 4.1]).

Proposition 2.1. Let X be a Banach space, and let 1 < p < oo. If X = M @, N
has the AHSp, then both M and N also have it. In this case, with obvious notation,
N (€) can be chosen to equal nx(g/2).

Proof. Assume that 1 < p < oo and that X = M @, N has the AHSp. Let
0 < e <1, {x,} be a sequence in Sy, and consider a convex series ) a,

satisfying
oo
€
HZ apTyll >1— 77X<—).
n=1

2

By hypothesis, there exist A C N, 2* € Sx-, and {2z, : k € A} C («*)"*(1) N By
such that

Z(xn>1—%>1—5 and ||zk—xk|]<% for all k € A.

neA
For every k € A, we can write z;, = my+ny, where my,, € M and n, € N. Suppose
that m; = 0 for some £ € A. Then

£
2P = |lny — apl| = o — ]| < 2
which contradicts our assumption on €. Hence my # 0 for every k € A. Observe
also that for every k € A, we have

my my
o -t - 25
[ | (|72
< lzw — mel| + |1 = (e[|
= |lzx — mul| + |||zl = Il
< 2|z — mu|
< 2f|ag, — 2|
<e.

Recall that X* = M* @, N*, with ¢ being the conjugate exponent of p. So we can
write £ = m* + n*, where m* € By« and n* € By«. If m* = 0, then for every
k € A we have

1 =Rex"(zx) = Ren™(ng) < ||ni| < ||zl =1,
which is impossible.
Finally, for every k € A we have
1 =Rex"(z)

= Rem™(my) + Ren*(ng)

< Al il + [l [l

< ([ QI Al I Tl el

= [l"[[[[=]

=1
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Since ||m*||||m|| > 0 for every k € A, we deduce that m*(my) = Rem*(my) =
||m*||[|my|| for every k € A. Thus, we have proved that M has the AHSp. O]

Before approaching the converse to Proposition 2.1, we would like to point out
that the AHSp is not an inherited property, as shown in the next remark.

Remark 2.2. Let X be a nonreflexive, strictly convex Banach space. We know
by Theorem 1.4 that X does not have the AHSp. Now, let I' be an index set
so that X can be regarded as an isometric subspace of £ (I"). Since ¢, (I") has
property 3, it satisfies the AHSp by virtue of [1, Theorems 2.2, 4.1].

It is time now to take care of the converse to Proposition 2.1 for 1 < p < oo.
Due to the necessity of employing different proofs, we will prove the cases p =1
and 1 < p < co. Let us begin with the case p = 1.

Theorem 2.3. Let X be a Banach space. If X = M &1 N and if M and N both
have the AHSp, then so does X.

Proof. Let us fix 0 < ¢ < 1. We write ¢’ = ¢/5. By assumption there is 0 <
n' < &'/3 such that condition (c) in Proposition 1.2 is satisfied for M and N

with (¢/,7), simultaneously. We take n = 6(1%—2:;’77’)' In order to prove that X

satisfies the AHSp, we will check that condition (d) in Proposition 1.2 is satisfied

for (e,n).

Assume that {x,} is a sequence in Sy and that ) o, is a convex series such
that || D07, any|| > 1 —n. If P and Q denote the canonical projections from X
onto M and N, respectively, then

1—-n< Hi n Ty,
= Hi anP(x,,)

<3 allP)]| + [ 3 e
n=1 n=1

+ HianQ(:ﬁn)

<3 || Plaa)|| + S anl| Q)|

=1. (2.1)

As a consequence, we obtain

IS5 an Pl = S5 0all Pl — 1, )
1> 2n= an@(wn) | 2 3202 anl| Q) || — 1.
For simplicity, we will denote r,, := ||[P(z,)|l, $n = [|Q(zn)]l, ¥ == D 0o | uln,

and s := ZZO:1 anSy,. Note that r+s=1=r, + s, for every n € N.
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Notice that it is trivially satisfied that

e e (3(1 + ') +2e)
31+ +en)  (A+e&)3(1+e +en)

So we can choose a real number a such that
e C g MEBAA )+ 26N)
a )
31+ +¢en) (1+e&)3(1+¢& +e7)

In order to prove the result, we will distinguish three cases.
Case 1. Assume that r < a.
Let C ={k € N:rp <e/5}. Then

- Z oy < Z akrk<2akrk—r<a

keN\C’ EEN\C
SO
oa
E ap < — and Eozk>1——
9
keN\C keC

On the other hand, from inequality (2.1) we obtain that

Zaksk21—n—2akrk21—n—a.
k=1 k=1

By combining (2.2) and (2.5) we obtain that

HZ akQ(xk)H > Zaksk —n>1-2n—a.
k=1 k=1
As a consequence, in view of (2.4) and (2.3) we deduce that

HZakQ Tk) H >1—2n—a— Z QL Sk

kEN\C
>1—-2n—a— Z oy,

keN\C

)
21—2n—a——a

€
>1-—17.

(2.4)

(2.5)

Since N has the AHSp, by Proposition 1.2, there is a set D C C such that
Y rep @k > 1 —¢€', and there exists {v; : kK € D} C Sy so that there is n* € Sy
with n*(vy) = 1 and |Juy — Q(zx)|| < € for all k € D. Since D C C, for every
k € D, we define my, := rymyg for an arbitrary mg € Sy;. Note that if k € D C C,
then ry < €/5 so s, > 1 — ¢/5. Take ng = spvy, for k € D. Then for k € D, we

have

[ne— Qi) || = [|srvr—Qxx)|| < llswvr—vill+||vr—Q(z)]| < 1—sp+¢" < §+€’-
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Hence the element y, := my, + ng, for k € D, satisfies ||yx|| = rr + sil|vn] =
re + s = 1. By the choice of ¢/, for all £ € D we have

g =zl = || Py — =) || + || Q. — )|
= ||mu — P(zi)|| + || — Q)|
< 2ry + % + €

e €
< 35 + g
<e.

If we choose an element m* € Sy« such that m*(mg) = 1, then m*(my) = r, for
all k € D, and the element z* = m* 4+ n* € Sx+ verifies that

¥ (yx) = m*(remo) + n*(skor) =1 + s = |2kl = 1.

Finally, >, cpar >1—-¢ > 1—¢.

Case 2. Assume that s < a.

If we assume this, then we may proceed analogously to the case 1 since M also
satisfies the AHSp.

Case 3. Assume now that r,s > a.

First, we apply the fact that M has the AHSp. In view of equation (2.2), there
is m* € Sy such that

Rem* (i akP(a:k)) = Hi akP(xk)H >r—n.

Let Ay = {k € N:ry #0 and let Rem*(22)) > 1 — ¢/ /2.

. rk
Since

r—n< ) agRem (P(z)) + Y apRem"(P(zy))

ke A, keN\A;
,’7/

< QT + QgT (1 — —)
<Y ant Y an(1-1

keA; kEN\ A,

oo 77/
San-1 ¥ wn

k=1 kEN\ A,
L,
=Tr— 5 Z ATk,

keN\A;

we deduce that %/ > _kema, Tk < 7, and in view of (2.3) and the definition of 7,

we get ZkeN\Al aprr < 2n/n' < a <r. Hence, Y, 0 ap > 4 gy > 0.
Now we define the sets L, and (' as follows:

/ /

Ly = {k € N\A, : 1 < %} Oy = {k € N\A; @7y, > %}
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Then
8,77/ ,'7/ ,'7/
G Zak<52@krk§§ Z agr <1,
keCq keCq kEN\ A1
and so
(2.6)
keCy

Next, take By := A; U L. Note that

/ /

P
L1:{k:GNzrk:0}U{k€Nzrk#0,Rem*(ﬂ><1—%andrk Z}

Tk

From equation (2.6) and the choice of 7, we have

(2.7)

keB1

It is clearly satisfied that

/

P (T ) EAEE LIRS

keA; ZJEA @ JEAL Tk

Taking into consideration that M has the AHSp, there is a set E; C A; such that

dap>(1-£)> ar>0 (2.8)

keEy k€A

and there exist {my : k € E1} C Sy and mj € Sy+ with mi(mg) = 1 and
|lmy — %ﬁ’“)ﬂ < ¢ for all k € E;. In particular, Fy # @, and there is mg € Sy

such that mj(mg) = 1. Let us write D; = E; U Ly. For every k € Dy, since
E, C Ay and A; N L, = @, we can define

remg  if k€ Ly,
Up =
F rom, if ke E;.
Note that
my(ug) = rp = ||ugl] for all k € Dy. (2.9)

Also, if k € Ly, then ||uy, — P(xy)|| < 2rp < 2(¢/3) < &/, and if k € Ey, then
|lu — P(zg)|| < rie’ < ¢€'. That is,

Huk — P(xk)H <€ forall k € D,. (2.10)
Notice that from (2.8) we have

Zak>(1—€')2ak+2ak

keDq ke Aq kely

> (1—=¢)? (by (2.7)). (2.11)
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Next, repeating this argument, equation (2.2) implies that there is n* € Sy«
such that

Ren” (i OékQ(xk)> = Hi OékQ(l‘k)H > i Sk — 1).
k=1 K1 pa

Then we can proceed as above, and by using the fact that N has the AHSp,
we deduce that there is a subset Dy C N, {vy : k € Dy} C N, and an element
ni € Sy- satisfying the following conditions:

Stan>(1-) wio) = ol = s and
kDo (2.12)

|vk — Q(z)|| <&’ for all k € Ds.
Let D := Dy N D,. By using the choice of €', we clearly obtain

Z&kZ Z@k— Z Qf

keD keDq kEEN\ Dy
>(1—€e)P—(1-(1—-¢)?) (by (2.11) and (2.12))
=1—4e +2(¢')?
>1—c.

Now, for k € D, let y := ux + vx, € Sx. As a consequence of (2.10) and (2.12),
we deduce that

lye — @l < JJur — Plaw)|| + [Jve — Q) || < 26" <e.
Finally, in view of (2.9) and (2.12), the element x* = mj + n} € Sy verifies that
o (yg) = my(ug) +ny(vg) =rp+ s, =1 forall k € D.

This completes the proof that the ¢; sum of a finite number of spaces having
the AHSp also has the AHSp. O

Before stating and proving the case 1 < p < 0o, we need a couple of elementary
lemmas.

Lemma 2.4. Let a,b,p be nonnegative real numbers such that p > 1 and such
1
that a? + 0P < 1. Let M,y := (1 — b)» —a. Then,

P < p(((a—l-:t)ijbp)% — (ap+bp)%) for all x € [0, M, ).

Proof. If a = b = 0, then the above inequality is clearly satisfied. Otherwise define
the function

f: [OyMa,b] — R
z — ((a+z)P+0br)? _(aP_H)P)% —‘%p.

We deduce the result from the two facts that f(0) = 0 and
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p—1
f(z) = (a + ) — — P> (a+a)Pt — 2P >0

((a+z)p+0br) 7
for all € [0, M, ). O

Since 6122 (R? with the £,-norm) is uniformly convex for 1 < p < oo, Theorem 1.4
may be applied. Consequently, we have the following.

Lemma 2.5. For 1 < p < oo, 522) satisfies the following condition. Given any
0 <e <1, there is 0 < n < & such that, for every sequence (r, sk)ren C Sg% and
for every convex series 2@1 o, with

HZ Oék(T‘k,Sk)H >1—=mn,
k=1 P

there is a subset A C N with ), _, o > 1 — ¢ and some element (r,s) € Sez
satisfying |r — ry| < e and |s — si| < € for every k € A.

Now we take care of the case 1 < p < oco. Several other stability properties will
be obtained from the following result.

Theorem 2.6. Let X be a Banach space, and let 1 <p < oo. If X = M @&, N
and M and N both have AHSp, then so does X.

Proof. We can clearly assume that M # {0} # N. For arbitrary ¢ € (0, 1), fix
any 0 < ¢’ < ¢/5 and choose 1’ so that (d) of Proposition 1.2 applies for both M
and N. Next, let

e\ pt+l "\p NP p+1
0<e < min{ (5) ’2<1?T)2p’ ((Z; ) } (2.13)
and choose 7 as in Lemma 2.5 for £2.

We will begin the process of checking that X has the AHSp by applying (d) of
Proposition 1.2. In order to use Proposition 1.2(d) to prove that X has the AHSp,
we will rely on the parameter 7y that was chosen above (note that 0 < 7y < &9).
So, assume that ) ., @, is a convex series and that (z;)reny C Sx is a sequence
such that || >°7, agzy|l > 1 — .

We will denote by P and () the canonical projections from X onto M and N,
respectively. Then we have

1—mn < Hgo‘kka
- <H§Oékp(xk) ”)é
= ((i ak||P(xk)||)p+ (i OékHQ(«Tk)H)p>

k=1 k=1

= [ eutipel

R ) SPeTEn

LA

Q)

9
p
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where the last summation is viewed as an element of 612). From Lemma 2.5 applied

to the sequence ((||P(x1)l],||Q(x1)]]))ren, we have an element (r,s) € R?* with
rP+sP =1 and r,s > 0 as well as a subset A C N with

d ap>1-2>0 (2.14)
keA

so that, for all £ € A, we have
||| P(zr)]| = 7| < €0 and Q)| = 5| < eo- (2.15)

Now fix arbitrary elements mgy € Sy, and ny € Sy, and define the following
sequences:
P(xy) ifk¢A,
my = [15((55)” if k € A and P(x;) # 0,

h if ke Aand P(zy) =0

and
=4 gy ik € Aand Q(ae) #0,

sng if k€ A and Q(zx) = 0.

Next, define y; := my + ny, for all £ € N. It is clear that (yx)ren C Sx, and in
view of (2.15), we have

lyr — zxl] < 27eg < 29 (2.16)
for all £ € N. Note that

oo oo [e.e]
HZ ak:ckH - HZ akka <> allok =yl < 2.
k=1 k=1 k=1

By bearing in mind (2.14) and the above chain of inequalities, we have

o0
[ 5 ] -
keA k=1

o0
> H E Oékaij — 2e0 — &g
k=1

>1—7]0—3€0
>1—4€0.

We set ), := Zj:f; o for every k € A, so that ), _, i is a convex series. The

series ), 4 Bryw satisfies that

e < [ = (o) [0 A < [ A
— (|3 um )
keA

p
+ HZ B
keA
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< <<Zﬁk||mk||>p+ HZﬁknk p);
keA keA

(e[S
keA

< (rf + sp)% =1.

From the above chain of inequalities, we know that

(4 [} < ([ o
keA
S

~
) + ey, (2.17)

L=(@P+s)r <

and

(2.18)

P
P+ HZ B
keA

Now we apply Lemma 2.4 to a := || >, .4 Beru|| and b := || 3=, - 4 Brnel|. Note
that t :=r —a € [0, M,;], and by virtue of (2.18) we have (a +¢)? + b < 1. By
combining Lemma 2.4 and (2.17), we deduce that

(r—HZBkmk‘D tp<p (a+t)p+bp)%—(a”+bp)%)
e[S
- (H%ZAﬁkmk ’

< 4pey.

)

Hence
HZﬁkmkH > 7 — (dpeo). (2.19)
keA
By proceeding in a similar way, we also deduce that
HZ ﬁknkH > s — (dpeo). (2.20)
keA

Next, we will con51der the following three possibilities.
Case (a): r < 5”“.

In this case s > s» =1 —71rP > 1 — (’)’“ > 1/2 since r? + s = 1. From (2.20)
and (2.13), we have

(4
Hzﬁ’f H (ipen)? > 1 2(4peg)r > 1—17.
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By using our hypothesis that N has the AHSp, we know that there exists C' C A,
n* € Sn+ (which can be seen as an element of Sx), and a set {v; : k € C'} C Sy
such that

Zﬁk> 1—¢, Hvk_%H <¢  and
keC 5 (2.21)
n*(vy) =1 forall k € C.

Using (2.21) and (2.14) and by our initial choice of constant g, we obtain

Zak :ZﬂkZak >1—-e)1—¢gp)>1—("+e9) >1—c¢.
keC keC  keA
For every k € C, we have
2k — vl < llww = yill + [lye — vl
< 2e0 + [[mil| + [ — vkl (by (2.16))
<250+r—|—H T T H

S

1
<o+l e+ anH\l B 5‘

—250+5p“ +e+1-s

< 2¢gp +€p+1 +¢ +€p+1
< €.

Case (b): s < 5”“.
We proceed here in the same way as Case (a) above, by using the assumption
that M has the AHSp.
1

Case (c): el <r,s.
From (2.19) and (2.13), we deduce that

1
(4dpeo) dpeg) P
R R

p+1
€0

Since M has the AHSp, there are B C A, {uy : k € B} C Sy and m* € Sy«
satisfying

Zﬂk >1-¢, m*(uy) = 1, and
keB (2.22)
Huk——H<€ for all k € B.

In view of (2.20) and reasoning as before, we deduce that || >, Be™2[ > 1—17".
Hence, since N has the AHSp, there are C C A, {v;, : k € C'} C Sy and n* € Sy~
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satisfying

Y B>1-€, n(y)=1 and

keC (2.23)
n

Hvk - —kH <& forall k eC.
s

Taking D := BN C and bearing (2.22) and (2.23) in mind, we see that

ZﬁkZZ@c— Z Br — Z Br=1-— Z Br — Z B >1—2¢.

keD keA keA\B kEA\C kEA\B kEA\C

Hence by (2.14)

Zak:ZﬁkZak>(1—25’)(1—60)>1—(2€'+50)>1—5.

keD keD keA

For every k € D, the element ru; + svp € Sy verifies that
|lrug + svr — vl < ||lrue — ma|| + ||svr — nil| < re’ + s’ < 2¢,

in accordance with (2.22) and (2.23). Therefore, by taking into consideration
(2.16), for every k € D we have

| (rue + svk) — || < llrue + sve — yell + llye — 2l] < 26"+ 260 <e.

Finally, if (o, 8) € R? is the unique element satisfying a?+ 37 = 1 with ar+ s =
1, then the element am* + fn* € Sx- satisfies

(am™ 4 Bn*)(ruy + sv) = ar + s =1,
for every k € D. O

The statement of Theorem 2.6 remains true when p = oo due to [3, Proposi-
tion 2.4] and [1, Theorem 4.1]. At the very end of this article, we will argue that
the AHSp is not stable under infinite ¢,-sums for 1 < p < co. (This fact is already
known for infinite ¢o-sums, ¢1-sums, and f-sums in view of [3, Corollary 4.6]).

We now show how Theorem 2.6 can be used to obtain equivalent renormings
involving the AHSp.

Corollary 2.7. Let X be a Banach space.

(1) If dim(X) > 1, then X can be equivalently renormed to have the AHSp
but not the property 3 of Lindenstrauss.

(2) If X is infinite-dimensional and admits an equivalent strictly conver norm,
then X admits an equivalent strictly convex renorming that fails the AHSp.

Proof. (1) Let = € Sx, and consider any closed subspace M of X such that X =
Kz @ M (K is the base scalar field). Since every Banach space can be equivalently
renormed to have the AHSp (see Theorem 1.9), we can assume without loss of
generality that M has the ASHp. This means, by Theorem 2.6, that Kx &y M
has the AHSp. Now, to see that Kz @&, M does not verify property 3, we observe
two things. By virtue of [12, Proposition 3.3], the unit sphere of a Banach space
having property £ has no locally uniformly rotund points. The element x is a
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locally uniformly rotund point of the unit ball of Kz &, M (see, for instance, |2,
Proposition 2.1]).

(2) We will distinguish two cases. If X is super-reflexive, then there exists an
infinite-dimensional closed separable subspace Y of X that is complemented (see
[11, Proposition 1]). Next, Y is reflexive, so Y* is separable too. By [9, Theorem 1],
there exists an equivalent renorming on Y* that is uniformly Gateaux-smooth but
lacks asymptotic normal structure. By [8], we have that this equivalent norm on
Y™ is not uniformly Fréchet-smooth. Since Y is reflexive, that equivalent norm on
Y™ is a dual norm, whose predual norm on Y is strictly convex but not uniformly
convex. By [1, Proposition 3.9], we have that this equivalent norm on Y fails
to have the AHSp. The complement of Y in X is also reflexive, so it can be
equivalently renormed to be strictly convex (see [5, Proposition VII.2.1]). Finally,
take the /o-sum of Y and its complement with their corresponding new norms
and apply Proposition 2.1.

In the case that X is not super-reflexive, there is no need to renorm because
of [1, Proposition 3.9] and [6]. O

Notice that the class of Banach spaces admitting an equivalent strictly convex
norm is very large. However, there are examples of Banach spaces that do not
belong to this class (see, e.g., [5, Corollary I1.7.13]).

Our final purpose is to deduce some stability properties of the BPBp in the
case where the domain space is /1. In order to accomplish this, we introduce the
following notion. Given a real or complex Banach space X, we say that Y has
property Px if the pair (X, Y') has the BPBp for operators. In view of the stability
result for 1 < p < oo (see Theorem 2.3, Theorem 2.6, [3, Proposition 2.4], and
[1, Theorem 4.1]), we obtain the following result.

Corollary 2.8. The property Py, is stable under finite {,-sums for 1 < p < oo.

Question 2.9. Given an arbitrary Banach space X, is the property Py stable
under finite £,-sums for 1 < p < o0?

For p = oo, the property Px is stable under finite f,-sums (see [3, Propo-
sition 2.4]). It is also known that in general Py is neither stable under infinite
,-sums for 1 < p < oo in view of the Bishop—Phelps-Bollobas theorem (see [4])
and the counterexample given in [7, Appendix| nor under co-sums and f.-sums
(see [3, Corollary 4.4]).
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