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ABSTRACT. Ornstein and Sucheston first proved that for a given positive con-
traction T : Ly — Ly there exists m € N such that if | 7™ — T™|| < 2, then
lim,, o0 || T =T™|| = 0. This result was referred to as the zero-two law. In the
present article, we prove a generalized uniform zero-two law for the multipara-
metric family of positive contractions of noncommutative L-spaces. Moreover,
we also establish a vector-valued analogue of the uniform zero-two law for posi-
tive contractions of L1 (M, ®)—the noncommutative Li-spaces associated with
center-valued traces.

1. Introduction

Let (X, F,pu) be a measure space with a positive o-additive measure p, and
let Li(X,F,u) be the usual associated real Li-space. A linear operator T :
Li(X, F,pn) = Li(X,F,p) is called a positive contraction if Tf > 0 whenever
f > 0 and ||T]| < 1. Some examples of positive contractions associated with
positive kernels can be found in [24].

In [21, Theorem 1.1], the following was proved.

Theorem 1.1. Let T : Ly — L1 be a positive contraction. Then either
sup lim [T f — T f[| = 2 (1)
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ZERO-TWO LAW 601
or |T" T f —T"f|| — O for every f € L .

We note that this result first appeared in [13], but Ornstein and Sucheston [21]
were able to obtain its analytical proof. Later, the formulated theorem became
known as the strong zero-two law. Consequently, by [21, Theorem 1.3|, if T is
ergodic with 7%1 = 1 (e.g., T is ergodic and conservative), then either (1) holds
or [T"g|l1 — 0 for every g € Ly with [ gdp = 0.

By interchanging “sup” and “lim” in the strong zero-two law we have the
following uniform zero-two law, proved by Foguel in [4, Theorem I] using ideas
from [21].

Theorem 1.2. Let T : Ly — Ly be a positive contraction. If for some m € NU{0}
we have | T™ — T™|| < 2, then
lim |7 —T"| = 0.
n—oo
Zaharopol provided another proof of Theorem 1.2, which is reduced to the
following results.

Theorem 1.3 ([27, Section 2]). Let T : Ly — Ly be a positive contraction. Then
for the following statements,

(i) there is some m € N such that |[T™ —T™| < 2,
(i) there is some m € N such that ||T™ — (T™TLAT™)|| < 1,
(iii) we have
lim [T —T"| =0,

n—00

the implications (i) = (ii) = (iii) hold.

To establish the implication (ii) = (iii), the following auxiliary fact was estab-
lished in [27].

Theorem 1.4 ([27, Theorem 1}). Let T, S : Ly — Ly be two positive contractions
such that T < S. If ||[S —T|| < 1, then ||S™ —T"|| < 1 for alln € N.

In [17], the last result for Jordan algebras was extended. Therefore, the natural
next step is to find an analogue of Theorem 1.3 in the noncommutative setting.

The aim of this article is to prove a noncommutative version of a generalized
uniform “zero-two” law for the multiparametric family of positive contractions of
Ly-spaces associated with von Neumann algebras. In the case when the algebra is
commutative, we recover a result of [16, Theorem 3.1]. Moreover, we emphasize
that Theorem 1.2 will be included in the main result in the present article as a
particular case.

On the other hand, development of the theory of integration for measures p with
values in ordered spaces has inspired the study of lattice-normed L,-spaces (see,
e.g., [15]). The existence of center-valued traces on finite von Neumann algebras
naturally leads to the development of the theory of integration for this kind of
trace. In [2] and [6], noncommutative L,-spaces associated with central-valued
traces were investigated. More recently, in [3], a module approach in a somewhat
different direction was taken by choosing modules with L*>-spaces as the ring.
These works have succeeded in extending many important results in functional
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analysis to topological L*°-modules. In this article, we follow an approach that
is based on measurable bundles of Banach lattices (see [11], [12]), which differs
from the approach used in [3].

Another main aim of this paper is to establish the uniform zero-two law for
noncommutative Lj-spaces associated with central-valued traces. In [6], it was
established that L,-spaces associated with central-valued traces are Banach-
Kantorovich spaces, and the theory of Banach—Kantorovich spaces is now well-
developed (see, e.g., [15]). One of the important approaches to studying Banach—
Kantorovich spaces is provided by the theory of continuous and measurable
Banach bundles (see [11]). In this approach, the representation of a Banach—
Kantorovich lattice as a space of measurable sections of a measurable Banach
bundle makes it possible to obtain the needed properties of the lattice by means of
the corresponding stalkwise verification of the properties. In [6], as an application
of this approach, noncommutative L,(M, ®)-spaces associated with center-valued
traces are represented as a bundle of noncommutative L,-spaces associated with
numerical traces.

In the second part of this article, we prove a vector-valued analogue of the
main result for positive contractions of noncommutative L;-spaces associated with
central-valued traces. To do this, we mainly employ the theory of continuous and
measurable Banach bundles for the existence of vector-valued lifting, which allows
us to prove the required result.

The present article is organized as follows. In Section 2, we collect some neces-
sary well-know facts about noncommutative Li-spaces. In Section 3, we prove an
auxiliary result (a noncommutative analogue of Theorem 1.4) about dominant
operators. Section 4 is devoted to the proof of a generalized uniform zero-two
law for a multiparametric family of positive contractions of the noncommutative
Li-spaces. In Section 5, we recall necessary definitions about L; (M, ®)—the non-
commutative Li-spaces associated with center-valued traces. Finally, in Section 6,
by means of the result of Section 5, we first prove that every positive contraction
of Li(M,®) can be represented as a measurable bundle of positive contractions
of noncommutative L;-spaces, and this allows us to establish a vector-valued
analogue of the uniform zero-two law for positive contractions of Ly (M, ).

2. Preliminaries

Throughout this article, let M be a von Neumann algebra with the unit 1
and let 7 be a faithful, normal, semifinite trace on M. We therefore omit this
condition from the formulation of the theorems. Recall that an element x € M
is called self-adjoint if x = x*. The set of all self-adjoint elements is denoted by
Mj,. By M, we denote a predual space to M (see [23] for definitions).

Let M = {z € M : 7(]z|) < oo}. Here |z| denotes the modulus of an element
r; that is, |#| = va*z. The map || - || : M — [0,00) given by the formula
|z|l1 = 7(]z|) defines a norm (for details, see [19]). The completion of N with
respect to the norm || - ||; is denoted by Li(M,7). It is known from [19] that
the spaces Li(M,7) and M, are isometrically isomorphic and therefore can be
identified. In what follows, we will use this fact without noting it.
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Theorem 2.1 ([19, Theorem 5]). The space Li(M,T) coincides with the set

Ly = {x — /_OO Adey : /_OO A dr(ey) < oo}.

Moreover,
lolli = [ Nl dr(ea).

It is known from [19] that the equality
L1<M, T) = Ll(Msa,T) +iL1(Msa,T) (2)

is valid. Note that L;(Ms,, 7) is a predual to Mj,.

Let T : Ly(M,7) — Li(M,7) be any bounded linear operator, and let T
denote its restriction to L;(Ms,, 7). Then due to (2) we have T(x 4 iy) = T(z) +
iT(y), where z,y € Ly(Ms,, 7). This means that any linear bounded operator is
uniquely defined by its restriction to L;(Ms,, 7). Therefore, in what follows, we
only consider linear operators on Li(Ms,, 7) over real numbers.

Recall that a linear operator T is called positive if Tx > 0 whenever z > 0.

A linear operator T' is said to be a contraction if ||T'(z)||; < ||z]|; for all x €
Li(Msa,, 7). Denote

7]} = sup{[|Tx[ls « ||lz[l = 1,2 € L1(Msa, 7) }.

Let T,S : L1 — Ly be two positive contractions. In what follows, we write
T < S if S—T is a positive operator.
The following auxiliary facts are well known (see, e.g., [17]).

Lemma 2.2. Let T : L1(Mg,, 7) — Li(Msa, T) be a positive operator. Then
|T| = sup [[Tz|| = sup [Tz

ll=l|=1 lzl|=1,220

Lemma 2.3. Let T,S : L1(Ms,7) — Li(Mg,T) be two positive contractions
such that T < S. Then, for every x € Li(Ms,,T), > 0, the following equality
holds:

15z = Ta|| = [|Sz]| = || T].

3. Dominant operators

In this section, we prove an auxiliary result related to dominant operators.
A similar result was proved in [17], but for the sake of completeness we show the
following.

Theorem 3.1. Let Z,T,S : Li(M,7) — Li(Ms, ) be positive contractions
such that T < S and ZS = SZ. If there is an ny € N such that || Z(S™ —T™)|| <
1, then || Z(S™ —T")|| < 1 for every n > ny.

Proof. Assume the contrary; that is, || Z(S™ —T™)|| = 1 for some n > ny. Denote

m =min{n € N: || Z(5™"" — T™*)|| = 1}.
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It is clear that m > 1. The positivity of Z with T < S implies that Z(S"0*" —
T™*") is a positive operator. Then, according to Lemma 2.2, there exists a
sequence {z,} € Li(Ms,, 7) such that z,, > 0, ||z,|| = 1,Vn € N, and
lim ||Z(S™F™ — T ™)z, || = 1. (3)
n— oo
The positivity of Z(Sm+™ — T™0+t™) and x,, > 0, together with Lemma 2.3,
yield that

1Z(5morm = Tt ™| = | 28" "l = |27 ] (4)
for every n € N. It then follows from (3) and (4) that
lim ||ZS™ "z, || =1, (5)
n—oo
lim || ZT™*"z,|| = 0. (6)
n—oo

Thanks to the contractivity of S and Z together with ZS = SZ we obtain
1Z8™ 4, || = [[S(ZS™ ™ aa) || < | Z8™0H ™ Haa | < (S|
Hence, the last inequalities together with (5) imply

lim ||[ZS™t ™ 1y, || =1, lim ||[S™x,| = 1. (7)
n—00 n—oo
Moreover, the contractivity of Z,S, and T (i = 1,2) implies that

|ZT ot g | < 1, |[T™z,| < 1, and [|[ZS™T™z,|| < 1 for every n € N.
Therefore, we may choose a subsequence {yx} of {z,} such that the sequences
{1z Ly |1}, {IIT™ye||}, and {||ZS™T™yi||} converge. Hence, let us denote
their limits as follows:

a = lim [|ZT""" 1y, (8)
k—o00

B = lim [[ZS™T"yx|, (9)
k—o00

o (10)
—00

The inequality [|Z(Smotm=1 — Trotm=1)|| < 1 with (7) implies that a > 0.
Hence we may choose a subsequence {23} of {y;} such that ||ZT™0T™ 1] # 0
for all k£ € N.

From |[ZTmtm= 12| < ||[T™2|, together with (8) and (10), we find a < 7,
and hence v > 0.

Now, using Lemma 2.3, we get

| ZS" 0T || = || ZS™0H " 2 — Z(S™0F™ — S™OT™) 2|
= [|Z5mot || — || ZS™0(S™ — T™) 2|
> [|Z5™ 2| = 18" 2k — T™ 2|
= 125" ]| = 1 S™ 2l + 1T 2. (11)
Due to (5) and (7) we have

: no+m _ m —
i ([ Z870F 2| — [[S™2][) = 0,
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which with (11) implies that
lim [|[ZS™ Tz || > lm || T™ 2]
k—o0 k—o0

This means 3 > 7.
On the other hand, from || ZS™ Tz || < ||T5" 2| it follows that v > 3, and so
v =0
Let us denote
TmZk

= —"F. kel
177 2|

Uy,

Then from v = (5, together with (6), we obtain

ZSmom
lim [|Z5™0ug|| = Tim 1225 L"2ll g
. | ZTmetray |
1 A = lim — = 0.
dim 12Tl = Jim "= =0

So, keeping in mind Lemma 2.3 and the positivity of Z(S™ — T™), we find
that

lim || Z(S™ — T )uy|| = 1.

k—o00
Since ||ug|]| = 1, ux > 0 (for all k£ € N), from Lemma 2.2 we infer that || Z(S™ —
T™)|| = 1, which is a contradiction. This completes the proof. O

We note that the proved theorem extends a main result (Theorem 3.3) of the
paper [17], which can be seen in the following corollary.

Corollary 3.2. Let T, S : Li(Mg,, 7) — L1(Msa, T) be positive contractions such
that T < S. If there is an ng € N such that ||S™ —T"°|| < 1, then ||S™ —T"|| < 1
for every n > nyg.

The proof immediately follows if we take Z = Id. Note that if ng = 1 and M
is a commutative von Neumann algebra, then from Corollary 3.2 we immediately
get Zaharopol’s result (see Theorem 1.4).

4. A multiparametric generalization of the zero-two law

In this section, we prove a multiparametric generalization of the zero-two law
for positive contractions of noncommutative Li-spaces.

Let T : L1(Mga, 7) — L1(Ms,, 7) be a positive contraction. Then its dual T*
acts on My,, and it is also positive and enjoys T*1 < 1. If we have T*1 = 1, then
T is called a unital positive contraction.

Let us first introduce some notation. Denote Ny = N U {0}. For any m =
(mi,...,mg),n=(ng,...,ng) € N& (d > 1) by the usual way, we define m+n =
(m14n1,...,mg+ng), tm = (lny,... Iny), where £ € Ny. We write n < k if and
only if n; <k; (i=1,2,...,d).

Let us formulate our main result.
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Theorem 4.1. Let 7 : Ly(Mg,, 7) = L1(Msa, T) be a unital positive contraction.
Assume that Ty : Li(Mg,7) — Li(Mg,7), (K = 1,...,d) be unital positive
contractions such that ZT, = T,Z, T;T; = T,T;, for every i,j € {1,...,d}. If
there are m € N3, k € N4 and a positive contraction S : Ly(Mg,, T) — Ly(Mg,, T)
such that SZ = ZS with

ZT™tk > 78, ZT™ > 7S  with (12)
|Zz(T™ - 9)| <1,  ||[Z2(T™-29)| <1, (13)
then for any e > 0 there are M € N and ng € N3 such that
|ZM(T —T)|| <e for alln > ny.
Here T® :=T{" -+ - T4, n = (ny,...,ng) € N

Proof. First we note that for any positive contraction T on Li-spaces (see [26,
p. 310]), there is v > 0 such that

I+ Tk\¢ I+ Tk\¢
I( Ll ) - il )| <2 foracen (14)
2 2 VY
Now take any € > 0 and fix £, € N such that ’y/\/é_g <eg/2.
Define . )

It then follows from (12) and (13) that Z@Q); is positive and that [|[ZQ| < 1.
Moreover, one has
I+T*

Tm+k — <

where [ stands for the identity mapping.
For each ¢ € N let us define

I+ Tk
Q1 = < 5

Taking into account the positivity of S and ()1, one can see that (), is a positive
operator on Lq(Ms,, 7) and ZQ, = Q¢Z. Moreover, one has

ém+k) _ <I+ Tk
2
Let us prove (15) by induction. Clearly, it is valid for £ = 1. Assume that (15)
is true for £, and we will prove it for £ + 1. Indeed, we have

)S+Q17

Y/
) 015" + T™Q, (€N,

)Es‘ +Qp fEN. (15)

(41 (mtk) _ pmetkrpé(metk) _ <[ +2Tk>me+kS£ + TR,
- () ()5 +a)s w1,
_ (I —|—2Tk>z+15Hl N (I +2Tk)eQISZ LTk,
_ (I +2Tk>e+155+1 O,
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which proves the required equality.
Now let us put Ve(l) = 5% and

d+1 m d 1
V'Z(JF):T@( +k)Vé()_|_Vé( )Qzl’ d e N.

One can see that, for every d, ¢ € N, the operator Z Vz(d) is positive since Z and
S are commuting. Moreover, one has

I+ Tk
2

V4
Témti) _ ( ) VD4 Qd dreN. (16)

Again, let us prove the last equality by induction. Keeping in mind that (16)
is true for d, it is enough to establish (16) for d + 1. Indeed, we have

T(d+D)e(m+k) _ pl(mek) pd(m+k) _ pé(me+k) << I+TTk )évg(d) I Q?)
(LB (s )
:(IZTSQWm“WfHWT@®+QfI
= () e g,

which proves (16).
From Z*(1) = T*(1) = 1, it follows from (16) that

V(1) + Q1) = 1.

Now the positivity of ZV," and ZQ, imply that [|ZV, "] <1 and ||ZQ,|| < 1.

From (12) and (13), due to Theorem 3.1, one finds that || Z(T*™ — S%)|| < 1 for
all ¢ € N. Using this inequality with T*(1) = 1 and the positivity of Z(T"™ — S*),
we find that

|Z(T™ = s = [[((T)™ - 57) 2°

= |1 - 51| < 1. (17)
The equality (15) yields that
Q;(1) =1-5"(1).
Hence, from (17), with the positivity of Z@),, we obtain

1ZQel = [|[Q: ()] = [|1 = ()| <1

for all ¢ € N.
Therefore, there is a number d. € N such that [[(ZQ.)%| < §. From the

commutativity of Z and ), one finds

£

7% Q|| <
2% Q5| 1

(18)
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Now putting ng = d.l.(m + k), from (16) with (18) we obtain
|27 (R0t — o || = HZdE(ngeg(erka _ nges(erk))H

I + Tk ¢ I+ Tkt
<|ze (v (=) - (F5) v
+lzQt e - D)
- )Tk<I+T ) B (I—l—Tk)fs
- 2 2
+2HZd€QdEH
—<€

\/_

Take any n > ng. Then from the last inequality, one gets
Hng (Tn+k o TH)H — HTn—nozdS (Tno—i-k o THO)H S Hng (Tno—i-k o Tn())” <e,
which completes the proof. O
Corollary 4.2. Assume that Ty, : L1(Ms,7) — Li(Mg,7) (kK = 1,...,d) are
unital positive contractions such that T;1; = T;T;, for every i,j € {1,...,d}. If
there are m € Nd, k € N4, and a positive contraction S : Ly(Mg,, 7) — Ly(Mg,, T)
such that
Tk > g ™ > S  with (19)
T -S| <1, T™ =8| <1, (20)
then one has
lim || Tt — T2 = 0.

n—oo

The proof immediately follows from Theorem 4.1 if one takes Z = Id.

Remark 4.3. We note that in [20] a similar kind of result, for a single contractions
of C*-algebras, was proved. Our main result extends it for more general multi-
parametric contractions. We point out that if the algebra becomes commutative,
then the proved theorems cover the main results of [16, Theorem 3.1].

Corollary 4.4. Let T, P : Li(Ms,, 7) — Li(Ms,, 7) be two commuting unital pos-
itive contractions. If for some my € N and a positive contraction S : Ly(Mg,, T) —
Li(Ms,, 7) we have
Tmotkpmo > g Tmop™ > S with
| Ttk pmo S| < 1, |70 P™ — S| < 1,
then
lim || T"t*P™ — T"P™|| = 0.

n,m—00
The proof immediately follows from Corollary 4.2 if we take m = (mg, mg) and
k = (k,0).

Remark 4.5. Since the dual of Ly(Ms,, 7) is Mg,, we have that, due to the duality
theory, the proved Theorem 4.1 holds true if we replace the Li-space with Mj,.
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Recall that for a given linear operator T : Ly(Mga, 7) — L1(Mg,, 7), an element
x € L1(Ms,, 7) is a a fized point of T, if Tx = x. The set of all fixed points of T'
is denoted by Fix (7).

Corollary 4.6. Let T : Li(Mg,,7) — L1(Msa, ) be a unital positive contraction.
If for some mo € N and a positive contraction S : L1(Mg,, 7) — L1(Mg,, T) we
have

Tmotl > g, T > S with

ITmett =S <1, 7™ =Sl < 1,
and
La(Maa, ) = Fix(T) & (T = 1) (La (Mo, 7)) 1)
then there exists a projection P : Li(Mgy, 7) = L1(Mg, 7), (||P|| < 1) such that
HIEEO T"x = Puz.

Proof. Due to (21) and the density argument, it is enough to prove the assertion
for x € Fix(T) and 2 € (I — T)(L1(Mg,7)). For x € Fix(T), we immediately
have

lim T"z = z.
n—o0

According to Corollary 4.2, we find ||T"(I — T)|| — 0 as n — oo. Hence, for
x € (I —T)(L1(Mga, 7)), we get lim, oo 7"z = 0, and hence P is a projection
onto Fix(T"). This completes the proof. O]

We note that in [22] some regularity conditions more general than ergodicity are
used to obtain different versions of the Esterle-Katznelson-Tzafriri theorem [14].

5. Noncommutative L;-spaces associated with a center-valued trace

In this section, we recall some necessary notions and facts about the noncom-
mutative Li-spaces associated with a center-valued trace.

Let M be any finite von Neumann algebra, and let S(M) be the set of all mea-
surable operators affiliated to M (see [18] for definitions). Let Z be some subalge-
bra of the center Z(M). Then we may identify Z with the x-algebra L..(£2, %, m)
and S(Z) with Lo(Q, %, m). Recall that a center-valued (i.e., Z-valued) trace
on the von Neumann algebra M is a Z-linear mapping & : M — Z with
O(z*z) = ®(xa*) > 0 for all x € M. It is clear that ®(M,) C Z,. A trace
® is said to be faithful if the equality ®(z*z) = 0 implies z = 0 and normal if
O(z,) T P(2) for every x4,z € M, x4 T x. Note that the existence of such traces
was studied in [1].

Let M be an arbitrary finite von Neumann algebra, and let ® be a center-valued
trace on M. The local measure topology t(M) on S(M) is the linear (Hausdorff)
topology whose fundamental system of neighborhoods of 0 is given by

V(B,e,6) = {x € S(M): there exists p € P(M),z € P(Z(M))
such that xp € M, ||lzp||y < e, 2" € W(B,e,0), ®ar(zp™) < ez},
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where || - ||as is the C*-norm in M. It is known that (S(M),t(M)) is a complete
topological #-algebra (see [25]).

From [18, Section 3.5], we have the following criterion for convergence in the
topology t(M).

Proposition 5.1. A net {z4}aca C S(M) converges to zero in the topology t(M)
if and only if ®p(EY(J2a)) 1y for any A > 0.

Following [2], an operator x € S(M) is said to be ®-integrable if there exists a

sequence {x,} C M such that x, ‘M) and |zn — Zm|® M) as n,m — 0.
Let x be a ®-integrable operator from S(M). Then there exists a ®(x) € S(Z)

such that ¢(z,) “ ZI\D(x) In addition, </I\>(x) does not depend on the choice of a

sequence {x,} C M, for which z, o z, O(|zy — Tl) ) (see [2]). Tt is clear
that each operator « € M is ®-integrable and that ®(z) = ®(x).

Denote by Li(M,®) the set of all ®-integrable operators from S(M). If x €
S(M), then = € Ly(M,®) if and only if || € Li(M,®); in addition, |d(z)| <
®(|z|) (see [1]). For any = € L,(M,®), set |zl10 = ®(|z]). It is known that
Li(M,®) is a linear subspace of S(M), ML(M,®)M C L(M,®), and z* €
Ly(M,®) for all x € Li(M, ®) (see [1]).

Now let us recall some facts about Banach—Kantorovich spaces over the ring
of measurable functions (see [12]).

Let X be a mapping that maps every point w € €2 to some Banach space
(X (W), I - Ix@))- In what follows, we assume that X(w) # {0} for all w € €.
A function w is said to be a section of X if it is defined almost everywhere in
Q2 and takes its value u(w) € X(w) for w € dom(u), where w € dom(u) is the
domain of u. Let L be some set of sections.

Definition 5.2. (see [12]). A pair (X, L) is said to be a measurable bundle of
Banach spaces over § if

1. MNc1 + Ao € L for all A, Ay € R and ¢, ¢ € L, where Ajc; + \acy t w €
dom(ey) Ndom(cz) = Arer(w) 4+ Aaca(w);

2. the function ||c|| : w € dom(c) = [|¢(w)]| x(w) is measurable for all ¢ € L;

3. for every w € Q the set {c¢(w) : ¢ € L,w € dom(c)} is dense in X (w).

A section s is a step section, if there are pairwise disjoint sets Ay, As,..., A, €
3 and sections ¢i, ¢, . .., ¢, € Lsuch that |J!_; A; = Qand s(w) = > "7 | xa,(w) X
¢i(w) for almost all w € Q.

A section u is measurable if for any A € X there is a sequence s,, of step sections
such that s,(w) — u(w) for almost all w € A.

Let M (€2, X) be the set of all measurable sections. By Ly(£2, X)) we denote the
factorization of M (Q, X)) with respect to equality almost everywhere. Usually,
by @ we denote a class from Lg(€2, X)) containing a section u € M (92, X), and
by ||| we denote an element of Ly(€2) containing ||u(w)||x ). Let £2(Q, X) =
{fue M(Q,X) : |Juw)|xw € L2(Q)} and L>(Q,X) = {u € Ly(2, X) : ||[ul| €
L>*(Q)}. In what follows, by 1 we denote the identity of the algebra L>(Q, X).
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We notice that one can define the spaces £(€2, X') and L*(Q, X') with the real-
valued norms ||ul|z<,x) = Sup,ecq |U(w)|xw) and |[t]je = ||||@]|||(0), respec-
tively.

Definition 5.3. Let X, Y be measurable bundles of Banach spaces. A set of linear
operators {T(w) : X (w) — Y (w)} is called a measurable bundle of linear operators
if T(w)(u(w)) is a measurable section for any measurable section w.

Let (X, L) be a measurable bundle of Banach spaces. If each X (w) is a non-
commutative Li-space (i.e., X(w) = Li(M(w),T,)) associated with finite von
Neumann algebras M (w) and with a strictly normal numerical trace 7,, on M (w),
then the measurable bundle (X, L) of Banach spaces is called a measurable bundle
of noncommutative Lq-spaces.

Theorem 5.4 ([6, Theorem 1]). There exists a measurable bundle (X, L) of non-
commutative Ly-spaces Li(M(w), 1,) such that Lo(2, X) is a Banach—Kantorovich
x-algebroid that is isometrically and order x-isomorphic to Li(M,®). Moreover,
the isometric and order x-isomorphism H : Li(M,®) — Ly(£2, X') can be chosen
with the following properties:

(a) ®(x)(w) = Tw(H(z)(w)) for all x € M and for almost all w € .
(b) @ € M if and only if H(z)(w) € M(w) almost everywhere, and there exists
a positive number X > 0 such that |H(x)(w)||mw) < A for almost all w.

(¢) z € Z if and only if H(z) = (2(w)1,) for some z(w) € Loo(2), where 1,
is 1, the unit algebra M (w); in particular, H(1)(w) = 1, for almost all w.

(d) The section (H(z)(w))* is measurable for all x € L(M, ).

(e) The section H(x)(w) - H(y)(w) is measurable for all x,y € M.

Let M be a finite von Neumann algebra with a center-valued trace & on M.
Then M can be identified with a linear subspace of L>°(£2, X') by the isomorphism
H | since if x € M, then one has

HH<x)HLo(Q,X) = [lz]li = @(Jz]) € L=(Q).
The existence of the lifting in a noncommutative setting was proved in [10].

Theorem 5.5 ([10, Theorem 3.1]). There exists a mapping € : M — L>(, X)
with the following properties:

(a) For every x € M one has {(x) € x,dom {(x) = .

(b) [f T1,T2 € M and )\1, )\2 € R, then 6(/\1:1:1 + )\21’2) = )\16(%1) + )\25(%2)
() (@) (W)L, (M@)m) = P|Z|p)(w) for all x € M and for all w € Q.

(d) If x € M, X € L*>®(Q), then {(ex) = p(e)l(x).

(e) If v € M, then {(x*) = {(x)*.

(f) If x,y € M, then {(xy) = {(x)l(y).

(g) The set {{(x)(w) : x € M} is dense in Ly(M(w),1,) for all w € Q.

Remark 5.6. We note that, in the case of C*-algebras, the existence of the lifting
was given in [7].

Definition 5.7. The defined map ¢ in Theorem 5.5 is called a noncommutative

vector-valued lifting associated with the lifting p.
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6. Vector-valued analogue of the noncommutative zero-two law

In this section, we prove the existence of a vector-valued analogue of Theo-
rem 4.1.

Let M be any finite von Neumann algebra, and let L, (M, ®) be the noncommu-
tative L;-space associated with M and the center-valued trace ®. Let (X, L) be
a measurable bundle of noncommutative Ly-spaces L, (M (w), 7,,) associated with
finite von Neumann algebras M (w) and with strictly normal numerical traces 7,
on M(w), corresponding to L1 (M, ®). In what follows, we denote by 1, as before,
the identity of the algebra L>(Q, X).

Theorem 6.1. Let T : Li(M,®) — Li(M,®) be a positive contraction with
T(1) < 1. Then there exists a measurable bundle of positive contractions T,, :
Li(M(w), 1,) = Li(M(w),7,) such that
To(z(w)) = (T7)(w),

for all x € Li(M,®) and for almost all w € 2, and

1T/ (w) = NTeoll 2y 01(@) ) L1 (M), 70).
Proof. Let x € Mg,. Then

Tz < T(|z]) < [l2llnT(1) < [l2]lar1;

that is, Tx € M. If x € M, then there exist y, z € M, such that v = y + iz.
Then Te =Ty +1Tz. As Ty, Tz € M, we have Tz € M.

Let £ : M(C L*(Q,X)) — £2(22,X) be the noncommutative vector-valued
lifting associated with the lifting p (see Theorem 5.5).

We define the linear operator ¢, from {{(x)(w) : x € M} into Li(M(w),7,) by

o (((2)(w)) = U(Tz)(w).
The contractivity of T" implies that
H(’Ow(é(x)(w»HLl(M(w),Tw) = HE(TI)(W)HM(M(W)@) = p(ITz(11) (w)
< p(lell) @) = 6@, g m
This means that ¢, is bounded and well defined. Moreover, one has

1wl Ly (M () r0) > L1 (M(w)7) < 1.

The positivity of T" yields that ¢, is positive as well.

Since the set {{(z)(w) : € M} is dense in L;(M(w),7,), we can extend ¢,
by continuity to a linear positive contraction T, : Ly(M(w),7,) — L1(M(w), 7,)
by T,(x(w)) = limy, 00 0 (U(xn) (w)).

From ¢, ({(z)(w)) € L>®(Q, X), for any = € M, we obtain T,,(z(w)) € M (22, X)
for any « € M(Q, X). Therefore, {T,,} is a measurable bundle of positive opera-
tors.

Using the same argument as in the proof of [9, Theorem 4.5], one can prove

L, (a(w)) = (T2)(w)
for all z € Ly(M, ®) and for almost all w € Q.
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Now let us establish || T'[|(w) = || 70| £, (M (w),r0)— Ly (M (@) ,7) -
Let x € M. Then
HSOW(E HLl M(w),mw) He T.flf HL1 M(w),mw) p("T'CEH )( )
< p(ITINxll1) (w —P(||T||) )p(ll]]1) (w)
=p(IT[I) (w Hg HLl M(w)yrw)

If 2(w) € L1(M(w), 7,), then one finds

| T (w HLI(M(W)TW) hmH‘Pw< n)(w))HLl(M(w),Tw)

n—

< p(IT11) (@) tim [z, ()

HLl(M(W){Tw)
= p(ITI @ |2 @)[| , 1)

Hence, || 7,2y (@) )11 000) ) < PUIT ) (W)-
By [8, Proposition 2], for any ¢ > 0 there exists x € Ly(M, ®) with ||z|; =1
such that

[Ty = |[T]] - 1.

Then
p(ITI) (@) = & < p(IT2]h) (@) = [6T2) W], (r109.m)
= HT"-’E x w HLl(M(“’)’Tw)
SN Toll Ly (vw)ma)— i (v (w),m)W(@(w)HLI(M(w),m)

= HTw|!Ll(M(w),erLl(M(w),m)P(H-’Blh)(W)

= 1Tl £ (M () 70) =5 L (M () 70
The arbitrariness of ¢ yields
PUITI (W) < I1Tollzir), s Laa@)m)-

Hence

PUITIN(@) = 1Tl a(vw) ) La (M) )
for all w € ), or, equivalently, we have

1T (w) = 1Tl 2y (31(@0) )= L1 (M (@) 7
for almost all w € Q. This completes the proof. O

Corollary 6.2. Let T : Li(M,®) — Ly(M, D) be a positive contraction with
T(1) = 1. Then there exists a measurable bundle of positive contractions T,
Li(M(w), 7,) = Li(M(w),7,) such that

T, (a(w)) = (T2)(«)
for all x € Ly(M,®) and for almost all w € Q and

TN (w) = Nl 22 (v (@) 7)1 (M (@), 70)-
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Let T : Ly(M,®) — Li(M,®) be a positive contraction with 7(1) = 1, and
let T, : L1(M(w),7,) — Li(M(w),7,) be a measurable bundle of positive con-
tractions. Then T is called unital positive contraction if one has T7%(1,) = 1, for
almost all w € Q.

Theorem 6.3. Assume that T : Ly(M,®) — Ly(M,®) is a unital positive
contraction. If there are m,k € Ny = N U {0} and a positive contraction S :
Li(M,®) — Li(M,®) with S(1) =1 such that

Tk > g " > S with
T — S <1, |IT" -S| <1,

then
R n+k _ gm|| _
(0) = lim [[T7 77 = 0.

Proof. By Corollary 6.2, there exist T, : L1(M(w),7,) — Li(M(w),7,) and S, :
Li(M(w),7,) = Li(M(w),7,) such that T,(z(w)) = (Tz)(w) and S,(z(w)) =
(Sx)(w) for all x € Li(M,®) and for almost all w € €.

From 7™+ > S T™ > S we get T™* > S, T™ > S, for almost all w € Q.
Since ||[T™*k — S]] < 1,[|T™ — S| < 1, we find

1T — Sl (M (@) )= Ea (M () m) < 1, T — Seoll Ly (M(w)r) = La (M(w),m) < 1

for almost all w € 2. Then, by using 7;%(1,,) = 1,,, we determine that the positive
contraction T, satisfies all conditions of Corollary 4.2 for almost all w € €.
Therefore,

Jim (1757 = Tl i)+ 21 @) 7) = 0

for almost all w € Q.
According to

1T = T[(w) = 175 = Toll ey » e @)y aee:
we obtain lim,, ., |77 — T"||(w) = 0 for almost all w € ©, which means that
R n+k _ gm|| _
(0) = lim [T+ — 7" = .
This completes the proof. O
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