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ABSTRACT. Let (X,|| - ||») denote a sequence of real Banach spaces. Let

o0
X = @Xn = {(xn) i x, € X, for any n € N, Z |zn|ln < oo}.
1 n=1
In this article, we investigate some properties of best approximation opera-
tors associated with finite-dimensional subspaces of X. In particular, under a
number of additional assumptions on (X,,), we characterize finite-dimensional
Chebyshev subspaces Y of X. Likewise, we show that the set

Nuniq = {z € X : card(Py (z)) > 1}

is nowhere dense in Y, where Py denotes the best approximation operator
onto Y. Finally, we demonstrate various (mainly negative) results on the exis-
tence of continuous selection for metric projection and we provide examples
illustrating possible applications of our results.

1. Introduction

Let (X, || -]|) be a Banach space, and let Y C X be a nonempty subset. Denote
by Sx (resp., Bx) the unit sphere (resp., the closed unit ball) in X. For x € X
define

Py(z)={y €Y : |z —y| = dist(z,Y)}.

Any y € Py(x) is called a best approzimant in Y to x, and the mapping x — Py (z)
is called the metric projection. A nonempty set Y C X is called proziminal if
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Py(z) # 0 for any x € X. A nonempty set Y is said to be a Chebyshev set if
it is proximinal and Py (x) is a singleton for any = € X. A continuous mapping
S : X — Yiscalled a continuous selection for the metric projection if Sz € Py (x)
for any x € X.

Let (Xn, | - ||n) be a sequence of real Banach spaces. Then define

X = @Xn = {(mn) cx, € X, for any n € N,Z |Tnlln < oo}
1

n=1

equipped with the norm

@)l =D lnln.

Observe that if X,, = R for any n € N, then X is equal to [, and if X,, = Z for
any n € N, where Z is a fixed Banach space, then X is equal to [1(Z)-space. In
the remainder of this article, unless otherwise stated, X will denote @, X,.

In this article, we first characterize finite-dimensional Chebyshev subspaces of
X (see Theorem 3.2) under the assumption that all spaces (X, || - ||,) are strictly
convex. Also, under additional assumptions on the sequence (X,,), we show that
the set Nuniq is nowhere dense with respect to the norm topology in X, where
(see Theorem 3.5)

Nuniq = {z € X : card(Py(z)) > 1}.

We also present some results concerning nonexistence and existence of continu-
ous selection for the metric projection. Observe that a large number of papers exist
on the investigation of Chebyshev subspaces and various concepts of selection for
the metric projection (see, e.g., [1]-[14]). For a general overview concerning these
topics and other problems associated with approximation theory, we refer the
reader to [15]. As a product of our considerations, we present a simple example of
a 4-dimensional real Banach space and its 1-dimensional subspace Y onto which
there is no continuous selection for the metric projection (see Example 3.21). Our
investigation of continuous metric selection is mainly inspired by results from [§]
and [11].

The article is organized as follows. Following this Introduction, Section 2 con-
tains preliminary results and technical lemmas. The main results are presented
in Section 3.

2. Preliminary results

First, we recall some well-known results for the sake of completeness and the
reader’s convenience.

Theorem 2.1 ([16, p. 2, Theorem 1.1]). Let X be a Banach space, let x € X, and
let Y C X be a linear subspace. Assume that dist(x,Y’) > 0. Then, y € Py(x) if
and only if there exists f € Sx« such that f(x —y) = dist(x,Y) and fly =0. As
a consequence, if f € Sx-, x € X\Y, fly =0, and f(x) = ||z||, then 0 € Py(x).

We will also frequently use the following well-known fact.
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Corollary 2.2. Let X be a Banach space, let x € X, and let Y C X be a linear
subspace. Assume that dist(z,Y) > 0, and let y € Py(x). Fiz f € Sx+« such that
flz—y) = ||lz—yl| and fly = 0. Thenw € Py (z) if and only if f(zr—w) = ||z—w||.

Proof. Note that
dist(z,Y) = [z —yl| = f(z —y) = f(z —w) < ||z — w| = dist(z,Y),
which shows our claim. O

Lemma 2.3. Here let Y be a closed subset of a Banach space X such that
dim(Span(Y')) is finite. Assume that v € X and Py(x) = {y}. If x, € X and
|z, — || — 0, then for any y, € Py (x,), we have ||y, —y|| — 0.

Proof. Assume, to the contrary, that there exist {z,} C X, y, € Py(x,) and
x € X such that Py(z) = {y}, z, — = and {y,} does not converge to y. Passing
to a subsequence if necessary, we can assume that there exists d > 0 such that
|y — y|| > d. Since z, — x, {y,} is bounded. Since dim(Span(Y)) < co and Y
is closed, passing to a convergent subsequence if necessary, we can assume that
yn — 2z € Y. By the continuity of the function x — dist(z,Y) we get ||z — z|| =
dist(x,Y"). Since Py (z) = {y}, y = z, which leads to a contradiction. O

We will also need the following criterion.

Theorem 2.4 (see [8, Theorem 4.5]). Let X be a Banach space, and let Y C X
be a 1-dimensional subspace. Then, Y = spanly| does not admit a continuous
selection for the metric projection if and only if there exists x € X such that
0 € Py(z), with disjoint compact intervals Iy, Iy and two sequences {x,} and
{yn} converging to x such that for any n € N, Py(z,) C Iyy and Py (y,) C Ly.

Let (X, | - ||») be a sequence of real Banach spaces. Then, define (as in the
Introduction)

X = @X —{:L‘n x, € Xp foranynENZH:z:an<oo}

n=1

equipped with the norm

It is well known that X is a Banach space. Moreover, it is not difficult to see that

= @X;: = {(z}) : 2}, € X, for any n € N ,SUp |z ||k < oo}
equipped with the norm
@)™ = sup |27 1%,
where for any n € N, || - ||* denotes the norm in X. It is also easy to prove the

following remark.

Remark 2.5. Observe that for z = (x,) € X \ {0} and f = (f,) € Sx+, we have
that f(x) = ||z|| if and only if f;(z;) = ||x;||; for any i € N.
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For an element z € X, we will denote
supp(z) = {n € N: z,, # 0}.

Lemma 2.6. Let Y C X be a linear subspace. Let y = (y,) € Y \ {0} and
x = (z,) € X be so chosen that [—1,1]y C Py(x). Then, supp(y) C supp(z).

Proof. Fix 2* = (z) € Sx+ such that z*(z) = ||z|| and 2*(y) = 0. Since [—1, 1]y C
Py (x), by Theorem 2.1 such an z* exists. By Corollary 2.2,

le =yl =2"(x—y) and [z +yl|=2"(z+y)
By Remark 2.5, if j € N\ supp(z), we have that x%(—y;) = [ly;|; and z}(y;) =
lly;ll;, so y; = 0. As a consequence, supp(y) C supp(x). O

Lemma 2.7. Let Y C X be a linear subspace. Let x € X\ Y, y = (y,) € Y \ {0}
be so chosen that [—1,1)y C Py (z). Fiz * = (21) € Sx« such that z*(x) = ||z|
and z*|y = 0. Let

Ny ={j € N:xj(y;) > 0}
and

N_={jeN:zi(y;) <0}.
Then, there ezists z = (z,) € X such that [—1,1]ly C Py(z) and

125 + ay;ll; > 25(z + ay;)  fora < —1,j € N, (1)

and

2j + ay;ll; > 2j(2; +ay;) fora>1,j€ N_. (2)
Proof. Since [—~1, 1]y C Py (z), by Corollary 2.2, 2% (x;+ay;) = ||x;+ay;l|; for any
j € Nand a € [-1,1]. Assume that ||z;+ay;||; = 2} (7;+ay;) for some a < —1 and
J € Ny. Since j € Ny, there exists a, < a such that ||z; + a,y;l|; = 27 (7; + a.y;)
and ||lz; + by;ll; > 2} (z; + by;) for b < a,. Put z; = x5+ (a, + 1)y;. Observe that
125 = yill; = x5 + aoy;ll; = 5 (x5 + aoyy) = 23 (25 — y;)-
But for b < —1,
125 + bysll; = |25 + (a0 + D)y; + by ]
= ||z; + (ao+ (b + 1))yjHj > x5 (z5 + by;),
since a, +b+1 < a,. Since {z € X : 2j(2) = ||2]|} is convex, we have that
lzj + ay;|l; = «*(z; + ay;)
for a € |a,, 1]. Hence, since a, + 2 < 1,
25 +yslls = [z + (a0 + 2y
= 2} (z; + (a0 + 2)y;) = 25(2; + y;).
If 5 € N_, reasoning in the same way we can modify (if necessary) z; to z;
satisfying (2) such that ||z; — y;ll; = 2}(z; — y;). Put 2 = (z,), where 2; = x;
for j ¢ Ny U N_. Observe that z*(z + ay) = ||z + ay|| for any a € [—1, 1]. Since
x*|ly =0, by Theorem 2.1, [—-1,1]y C Py(z). Also, z satisfies (1) and (2). O
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Lemma 2.8. Let, Y C X be a linear subspace. Assume that r = (x1,22,...) € X
and y = (y,) € Y \ {0} satisfy [—1,1ly C Py(x). If || - ||, is strictly convex for
some n, € supp(y), then x,, = d, yn, for some d,, € R\ {0}. If we additionally
assume that Y is finite-dimensional and dim(Y") = dim(Y,,,), then

Py (z) C spanly].
Here forn € N,
Y, = {zn € Xy 2z =Yn for somey = (Y1, ., Yn, Yns1,---) € Y}. (3)

Proof. Fix z € X, y € Py(z), and n, € N, satisfying the assumptions of our
lemma. By Theorem 2.1 and Corollary 2.2, there exists z* = (z) € Sx« such
that

z]| = [z £ y|| = 2"(2) = 2" (z L y) = dist(z,Y)
and z*|y = 0. Since y € Py(x) and n, € supp(y), by Lemma 2.6, z,, # 0. By
Remark 2.5,

x:lo('rno) = Hxno”no
and
:B’)Ik’bo (':Cno :|: yno) = ||:Uno :|: yno”no'
If z,, = yn, O T,, = —Yn,, the lemma is proved. In the other case,
Tn, — Yn
x* ( Mo o ) — 1 — x* *
" ||xno - y?’LOHTLo H n0||n0
and
T, + Yn
I’* < No ) > — 1 — x* * .
“\Tan, + ool Izl
Since || - ||, is strictly convex, we get
xno - yno — 'Tno + yno (4)
Hxno _yno”no Hxno +ynoHno

Since y,,, # 0,
”an + ynoHno % H:Eno - ynoHno'

By (4),
xTLO - yno = b’no (‘rno + yno)’
where
bno — ||xno B yno””o )
||'rno + yno ”no
Hence,
(5)
Tn, = nos
e~ \1_y, )Y
as required (d,, = e ). Now, assume additionally that dim(Y) = dim(Y,,,) = k.

T=bn,
Let 21 = yn,, 22,..., 2 be a fixed basis of Y, . By definition of Y}, , there exists

z',. .., 2" € Y such that zJ = z; for j = 1,... k. Observe that the (27)%_, form
a basis of Y. Indeed, if 2?21 a;z? = 0, then 2521 ajz; = 0 and consequently
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aj =0 for j =1,... k, since (z;) is a basis of Y, . Now, fix w € Py(z). Then,
w= 2521 a;z’ and

k
Wa, = Y02 (5)
j=1

By Remark 2.5,

‘/L':;O (xno) = ||'rno ||no

and

zjlo(xno - wno) = ||$no - wno“no'
If w,, = x,,, then by the previous part of the proof, w,, = d,, y,, and by (5),
ay = dp, and a; =0, for j = 2, ..., k, which proves that w = d, y in this case. If
Wy, # Tn,, then reasoning as in the previous case we get that

T, Ty, — W,

HxnoHno Hxno _wnoHno

Hence, by the strict convexity of || - ||, we get that
Wy, = CTp, = Cdp, Ypn, = cdy, 21,

where ¢ = 1 — W By (5), a1 = cd,, and a; = 0, for j = 2,...,k, which
7L0

completes the proof of the lemma. O
In the sequel, the following well-known lemma is needed.

Lemma 2.9. Let y',... ,y" € X. Then, the set {y’ %1 s linearly independent
if and only if there exists iy < 1o < --- < i, Such that the set {wj};?zl 1s linearly

independent, where w? = (yfl, o ,yfn) forj=1,...,n.

3. Main results

First, we will characterize finite-dimensional Chebyshev subspaces of X =
D, X

Theorem 3.1. Let Y C X be a linear subspace. Assume that for anyn € N, X,
is strictly convex. Then, there exists x € X such that card(Py (z)) > 1 if and only
if there exist y = (y,) € Y \ {0} and z* = (x) € Sx~ such that x*|y = 0 and
23.(Yn) € {£l|ynlln} for any n € N.

Proof. Assume that there exists x € X such that card(Py(z)) > 1. Let w,z €
Py (z) and w # z. Since Y is a convex set, the segment [w, z] C Py (x), where
(w,2] = {aw + (1 —a)z : a € [0,1]}. Let 2! =  — “=. Since Y is a linear
subspace of X, Py(z') = Py(x) — “f2. Hence, w — %2 = “>2 € Py(z') and
z— 2 = =0 ¢ Py(2'). Put y = 32 Then, the segment [—y,y] C Py(a')
and y # 0. Since 0 € Py (z'), by Theorem 2.1 we can select z* € Sx- such that
x*(z) = ||z|| and z*|y = 0. By Lemma 2.5, z%(x,) = ||z,||, for any n € N.
Since for any n € N, X, is strictly convex, by Lemma 2.8, z,, = d,y, for any
n € supp(y). Moreover, by Lemma 2.6, d,, # 0 for any n € supp(y,). Hence,

5 (Yn) € {£||ynlln} for any n € N, as required.
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Now, assume that there exist y = (y,) € Y \ {0} and z* = (z}) € Sx- such
that z*|y = 0 and z(y,) € {£||ynll»} for any n € N. Set for n € N, z,, = y,, if
*(Yn) = ||yn|ln and z,, = —y, in the opposite case. Let x = (x,,). Note that

[e's) o)
v (x) =Y wh(@) =Y walln = ||zl
n=1 n=1

By Theorem 2.1, 0 € Py (z). Moreover, by definition of x, for any n € N,  (z,, +
Yn) = ||Tn £ Ynlln- By Corollary 2.2 and Theorem 2.1, [—y,y] C Py(z). Since
y # 0, the proof is complete. O

If we additionally assume that Y is finite-dimensional, by Theorem 3.1 we
immediately get the following.

Theorem 3.2. Let Y C X be a finite-dimensional subspace. Assume that for any
n € N, X,, is strictly convex. Then, Y is not a Chebyshev subspace if and only
if there exist y = (y,) € Y \ {0} and z* = (2¥) € Sx« such that x*|y = 0 and
23, (Yn) € {£llynlln} for any n € N.

Corollary 3.3. Let Y = spanly| be a 1-dimensional subspace of X generated by
y = (yn) € X\ {0}. Assume that for any n € N, X,, is strictly convex. Then, Y
is not a Chebyshev subspace if and only if there exists o € {—1,1}N such that

S oullgall = 0. (6)
n=1

Proof. Observe that if Y = span[y], then (6) is equivalent to the fact that there
exist #* = (z) € Sx~ and y = (y,) € Y \ {0} such that z*|y = 0 and = (y,) €
{£||ynlln} for any n € N. By Theorem 3.1, we get our result. O

Corollary 3.4. Let Y C X be a k-dimensional (k > 2) subspace spanned by
yh, ...,y having disjoint supports. Assume that for anyn € N, X, is strictly con-
vex. Then, Y is not a Chebyshev subspace if and only if for some j € {1,... k},
W, = span[y’] is not a Chebyshev subspace.

Proof. First, assume that for some j € {1,...,k}, W; = span[y’] is not a Cheby-
shev subspace of X. By Corollary 3.3, there exists ¢ € {—1,1}" such that
> L onllyl]ln = 0. Define for n € N,
—y) if n € supp(y?), 0, = —
T, =<yl ifnéesupp(y!), o, =1,
0 if n & supp(y?).

L

Put z = (2"). Observe that [—y’, 4] C Py, (z). Since supp(z) = supp(y’) and
y', ..., y* have disjoint supports, dist(z, W;) = dist(z,Y) = ||z — ay’| for any
a € [—1,1]. Hence, Y is not a Chebyshev subspace. Now assume that for any
Jj € {L,...,k}, W, is a Chebyshev subspace of X and Y is a not a Chebyshev
subspace of X. By Theorem 3.2, there exist y = (y,) € Y \ {0} and 2* =
(x}) € Sx+ such that z*|y = 0 and 2} (y,) € {£||ynlln} for any n € N. Since

Yy = Z§=1 a;y? #0, a; # 0 for some j € {1,...,k}. Since y',...,y" have disjoint
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supports, z¥(y)) € {£||y?||,} for any n € N. Since z*(y’) = 0, by Theorem 3.2,
W; is not a Chebyshev subspace of X, which leads to a contradiction. O

Now, we show that under some additional assumptions on X = @, X,, and
Y C X being a finite-dimensional subspace of X, the set

Nuniq = {z € X : card(Py(z)) > 1} (7)

is nowhere dense in X, that is, int(cl(Nuniq)) = ), where the closure and the
interior are taken with respect to the norm topology in X.

Theorem 3.5. Let Y C X be a k-dimensional subspace of X. Fiz iy < ig < --+ <
ir such that the vectors w’ from Lemma 2.9 are linearly independent. For each
J € N, we denote by m; the projection from X onto X; given by wj(x) = x;. Set as
in Lemma 2.8, for j =1,... k, Y; =7, (Y). Assume that for any j € {1,...,k},
Y; us a proper subspace of X;, and that X;; are strictly convex for j =1,... k.
Then, the set Nuniq defined by (7) is nowhere dense in X.

Proof. Without loss of generality, we can assume that i; = j for j = 1,... k.
Define for j =1,... k,

where Z, = X,, for n # j and Z; =Y. First, we show that Nuniq C Ule P;.
Let * € Nuniq. Then, there exist w,z € Py(z), w # 2. Since the vectors w’
from Lemma 2.9 are linearly independent, w; # z; for some j € {1,...,k}. Let
x! =z — %= Since Y is a linear subspace, Py (z') = Py(x) — “3=. Hence, the
segment [—y,y] C Py ('), where y = %52, Since w; # z; for some j < k, then
y; # 0. Applying Lemma 2.8 to z', we get that for some j < k, z} = d;y; for
some d; # 0 and y; € Y;. Hence,

w—=z

(w4 2); cy

x; = djy; + 5 i

which shows that z; € Y; and consequently = € P;.

To end our proof, we show that U§:1 P; is nowhere dense in X. First, we show
that each set P; is closed in X with respect to the norm topology. Since 7; is
continuous for every i € N, and for each j € N fixed m;(F;) coincides with X; or
Y; and Y; = m;(Y) is a finite-dimensional subspace, m;(P;) is closed in X;. It clearly
follows that P; is closed in X for each j € N. Now, we show that int(U?z1 P;) =0.
Assume that this is not true. Then, there exist x = (x,,) € U?:l P; and r > 0

such that x +rBx C Ule P;. Since x+1rByx is a complete metric space (with the
topology determined by the norm in X), by the Baire property, int(P;,) # 0 for
some j, € {1,...,k}. This implies that Y}, has nonempty interior in X, since
Y, contains the ball centered at z;, with radius r. However, since Y}, is a proper
subspace of X}, it has empty interior, which leads to a contradiction.
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Finally, note that

¢I(Nuniq) C cl(L_kJ p) = OCI(PJ-) - Opj

and int(cl(Nuniq)) C int(U?z1 P;) =0, as required. O

Corollary 3.6. Let Y C X be a finite-dimensional subspace. Assume that for
any n € N, X,, is strictly convex and Y, is a proper subspace of X,,. Then, the
set Nuniq s nowhere dense in X.

Proof. This follows immediately from Theorem 3.5. OJ

Corollary 3.7. Let y € X \ {0}, and let Y = spanly|. Assume that there ezists
n € supp(y) such that X, is strictly convexr and dim(X,) > 1. Then, Nuniq is
nowhere dense in X.

Proof. Put 71 = n. Then, the result follows from Theorem 3.5. OJ

Observe that the assumption dim(X,,) > 1 in Corollary 3.7 is essential because
of the following example.

Example 3.8. Let X = {;; that is, X,, = R for any n € N. Fix y € X \ {0} such
that supp(y) = {1,...,n,}, for some n, > 1, |y, | = min{|y,| : n = 1,...,n,},

and
Z Yn = 0. (8)
n=1

Let Y = [y]. Fix ¢ > 1, and define z,, = cy, if y, > 0 and z,, = —cy,, if y, < 0.
Let x = (x,). Now, we prove that for any z = (z,) € X such that

(C — 12)’3/710‘ : (9)

[—y,y] C P,(2). Fix z € X satisfying (9), and observe that for any n € {1,...,n,},
Zn — |yn| > 0. Indeed,

Iz =] <

Zn = |ynl = 20 — T + 20 = [yn| =2 (¢ = 1)|yn| — |20 — 70
(C — 1)‘yn ’ (C _ 1)|yn |
> (c— Dy, | — ol > o
> (o= 1)) — el > 27
Define z* = (1,...,1,,,s80(2n,+1),880(2n,42), - - -). Observe that z* € Sx« and
x*(z £ y) = ||z £ y|| and by (8), 2*(y) = 0. By Theorem 2.1, [—y,y|] C Py(2), as
required. Hence, the set Nuniq has nonempty interior.

> 0.

From Corollary 3.6, we can easily obtain the following.

Corollary 3.9. Let Y C X be a finite-dimensional subspace. Assume that for any
n € N, X, is strictly convex and Y, is a proper subspace of X,,. Let S : X — 'Y be
a selection for the metric projection (i.e., S(x) € Py(x) for any x € X ). Then,
the set of points in which S is discontinuous is nowhere dense in X.

Proof. By Corollary 3.6, the set Nuniq is nowhere dense in X. By Lemma 2.3, S
is continuous at any x € X \ Nuniq, which completes the proof. O
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The next results show that, in general, if the set Nuniq is nonempty, the exis-
tence of a continuous selection for the metric projection is rather a rare situation.
We start with the following theorem.

Theorem 3.10. Let X, Y, x, y, ¥, N_, Ny be as in Lemma 2.7. Assume
additionally that dim(Y') = 1 and that x can be so chosen that N_ and Ny are
infinite. Then, there is no continuous selection for the metric projection onto Y .

Proof. By Lemma 2.7 we can assume that x satisfies (1) and (2). Define for n € N,
" =x —2yne, fornée N, (10)

2" =x42yne, forne N_, (11)
and 2" = x otherwise, where e, is a sequence associated to the characteristic
function of {n} for each n € N. Observe that for n € N,

"ty = (xl + Yo s 1+ Yn—1,Tn — Yny, Tnt+1 + Ynt1, - - )

Since Py (x) = [—1,1]y and 2*(x) = ||z, by Corollary 2.2 we get that z* (2" +y) =
|2 + y||. Since z*(y) = 0, by Theorem 2.1,

2" +y|| = dist(2",Y) (12)
for any n € N,. Reasoning in the same way, we get that

12" =yl = dist(z",Y")
for any n € N_. Observe that for n € N, and a > —1, ay ¢ Py(z"). Indeed, by
(1),
ff:l(fvz - ayn) = f;(:l?n — 2y — ayn) = 17;‘; (xn + (_2 - a)yn) < sz - ayan,

since @ > —1 if and only if —(2+a) < —1. Consequently, since 2*(y) = 0 and N,
is infinite, by (12), we obtain that

o = ayll > D () — ays) = D w3 +y5) = 2" (e +y) = dist(a",Y).
j=1 j=1
Analogously, for a <1 and n € N_,

:E;kl(z’r? - ayn) = xZ(J:n + 2y, — ayn) = x;kz (zn + (2 - a)?/fb) < ||ZZ - ayn”nv
since a < 1 if and only if 2 — a > 1. Consequently, for n € N_ and a < 1,
ay ¢ Py(z"). As a consequence, for n € Ny, Py(z") C (—oo — 1]y and for
n € N_, Py(2") C [1,+00)y. Since Ny and N_ are infinite,

Jim la” — 2l = lim 2y
and
lim [|2" =z = lim 2y, ], = 0.

Consequently, there is no continuous selection for the metric projection onto Y.
O
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The following example provides 1-dimensional subspaces such that they do not
admit a continuous selection for the metric projection.

Ezample 3.11. Fix x, € Sx, and z}, € ext(Sx:) for n € N such that 7 (z,) = 1.
Let y, = x,/2" for n = 2k, and let y, = —x,/2" for n = 2k + 1, k > 1. Let
y1 = axy, where a € R is so chosen that

Z zr (yn) + axi(z1) = 0.

n=2
Put y = (yn), z = (la|z1, 22/4, ..., 2,/2",...), and * = (2). Let Y = spanly].
It is clear that 2*(z) = 372, x;,(2,) = | z]|. Moreover, z*(y) = 0. Note that

letyll =) len £yl = D an(za ) = 2" (2 £ y),

n=1 n=1

since for any n € N, 2z, —y, = 0 or 2z, — ¥y, = 2z,. Moreover, *(y) = 0. By
Theorem 2.1, Py (z) = [—1,1]y. It is clear that, in this case, N = {2k : k € N}
and {2k +1: k € N,k > 1} € N_. By Theorem 3.10, there is no continuous
selection for the metric projection onto Y.

Observe that under additional (not very restrictive) assumptions, we can prove
Theorem 3.10 not only for 1-dimensional subspaces.

Theorem 3.12. Let X, Y, z, ¥, y, N_, Ny be as in Lemma 2.7. Assume that
x can be so chosen that N_ and N, are infinite. If there exists n, € supp(y) such
that X,,, is strictly convex and dim(Y,,,) = dim(Y"), where Y,,, = m,,(Y") is defined
by (3), then there is no continuous selection for the metric projection onto Y.

Proof. The proof is similar to that of Theorem 3.10. By Lemma 2.7, we can modify
x in such a way that Py (x)Nspan[y] = [—1, 1]y. By Lemma 2.8, Py (z) = [—1, 1]y.
Let 2™ and 2" be defined by (10) and (11). Now, we show that Py (2") C span[y]
and Py(z") C spanfy] for n > n,. Assume on the contrary that there exist
ny € N_, ny >n, and w = (w,) € Y \ spanly| such that w € Py (™). Since
dim(Y) = dim(Y,,) and n, € supp(y), w,, ¢ spanly,,|. Hence, by Corollary 2.2,
|z™ — w|| = x*(2™ — w). By Remark 2.5 applied to z + y and 2™ — w, since
ne < Ny, we get

*

xng(xno :t yno) = Hxno j: yno”no

and

'r:,o(xno - wno) = ||xno - w”o“”o’

Hence, reasoning as in Lemma 2.8, we get that w,, = dy,,6 for some d € R,
which is a contradiction. In the same way, we can show that Py (z") C span[y].
By the proof of Theorem 3.10 applied to 1-dimensional subspace span[y], we get
our result. O

Theorem 3.13. Let X, Y, x, 2*, y, N_, N, be as in Lemma 2.7. Assume that
x can be chosen such that N_ and N are infinite and that for anyn € Ny UN_,



946 M. CIESIELSKI and G. LEWICKI

X, is strictly convex. Assume, furthermore, that there exists a basis y*, ..., y™ of
Y such that y' =y and for j =2,...,m,

J
-l
0N lynlln

J
lim 192l _ (14)

neN+ [|yn

—0, (13)

Then, there is no continuous selection for the metric projection onto Y .

Proof. By Lemma 2.8, for any n € N_ U Ny, z, = d,y, with d, # 0 for any

n € N_ U N,, and consequently for any n € N_, x(y,) = —||ynll» and for any
n € Ny, 2 (yn) = ||Ynlln- Define z = (2,) € X by z; = y; for j € Ny and
zj = —y; otherwise. Observe that z*(2) = >, |ly;ll; = ||z]| and 2*[y = 0.

Hence, by Theorem 2.1, 0 € Py (z). Define, as in Theorem 3.10,

" =z —2y,e, fornée N,
2" =z+42y.e, fornée N_.

It is clear that (||2” — 2||)nen, — 0 and (||2" — 2||)nen. — 0. Observe that for
n € Ny, 2y +yn = 0and 27} +y; = z; +y; for j #n. Alsoforn € N_, 2 —y, =0
and 27 —y; = z; — y; for j # n. Since z*[y = 0, by Theorem 2.1, —y € Py(z")
for any n € Ny and y € Py(z") for any n € N_. We will argue by contradiction.
Now assume that there exists a continuous selection for the metric projection
S: X =Y. Then, S(2") = S(z) and S(2") — S(z). By Corollary 2.2,

z*(z" = S(a")) = ||a" — S(z™)|| for any n € N, (15)

and
¥ (2" = S(2")) = ||z” — S(z”)” for any n € N_. (16)

Let S(z) = ay + 7, a7, S(a") = apy + >0, anjy’ for n € Ny, and S(2") =
by + >0y bn jy? for n € N_. Since [|S(2") — S(2)|| — 0 and ||S(2") = S(z)| — 0,

a, — a, an; —a; forj=2....m (17)

and
b, — a, b,; = a; forj=2_... m. (18)

Now, we show that a < —1. Since for any n € N, 2! = —y,, by Remark 2.5 and
(15) we get

a7 = 5@, = wn (@ = S@")) = a3 (-1 = @)y = D anssd).  (19)

Since ¥ (yn) = ||Ynlln, by (14) and (17),

2y, (=1 — an)yn — 2;1:2 an,jygz)
[ynlln

—>7'LEN+ _<]‘ + a)'
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By (19), —(1 +a) > 0, and consequently a < —1, as required. To get a contra-
diction with the existence of continuous selection for the metric projection S, we
show that a > 1. Since for any n € N_, 2" = y,,, by Remark 2.5 and (16),

22 = SGEall, = @iz = SEa) = (1= bays = D buspd). (20)

Since @7, (yn) = —[|Ynlln, by (13) and (18),
5 (1= 0p)Yn — > by,
M( )y 23_2 JY%) ven —(1—a).
By (20), —(1 — a) > 0, and consequently a > 1, as required. O

The following modification of Example 3.11 provides a possible application of
Theorem 3.13.

Example 3.14. Let X,, be strictly convex for n € N. Let z*, y be as in Exam-
ple 3.11. Let y* =y, 92, ...,y™ € ker(z*) be linearly independent vectors. Assume
that for j = 2,...,m, supp(y’) is finite. Let Y = span[y’,j = 1,...,m]. Then,
applying Theorem 3.13 to x = (|a|xy, 22/4, ..., 2,/2",...) from Example 3.11, we
can deduce that there is no continuous selection for the metric projection onto Y.

Now, we apply Theorem 3.13 to certain finite-dimensional subspaces of [;.

Ezample 3.15. Let X = I;. Let y € I; \ {0} be so chosen that > 7 vy, = 0.
Assume that N, and N_ are infinite, where N, = {n € N : y, > 0} and
N_={neN:y, <0} Fix y?,...,y™ such that > > 4/ =0for j =2,....,m
satisfying (13) and (14). (In our case ||yn||ln = |yn| for any n € N.) Let ¥ =
span(y’, j = 1,2,...,m]. Then, by Theorem 3.13 there is no continuous, metric
selection onto Y. In particular, if supp(y’) is finite for n = 2,...,m, there is no
continuous selection for the metric projection onto Y.

Now, we present a class of 1-dimensional, non-Chebyshev subspaces of X onto
which there exists a continuous selection for the metric projection. We start with
the following.

Proposition 3.16. Let X = @, X,,. Let Y = span[y|, wherey = (y,) € X \ {0}.
Assume that for any n € supp(y), (Xn, || - |ln) is @ smooth Banach space. Assume
that there exist n, € N and z* = (z}) € Sx such that {1,...,n,} C supp(y),
z*(y) =0, and

x*(y ): _“yan fOT’TLSTLO,
nAg Yl n forn >n,+ 1.

Let x = (x,) € X be such that x, = ¢ yn, where ¢, < —1 forn = 1,...,n,,
Cm, = —1 for some m, € {1,...,n,}, and ¢, > 1 for n > n, + 1. Assume that
there is a sequence (27) in X converging to x such that for any j € N,

Zj = (djylxl, Ce ,djmoil,'no, Zio+1, ey 27]1', .. ) (21)

Let bj = inf{b € R: by € Py(z7)}. Then, b; — —1.
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Proof. First, assume that supp(y) = N. Observe that by our assumptions, z*(y) =
0 and z*(x) = ||z||. Therefore, by Theorem 2.1, 0 € Py (x). First, we show that

inf{b e R: by € Py(z)} = —1. (22)

We claim that z*(x — by) = ||z — by|| for any b € [—1,1]. Indeed, for any n €
N, |lzn £ yull = «f(zn £ yn). Thus, by Remark 2.5 we obtain our claim. By
Theorem 2.1, [—1,1]y C Py(z). Observe that if b < —1, then

:C:no(a:mo - bymo> = x;kno((_]‘ - b)ymo) = _||xmo - bymo“mo'

By Corollary 2.2 and Remark 2.5, by ¢ Py(z), as required. Let 27 — =, satisfy
(21). Let for j € N,

b; =inf{b e R:by € Py(z?)}. (23)
Since Py (27) is closed, bjy € Py (27). We show that b; — —1. Assume that this is
not true. By (22), passing to a convergent subsequence if necessary, there exists
b e (—1,¢], where ¢ = sup{d € R : dy € Py(z)}, such that b; — b. Fix ¢ > 0 such
that b—e > —1. We claim that (b—e)y € Py (27) for j > j,. By Theorem 2.1, there

exists 2*7 = (27) € X* a norming functional for 27 — by such that z*7(y) = 0.
Assume we have proved that for j > 7,

||zj —(b—eyl| =2"( — (b—e)y). (24)
Then, by Theorem 2.1, (b — €)y € Py(2?) for j > j,. Since
bj =+ b>b—c¢,

we get a contradiction with (23) for j > j,. Hence to finish our proof, we need
to show (24). Observe that, by Remark 2.5 and our assumptions for any n €

{1,...,n,},
27 (2, = bjyn) = 237 (djnn = bjyn) = |djnCaln — biyulln. (25)
Since ||z7 — x| = 0, 2 = d; 20 —; Tn = CuYn, and consequently d;,, —; 1 for
n=1,...,n, Since b € (—1,c|, with ¢ > 1,
dj}ncn—bj —>]Cn—b§—1—b<0
forn =1,... n,. Hence, by (25), for j > j, and n =1,...,n,,
Z;’j(dj7nl‘n - bjyn) = H(dj,ncn - bj)yan = :B;kz(dj,ncnyn - bjyn) = deﬂlxn - bjyan-

Since the X, are smooth, 2}/ = x¥ forn = 1,...,n, and j > j,. Consequently,
for j > jo,

0=2" () =S wiu) + S i)
n=1 n=ne+1

and
(oo}

0= () =S )+ 3 ().

n=ne+1
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Hence, since 7 (y,) = ||yn|| for n > n, + 1,
oo o0 o0
STl = D )= D ().
n=no+1 n=no+1 n=no+1
Since supp(y) = N, and X, are smooth, 2z = z¥ for n > n, and j > j,

which shows that z* = 2*7 for j > j,. Note that for n = 1,...,n, and j > j,,
djncn < b—¢, since d;,c, —; ¢, < —1. Hence,

27 (2 = (0= €)yn) = 2, (2 — (0~ €)yn)
= 2} (djncnyn — (b — €)yy)
= fo((e -b+ dmcn)yn)
= H(e — b+ dj,ncn)yn”n
= |2 — (b= e)yml],,,

since forn=1,...,n,, x;(—yn) = || - yn“n
Note that for n > n, and 5 > j,,

200 (2 = (b= €)yn) = a7, (2 — (0= )yn) = 232 — bjya) + 23, (b — b+ €)y)
= |25 = bjmlln + [|(b; = b+ )y,
= HzfI —(b— e)yn‘

since for n > n,, X (y,) = ||ynll and b; — b+ € > 0 for j > j,. Consequently,
|27 — (b—€)y|| = 2" (27 — (b — €)y) for j > j,, which proves (24), as required.

Now assume that supp(y) # N. Reasoning as in the previous part of the proof,
we can show that for j > j, and n € supp(y),

z;?j (ng - (b - E)yn) = HZ% - (b - 6)yn||n

Since z*7 is a norming functional for 2/ — b;y, for any n ¢ supp(y),

n’

(7 = (b= yn) = 237 (20, = bjyn) = 12, = bjynlln = ||2, = (b= €l
which proves (24) in this case. The proof is complete. O

Applying Proposition 3.16, we will show the existence of continuous selection
for the metric projection onto some 1-dimensional non-Chebyshev subspaces of X.

Theorem 3.17. Let y = (y,) € X \ {0}. Assume that supp(y) = N and that
there exists n, € N such that

= il + D> Nyl =0 (26)
j=1 j=no+1

and such that, for any nonempty set Ny C N, Ny # {1,...,n,}, and Ny #
N\ A{1L,...,n.},

=yl + D Mlwsll # 0. (27)

neNy TLEN\Nl



950 M. CIESIELSKI and G. LEWICKI

If the X,,’s are strictly convex and smooth for any n € N and dim(X,,) = 1 for
n =1,...,n,, then there exists a continuous selection for the metric projection
onto Y.

Proof. We apply Theorem 2.4. To do that, fix x = (z,,) € X such that 0 € Py (z),
and fix two sequences (2") C X and (w™) C X converging to x and two compact
intervals Iy, I5 such that Py (2") C L1y for any n € N and Py (w™) C Iy for any
n € N. We need to show that I; N Iy # 0. If Py(z) = {0}, then by Lemma 2.3,
0 € I NI If {0} # Py(x), we can assume without loss of generality that
Py (z) = [~y,y]. By Lemma 2.8, z,, = ¢,y, for any n € N, where ¢, € R\ {0}.
By Theorem 2.1, there exists 2* = (z7)) € Sx- such that for any n € N,

J:Z(In) = |2alln = lealllynlln = Cnx:z(yn)> x;(xn + yn) = |70 £ Ynlln,

and z*(y) = 0. Since supp(y) = N, by (26) and (27), sign(¢,) = —a for n =
1,...,n, and sign(c,) = a for n > n,, where a € {—1,1}. Assume that a = 1.
Since Py(x) = [-1,1]y, we claim that ¢, < —1 for n = 1,...,n,, ¢y, = —1
for some m, € {1,...,n,}, and ¢, > 1 for n > n,. If 0 > ¢, > —1 for some
n € {l,...,np}, then

|20 + Ynll, = (cn + 1) (yn) <0,

which is a contradiction. If ¢, < —1 for all n € {1,...,ng}, then m = min{c, :
n=1,...,n0} < —1. Hence, for any n € N,
Ty (Tn — my) = || — myll,,.

This shows that
[my,y| C Py(z0) = [y, Y],
so we get a contradiction. Analogously, if ¢, < 1 for some n > ng, then
20 = Yull, = (e — D)y, (yn) <0,

which gives a contradiction. Since dim(X,,) =1 for n = 1,...,n,, we can apply
Proposition 3.16 to (z") and (w™). Hence, —1 € I} N I5. If a = —1, by applying
Proposition 3.16 to —z we get that 1 € I} N I,. By Theorem 2.4, we get our
claim. 0

Remark 3.18. If y € X'\ {0} satisfies (26) and Y is the space generated by y, then
Y is never a Chebyshev subspace. Indeed, if we define the element x = (z,,) € X
by z, = —y, for n = 1,...,n, and z, = y, for n > n,, then dist(z,Y) =
23> 5% l1ykllk and also Py (x) = [~y y].

Now, we present a possible application of Theorem 3.17.

Ezample 3.19. Let X be so chosen that dim(X;) = 1 and X,, are smooth and
strictly convex for n € N. Fix y,, € Sx, forn € N. Let y = (—y1, %,..., 5%, ...).
It is easy to see that y satisfies (26) and (27) for n, = 1. Applying Theorem 3.17,
we get that there exists a continuous selection for the metric projection onto
Y = span[y].

Observe that the assumption (21) from Proposition 3.16 is essential because of
the following.
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Ezample 3.20. Let X = @@, X,,, where for any n € N, X,, = R? endowed with
the Euclidean norm {ej, e5} the usual basis of R? and e} € X the unique element
in Sx: such that ej(e;) = 1. Let

-1 1 1
y = <761,161,...,2—nel,...>,
Y = spanl[y], and
1 1 1
T = (561,161,...,2—”61,...).
Note that

) [eS) 1
lzll = lzall2 = on =1
n=1 n=1

and that * = (e]),>1 is a norming functional for x. Moreover,
o0
z*(y) = Zx:yz =0.
n=1

By Theorem 2.1, 0 € Py(x). Now, we show that Py(z) = [—1,1]y. Indeed, for
any b € R,

1 1 1
xr — by = (5(1 + 6)61, 1_1(1 - b)el, ceey 2_11(1 - b)el, .. >

Hence, for any b € [—1, 1],
= 1

e —byll = 5040+ (3 57) - b)

n=2
1 1
= 5(1 +0b)+ 5(1 —b) =1=dist(x,Y).
If |b] > 1, then it is easy to see that ||z — by|| > *(z — by) and by Corollary 2.2,
we get that by ¢ Py(z). Now, we give two sequences (z7) and (27) such that
|27 —z|| = 0, ||z — z|| = 0, Py(27) = {—y}, and Py(z?) = {0}. For each j € N
define the element 27 € X given by

| _ | 1

x;, =x, for k # 7, x?zmj—mel.
Note that |27 —z|| = 2(]%1) for every j € N, so (z7) converges to z. Now, we show
that Py(z7) = {—y}. Observe that for any b € R,

j 1 1 —1 1
T — by = <§(1 + b)el, 1(1 — b)el, Cey 2—](1 + b)el, m(l — b)el, .. )

Hence,

. 1 1 1

i_(—)= (0 2 il

v —(—y) = <0,261,...,2(j_1)61,0, 2j€1,--->-

This shows that

| — ()| = 3 o = 1 = ().

n=1
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Since z*(y) = 0, —y € Py(2?). Observe that for b > —1, (27 — by); < 0. Hence,
by Corollary 2.2,

|z = byl > 2™ (z — by) = 2™ (x) = ||| = dist(z,Y).
Analogously, if b < —1, then (27 — by); < 0 and again by Corollary 2.2,
|z = by| > 2" (z — by) = 2™ (x) = ||z|| = dist(z,Y).

This shows that Py (27) = {—y} for any j € N. Now, fix a sequence of positive

numbers {a;} tending to zero. Define 2/ = x4 (%32),,>1. Note that

€9 > 1
@l-o5g-o
n=1

Hence, |27 — z|| = 0 as j — oco. Observe that for any b € R and j € N,

127 — 2] = a

‘ 1 =1
17 = byl = 5 (1+b)2+a§+(22—n) (1—b)*+a2
1

n=2
:2@M1+®1+@+,M1—m2+@)
Define for b € R and 57 € N,
gi(0) = /(L + 02 + a3 + /(1= b)2 + a2 = 2|7 — by

To show that Py (z7) = {0}, it is enough to show that g; attains its global strict
minimum at b = 0. Since a; > 0, g, is a convex differentiable function. Note that

b+1 b—1

%@%=VE:E§:;?+¢EjE§:%-

Therefore, gi(b) = 0 if and only if

(b+1)y/(1 = b)? + a2 = (1 —b)y /(1 +b)* + a2,

Hence,
b+1)2((1=b+a}) =1 —=0>((1+b)*+a?)
and consequently,
2 2 2 2
(1 =0)%aj = (1+b)a;.

Since a; > 0, the only solution of the last equation is b = 0, which shows that g;
attains its global strict minimum at b = 0. Thus, Py(2/) = {0} for any j € N.
Since Py (27) = {—y} for any j € N and the sequences {2/} and {2’} converge
to x, by Theorem 2.4, there is no continuous selection for the metric projection
from X onto Y.

We conclude this article by modifying a bit of reasoning from Example 3.20
to show an example of 4-dimensional real Banach space X and its 1-dimensional
subspace Y such that there is no continuous selection for the metric projection
from X onto Y.



ON APPROXIMATION PROPERTIES OF [;-TYPE SPACES 953

Ezample 3.21. Let X = l§2) D, I and let Y = span[y], where y = (—1,0,1,0).
Let = (1,0,1,0). Observe that for any b € R,

|z —by|| =[1+0b]+|1—b|

Hence, it is easy to see that Py (x) = [—1,1]y and dist(z,Y) = ||z|| = 2. Now,
fix k € R and a sequence (a,) of positive real numbers tending to zero. Let
= (1,apn, 1, ka,). It is clear that ||z*" — | — 0 for n — +o00. Now, we show

that for any n € N, Py (zF") = {ﬂk‘fl‘y} To do that, for fixed k and n we will

minimize the function fy,,(b) = ||z*™ — by||. Observe that

Frem(®) = /(1 +b)24 a2 + /(1 —b)? + k2a2.

To show that Py (zF") = { ) y} it is enough to show that fy,, attains its global

) .. 1—
strict minimum at b = ) +1

for any k # 0. Note that

Since a,, > 0, fin is a convex differentiable function

b+1 n b—1
(1+b)2+a2 /(1 -0)2+k2%2

Jen(0) =

Therefore, f; ,(b) = 0 if and only if

(b4 1)v/(1 = b)2 + k2a2 = (1 — b)\/(1 + b)2 + a2. (28)
Hence,
b+ 1)*((1 = b)*+k%a2) = (1 —0)*((1 +b)* +a2)
and consequently,
(14 b)k*a? = (1 —b)?a?
Since a, > 0, the above equation is equivalent to
(1+b)%*k* = (1 —b)*. (29)

If & = 0, then f,, is differentiable at any b # 1. By the above reasoning,
Py (x>") = {y}. If k = %1, the only solution of (29) is b = 0. For k ¢ {—1,0,1},

\/

after elementary calculations, we get that b = |1k_—|| and by = rIk:} are two
solutions of (29). By (28), by is the only solution of (28). Since fg, is a con-
vex and differentiable function, Py (zF") = {ﬂk‘ﬁly} as required. In particular,

lim,, Py (z°") = y and lim,, Py (x'™) = 0. This shows that there is no continuous
selection for the metric projection onto Y.
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