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ABSTRACT. A sufficient condition for higher-order compact embeddings on
bounded domains in Carnot—Carathéodory spaces is established for the class
of rearrangement-invariant function spaces. The condition is expressed in terms
of compactness of a suitable 1-dimensional integral operator depending on the
isoperimetric function relative to the Carnot—Carathéodory structure of the
relevant sets. The general result is then applied to particular Sobolev spaces
built upon Lebesgue and Lorentz spaces.

1. Introduction

One of the most important characteristics of Sobolev spaces is how they relate
to other spaces. This sort of information is usually expressed in terms of (continu-
ous) embeddings, and compact embeddings. Compact embeddings are of particu-
lar interest from the point of view of applications of Sobolev spaces in mathemat-
ical physics, calculus of variations, economical sciences, and probability theory.
A compact embedding can be used to point toward a solution to a given partial
differential equation or to show the discreteness of the spectra of linear elliptic
partial differential operators defined over bounded domains.

One of the first classical compactness results originated in a lemma by Rel-
lich [33] and was later proved specifically for Sobolev spaces by Kondrachov [24].
These results of course found their way to classical textbooks, such as the one
by Adams [1]. Ever since then, compact embeddings of Sobolev spaces have been
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the subject of extensive research as a very important topic in functional analysis.
Obtained results extend far beyond the original context of underlining measurable
space R™ to various classes or domains in different measurable spaces.

It has been understood that the quality of an embedding of a Sobolev space
into another appropriate space is closely connected to the isoperimetric profile
of the underlying domain, and even that Sobolev embeddings can be derived
from isoperimetric inequalities. The problem of Sobolev inequalities and function
spaces embeddings can thus be approached through isoperimetric inequality. This
deep connection was observed in the early 1960s by Maz'ya [26] and [27] and also
by Federer and Fleming [13].

The approach to Sobolev spaces via isoperimetric inequalities allows one to con-
sider Sobolev embeddings from a much wider perspective than that of the classical
Euclidean setting. Examples of important non-Euclidean embeddings include, for
instance, the Gaussian—Sobolev embeddings studied in the connection with the
so-called logarithmic Sobolev inequalities (see e.g. [16], [2]), a central subject in
the investigation of hypercontractive semigroups. On the other hand, investiga-
tion of Sobolev embeddings has been carried out on Carnot-Carathéodory spaces,
where Sobolev spaces are built with respect to a different differential operator,
and whose pivotal example is the Heisenberg chain. While the Sobolev embed-
dings on Carnot—Carathéodory spaces have been studied to some extent (see,
e.g., [6], [8]-[12], [15], [L7], [18], [20], [28], [25], [31]), very little is known about
compactness of such embeddings. In this paper we concentrate on this problem.

The isoperimetric approach was successfully applied in the context of Carnot—
Carathéodory spaces to the problem of establishing higher-order Sobolev-type
embeddings in [14]. Our main aim here is to determine when a Sobolev embed-
ding on a Carnot—Carathéodory space is compact. We intend to work under the
quite general setting of rearrangement-invariant spaces.

The Carnot—Carathéodory spaces (also known as sub-Riemannian spaces) pos-
sess an exciting range of applications ranging from quantum mechanics (where
we can also find the origin of the most famous example, the Heisenberg group),
through the control theory to exotic applications such as automatic animation
of physically plausible trajectories via computer graphics for passenger vehicles
[23]. The present article continues in this trend by applying the readily prepared
tools in [7], [14], and [15] to adapting state-of-art proofs from [35] to Carnot—
Carathéodory spaces settings. One of the main advantages of the isoperimetric
approach to embeddings of Sobolev spaces is the possibility of extending the
embeddings to the classes of rearrangement-invariant function spaces and higher-
order embeddings. Moreover, it allows us to reduce sufficient condition on embed-
dings over Carnot—Carathéodory spaces to condition on certain 1-dimensional
operators over R.

This article is structured as follows. In Section 2 we collect necessary back-
ground material. In particular, we fix all the indispensable basic notions concern-
ing Carnot—Carathéodory spaces, the rearrangement spaces, and the isoperimetric
inequalities (as our approach is built on the combination of these three topics).
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In Section 3 we state the main theorems. In Section 4, for the readers’ conve-
nience, the author collects known results that will be used in the proof. In the
final section we present the proofs of the main results.

2. Settings
Let X be a system of vector fields X, ..., X,, such that

" 0
X, = E ()2
7 2 blv] (a’;) ax]7
j=1

where © = (21, 22,...,2,) € R" and b; ;: R* — R, b;j € C*(R"™) (with respect to
the classical Euclidean topology). The simplest choice of {X; = %,j =1,...,n}

would yield the classical Euclidean case. A piecewise Cl-curve «: [0,7] — R™,
T > 0, is called horizontal if whenever +/(t) exists, then

V()= > e0X; (),

Jj=1

where ¢;: (0,7) — R are measurable and satisfying > " | ¢}(t) < 1for0 <t <T.
The horizontal length of ~ is defined by [,(v) = T'. Let us denote by H the family
of all horizontal curves. The distance function corresponding to X is defined by

d(z,y) = nf{ln(7): v € H,7(0) = 2,7(l(7)) =y}, =,y € R",

If d(z,y) is a metric, then R™ equipped with d(x,y) as metric is considered the
Carnot—Carathéodory space, generated by the system X.

Throughout this paper we assume that the distance function is a metric, espe-
cially that d(z,y) < oo for all z,y € R", and that the topology generated by it
is the same as the classical Euclidean topology. It is known that this is ensured
if the system X enjoys the so-called Hormander finite-rank condition. We also
assume throughout this article that 2 C R” is open with |2| < oo, where | - |
denotes the n-dimensional Lebesgue measure.

For a function f € L] _(Q), its distributional derivative along the vector field

loc

X, X, f, is defined by the identity
(X,f.0) = / [X;odr  for every ¢ € C5°(€2),
Q

where Xf(-) = =Y, %(bj,k -) denotes the formal adjoint of X;. Throughout
this article, if f is a nonsmooth function, X, f will be meant in the distributional
sense. If derivatives X1 f, Xof, ..., X,,f exist, then the vector of X-gradient of a
function f is defined by

XVf=(X1f, Xof,..., X f).
Moreover, let us introduce the higher-order derivatives as

X Do) = Xy (X (- Xan () -2)),
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where a = (ay,...,a;) € {1,...,m}*. Provided that XD, f exists for all a €
{1,...,m}*, the X-gradient of order k is defined as a vector of length m” of the
following form:

XV¥f=(XDu(f): a€{1,...,m}").
Naturally, the norm of the X-gradient of order k£ reads as
2
IXVEP = (XDalf))"
acEmk

The X-variation and the X-perimeter can be defined as follows: if we denote

m

Fo={o= {6060 .0m) € CHO B up(SJor(0)*)* <1},

j=1

then, for a given u € Li.(Q), the X -variation of u with respect to € is defined
as

PeFQ

Varx (u, 2) = sup /u(m)ZX]*qu(a:) dx.
Q e

The set of functions with bounded X-variation is denoted as BVx(£2) and forms
a Banach space with respect to the norm

I lBvs = I [[La) + Varx (-, Q).
If XVfe L'Y(Q), then
V&I'X(f, Q) < CA1||‘)(v.][‘||[/17 (21)

where C' > 0 depends only on m.

If £ C R™ is measurable, then the X-perimeter of E relative to () is defined
by

Px(E, Q) = Varx(XE, Q),
where g denotes the characteristic function of E. The X -isoperimetric function
of ) is given by the formula
1 1
Ixq(s) = imf{PX(E7 N): ECQs<|El< 5} for s € [O, 5},

and Iy o(s) = Ixo(l —s)if s € (3,1].

Throughout this paper we will assume a certain regularity of Ix o(s), namely:
suppose that there is some nondecreasing function 7: [0, 1] — R satisfying

1
Ixa(s) > cl(cs) forse [0, 5] (2.2)
with some constant ¢ > 0, and
I(t
inf Q > 0. (2.3)
te(0,1) ¢

In this generality, the isoperimetric function is usually unknown. However, in [15]
it was shown that the isoperimetric function can be evaluated if some additional
conditions hold.
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The first such condition is the following version of the doubling condition: for
any set U C R™ with diam(U) < oo, there exist constants C; > 0 and Ry < oo
such that, for xy € U and 0 < R < Ry, one has

| B(z0,2R)| > C1|B(zo, R)|. (2.4)

It was shown in [30] that the finite-rank Hérmander condition implies the doubling
condition.

The second restriction is the following version of the Poincaré inequality: for
any set U C R™ with diam(U) < oo, there exist constants Cy > 0, Ry < oo, and
a > 1 such that, for o € U, 0 < R < Ry, and every Lipschitz function u in
aB = B(xg,aR), we have, for any A > 0,

Hx € B: ‘u(az) - / u(x) da:‘ > )\}‘ < %/ | X Vu(y)| dy. (2.5)
B aB

The third restriction is that (R",d) is complete and it is a length-space; that
is
d($7 y) = inf l(%c?J)? (26)
where 7 is a continuous curve joining z to y and where [(7,,) denotes its metric
length.
Let U C R", and denote by C' the smallest constant in (2.4). Then the homo-
geneous dimension relative to U (and X) is defined by

Q = log,(C).

Let us recall definitions of John domains and X-PS domains in the following two
paragraphs.
An open set 2 C R" is called an X-John domain if there exist a constant
c € (0,1) and a point zy € 2 such that for every = € () there exists a rectifiable
curve w: [0,{] — 2, parameterized by arc-length, such that w(0) = z, w(l) = zo,
and
d(w(r),0Q) > cr for r € [0,1],

where 02 denotes boundary of (2.

An open set Q C R™ is called X -PS domain if there exist a covering { B} ger of
) by metric balls and numbers N > 0, a > 1, and v > 1 such that the following
hold.

(1) > per XarnB(®) < Nxa(z) for every x € €.

(2) There exists a (central) ball By € F such that, for any B € F, one can
find a chain By, By, ..., Byp) = B, with B; N By # 0 and |B; N B 44| >
% max(|B;l, | Bit1l).

(3) For any i =0,...,s(B), one has B C vB,;.

Though the class of John domains is better known in the context of Sobolev-
type embeddings, we will state our results by means of the notion of X-PS
domains. The class of X-PS domains contains that of X-John domains if (2.4)
holds, which is always assumed in the present article. On the other hand, if a
certain geodesic segment property is satisfied, then the class of X-John domains
contains the class of X-PS domains. Both inclusions are shown in [15, Theorem
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1.30]. Consequently, both classes coincide if both (2.4) and the geodesic segment
property are satisfied.

If in addition the metric space (R™, d) is complete and a length-space, then it is
shown in [15] that metric balls with small diameter are X-PS domains. The class
of X-PS domains is larger than the class of nontangentially accessible domains
(introduced in [19]) and the class of extension domains (introduced in [22]). In
[29] it is shown that if X is generated by structure of a step two homogeneous
group, then any C'!' domain is an X-NTA domain and consequently an X-PS
domain. (More examples of X-NTA and therefore X-PS domains can be found
in [41].) However, the task of finding X-PS domains in a general setting is rather
nontrivial.

In [15, Theorem 1.18] it was shown that if 2 C R™ is an X-PS domain (and
conditions (2.4) and (2.5) hold), then

-— for s € [0,4),
IX,Q s) < diam(Q)|Q| <@ -
(5) - c _1(1—8)%, forse]%,l],
diam(Q)|Q|” @

(2.7)

where () is the homogeneous dimension relative to €.

Now we turn our attention to the rearrangement-invariant function spaces (the
basic references and more recent ones for readers interested in more details are
3], [5], [21], [32], [36]). We first recall the nonincreasing rearrangement and dis-
tribution function. Let u € M(2); then

pu(t) = |{z € Q: |u(z)| > ¢}

is the distribution function of u. Let (R, \) and (S, ;1) be two measurable spaces.
Functions u € M(R, A) and v € M(S, ) are called equimeasurable if p1,, = i, (on
RT). In that case, we write u ~ v.

The nonincreasing rearrangement of function u € M(R, \) is then defined as

w*(t) = inf{s > 0: p,(s) <t}, t€0,00).

, te€0,00),

A mapping o: M, (R, \) — [0, 00] is called a Banach function norm if, for all f, g,
and { f,nen in M4 (R, N), every a > 0, and for all Lebesgue measurable E C ,
the following properties hold.

(1) o(f) = 0if and only if f = 0 almost everywhere. Moreover, o(af) = ao(f)
and o(f +g) < o(f) + o(g)-
If 0 < g < f almost everywhere, then o(g) < o(f).

)

) If 0 < f, T f almost everywhere, then o(f,) T o(f)-

) If |E| < oo, then o(xg) < oc.

) If |[E| < oo, then [, fd\ < Cgo(f), for some constant C, 0 < Cg < 00,
depending on E and p but independent of f.

(2
(3
(4
(5

If, in addition, o satisfies o(f) = 0(g) for every pair of equimeasurable functions
fand g in M, (R, N), then g is called a rearrangement-invariant Banach function
norm.

The collection X(R,u) = X, (R, u) of all functions f € M(R,\) for which

o(|f]) < oo is called a rearrangement-invariant Banach function space (r.i. space).
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For each f € X(R, i1), define

1 fllx (R, 1) = o(|f1)-
Let us recall that there is functional ¢’ defined on 9, (R, A) by

dlo) =sww{ [ fo: f €MARN.0() <1}, g€ MR,

associated with r.i. Banach function norm p. It turns out that ¢’ is an r.i. Banach
function norm, called the associate function norm of o. We note that if |Q2| < oo,
then for any r.i. space X(€2) there exists a representation rearrangement-invariant
Banach function norm

a): M (0,1) — [0, o]
such that
I fllx@ = ox(f*(121-), feX(Q).

This allows us to work sometimes with function spaces over simple measurable
space (0,1), instead of with function spaces over .

Let us now give some examples of r.i. norms. A basic example are the Lebesgue
norms LP(0,1), p € [1, 00|, defined for all f € ?J)T(O 1) by

pdm < 00,
Il = { o /@) !
esssup,e (o) | f (@ )|, p = 0.

The corresponding r.i. spaces [P(R, 1) are then called Lebesgue spaces.
One can consider also more general functionals || - || zra(o,1) and || - ||Lr.aa(o,1)-
They are given for any f € (0, 1) by

[/l 22201 = Hf*(s 777||L‘1(0 1)
and

Fllmacion = (615 (10g 2)"

s/ llrLao,)
respectively. Here, we assume that p € [1,00], @ € R, and we use the convention
that é = O Note that || . ||Lp(07]_) = || . ||Lp,p(07]_) and || . ||Lp,q(07]_) = || . ||Lp,q:0(071)
for every such p and ¢q. However, it turns out that under these assumptions on
p, ¢, and a || - ||zra(o1) and || - || r.ae(o,1) do not have to be r.i. norms. To ensure
that || - || r.e:e(0,1) is equivalent to an r.i. norm, we need to assume that one of the
following conditions is satisfied:
p=q=1, a>0, (2.8)
1 <p<oo, (2.9)
1
p = 00, q < 0o, a+ - <0, (2.10)
q
p=q= 00, a < 0. (2.11)
In this case, || - ||ra(o,1) is called a Lorentz norm, || - ||Lr.ee (o) is called a Lorentz-

Zygmund norm, and the corresponding r.i. spaces LP(0,1) and LP%*(0,1) are
called Lorentz spaces and Lorentz-Zygmund spaces, respectively.
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Let m € N, and let X(€2) be an r.i. space. We define the mth order Sobolev
space VX (Q2) as the set of all functions f € M(Q) such that XV™f exists in
a distributional sense, and it is represented by locally integrable functions such
that | XV™f] € X(Q).

In [14] it is proved that if

- 1
Iox(s) > Cs forse [O, 5} (2.12)

with some constant C' > 0, then
VEX(Q) C VELY(Q)  for k < m. (2.13)

Provided that (2.12) holds, the V{*X(2) forms a normed linear space with respect
to the norm

m—1
lullvpx) =D IX V¥l o) + X V™ ullx@)-
k=0

Moreover, by WX (Q2) we denote the set of all functions f € (£2) such that, for
all k=0,1,...,m, XV*f exists in a distributional sense and it is represented by
locally integrable functions such that | XV*f| € X(Q2). W2(Q) forms a normed
linear space with respect to norm

lullwex@ = Y I1X V¥ x@).
k=0
Let (R,p) be a measurable space. Given two function spaces X(R, ) and
Y (R, 1) (not necessarily rearrangement-invariant), the notation

X(R, 1) = Y(R, 1)

represents the fact that there exists a constant C' independent of f € X(R, u)
such that
[f v < Cllfllxr -

In such a case we say that X(R,u) is embedded into Y (R, u). By saying that
Y (R, ) is the optimal target in X(R, u) — Y (R, i), we mean that, for any func-
tion space Z(R, u) satisfying X(R, i) — Z(R, i), one necessarily has Y (R, ) —
Z(R, p).

If X(R, ) = Y (R, u), then the identity operator Id is continuous from X (R, )
to Y(R, p). If it is also compact, then we write

X(R,p) == Y(R, p).

In such a case we say that function space X(R, pu) is compactly embedded into
Y (R, i1). The fact that operator T is compact from function space X(R, ) into
Y (R, 1) is denoted as
T: X(R,p) == Y (R, p).
Suppose that || - ||x(,1) and || - [y (0,1) are rearrangement-invariant norms. We
say that X(R, u) is almost-compactly embedded into Y (R, 1) and we write

X(R, ) <= Y(R, )
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if
lim sup |Ixp, flly@rw =0
P20 fllx g €1
is satisfied for every sequence (Ej)7>, of p-measurable subsets of R fulfilling
XE, — 0 p-almost everywhere.

3. The main theorems

The connection between Sobolev embeddings and certain Hardy-type operators
in the setting of Carnot—Carathéodory spaces is established in [14]. Here, we
are going to extend this connection to compactness of Sobolev embeddings. Let
J: (0,1] — (0,00) be a measurable function satisfying (2.3); we will consider the
operator H;: MM(0,1) — 9M(0, 1) defined by

1
HJf(t):/ %d& feM@O,1) and t € (0,1). (3.1)
t
Furthermore, given j € N, we define the operator H§ by
!’IJOHJO"'OHLL(JC). (32)
j—t;rrnes

Theorem 3.1. Assume that (2./), (2.5), and (2.6) are fulfilled. Let Q@ C R"
be open, and let m € N. Suppose that there is some nondecreasing function
I:0,1] — R satisfying (2.2) and (2.3), and let || - ||x@©q1) and || - |y©1) be
rearrangement-invariant norms. Then

H": X(0,1) »— Y(0,1) (3.3)
implies
VEX(2) == Y(Q). (3.4)

Remark 3.2. According to [35] the following two conditions are equivalent under
the assumptions of Theorem 3.1:

o H": X(0,1) »— Y(0,1),
¢ al_if& SUD 0. <t 1" (X(0.0). ) ¥ 01) = 0.

Adopting some additional conditions allows us to reformulate the condition
from Theorem 3.1 in terms of a simpler operator which we will denote K7".

Suppose that I: (0,1] — (0,00) is a nondecreasing function satisfying (2.3)
and let m € N. Set

gy = YO 1), (3.5)

Let us observe that J is measurable on (0, 1] and fulfills (2.3). Consider the
operator K}" defined by

K}”f(t):/t ]f(s)](;gnwds, fem,1),te(0,1).
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If, up to multiplicative constants depending on I,

5 dr s
[~y reo >0

then the sufficient condition for (3.4) can be reformulated with operator K.
Theorem 3.3. Assume that (2./), (2.5), and (2.6) are fulfilled. Suppose that

there is some nondecreasing function I: [0,1] — R satisfying (2.2) and (3.6). Let
m € N and let || - ||x©,1) and || - [[y(0,1) be rearrangement-invariant norms.

(1) Suppose that

tmfl
lim ———— . .
M Ty 70 (37)
Then
K" X(0,1) »— Y(0,1) (3.8)
implies that
VEX(2) == Y(Q). (3.9)
(2) Suppose that
tmfl

Then (3.9) is satisfied for all pairs of rearrangement-invariant norms
I lIx.1) and || - v o
If we restrict our consideration to X-PS domains, where the isoperimetric func-

tion is known, we can use a yet simpler operator. Given ) > 0 and m € N, we
define

Qg’f(t):/t ‘f(s)‘sg_lds, feM0,1) and t € (0,1).

Theorem 3.4 (Reduction principle for X-PS domains). Assume that (2./), (2.5),
and (2.0) are fulfilled. Let m € N and Q be a X-PS domain with homogeneous

dimension Q. Suppose that || - ||x(0,1) and || - ||y (0,) are r.i. spaces. If m < @ and
Qn: X(0,1) =— Y(0, 1), (3.11)

then
VEX(Q) == Y(Q). (3.12)

In particular, the assumption that QQ = m implies that (3.12) is satisfied for all
|- Iy, of X(0,1) # L*(0,1). Furthermore, if m > Q then (5.12) is fulfilled for
all choices of X(0,1) and Y (0,1).

The principle introduced in the Theorem 3.1 and further developed in Theo-
rems 3.3 and Theorem 3.4 will be applied to the class of Lorentz spaces.

Theorem 3.5. Assume that (2./), (2.5), and (2.6) are fulfilled. Let m € N, and
let Q C R™ be an X-PS domain. Let py,pa, q1,q2 € [1,00] be such that the triples
(p1,q1,0) and (pa,qe,0) satisfy one of the conditions (2.8)-(2.11). Let Q denote
the homogeneous dimension of ), and assume that () > 2 and m < Q). Then each
of the following conditions
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(1) p1 < % and py < 1_1)@;
(2) p1 = % and py < 00,
(3) pr> 7
ensures that
Vi LP1(Q) e LP2(Q). (3.13)

Let us note that the cases when m = @) and m > () are missing from Theo-
rem 3.5 are already covered in Theorem 3.4. Also, let us explicitly state that the
conditions on compact embeddings of Sobolev spaces build upon Lebesgue spaces
which are implied by Theorem 3.5.

Corollary 3.6. Assume that (2./), (2.5), and (2.6) are fulfilled. Let m € N, and
let @ C R™ be an X -PS domain. Let py, ps € [1,00]. Let Q) denote the homogeneous
dimension of €, and assume that Q) > 2 and m < Q). Then each of the following
conditions

(1) ;1 < % and ps < #;
(2) p1 = £ and p; < o0,
(3) D1 > %7

ensures that
Vx LPH(Q)) —— LP2(Q). (3.14)

4. Support theorems

In this section we collect known theorems which will be used in proofs of
theorems from Section 3. First, we recall some facts about the operator H7 and
its connection to compact and almost-compact embeddings of r.i. spaces. Then
we shift our attention to compact and almost-compact embeddings of Lebesgue
spaces on Carnot—Carathéodory spaces, adapting known results to this settings
if necessary. We conclude this section by brief summary of some properties of
functions from Sobolev-like spaces over Carnot—Carathéodory spaces.

Assume that J: (0,1] — (0, 00) is a measurable function satisfying

inf@ > 0. (4.1)

It is proved in [7, Remark 8.2] that

S f(1) = (j_lm / J'{‘> ( / 5 ;Zj))j‘lds,

for f € M(0,1),¢t € (0,1). Let j € N, and let || - [ x(0,1) be an r.i. norm. For every
f € M(0,1), we define the functional [ - ||(xr (0,1 by

Ifllexr v = ﬁ“ﬁ /Os (/ts %)j_lf*(t) dt‘

X/(0,1)
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It is shown in [7, Proposition 8.3] that [|-[|xr y(0,1) is an r.i. norm and its associate
norm || - [[xr )0, fulfills

H%:X(0,1) — X7, (0,1). (4.2)

Lemma 4.1. Let J: (0,1] — (0,00) be a measurable function. Then H} is not
compact from L*(0,1) into L>°(0,1).

Proof. We Will follow the argument from the end of the proof of Lemma 4.1 in
[35]. Since () > 0,t € (0,1), there exists € > 0 and set M C (0,1) with |M| = 3

such that ( =€ for s € M. Let (z,)5, be a sequence of points in [0, 1) such
that |(z,,1) N M| = 5, n € N, and set

o) = 2"X(@n o nm (t), fort e (0,1),n € N.
We have
£l 2101y = 2" (20, Tngn) N M| = 2"(|(20, 1) N M| = | (2011, 1) N M) = =

and hence (f,)22, is bounded in L'(0,1).
Now fix m,n € N, m < n. We have

[ (fo) = Hi(fi) || e 01y
Z }Han .Tn) - HJ.fm<xn)|

— /1 ZnX(xnyxn-&-l)mM(s) ds o /1 2mX(CC'm,7xm+1)mM<S) dS

N J(s) J(s)

~~

=0 since m<n

Tn+1
Xm($) 1 €
=" ds > 2" = —.
/z J(s) @ T g

n

Consequently, the sequence (HY(f,))5%, is not a Cauchy sequence in L>(0,1)
and H} is not compact from L'(0,1) into L>(0,1). O

Let us restate the following two characterizations of compactness of operator
HY, from [35].

Theorem 4.2 ([35, Theorem 4.1 and Theorem 4.2]). Let J: (0,1] — (0,00) be
a measurable function satisfying (2.5), and let j € N. Suppose that || - ||x(0,)
and || - |y, are rearrangement-invariant norms. Consider the following two
conditions:

(a) H%: X(0,1) -»— Y(0,1),
(b) lima—so+ SUP| i 1<t | H% (X 0,0)f) lv(0,1) = 0.
IFX(0,1) = L(0,1), Y(0,1) = L®(0,1), j = 1, and
1

lim esssup —
=0+ te(0,a) J(t)

then (b) is satisfied but (a) is not. In all other cases, (a) holds if and only if (b)
holds.

=0,
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Theorem 4.3. Let J: (0,1] — (0,00) be a measurable function satisfying (2.3),

and let j € N. Suppose that || - ||x(0,1) and || - ||yv(o,) are rearrangement-invariant
norms. If
Y(0,1) # L(0, 1) /1 dr
Y ) or = CX)’
o J(r)

then the following conditions are equivalent:
(1) H%: X(0,1) -— Y(0,1),
(2) X7 ,(0,1) <> Y(0,1).
Assume that X(0,1) and J are such that, in addition to (4.1), it holds that
Lodr \J
H </t J(r))

For every f € M(0,1) define the function | - [lya (1) by

< 00. 4.3
X(0,1) o0 (4.3)

Hf||Y;{J(o,1) = iu]? | H Ry 0,0y + 11 fll 1 0,1)-

Important properties of Y;{ ;(0,1) are summarized in the following proposition
and theorem from [35].

Proposition 4.4 ([35, Proposition 4.5]). Let J: (0,1] — (0,00) be a measurable
function satisfying (2.5), and let j € N. Suppose that ||- ||y (0,1 s a rearrangement-
invariant norm fulfilling (4.3). Then || - ||ry)a (0.1) 5 a rearrangement-invariant
I b
norm and ‘
HY: Y9 ,(0,1) = Y(0,1).

Theorem 4.5 ([35, Theorem 4.6]). Let J: (0,1] — (0,00) be a measurable func-
tion satisfying (2.3) and let j € N. Suppose that X(0,1) is a r.i. function space
such that X(0,1) # L*(0,1). Assume that Y(0,1) is an r.i. space fulfilling (4.5).
Then the following conditions are equivalent:
(1) H’: X(0,1) —— Y(0,1),
(2) X(0,1) = Y?,(0,1).
When certain conditions are satisfied, the norm || - || 1%)¢ ,(0,1) Can be approxi-

mated by a simpler one as is shown in the next lemma from [35].

Lemma 4.6 ([35, Lemma 5.6]). Let I: (0,1] — (0,00) be a nondecreasing func-
tion satisfying (2.3) and
b d
_S < o0
IR R

0
T m/ﬁﬁ®ds £em(o,1)
(L )1,1(071) 0 I(S) ? 9

up to multiplicative constants depending on I.

Then

Useful conditions on compactness of operator H: j- formulated through its bound-
edness stated in Lemma 4.7 are proved in [35, Remark 4.8].
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Lemma 4.7. Let X(0,1) # L'(0,1) and Y (0, 1) be rearrangement-invariant func-
tion spaces. Suppose that j € N and that J: (0,1] — (0,00) is a measurable
function satisfying

inf & > 0.
te(0,1] ¢

Then
H: LY0,1) — Y(0,1)
implies that
H): X(0,1) = Y(0,1).

We continue by stating the characterization of almost-compact embeddings of
r.i. spaces from [34].

Theorem 4.8 ([34, Theorem 3.1]). Let X(R, p) and Y (R, ) be Banach function

spaces over a totally o-finite measure space (R, ). Then X (R, p) < Y (R, ) if
and only if, for every sequence ()5, of p-measurable functions on R satisfying
| fallxrp <1 and f, = 0 p-almost everywhere, one has || fu|lv(ru — 0.

The following lemma is an adaptation from [35].

Lemma 4.9 ([35, Lemma 5.5]). Assume that (2.4), (2.5), and (2.6) are fulfilled,
assume that Q is an open domain, and assume that m € N. Let || - ||x be an
rearrangement-invariant function space. Then every sequence (ug)7, bounded in
VX () contains a subsequence (uy,)i°, converging almost everywhere in ).

To prove Lemma 4.9, we need compact embedding VL' (B,,) << L'(By,),
which was conveniently already proved in [15].

Theorem 4.10 ([15, Theorem 1.28]). Assume that (2.4), (2.5), and (2.6) are
fulfilled, and let Q@ C R™ be an X -PS domain with diam(§2) < %, where Ry is the
constant from (2./). Then, one has the following.

(1) The embedding BVx () <> L%(Q) holds for any 1 < q < %

(2) For any 1 < p < Q, the embedding V4 LP(Q) <> LY(Q) holds provided
that 1 < q < %.

(3) For any Q < p < oo and any 1 < q < oo, the embedding Vi LP(Q) <
L9(QY) holds.

Proof of Lemma 4.9. Since € is open, for all x €  there exists a ball (with
respect to metric d) B, such that + € B, and B, C €. There is a sequence
(21)7° of points in Q such that {B,,,z; =1,2,...} is a covering of {2 because the
topology generated by the metric d is equivalent to the Euclidean topology.

Let (ug)p2; be bounded in V§X(£2). Balls with respect to metric d are an X-PS
domain; such X-PS domains fulfill (2.12) with a specific constant (consequence
of Theorem 1.18 in [15]). Proposition 11 in [14] yields that Vi X(B,,) — L'(Bx;)
for all all [ = 1,2,...,00. Moreover, the proof of Proposition 11 yields that the
embedding constant is dependent only on the constant from (2.12); therefore there
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exists a constant which holds for all embeddings V¢X(B,,) — L'(B,), | € N.
Consequently, there exists C' > 0 such that

lurllrr(p.,) < Cllurllvexs.,) < Cllullvexe)

for all I € N. Sequence (uy,)52, is therefore bounded in Vi L'(B,,) with the same
bounding constant for all [ € N. Now, for every [ € N, Theorem 4.10 yields that

Vi L'(B,,) =< L'(By,).

Consequently, a bounded sequence (v;)$2, in V4 L'(B,,) contains a subsequence
(vg, )2, such that vy, converges in L'(B,,).

We start with selecting a subsequence of (uy)72,—let us name it (ug, )2, —
such that it converges in L'(B,,). Then there exists a subsequence of (uy, )22,
(U, )22y, such that it converges in L'(B,,) and L'(B,,). By repeating this step,
we get a sequence (uy, )72, for each [ € N which converges (with respect to r) in
LY(B,,) for all s € N, s <. The diagonal sequence, (uy, )2, is then the desired

subsequence of (uy)52; which converges almost everywhere on (2. O

Theorem 4.11 (Reduction theorem for noncompact embeddings). Assume that
Q C R" is open. Suppose that there is some nondecreasing function I: [0,1] —
R satisfying (2.2) and (2.3). Let m € N, and let || - [|x@01) and || - ||y, be
rearrangement-invariant function norms. If there exists a constant C' > 0 such

that
’ /tl % </ts %)m_lds“Y(o,l) < Cllflxe (4.4)

for every nonnegative f € M, (0,1), then
VEX(2) = Y(Q). (4.5)
Remark 4.12. The condition (4.4) can be restated as H}": X(0,1) — Y (0,1).

Lemma 4.13 (WyX(Q) = ViX). Assume that Q C R" is open. Suppose that
there is some nondecreasing function I: [0,1] — R satisfying (2.2) and

Sodt
/0 o) < oo for some s > 0. (4.6)

Let Q C R™ is open. Then there exists a constant C' > 0 such that
Ifllx@ < ClIXVflx@, [f€MO,1).
Consequently, up to a multiplicative constants, we get
£ lvexe = [flx@ + IXV lx@, f€ViX(Q).
Proof. We will follow the approach of the Proposition 4.5 in [7]. We define
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for some ¢ > 0 and s near zero. A simple computation shows that H}: L'(0,1) —
L'(0,1) and HYL>(0,1) — L*°(0,1). The interpolation theorem of Calderén [3,
Chapter 3, Theorem 2.12] then yields that H}: X(0,1) — X(0,1). Application
of Theorem 4.11 then implies the desired embedding

VeX(Q) — X(9Q). 0

Let us restate here Lemma 3.5 from [15], which allows us to use the well-known
Maz'’ya truncation technique.

Lemma 4.14. Let 1 < p < o0, and let € be a bounded open set in R™. If
u € WELP(Q) and F € C*(R), F’ € L™(R), then we have the following.

(1) Fou€ Wi LP(Q) and
Xij(Fou)=(Fou)X;u inD'(Q) for1<j<m.
(2) Also, one has ut,u™, Ju| € VEL'(Q) and

XVt XVu almost everywhere on {x € Q: u(z) > 0},
u =
0 otherwise,

otherwise,

V- — {;XVU almost everywhere on {z € Q: u(x) < 0},

XVu  almost everywhere on {x € Q: u(x)0},
XViu| =40 almost everywhere on {x € Q: u(z) = 0},
—XVu almost everywhere on {z € Q: u(x) < 0}.

5. Proof of the main theorem

Proof of Theorem 5.1. First, assume that Y (€2) # L>(2) or 01 % = o0. In this

case, Theorem 4.3 yields X7, ;(0,1) < Y(0,1), and consequently X7, 1(Q) =
Y ().

Second, assume that (ug)32; is a sequence bounded in V{X(Q2). Lemma 4.9
ensures that there is subsequence (ug, )72, which converges to some function
u almost everywhere on . The embedding (4.2) implies that H7*X(0,1) —
X7, 7(0,1). Theorem 4.11 then yields Vg'X(Q2) — X7 (€2). Hence, (ug,)2; is

bounded in X7, ,(9). Therefore, the almost-compact embedding X7, ,(Q) <
Y (Q) and Theorem 4.8 yield that wu, — u € Y(Q). Thus, VI'X(Q) <> Y ().

In the following, we will focus on the remaining case Y(Q) = L*(Q2) and
fol If(lj < 00. Assume first that m = 1. Lemma 4.1 ensures that X(0,1) # L'(0,1),
since we are assuming that

HY: X(0,1) —— L°(0,1).
This, together with the observation that

I 5l = [ < o
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and Theorem 4.5, yields that
X(0,1) <= (L){ ;(0,1). (5.2)

Moreover, the inequality (5.1) and Lemma 4.4 yields that assumptions of Theorem
4.11 are met with X(0,1) = (L>){;(0,1) and Y(0,1) = L*(0,1). Consequently,
we get

Vi (L% 4(Q) — L=(Q). (5-3)

Assume now that (u)7; in VX(Q) is a bounded sequence. Since fo 7 < 00,

the Lemma 4.13 ensures that (u;)?2; is bounded in WiX(Q2) as well. Wlthout
loss of generality we may assume that

luellwix@ <1, keN. (5.4)

Lemma 4.9 then assures that there is a subsequence (vy)32, which converges in
measure to some function v. Indeed, our goal is to show that (vg);2, is a Cauchy
sequence in L*°(2) and that thus it converges to v in L*°(€2), which will imply
that V¢X(Q) is compactly embedded into L>(1).

Fix ¢ > 0 and k,l € N. Let us introduce the following notation:

d(z) = |vp(z) — v(z)| = min{d(aﬁ), %} + max{d(x) - %, O}

for z € Q. Moreover, let us write e(r) = max{d(z)— 5,0}, z € Q. Differentiability
of v and v; combined with Lemma 4.14 ensures that d — 5 and e are both
differentiable almost everywhere in €. Because e is being derived from v, and
v; by subtraction, absolute value operator, and truncation by constant, standard

argumentation, accompanied by Lemma 4.14, it holds that

| XVe(z)| = X{dzg}(x)‘XVUk(x) — XVu(z)], (5.5)

for almost every = € ). Consequently, we have
, €
Il o0 < Hmm{du), 5 ey + el

+C|| ||W1 L>)d ()

MmN

5 CHX{d>2} (k= vy ‘H (L®)d (Q) + CHX{d>%}|€|H(Loo)g{,(g)?

[\

where we have used (5.3), Lemma 4.13, and (5.5). Therefore, we get
ldll =0 < 5 + C(HX{d>%}|XWk!H(Lw> ) F a5 XV Oll] oy )
+ s s310el | poys ) + HX{d>%}\Ul!H(Loq;{,(m)
= =+ (|| (xss }!vak\)
+ || (s 53 XVl ),

X ‘|X{d>%}vk”(L°°)‘f’I(0,1) + |’X{d>§}vl*H(LOO)‘fJ(O,l))-

1,r(0.1)

{,r(0.1)
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Since (5.4) holds, we have that

| Ot s XV0l) N pgg oy < s9P_ Ixaa 530S g o

I1fllx(0,1y<1
and
||X{d>%}UZ||(Loo)fJ(0,1) < \\f\\i&ﬁ)él ||X(0,\{d>§}|)f*||(L°o)fl{l(0,1)7
for £ € N. But (5.2) yields that there is 6 > 0 such that
€
sup HX(O,é)f*H(Loo)gJ(o,n < 3C

1fllx(0,1y<1

Since (vg)72, converges in measure to v, we can find ky € N such that for every
k> ko

€ )
oF - <5
Hx € Q: |up(z) — v(z)| > <5
Moreover, for all k,l > ko, it holds that

{reniaz S} c {s e fu@ -] > oz e fu) - v@)| > 5

and that

reQ:d >V <a
{ )

Consequently, for k,1 > ng, we have

€ *
ldllzee) < 5 +4C  supAxoiassn S =g, 00
I fllxc0,1)<1 ’

€
5 +4C  sup  xee Sz, 01 <&
2 Il fllxc0,1)<1 (=500
Therefore (vg)72, is a Cauchy sequence in L®(2) and ViX(f) is compactly
embedded into L>(12).
Next, we will deal with the case m > 1. (We still assume that Y (Q) = L>(2)

and fol % < 00.) According to Lemma 4.6, for every f € (0, 1), we have

1 %
g*(s) .
HQH(L )¢ ,(0,1) /0 1(s) s=|Hrg"||z (0,1)

up to multiplicative constants depending on /. Thus, whenever f € M(0, 1) and
a € (0,1), we have

HH}n(X(Ova)f)”LOO(O,l) - HHI(H?%l(X(O,a)f)) HLOO(OJ)
~ HH}nil(X(O,a)f)H(Loo)r{l’I(Qly

up to multiplicative constants depending on I. As it is stated in Remark 3.2, the
assumption (3.3) is equivalent to

lim  sup HH}W(X(O,a)f)H o =0,
=0 | fllx o) <1 oy
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and hence it is also equivalent to

lim  sup ||H" '(x0 = 0.

) f) oo
a0+ IIfllx(0,1)<1 @) ||(L ){.,(0,1)

In order to use the previously proved case of this proof, we will show that
(L>=){ 1(0,1) # L>(0,1). Consider functions x () for a € (0,1). We note that
X (0,0)|lL(0,1) = 1. On the other hand, up to multiplicative constants depending
on I, we have

lim X (0,0l () ,(0,1) & lim /“ L,
a—0+ ’ LI a—0+ Jq I(S)
If (L) ,(0,1) = L>(0,1), then | - H(LOO)(%J(OJ) must be equivalent to || - || (0,1
up to multiplicative constants. Consequently, (L>){ ;(0,1) # L>(0,1), because
it is impossible to have constant ¢ > 0 such that || f||Le(0,1) < chH(Loo)fI(o’l), for
all f e L>(0,1).
Since (L>){ ;(0,1) # L>(0,1), the previous part of proof implies that

VETX(Q) = (L] (). (5.6)

Let (ug)p2, be a bounded sequence in V{X(Q2). Then (ug)32; is bounded in
LY(Q), so ([quk(x)dx);>, is a bounded sequence of real numbers and we can
find a subsequence (uf)2, of (ux)2, such that the sequence ([, up(x)dx)y2, is
convergent.

Consider sequences (X;ul)2,, X; € X,i = 1,...,m. Owing to bounded-
ness of (ul)?, in V&X(Q), (X;ul), is bounded in Vi 'X(Q). Using com-
pact embedding (5.6), we can inductively find (u})$ ,, subsequence of (u} '),
i =1,2,...,m, such that (X;uj)2, is convergent in (L) (€2). Consequently,
(Xiup")2, is a Cauchy sequence in (L>®){ (Q) for every j =1,2,...,m

To conclude the proof, we need to show that (u}")?, is a Cauchy sequence
in L>(Q). Let ¢ > 0. Assumptions (2.2) and (2.3) ensure (2.12). Therefore the
inequality (2.13) with X(Q2) = (L>)4,(Q) yields that there exists a constant
C > 0 such that 7

m
o= [ ardas]|,_ < CIXVallzmyg o < € S 15t ey g
j=1

Because (X;up')py, j = 1,...,m, is a Cauchy sequence in (L*){ (), there
exists kg € N such that
m m €
[ Xju" — Xju ||(Loo);{,(sz) < @a
forall j =1,...,m, whenever k,[ > kq. Sequence (u fQ up'(z) dx)f2, is Cauchy

sequence in L*(€2) since

HW—AW@M—W—éW@MWﬂﬁﬂ&W—&memﬁa

for k,1 > ko. As L>®(Q) is complete therefore (up" — [, up'(x) dz)y> 1 is a con-
vergent sequence. Sequence ( [, up'(z) dz)72, is a subsequence of (Jqup(x) dz)p>,
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which is convergent in L>(€2). Therefore (u}")$2, is convergent sequence in L*>(2),
as well. This concludes the proof. O

Proof of Theorem 3.5. It is proved in [7, Proposition 8.6] that if (3.6) holds, then
for any r.i. space Y and f € 9M(0,1) we have

IHT fllv o) = K7 fllv o),

up to multiplicative constants depending on m and I. Moreover, it is shown in
[35, Proof of Theorem 5.3] that, under the same assumptions, it holds that

17 (00 Hllvo ) = IET (0Dl (5.7)

for a given a € (0,1), up to multiplicative constants depending on m and I. At
the same place, it is shown that in this situation

, 1
tlirgi €SS SUP ¢ (0,4) m =
holds if and only if

tmfl

lim —~—— =
0 (1(0)™
Therefore, if (3.7) holds, then Theorem 4.2 and the fact that K" = H yield that

lim sup K}n(X(o,a)f) —0
a0+ ||fX(o,1)g1H ”Y(o,n

is equivalent to
K" X(0,1) »— Y(0,1).
Remark 3.2, together with (5.7), yields that (3.8) implies (3.3). Therefore the

assumptions of Theorem 3.1 are satisfied and this ensures that (3.9) holds.
Assume now, that (3.10) is in force. In such a case, Theorem 4.2 yields that

. J —
ali>r(l)1+ sup HHJ(X(O,a)f)HLw(o,l) =0.
HfHLl(O,l)f

Remark 3.2, together with Theorem 3.1 yields that
VEL(Q) s L>(Q).

Standard embeddings X (Q) — L'(Q2) and L>(Q) < Y(Q) (which are valid for
all rearrangement-invariant spaces X (§2) and Y (2)) then conclude the proof. [J

Proof of Theorem 3./. Consider the function I(t) = #'=@. Tt follows from the fact
that © is an X-PS domain and from (2.7) that (2.2) holds with such I(¢). Simple
computation yields that (3.6) holds as well.
An application of the Theorem 3.3 will yield the claim. We have
75m71 7fmfl

. 7 _ N m_1
A0 Ty T A g T A (5:8)

m—1

Therefore, if m > @, then lim; o W = 0 and Theorem 3.3 yields the claim.
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On the other hand, if m < Q then lim,_o.+ (f“j;—m £ 0. We have

Qn (1) /\f )55 1ds—/ F(5)| e —ds = K7 f(1),

for f € M(0,1) and ¢t € (0,1). Consequently, if (3.11) holds (and @ < m), then
so does (3.8), and Theorem 3.3 yields the required embedding.
If ) = m, then we have

Qs (t) /!f )|ds = HLF(), f € M0, 1),

Simple computation now yields Q™: L'(0,1) — L*(0,1). Consequently, since
L>=(0,1) = Y(0,1), we get Q™: L'(0,1) — Y(0,1). Application of Lemma 4.7
then yields the result. 0

The proof of Theorem3.5 rests on the following characterization of almost-
compact embeddings between Lorentz-Zygmund spaces from [35, Proposition
7.12].

Theorem 5.1. Let py,pa,q1,q2 € [1,00], ay,aa € R be such that both triples

(p,q, ) = (p1,q1,01) and (p,q, ) = (p2, @2, 2) salisfy one of the conditions
(2.8)=(2.11). Then

[P (O, 1) <i> [ P2:92:2 (O, 1)
holds if and only of p1 > pa, or p1 = p2 and the following conditions are satisfied:

if p1 = p2 < 00 and q1 < g, then aq > ay;

. 1 1
if pr = po = 00 or q1 > qo, thena1+q—>a2+q—.
1 2

In particular, if p1, p2, 1, 2 € [1, 00] are such that both triplets (p, q,«) = (p1,q1,0)
and (p, q, &) = (p2, g2, 0) satisfy one of the conditions (2.8)-(2.11), then

LPYa(0,1) < LP22(0,1)
holds if and only if p1 > ps.
Proof of Theorem 3.5. Using Theorem 3.4, we can reduce (3.13) to proving that
Qg : L1 (0,1) —— LPY1(0, 1). (5.9)

We are going to derive the embedding (5.9) from assumption of the Theorem 3.5.
Assume first that p; > Q , and then Theorem 5.1 yields that

LPo9(0,1) <5 LaY(0, 1).

Since fol 1_;% ds < oo, application of Lemma 4.6 yields that

f()

||f||L%,1(07 ds = ||f||(Loo)d 1 m(o 1 (5.10)
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Hence we get

L (0,1) S (L) (0,1). (5.11)

Now, we want to use Theorem 4.5 to get required compactness of the operator
Q7 To this end, we need to verify assumptions of the corresponding theorems.

Since p; > % and m < Q, we have LP1%(0,1) # L'(0,1). The role of function

J in the claim of Theorem 4.5 plays function J = 51_%(0, 1), which satisfies
condition (2.3). Finally,

1
H(/ ) HLoool) /0 3118 ds < 0o,

which is the condition (4.3) with J = s'72(0,1), j = 1 and Y(0,1) = L>(0,1).
Theorem 4.5, combined with (5.11), now yields

Qp: IPr(0,1) —— L(0,1),

The previous result, together with the embedding L>°(0,1) < LP*%(0, 1), now
yields the claim.

Suppose now that p; < % Assumptions of this theorem excludes cases when
Lp>9(0,1) = L*(0,1) from consideration. This allows us to use the Theorem 4.3
to reduce (5.9) to

(LPrayr 17%(0’1) <y [P222(0), 1). (5.12)

1,s

It is shown in [7, Proposition 8.3] that X7 ;(0,1) is the smallest rearrangement-
invariant space such that

H%:X(0,1) =»— X7 (0,1)

holds. In [7, Theorem 6.8.] the following characterization of such rearrangement-
invariant space is given.

p1
1_TP1 541
Q

(0,1) if 2 <landl<p <2,
(L70)] gy (0 1) = Q peas=l(0,1)  if % < Tand ¢ > 1,
L>(0,1) otherwise.

Consequently, if p; < = 9 and

then the Theorem 5.1 ensures that (5.12) holds.
If pp = Q then, again, Theorem 5.1 yields that (5.12) holds if py < co. O]
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