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Abstract. We prove that for a given Banach space X, the subset of normattaining Lipschitz functionals in Lip0 (X) is weakly dense but not strongly
dense. Then we introduce a weaker concept of directional norm attainment
and demonstrate that for a uniformly convex X the set of directionally normattaining Lipschitz functionals is strongly dense in Lip0 (X) and, moreover,
that an analogue of the Bishop–Phelps–Bollobás theorem is valid.

1. Introduction and motivation
In this text, the letter X stands for a real Banach space. We denote, as usual, by
SX and BX the unit sphere and the closed unit ball of X, respectively. A functional
x∗ ∈ X ∗ attains its norm if there is x ∈ SX with x∗ (x) = kx∗ k. If X is reflexive,
then all x∗ ∈ X ∗ attain their norms and, according to the famous James theorem
(see [8, Chapter 1, Theorem 3]), in every nonreflexive space there are functionals
that do not attain their norm. Nevertheless, in every Banach space there are
“many” norm-attaining functionals. Namely, the classical Bishop–Phelps theorem
(see [5], [8, Chapter 1]) states that the set of norm-attaining functionals on a
Banach space is norm-dense in the dual space. Moreover, for every closed bounded
convex set C ⊂ X, the collection of functionals that attain their maximum on C
is norm-dense in X ∗ .
The fact that every functional can be approximated by those that are normattaining is quite useful, but sometimes one needs more. Namely, sometimes (in
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