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ABSTRACT. Given a higher-rank graph A, we investigate the relationship
between the cohomology of A and the cohomology of the associated groupoid
Ga. We define an exact functor between the Abelian category of right modules
over a higher-rank graph A and the category of Gx-sheaves, where G, is the
path groupoid of A. We use this functor to construct compatible homomor-
phisms from both the cohomology of A with coefficients in a right A-module,
and the continuous cocycle cohomology of Gy with values in the corresponding
Ga-sheaf, into the sheaf cohomology of Gx.

1. Introduction

Higher-rank graphs (also called k-graphs) were introduced by Kumjian and
Pask in [14] as a combinatorial model for certain higher-rank Cuntz—Krieger
C*-algebras (see [22]) in a construction that also generalized the definition of
the C*-algebra of a directed graph. As the name suggests, a k-graph is often best
viewed as a k-dimensional generalization of a directed graph. Formally, however, a
k-graph (see Definition 3.1 below) is defined to be a countable category with addi-
tional structure. The combinatorial nature of k-graph C*-algebras has facilitated
the analysis of structural properties of these C*-algebras, such as their simplicity
and ideal structure (see [19], [21], [23], [7], [12]), quasidiagonality (see [6]), and
KMS states (see [2], [1]). In particular, results such as [24], [5], [4], and [18] show
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that k-graphs often provide concrete examples of C*-algebras which are relevant
to Elliott’s classification program for simple separable nuclear C*-algebras.

Under mild hypotheses—mnamely, that A is row-finite and has no sources— we
can associate a groupoid Gy to a k-graph A, and it was also shown in [14] that the
groupoid C*-algebra C*(Gy), as defined in [20, Definition I1.1.12], is isomorphic
to the C*-algebra C*(A) of the k-graph. More generally, given a locally compact
Hausdorff groupoid G and a continuous T-valued 2-cocycle o on G, Renault defines
in [20] a twisted version C*(G, o) of the groupoid C*-algebra, such that, up to
isomorphism, C*(G,o) only depends on the class [¢] € H?(G,T) of ¢ in the
continuous cocycle cohomology of G with coefficients in T.

Kumjian, Pask, and Sims initiated in [15] the study of the cohomology of a
k-graph taking values in an Abelian group A. They also explained how to con-
struct, from a k-graph A and a T-valued 2-cocycle on A, a twisted higher-rank
graph C*-algebra C*(A, ¢). In Lemma 6.3 of [16], they constructed a map o from
the k-graph 2-cocycles Z?(A, A) to the continuous 2-cocycles Z2(Gy, A) of the
associated groupoid, such that ¢ maps coboundaries to coboundaries, and they
proved that C*(A,c¢) = C*(Gp,0(c)) when A = T (see [16, Theorem 6.5, Corol-
lary 7.9]). However, the map o is ad hoc and does not easily generalize to provide
a homomorphism H"(A, A) — H}(Gx, A) for n # 2.

The initial motivation for the research presented in this article was to under-
stand more thoroughly the relationship between the cohomology of a k-graph A
and that of its associated groupoid. Since k-graphs are small categories, a natural
alternative to use, instead of the approach to the cohomology of k-graphs from
[16], is the cohomology theory of small categories (see [25], [3], [20]; we review
these constructions in Section 2 below). For a k-graph A, Proposition 2.8 below
shows that the usual definition of the cohomology of a small category with coeffi-
cients in a A-module (see Definitions 2.1 and 2.5 below) agrees with the categorical
cohomology of [16] in the case that the module is a constant Abelian group.

The advantage of the A-module perspective on the cohomology of a k-graph
A is that it enables us to relate the k-graph cohomology to the groupoid sheaf
cohomology in all degrees. The first main result of this paper, Theorem 3.7, is
the construction (under mild hypotheses) of an exact additive functor, A — A,
from the category of right A-modules to the category of Gj-sheaves. In Sec-
tion 4, we then construct natural maps into the sheaf cohomology H"(G,,.A)
from both the k-graph cohomology H™(A,.A) and the continuous cocycle coho-
mology H(Gx,.A). Moreover, we show in Proposition 4.5 that both of these maps
factor through the functor A — A. Indeed, the second main result of the paper,
Theorem 4.1, consists of showing the commutativity of the diagram below (for
n < 2):

H™(A, A) —— H"(Homg, (P*, A)) —— H"(Gy, A)

16| (n<2) | i .
P

H?(Gy, A) —— H"(Homg, (P., A))
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Although the left-hand vertical arrow above is not defined for n > 2, the right-
hand triangle commutes for all n, and the composition

o on s HY(G,A) — H'(G,A)

is well defined for any étale groupoid G and any G-sheaf A (see Propositions 3.14,
4.4, and 4.5 below).

We note in Remark 4.9 that the diagonal arrow in the diagram above is an
isomorphism when n = 2. One might then begin to suspect that other arrows
in the diagram might also be isomorphisms. However, Kumjian, Pask, and Sims
exhibit in Remark 6.9 of [16] a 1-graph Bs such that the left-hand vertical arrow
H'(By, A) — H'(Gp,, A) is not surjective. Example 4.8 below complements this
example, and answers in the negative a conjecture from [16], by showing that the
homomorphism H'(A, A) — H!(Gx, A) need not be injective.

2. Modules over categories

In this section, we present the cohomology theory for small categories, which
provides the foundation for our main results in Sections 3 and 4, relating the coho-
mology of a higher-rank graph with that of its associated groupoid. Most of the
material in this section is surely well known to the experts in the area, but we have
chosen to present it in detail here both as a courtesy to our intended audience,
namely those interested in higher-rank graphs and their associated C*-algebras,
and to have the material available in the form we require.

To be precise, we begin by describing (in Definition 2.1) modules over small
categories, and (in Definition 2.3) a canonical projective resolution of the con-
stant module Z* over a category A, which we use in Definition 2.5 to define the
cohomology groups of A with coefficients in a A-module A. We show in Propo-
sition 2.8 that the cohomology groups thus defined agree with the categorical
cohomology groups employed in [16] to study the cohomology of higher-rank
graphs.

Before we begin, a brief word about notation. Throughout this paper, N :=
{0,1,2,...} is regarded as a monoid under addition, or equivalently a category
with one object. Thus, the notation n € N indicates that n is a morphism, rather
than an object, of N. Inspired by this, we use the arrows-only picture of category
theory throughout this paper, so that the notation A € A implies that \ is a
morphism in the category A.

Definition 2.1 (see [25, p. 331]). Given a small category A, we define a (right)
A-module to be a contravariant functor A : A — Ab, where Ab denotes the
category of Abelian groups. For v € Obj(A) we will write A, for the associated
Abelian group, and for a morphism A € A we will write A(X) : A.(n) = Ay for
the associated homomorphism of Abelian groups. A morphism of A-modules is
then a natural transformation. A sequence of A-modules

A—" B ¢
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is ezxact if, for all v € Obj(A), the sequence of Abelian groups

A, n(v) y B, p(v) y C,
is exact.

Note that 9t5, the category of right A-modules, forms an Abelian category.
Given an Abelian group A, we write A* for the A-module, or functor, given by
AN = A for all v € Obj(A) and A*()\) = id for all morphisms A € A.

Definition 2.2. Let A be a small category. A projective A-module is a A-module
P such that every surjective morphism 7 : A — P of A-modules splits as a map
of A-modules. Equivalently, P is projective if, for any exact sequence A — B — 0
of A-modules, the natural map Homa (P, .A) — Hom, (P, B) is surjective.

Let {Ap}nen be a sequence of A-modules and let {n, : A, — A,_1},>1 be a
sequence of A-module morphisms. We say that {A,, 7, }nen is a resolution of a
A-module B if kern,, = Imn,; for all n > 1, and there also exists a surjective
morphism 7 : Ay — B of A-modules such that kerny = Imn;.

To define the cohomology of a small category A, we will use a projective reso-
lution {P",d, }nen of the constant A-module Z*.

The projective resolution {P", d,}, is essentially a reformulation of the pro-
jective resolution {P,, o, }, described in [26, p. 2567]. Moreover, the cohomology
groups arising from this projective resolution agree with the definitions in the lit-
erature of the categorical cohomology of a higher-rank graph or an étale groupoid
(see Propositions 2.8 and 3.14 below).

Definition 2.3. Let A be a small category. For n > 1, we write A*" for the set of
composable n-tuples in A:

A™ = {(Al, ) € ﬁA L s(\) = 7(is1) w}.

We define A*® = A to be the objects of A. For each v € Obj(A), let
P =ZA* "y

be the free Abelian group generated by the collection A*™Vy of all (n+1)-tuples
(Ao, - -, An) of composable morphisms with s(\,) = v. When it is useful to dis-
tinguish an (n + 1)-tuple (Ao, ..., A\,) from the associated generator of P, we
will write [Ag, ..., A,] for the latter. For each A € A, there is a unique morphism
P™(A) : Py — Py, such that

P N (Poy Ay -5 An]) = Do At - AnA.

For n > 1, we define d,, : P" — P"~! on generators [Ao, Ay, . .., A\,] and extend
Z-linearly:

dn([Doy Mo An]) = [ A Al + (=D Ao A Aimi A Al
=1
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Similarly, the morphism d : P} — Z is defined on generators by do([\]) = 1. One
easily checks that d,, is a natural transformation for each n and that d,,od,,.; = 0.

Proposition 2.4. The complex {P",d, }nen is a projective resolution of Z».

Proof. We begin by showing that P" is projective for all n. To this end, let
n: A — P" be a surjective morphism of A-modules. For each n + 1-tuple of the
form (Ao, ..., An—1,5(An—1)), choose an element ax,, .. ,,s(0.1)) € A such that

n(a(,\o ..... )\n,1,s(>\n,1))) = [A()v ) )\nfla S<)\n71)} .
Define a morphism £ : P* — A of A-modules by defining £ on generators of the
form [Ag, ..., An_1,5(An_1)] by

E([Mos s Ancts S(Aa1)]) = Qg 1501

then we extend £ to all of P™ so that & becomes a morphism of A-modules. In
other words, if (Ao, ..., \,) is an arbitrary element of A*™*1 then we have

E([Pos- -y A)) = AN (E([Mos - Anm1s s(Anz1)])) = AN (@rr An 12500 1)))-

By construction, n o ¢ = id as morphisms of A-modules. Thus, P" is projective,
as claimed.

Now, we show that {P", d,},cn is a resolution of Z*. Since d,, o d,,1 = 0
for all n, and since dy : P° — Z» is clearly surjective, it suffices to show that
kerd, C Imd, ;. To that end, we construct a contracting homotopy (s, )nen,
where s, : P, — P, is a natural transformation for each n. Fix v € A° and
define s, = s, : P} — P™ 1! on generators by

50 (Pos - An]) = (=)™ Aoy - Any 5(A)],

and extend Z-linearly. We also define s_; : Z* — P? by s_;([1]) = [v]. Although
s, does not commute with the action of A, and hence fails to determine a mor-
phism of A-modules, for n > 1 we have

(dng1 © S+ Sn—1 0 dn) ([Aos -, An))
= dps1 ((=1)" Aoy ..o, A s(A0)])

n

] (YRR ) S CR DL VAR VP YRS )

_ (—1)”+1<[)\1, A sOW] (D)™ oy A

n

+ Z(—l)j [)\07 Ce )\j*1>\j7 ce 7/\n; S(An)]
j=1

+ (D" [My e A, S(An)D

A DT o A A s(A)]
j=1

- [>\07"'a)\n]-
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If n =0, then we compute

(dy 0 50+ 51 0do) (IN]) = —dy ([N, s(N]) + [s(V)] = = [s(N)] + [N = [s()]
= .

Thus, if @ € kerd,, then we have a = (dp41 0 85 + Sp_1 0 dy)(a) € Imd,4;.
Since kerd,, C Imd,; for all n, the projective complex {P", d, },en is in fact a
resolution of Z*, as claimed. |

Definition 2.5. Let A be a small category, and let A be a A-module. We define
the cohomology groups of A with coefficients in A to be the cohomology groups
of the complex Homy (P*, A), where the boundary map 6, : Homuy(P", A) —
Homy (P A) is §,(c) := c o d,1. In more detail, an n-cochain is a mor-
phism of A-modules ¢ : P* — A, and an n-cocycle is an n-cochain ¢ such that
dn(c) = cod,r1 = 0. We say that ¢ is an n-coboundary if ¢ = 6,,_1(b) for some
b € Homy (P" !, A). Now note that Homy(P", A) is an Abelian group for all n.
Writing Z"(A, .A) for the subgroup of n-cocycles and B"(A, .A) for the subgroup
of coboundaries, the cohomology of A with coefficients in A is
n _ 2N A)
H"(AA) Br(A, A) (1)
We now compare Definition 2.5 with the categorical cohomology of A intro-
duced in Definition 3.5 of [16]. Although the categorical cohomology was orig-
inally defined in a slightly more restrictive setting than the one we present in
Definition 2.6 below, Definition 2.6 agrees with the above-cited Definition 3.5
when the module is a constant Abelian group. Moreover (see Proposition 2.8)
the categorical cohomology groups of Definition 2.6 agree with the cohomology
groups of Definition 2.5 above.

Definition 2.6. Let A be a small category, and let A be a A-module. The group
of categorical n-cochains on A taking values in A is

C™(A,A) == {e: A = A c(M, .. \) € Ay -
We define 6" : C*(A, A) — C"*1(A, A) by

n

() Aoy - An) = eAr, - A) + ) (= D)e(ho, - Aici Ay An)
=1

+ (—1)“*1A(Anﬂc(Ao, e A1)

if n > 1; we set 6°(c)(\) = c(s(N)) — AN (c(r(N)). A categorical A-valued
n-cocycle on A is then an element of Z™(A, A) := ker 6"'; we call B"(A, A) :=
Im " the group of categorical A-valued n-coboundaries. One easily checks (see
Lemma 3.4 of [16]) that (C*(A,.A),0*) is a cochain complex; thus, we can define
the categorical cohomology H *(A, A) of A with coefficients in A to be the coho-
mology of this complex, namely,

H™(A, A) == Z"(A, A)/B" (A, A).
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Remark 2.7. In contrast to Definition 2.5, there is no mention of equivariance
in Definition 2.6 above because we have not defined an action of A on A*". In
other words, categorical cochains and cocycles are merely set maps satisfying the
conditions in Definition 2.6. We also observe that, unlike in [16], we do not require
that our cochains and cocycles be normalized. However, every categorical cocycle
(in the sense of Definition 2.6) is cohomologous to a normalized cocycle, so the
cohomology groups of Definition 2.6 agree with those of [16, Definition 3.5] in the
case when A is a k-graph (see Definition 3.1 below) and A = A* for an Abelian
group A.

Proposition 2.8. For any small category A and any A-module A, the map (" :
Homp (P™, A) — C"™(A, A) given by

C"fA, . ) = f([)\l, ey Any S()\nﬂ)
induces an isomorphism H*(A, A) = H*(A, A).

Proof. We will show that ¢" is an isomorphism of Abelian groups by exhibiting
an inverse " : C*(A, A) — Hom, (P", A), namely,

nnc([ko’ ey )\n]) = A()\n> (C()\(), Cey )\nfl)).
To see that n"c € Homy (P, A), we note that, whenever r(\) = s(\,),
AN (o, -, M) = AN (AN (Ao, - - -, A1) = 1"¢([Ros - AnA])
=n"c(P"(N)[ Ao, - - -, )\n])
A straightforward computation shows that (™ o n™ = id; to see that n" o (" =id,
we rely on the fact that, for any f € Homy(P", A) and any (Ao, ..., \,) € A*HD,
we have
A()\n) (f([)\o, Cey )\nfl, S()\nfl)})) = f(Pn(An) [)\0, cey )\nfl, S()\nfl)])
= f([/\o, D W /\n]).

This fact also underlies the computation that ¢"*! o §, = o o (™. In other
words, (* preserves cocycles and coboundaries, and so ¢* induces an isomorphism
H*(AA) = H*(AA). O

Remark 2.9. Applying Proposition 2.8 to the case when A is a higher-rank graph
and A = A’ for an Abelian group A establishes that the cohomology of A, as
defined in Definition 2.5 above, agrees with the categorical cohomology defined
by Kumjian, Pask, and Sims in [16].

3. From k-graphs to groupoids and modules to sheaves

In this section, we specialize from arbitrary small categories to the k-graphs
introduced by Kumjian and Pask in [14] (see Definition 3.1 below) and their
associated groupoids. We show that a module A over a k-graph A gives rise to
a sheaf A over the associated groupoid G,; in fact, Theorem 3.7 establishes that
the map A — A is an exact functor.
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Sheaves over a groupoid G (or G-sheaves) play a central role in both the con-
tinuous cocycle cohomology and the sheaf cohomology of G. We discuss the con-
tinuous cocycle cohomology in this section, and postpone the discussion of sheaf
cohomology to Section 4. To be precise, we explain in Definitions 3.9 and 3.11 the
construction of the G-sheaves relevant to the continuous cocycle cohomology, and
Proposition 3.14 establishes that the continuous cocycle cohomology of G can be
computed from these sheaves.

For the reader who is not familiar with k-graphs, étale groupoids, and groupoid
sheaves, we begin this section by defining these objects. Recall that N = {0, 1,
2,...} is a monoid under addition. We regard N* as a category with one object
generated by k£ commuting morphisms eq, ..., es.

Definition 3.1 ([14, Definition 1.1]). A higher-rank graph, or k-graph, is a count-
able category A equipped with a functor d : A — N* such that d satisfies the
factorization property: if a morphism A € A satisfies d(\) = m + n, then there
exist unique p,v € A with A = prv and d(u) = m,d(v) = n.

A fundamental example of a k-graph is the category €2, where ObjQ, = N¥
and Mor Q = {(m,n) € N¥* x N¥ : m < n}. We have r(m,n) = m, s(m,n) = n,
and composition is given by (m,n)(n,p) = (m,p). The degree map d : Q;, — N¥
is given by d(m,n) = n —m. For any n € N¥ and any k-graph A, we write
A" ={X € A:d()\) = n}; we identify ObjA = A? and refer to elements of A? as
vertices. If v € A°, then we write

vA" = {X € A:r(X) =v and d(\) = n}.

A k-graph A is row-finite if, for all m € N¥ and all v € A%, we have [vA™| < oo;
we say that A has no sources if 0 < |[vA™| for all m,v. We will be exclusively
concerned with row-finite k-graphs with no sources in this paper, since these are
the k-graphs from which one can most easily build groupoids.'

A groupoid G is a small category with inverses. When discussing groupoids, as
with k-graphs, we will use the arrows-only picture of category theory, identifying
the objects GO of G with their identity morphisms. We will also often refer to
the composition of morphisms in a groupoid G as multiplication, in line with
our tendency to think of a groupoid as a generalization of a group, in which
multiplication is defined only on a subset G2 of G x G.

In this work, we will deal exclusively with étale groupoids G; recall that G is
¢tale if G has a locally compact Hausdorff topology with respect to which the
multiplication and inverse operations are continuous, and the range and source
maps 7, s : G = G are local homeomorphisms.

Definition 3.2 ([14, Definition 2.1]). For a row-finite source-free k-graph A, the
infinite path space A*° is the set of all k-graph morphisms €, — A. For A € A,
write

Z(\) = {z € A*:z(0,d()\) = A}

!The row-finite and source-free requirement is slightly stronger than is strictly necessary in
order to associate a groupoid to a k-graph; see [8] for a more general groupoid approach to
k-graphs.
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and note that the collection {Z(\) : A € A} forms a compact open basis for a
topology on A® For p € N*, the map o? : A*° — A™ given by

aP(z)(m,n) = x(m + p,n + p)

is a local homeomorphism. Similarly, for any y € A*, A € A with s(\) = y(0), we
define \y to be the unique path z € A such that z(0,d(\)) = X and 0™ (z) = y
(see [14, Proposition 2.3]).

The groupoid Gy C A® x ZF x A> associated to A is

gp = {(m,n,y) i eNF st j— L =mn,0(x) = Jé(y)}.
We have s(z,n,y) = (v,0,y), r(z,n,y) = (2,0,z), and composition given by
(x,n,y)(y,m, z) = (x,n+m, z). Thus, we identify gg‘)) with A* via the embedding
A® >z (2,0,2) € Q/(\O).
Now write A x, A = {(A\,u € A x A) : s(\) = s(u)}. For each (A, u) € A *, A,

we define

Z(\p) = {(z,d(N) —d(p),y) = 2(0,d(N)) = A, y(0,d(n)) = p} S Ga.

Proposition 2.8 of [14] establishes that the sets Z(\, ) form a compact open
basis for a locally compact Hausdorff topology on G,; in fact, this topology makes
G into an étale groupoid.

In what follows, we will discuss how to construct a sheaf A over G, from a
A-module A. To this end, it will be helpful to use the espace étalé picture of a
sheaf.

Definition 3.3 ([11, Definition I.2.1]). A sheaf of Abelian groups over a topological
space X is a topological space A equipped with a local homeomorphism 7 : A —
X such that 771(z) is an Abelian group for all z € X and the fiberwise group
operations are continuous.

Note that in particular there is a continuous zero section X — A, given by
x — 0, where 0, is the zero element in A (z) := 7~ !(z), the stalk at .

Definition 3.4 ([13, Definition 0.6]). Let G be an étale groupoid with unit space
GO A G-sheaf consists of a sheaf of Abelian groups, 7 : A — G© over G,
equipped with an isomorphism o, : A (s(y)) = A (r(y)) for each v € G, such
that the following hold.
o If z € GO then o, = id.
o If (v1,72) € G?, then ay, 0 vy = vy
e Themap a : GxA — A given by (v, a) — «,(a) is continuous. (We equip
GxA ={(v,a): s(y) = m(a)} with the subspace topology inherited from
GxA)

Note that if A is an Abelian group, then one may form the constant sheaf A with
fiber A(x) = A for all z € GO and with ay =id for all y € G. If A, B are two
G-sheaves, we say a continuous map f : A — B is a morphism of G-sheaves, and
we write f € Homg(A , B), if the following hold.
e For any v € G, f(a) € B(x) for all @ € A (z), and the induced map
A (r) — B(x) is a homomorphism.
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e For any (v,a) € Gx A,
flen(@) = B, (f(a),

where [ is the action of G on B.

We often abuse notation and use the same symbol « to denote the action of G
on different G-sheaves, and we sometimes write simply v - a for a.,(a).

Remark 3.5. The category of G-sheaves Gg is an Abelian category (see [13, Propo-
sition 0.7]). Subobjects and quotient objects are defined as in the category of
sheaves with the additional requirement that the embeddings and quotient maps
be morphisms of G-sheaves. The direct sum of two G-sheaves A, B, denoted
A @ B, will also be regarded as a G-sheaf when endowed with the diagonal
action.

Remark 3.6. Since an étale groupoid G is a small category, we can also consider
right (or left) G-modules as in Definition 2.1. Comparing Definition 2.1 and Def-
inition 3.4, we see that a G-sheaf is in particular a left G-module; but we require
in addition that the action map a : G *x A — A be continuous and that o, be
an isomorphism for all v € G.

Recall that a functor between Abelian categories is said to be ezact if it pre-
serves exact sequences.

Theorem 3.7. Let A be a k-graph, and let A be a A-module. For each x € A>,
define

A() =iy (Aa), A(2(p, 9))

where (p,q) € Qi.” There is a topology on A = | |, A(x) which makes A into
a Gp-sheaf. Let n € Homy (A, B); then for any x € A, we have

lig noA(z(p,q)) = lim B(z(p,q)) on.
(p,q) €%, (P.9) €%
We consequently obtain a well-defined element n € Homg, (A, B) such that, for
any [a] € A(x), we have
n(la]) = [n(a)].
Moreover, the assignment A — A defines an exact functor, and the induced map

Homy (A, B) — Homg, (A, B) is a homomorphism.

Proof. Write oy for the natural map A, ) — A(z); the structure of the inductive
limit implies that every element of A(x) is of the form ¢¥(a) for some p € N¥,a €
Az Equip A = | |, cr A(x) with the topology generated by the sets

{Sa,)\})\EA,aEASQ\)»Where Sa)\ - {@g(a) : y(O,Q) = )‘} (2)

To see that these sets do indeed form a basis, suppose that 3 € S, N Sy
Then 8 = ¢;(a) = ¢3(b) € A(z) for some z € A such that z(0,q) = A and

2Note that z(p, q) is the morphism in A between the vertex z(q) € A° = Obj(A) and the
vertex z(p). Since A is a contravariant functor, A(z(p,q)) : Az — Az(g)-
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x(0,p) = p. The definition of the inductive limit implies the existence of m > p, ¢
and X, p' € A such that

2(0,m) =M\ = and  AWN)(a) = A) (D) € Asim)-
Thus, Sa(v)(a)e(0,m) = SA()®)e(0m); Moreover, since ¢7(b) = B = @i (a),

B = ¢n (AN (@) = o5, (AW)(D))
= B € Sa0)(a)z(0m) = SAw)b),20m) S Sax N Spp-

It follows that the sets {S,\} form a basis for a topology on A.

Note that the natural projection 7 : || .y A(7) — A satisfies 7(S5q5) =
Z()), so this topology does indeed make 7 into a surjective local homeomorphism.
Moreover, the group operations are continuous in this topology: Suppose that
@¥(a) — p¥(b) € Scn. We will show that there exist basic open sets Sy, i, Smyu
such that

wi(a) € Smy s ©8(b) € Sy and
{f —g: (fa g) € Sm,l,,u *r Smb,,u} g Sc,/\-
Given @¥(a) — p¥(b) € Se,, there exists m' > p, q,d(\) such that

SOZ(@) - soii(b) = wZ@, (A(y(Qa m’))a) - SOZZ/ (A(y(p, m,))b) € Sawem))ey(tm?)-

It follows that ¢, (A(y(q,m’))a — A(y(p,m'))b) = ¢, (A(y(¢,m'))c). The struc-
ture of the direct limit then implies the existence of m > m’ such that

A(y(g,m))a — A(y(p,m))b = A(y(¢,m))c.

Write m, = A(y(q,m))a,my := A(y(p,m))b, and write p = y(0,m). Then
@¥(a) € Sm,, and @¥(b) € S, . In fact, we claim, for any f € Sy, .y 9 € Sy
that both live in the same fiber A(z), and we have f —g € Saw@m))en S Sea- To
see this, choose f, g as above, so that f = 2 (m,), g = ¢z, (my). Consequently,

f—=9=¢5(ma—my) =5 (A(y(L,m))c) € Sagemyen S Sens

so the fiber-wise group operations are continuous.

To make A into a Gj-sheaf, we equip it with the following action a of G,. If
(z,n,y) € Ga and b € A(y), then write b = ¢Y(b) for b € Ay(,). Without loss of
generality, suppose that ¢ is large enough so that y(q) = z(p) (where n = p — q);
then we define

A(z,n,y) (l_)) = (ilj', n, y) : [_) = Soggs(b) (3)

To see that « is continuous, suppose that (z;,n;,y;) — (x,n,y) € Go and that
for all i, we have b; € A(y;) with b, — b € A(y). Suppose also that (z,n,y) - b €
Sa.; in other words, z € Z()\) and there exists ¢ € N* such that y(g) = s()\) and
b= pY(a) for some a € Ay = Asn)-

Writing u = y(0, ¢), we have (z,n,y) € Z(\, 1) and b € S, .. Since (4, 4, y;) —
(x,n,y) and b; — b, the fact that {Z(\, )}, is a basis for G, implies that, for
i large enough, we also have (x;,n;,y;) € Z(A, 1) and b; € Sa, 50 b; = @¥i(a). It
follows that

(@i, 1, ) - b; = ‘Pﬁb)(a) € Sa
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for large enough 4. Since S, was an arbitrary neighborhood of (z,n,y) - b, the
action ((x,n,9),b) = a(zny) () is continuous.

We now check the functoriality of the map A — A. First, we check that a
morphism 7 : A — B of A-modules induces a continuous morphism of sheaves
n: A — B via the formula nja] = [n(a)]. In the notation used earlier in the proof,
this formula becomes a

Q(@Z(a)) = Y (n(a)) for all y € A*,a € Ay.
Since 7 is a natural transformation, we have n o A(y(p,q)) = B(y(p,q)) o n for
all y € A and all (p,q) € €; this implies that 7 is well defined. Moreover, if
be Q_l(Sb,,\), there exists u € A, y € Z(An), a € Ay, such that

b=piom(a) and  n(a) = B(u)(b).

In other words, b € S, 5., and
1(Sas) = {hon (1) 1y € ZO) } = {0, (B()(D)) -y € Z(\n)}

= {@Z(,\)(b) IS Z()‘N)} CB
C Spa.

That is, every b € Q’l(Sb,A) has an open neighborhood S, 5, which is contained
in Q_I(S;L »). Consequently, 1 is continuous, as claimed.

It follows immediately from the definitions that id = id and that if n, p are
morphisms of A-modules, then nop = 1o p. So the assignment A — A is a
functor. It is routine to check that the map Homy (A, B) — Homg, (A, B) is a
homomorphism.

Let 0 > A — B — C — 0 be a short exact sequence of A-modules. Then
since the inductive limit of short exact sequences is a short exact sequence, we
have that 0 — A(x) — B(x) — C(z) — 0 is exact for all x € A*. Thus,
0+ A— B—C — 0is exact in &g,. It follows that the functor A — A is
exact, as desired. O

We now give the details of the above construction in the important special case
of the Gj-sheaves associated to the projective A-modules P™.

Ezrample 3.8. For any n € N, we have
P(x) = Z{((z,m,y), A1, -, M) € Ga X A s(A) =7(y) }-

For each x € A*, the map d,(z) : P"(z) — P""!(z) is given on the generators
by

dy () [(x, m,y), (A, - -, )\n)] = [(3:, m,y), (s, ..., )\n)]
+ Z(—nj [, m,9), (Mt A s 5 A)]

+ (—1)"[(m,m— d()\n),)\ny),()\l,...,)\n_l)];
ﬁ(x)[ €T, m, y)v)‘] = [x,m,y] - [m,m - d<)‘)7)‘y]7
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Proof. Fix z € A, and write G"(x) for the free Abelian group described above;
that is, G™(x) := Z{((z,m,y), (A1,..., A\n)) € Ga x A*" = s(\,) = 7(y)}. As above,
we will use square brackets to indicate a generator of G™(z).

For each p € N*, we have a map by Pg(p) — G™(z) given on the generators by

qﬁz([)\o, . ,)\n]) = [(I,p —d(A\n), )\nap(x)), Aoy -+ -, )\n_l)}.

Note that ¢ o P"(x(p,q)) = ¢, so the universal property of the direct limit
implies that the maps {¢;},cn+ induce a homomorphism ¢ : P"(r) — G"(x).
Moreover, every generator [(x,m,y), (A1,...,A,)] of G"(x) is in the image of ¢
for some p, namely,

[z, —q,9), s x)] = dn([Ms- - A, 9(0,9)]).

This surjectivity implies that, if {py()}bpens @ Py, — A is any family of group
homomorphisms that is compatible with the maps P"(x(p,q)) : P% . — P~

(p) z(q)?
then we can define R : G"(z) — A by

R(¢%(Mos M- 3 M) = paiy (PRos -5 M)

The universal property of the inductive limit now implies that G"(x) = P"(x), as
claimed. The formula for d, follows from the definition and universal properties
of P™. O

Finally, note that, for each v = (x,m,y) € Gp and each n € N, the action
a, : P*(y) — P"(z) is given on generators as follows. If b = [A,...,\,] is a
generator of P;(pfm) for some p € N* with p > m, then we have

g—m(b) - [(yap -—m— d()‘n)v )\no_p—m<y))7 ()‘07 s 7/\n—1)] :

In this case, with b := ¢?_, (b),

p—m

a')’([_)) - (l’,m, y) : l_) - (x,m, y) ’ ¢Z—m([)‘07 R An]) - ¢$([>\07 ) )\n])
= [(x,p —d(Mn), )\nap(x)), (Mo - -+ )\n_l)].
Note that since (z,m,y) € Gy and p > m, we have p — (p — m) = m and hence
o?(x) =" "(y).

In general, given (z,m,y) and (y,¢,z) € Gy, we can write z = \o?~™(y) for
some p € N¥ with p > m and some X := z(0,d(\)) € A. By construction, we have
p—m —d(\) = £, and consequently m + ¢ = p — d(\). If (Ag,..., Ap1) € A"
satisfies s(A,_1) = r()), then we have

Oy (Mos - A1, A) = [(1,4,2), (Mo, - A1)

Thus, we obtain a general formula for the action of G, on P":

(x,m,y) - [(y,f, 2), (Ao, - - -, )\n,l)} = [(x,m +4,2), (N, - .-, )\n,l)}. (4)
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3.1. G-sheaves from sheaves of sets. It is not always obvious whether a bun-
dle A of Abelian groups over G can be topologized in a way that makes it into
a G-sheaf. If A arises from a G-sheaf of sets, however, this is always possible. As
a matter of fact, all of the G-sheaves discussed in this paper have this format, so
we pause to detail this construction.

Definition 3.9. Let G be an étale groupoid. A topological space Y, equipped with
a surjective local homeomorphism 7 : Y — GO is a (left) G-sheaf of sets fif,
for each v € G, there is a bijection a., : 7 '(s(y)) — 7 '(r(y)) such that the
following hold.

o If z € GO then o, = id.

o If (v1,7%2) € G?, then vy, 0 vy = yy0my-

e The map a: G*Y — Y given by (v,y) — «,(y) is continuous.

If Y is a G-sheaf of sets over GO, then one may form a G-sheaf of Abelian
groups Z[Y] over G such that the stalk at + € G is the free Abelian group
generated by Y (z) := 7~ !(z). When it is useful to distinguish between an element
y in Y (z) from the corresponding generator of Z[Y](x), we use [y] for the latter.

The topology on Z[Y] can be described as follows. Since Y is a G-sheaf of sets,
for each point e € Y (z), there is an open neighborhood w, of e and an open
neighborhood U, of x such that w, is homeomorphic to U,. For each z € U,, write
e, for the unique element of Y (z) Nw,. Given an arbitrary point a in Z[Y](z),
write a as a finite sum,

a= Z aclel,

e€Y (z)
where a. € Z. Since this sum is finite, there is a finite set Y*(z) C Y(x) such
that a. = 0 if e ¢ Y%(z), and so the set

N v.cg®
e€Y(x)

is open. For any open U C ﬂeeya(x) U, such that x € U, we define

(’)ayz{ Z acle.] : z € U}.

e€Y(x)

The sets {O,v }ov form a basis for the topology on Z[Y].

The action of G on Z[Y] is determined by its action on Y: on generators,
v - le] = [ve] for e € Y(s(vy)). We then extend the action Z-linearly. Checking
that {O, ¢} is indeed a basis, and that the group operations and the G-action are
continuous, is analogous to the proof of Theorem 3.7.

Example 3.10. In Example 3.8, we showed that the fiber over x € A of the
Ga-sheaf P" is of the form Z[Y,](z), where

Y, = {((av,m, Y)y (A, ... ,)\n)) €GN XN ir(y) = s()\n)}.

In fact, we can topologize Y,, so that Z[Y,] = P" as Gx-sheaves. We thus obtain a
second picture of the sheaves P, complementing their initial definition in Exam-
ple 3.8 as an inductive limit of A-modules.
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First, we make Y,, into a sheaf of sets over ggo) via the sheaf map 7 : Y,, —
gg’) = A* given by
W((x,rm Y), (A1, .-y /\n)) = 7.
The topology on Y, is generated by the sets

ZA 1) x {(M\, - )

with (A, 1) € Axg A, (A1,...,\n) € A", and s(\,) = r(u), where Z(\, p) is as in
Definition 3.2. The Gj-action on Y,, is given by

(z,0,2) - ((m,m,y), (Mg, ... ,/\n)) = ((z,€+m,y), (A, .. .,An)).

Under this definition, not only do Z[Y,] and P™ agree as sets, but the action of
Ga on the generators is given by the same formula in both cases. We now check
that the topology on the Gp-sheaf Z[Y,,] agrees with the topology on P" defined
in Theorem 3.7. Let F' be a finite set and write

B =Y bi[(z,mi ), (M. X)) € Z[Y,)(x)
ieF
for integers b;. Choose a sufficiently small open neighborhood Z(\) of x such that,
for each 4, we have y; = ;0™ (z) for some p; with m; = d(\) — d(y;). Setting
A= ZiEF bi[)\i, T ’/\i“ i) € PSTE/\), we have

OBz = {Z b [(Az,my, piz), (AL, .. ML) i r(2) = s(/\)} = San

i€l

Similarly, if C'= 3", ¢ X, M € Py, is arbitrary and = € Z(A), let

D= ch [(z,d(\) — d(X), Mo (@), Moy - .., An1)] € Z[V) ().

One checks immediately that Op z(n) = Sca. In other words, the identity map
Z[Y,] — P" is a homeomorphism.

For another example, we return to the (right) projective modules of Defini-
tion 2.3. Here, however, our focus will be on G-sheaves where the groupoid G acts
on the left. In the definition that follows, we also modify the notation slightly in
order to mesh more easily with the standard notation for continuous groupoid
n-cocycles (see Proposition 3.14 below).

Write G for the set of composable n-tuples of elements of G, for each n > 0.
(This set was denoted G*” in Definition 2.3.) The topology on G C G x---x G is
the subspace topology; consequently, the fact that the range and source maps in
an étale groupoid are local homeomorphisms ensures that the map = : G — G
given by

(Y1, ) = 7(M)

is a surjective local homeomorphism. With the left action of G given by left
multiplication,

Yoy m) = (Vs Tn)s
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G™ satisfies the conditions of Definition 3.9. Consequently, the remarks following
Definition 3.9 tell us how to topologize Z[G™)] in order to make it a G-sheaf. As
a module, we denoted Z[G™] by P"~! in Definition 2.3; when we wish to regard
Z|G™)] as a G-sheaf, we will use the notation P,,_;.

Definition 3.11. For each n > 0, we define the left G-sheaf P,, := Z[G"*V]. Fix
n >0 and z € G; then

(Pa) (@) = Z{(v0, 7, -+ 7m) € G" ™ 1 7(y9) =z}

For n > 1 define 9, : P,, = P,_1 on the generators by

871[707717"'7771] = (_1)71[70’.“,7" 1 +Z 70,71,...,%,1%,...,%].

If n =0, we define 0y : Py — Z on the generators by

Ayl = [Ury)-

Proposition 3.12. For any étale groupoid G, the sequence {P,, Op}nen consti-
tutes a resolution of the constant G-sheaf Z.

Proof. 1t is straightforward to check that 0, is an equivariant sheaf map and
0,0n+1 = 0 for each n > 0; the continuity of d, is a consequence of the continuity
of the multiplication in G. Indeed, the maps 0,, are simply a translation into the
setting of left G-sheaves of the maps d,, of Definition 2.3. Consequently, just as in
the proof of Proposition 2.4, we have a contracting homotopy {s, : P, = Pui1}n
given on generators by

Sn(h/Oa CI 77n]) = [T(IYO)v Yo, - - - a7nj| ;S—1 ([1]90) = [ZL']
It follows that ker 9,, = Im J,,,1 for all n. The foregoing proves the following. [J

It can be shown that {P,,d,}, is in fact a relative projective resolution of Z,
but we do not need this here, so we omit the details.

3.2. Continuous cocycle cohomology. One can use the resolution {P,,,d,},
to compute the continuous cocycle cohomology of a groupoid G with coefficients
in a G-sheaf A ; this is the content of Proposition 3.14 below.

For the definition of the continuous cocycle cohomology H?(G, A ), we follow
[20, Definition 1.11ff.] except that we do not require the cocycles be normalized.
As in the case of k-graph cocycles, this does not change the cohomology groups,
since every cocycle is cohomologous to a normalized cocycle.

Definition 3.13 ([20, Definitions 1.11-1.12]). Let A be a G-sheaf. The set of
continuous groupoid n-cochains with values in A is defined to be

CHG,A) = {f G™ — A : f continuous, f(71, ..., 7n) EAT(%)}.

We regard C™(G, A) as an Abelian group under pointwise addition.
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Alternatively, we may regard C”(G, A ) as the group of continuous sections of
the pullback sheaf 7*(A) — G, where r(71,...,7,) = 7(711).

We form a cohomology complex by defining the boundary maps 67 : C?(G,
A) — CM(G,A) as follows. Let f € C*(G,A) and (Y0,71,---,Vn) € GOV If
n > 1, then set

6?]8(707’717' .. 7771) =% f(’yla s 77n)
+Z(—1)if(70w--7%‘—1%~--77n)
=1

+ <_1)n+1f(707 Y1, .- a’)/n—l);

if n =0, then set 6°f(70) :== Y0 f(s(70)) — f(r(70)). A straightforward computa-
tion shows that 67! o " = 0.

Define the group of n-cocycles Z(G, A ) := ker 6" and the group of n-cobound-
aries B*(G,A) := Im ¢! for n > 1; set BY(G,A) := 0. The nth continuous
cocycle cohomology group of G with coefficients in A is then defined to be

H'(G.A) = Z0(G.A)/BNG. A) = L0

~ Imont

For any resolution {Q,, ¥, }nen of Z, the cohomology groups of the associated
complex Homg(Q,, A ) often contain useful information about the cohomology
of G. In addition to Proposition 3.14 below, which shows that the continuous
cocycle cohomology can be computed from the resolution {P,,d,}, of Defini-
tion 3.11, we will see this principle at work in Proposition 4.4 in the next section.
The boundary maps ¢, : Homg(Q,,A) — Homg(Q,11,A) of the complex
Homg(Q., A ) are given by 6,f = f o U,1. We define Z5(G,A ) = kerd, for
n >0, B§(G,A) :=1Imd,_ forn > 1, and B4(G, A ) := 0. Then the cohomology
groups of the complex are
Z3(G,A
HE(G,A) := H"(Homg(Q.,A)) = ﬁg%' (5)
Proposition 3.14. Let G be an étale groupoid, and let A be a G-sheaf. For all
n > 0, there is an isomorphism &" : Homg(P,,, A ) — C(G, A ) determined by

E Ny = F(r(n), v, m))

which s compatible with the boundary maps and induces an isomorphism
HLE(G,A)=HYNG,A) for everyn > 0.
The inverse is induced by n" : C*(G,A) — Homg(P,,, A ) determined by

(" ) (o> 715 - 7m)) =70 F(, -+ -3 m)-

Proof. We first check that for each sheaf morphism f € Homg(P,,A), £"f is
continuous. If {(v,...,v)} — (71,...,7%) in G then the fact that r is a
local homeomorphism implies that {(r(7}), 74, ..., — (r(71), 715+ -+, ) In
G+ and hence in P,, = Z[G™*V]. The fact that any morphism f of G-sheaves
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is continuous then implies that £"f is continuous for all f € Homg(P,,A).
Moreover, for any (Yo, .. .,7) € G™*Y and any f € Homg(P,,A),

Yo+ f[r(7),s -] = oY -l (6)

A routine computation, exploiting this fact, shows that

5?(§nf) = §n+1(f 0 Ont1);

in other words, that £" takes cocycles to cocycles and coboundaries to cobound-
aries. Consequently, it induces a homomorphism Hp (G, A ) — HX(G,A).

To see that £" is an isomorphism, recall that n™ : C*(G, A ) — Homg(P,,A)
is given by

n”f(z ai[Y9, 71 - - - ,72]) =Y ai(vh- FOh ).
ieF i€eF

One checks easily that 7" f is G-equivariant for all f € C?(G, A ), and the conti-
nuity of n" f follows from the continuity of the G-action on A, the continuity of
f, and the fact that if

. i,J i,J] 1 )
11}1’1 Z ai,Jh/O ) 7FYnJ] - Zai[%a te 7’771] € P”’

icFy i€F
then we must have F; = F eventually and, at that point, a; ; = a,; for all
i € F. Moreover, for each n > 0, (6) implies that {"n" = idcn(ga) and 7" =
idHom(P,,A)- 0J

Remark 3.15. An analogue of Proposition 3.14 was proved in [13, Addendum 5.1,
using a relative injective resolution of A .

4. A commuting diagram of cohomologies

In this section, we use sheaf cohomology to show how the k-graph cohomology
H"(A, A) and the continuous cocycle cohomology H!(Gx,.A) relate. More pre-
cisely, Theorem 3.7 and Proposition 3.14 above, and Proposition 4.4 below, allow
us to identify homomorphisms

H (A, A) = H2(G, A) 255 H"(Ga, A)  and
H(Ga, A) = Hp (Gr, A) 225 H'(Ga, A),

where H"(Gy,.A) denotes the sheaf cohomology of G, with coefficients in A. We
also construct a map ¢* : H*(Gp, A) — HE(G, A) and show that the map from
the continuous cocycle cohomology to the sheaf cohomology factors through .
Thus, the main result of this section is the following.
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Theorem 4.1. For any row-finite higher-rank graph A with no sources, and any
A-module A, we have a commuting diagram (forn > 2):

n

PP

H™(A, A) HR(Gr, A) ————— H"(Ga, A)
[16] | (n < 2) 1 v .
PP
H(Gay A) —— HE(Ga, A)

= (7)

We prove Theorem 4.1 via a series of propositions. First, we describe the sheaf
cohomology groups H"(G,A) of G with coefficients in a G-sheaf A, and we
construct the maps pg, plb. Both maps are special cases of a more general con-
struction, detailed in Proposition 4.4 below. The bottom row of the diagram
(7) was established in Proposition 3.14. The vertical arrow % and the com-
mutativity of the right-hand triangle of (7) are established in Proposition 4.5.
Propositions 4.6 and 4.7 connect our work with that of Kumjian, Pask, and Sims
n [16], and complete the proof of Theorem 4.1, by showing that the homomor-
phisms H"(A, A) — H(Gx, A) established in Section 6 of [16] for n < 2 make
the left-hand square of (7) commute.

We conclude the paper with a few remarks on the question of when the maps
in the diagram (7) are isomorphisms. Kumjian, Pask, and Sims established in
[16] that the left-most vertical arrow need not be surjective but conjectured that
it is injective; however, Example 4.8 shows this conjecture to be false. Finally,
Remark 4.9 shows that the diagonal arrow is an isomorphism for n = 2. (The equi-
variant sheaf cohomology of an étale groupoid G was introduced in [13], inspired
by Grothendieck’s work in [9]. See also [10] for an alternative approach.)

A G-sheaf 1 is said to be injective if every injective map f € Homg(l ,A)
has a left inverse (i.e., a map g € Homg(A, 1) such that gf = idy ). In [13,
Corollary 1.6] it was established that the category of G-sheaves &g has enough
injectives in the sense that every G-sheaf may be embedded into an injective
G-sheaf, enabling the following definition.

Definition 4.2. Let G be an étale groupoid. A cohomology theory for G is a
sequence of covariant functors { H"(G, ) }nen from the category &g of G-sheaves
to the category of Abelian groups which satisfy the following conditions:
(i) H°(G,-) = Homg(Z, );
(i) H™(G, 1 )=0if 1 is injective and n > 0;
(iii) for each short exact sequence of G-sheaves, 0 - A — B — C — 0, there
are natural connecting maps 6" : H*(G,C) — H""(G, A) such that the
following sequence is exact:

0— H(G,A) = HG,B) = H(G,C) 25 H'(G,A) = ---
L HY(G,A) = H'(G,B) = H"(G,C) 25 H™(G,A) = -

The cohomology functors defined this way are unique up to natural equivalence,
and will be denoted the (equivariant) sheaf cohomology of G.
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Remark 4.3. Since &g is an Abelian category that has enough injectives, the
bifunctors Extg (-, -) which classify n-fold exact sequences of G-sheaves are defined.
Moreover, Section 1 of [13] indicates that H"(G,-) and Extg(Z,-) are naturally

equivalent. Thus, for a G-sheaf A and n > 1, we may identify elements of
H™(G,A) as equivalence classes of n-fold exact sequences of G-sheaves:

0O—-—A—-R,.1—>-—=>Ry—=Z—0.

(When n = 0, we recall that Extg(Z,-) = Homg(Z,-) = H(G,-), so the cor-
respondence between extensions and sheaf cohomology also occurs when n = 0.)
The equivalence relation is generated by morphisms between n-fold exact sequences
which identify the ends, A and Z, as in the following commutative diagram:

0*}A —»Rn_lﬂ---—»R();»Z*»O

|| L

00— A —S,_1— HSO*»Z;,Q
See page 215 of [13] and [17, Proposition I11.5.2]. We will use this characterization
of H*(G,A) in the sequel.

The following Proposition, which defines the two right-most arrows of (7), relies
on the terminology introduced in Remark 3.5 and Equation (5).

Proposition 4.4. Let {Q,,V,}, be a resolution of the constant G-sheaf Z. Let
c€ Z§(G,A). Forn > 1, we have a commuting diagram

¥ O I I 9 )
e Qu -5 Q, > Qi = Qpg s QY2 Z — 0
I e e
0 A RC Qn_Q%--.%QOHZHQ

with exact rows. Moreover, the class of this n-fold exact sequence in Extg(Z,A)
only depends on [c] € H5(G,A ). For n = 0 there is a unique ¢ € Homg(Z, A )
such that ¢ = ¢ o vy for c € Zg(Q,A ). Furthermore, for all n € N we obtain a
well-defined homomorphism

P H5(G.A) = H'(G.A)

which forn > 1 is given by taking [c] € H(G, A ) to the class of the n-fold exact
sequence

Yn—2

05A SR, 25 Q, 22 I Qu 2z 0, (8)

and for n =0, we have p§([c]) = ¢ for c € Z&(G,A).
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Proof. We begin by defining the objects in the sequence (8). Given an n-cocycle
c € Z5(G,A ), R, is the pushout of the diagram

In
Qn Qn—l

C

A

That is, R. = (A ® Q,._1)/{(c(q),—9.(q)) : ¢ € Q,.} (see Remark 3.5).

We define 9, ; : R, — Q,_» by 5n,1[a,p] = Jp_1(p) and ¢+ : A — R,
by (a) = [a,0]. The exactness of the complex {Q,, 9, }, implies that 9,_; is
well defined; showing that the sequence of G-sheaves (8) is exact relies on the
exactness of the complex and the fact that ¢ o,,; = 0 for any n-cocycle c. We
will write pg : Zg(G, A) — H™(G,A ) for the map taking a cocycle ¢ to the exact
sequence (8).

In fact, pg induces a map

po  HGQ(G,A) — H'(G,A).

This follows from the observation that if c—d € Bg(G,A ), so that c—d = go 0,
for some g € Homg(Q,,_1,A ), then the map
R.— Ry givenby  [a,p] = [a+g(p),p]

is a G-equivariant sheaf homomorphism which (combined with the identity maps
on the other sheaves in the exact sequence pg(c)) induces a morphism pg (c) —
p&(d). In other words,

[c] = [d] € HB(G, A) = [p5(c)] = [p4(d)] € H (G, A),
s0 pg gives a well-defined homomorphism of cohomology groups.
For the case n = 0, recall that Z&(G,A) = HJ(G,A). Let ¢ € Z3(G,A).
Then, since ¢ o 1; = 0, the exactness of the sequence

o B QB0

at Qo implies that there is a unique ¢ € Homg(Z, A ) such that ¢ = ¢ o ¥y. It is
routine to show that the resulting map

p% : Hg(g,A) — Homg(Z,A) = H*(G,A)
is a homomorphism. O

To complete the right-hand triangle of the diagram (7), we now describe the
maps ¢, : P* — P, which induce the vertical maps v in the diagram.

Recall from Example 3.10 that P" = Z[Y,]. Given ((x,m,y), (A1,..., ) € Y,
let

Y = (,I, m, y)
M= (y7 _d<)\n)7 )\ny)
Y2 = ()‘nya _d()\n—l)7 >‘n—1>‘ny>
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Y = (/\2 Ay, —d(A1), Ay /\ny).
The map ((x,m,y), (A,..., ) = (0,715 - -+, Vn) allows us to define 1, : P" —
P, by setting
¢n([(x,m,y), (>‘17 ) )\n)}) = (_1)’—”/?| [707717 s a’)/n] (9)
for n > 0, and extending Z-linearly. We define ¢_; : Z — Z to be the identity
map.

Proposition 4.5. Let A be a row-finite, source-free k-graph and let Gy be its
associated groupoid. For any n € N, the maps ¢, : P" — P, are continuous,
equivariant sheaf morphisms, and

¢n—l o d_n = an © ¢n
Furthermore, for any Ga-sheaf A, the induced map ¥y, : HE (Ga, A) — HE(Ga,
A) satisfies
Ppov, = pp.

It follows that the right-hand triangle of (7) commutes.
Proof. To see that 1), is continuous for n € N| fix a € P,,(x) such that a € Im),.
Writing a = >, pai[(76, .-, 7)) € Imay,, we have r(7) = z for all i. There
exists A € A such that € Z(\) and that Z()\) is homeomorphic (under the pro-
jection map (7o, - -.,7) = (7)) to an open neighborhood of each (7j,...,~.).
In other words, for each i € F, we have z; € A®, (X!, ..., X, p?) € A*™+) such
that

% = (A, d(N) = d(p'), ' zi)

71 = (:uzzia _d()‘:q)v Anﬂzzz)

T = (Ao Az, —d(AD), AL - A z).
If z € Z(\), for 0 < j < n, then define 7}(z) by replacing z; in the formula above
for »¢ with 0¥ (z). Then
Oazn) = {Z ai[(vé(z), . ,%(z))} Cz € Z()\)}.
i€F
Using the maps ¢ : Py, — P"(x) from Example 3.8, and the topology on P"
given in the proof of Theorem 3.7, we see that

0 Ouzion) = { (DS (2. d00) = o), o D ), (N X))
e Z(/\)}
= {Gion (D[N X)) 12 € 200}

= Qa,\
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is a basic open set in P", where a = (—1)"213°, _a; (X}, ..., N\, 1')] € P
In other words, 1, is continuous; it is straightforward to check that ), is also
equivariant, and consequently defines an element in Homg, (P", P,,). We now

proceed to show that the v, intertwine the boundary maps.
For ((x,m,y), (A1,...,\n)) € Yy, we have

(— 1) ne 1)/2W1n 1( [(x m,y), ()\1,...,/\”)})
:(—1) n=1/24,, ([(x m,y), (>\2,...,)\n)D

[(n 1/212 l 17% 1 [(l’,m,y),()\1,...,)\2‘,1>\i,...,)\n)})

+ (=1)ftn=/2 (—1) o ([(2m — d(A), My)s My -, Acr)])
= [70771; e 7%—1] — [70,71; S ,%—1%]—1-
o (=D o 12y - Yl + (D) oY1, 2 - -+ s Yl

- [707717"‘77% 1 +Z n H—l 707"'771'—1/%7"'77”]

= (—1)[”/21 (—1 )”anwn [(m, m,y), (A1, ... ,)\n)].
Hence, since [(n —1)/2] + [n/2] = n, we have
77Dn—1 o dn - (_1)[(n—1)/2]+[n/2‘\+nan © 77Z)n - an © ¢n'

To establish the commutativity of the right-hand triangle of (7), we first note
that the calculation above establishes that

¥i(e) == o,

is an n-cocycle in Z3(Ga, A ) whenever ¢ € Zp (Ga, A'). We must prove that

[ ()] = [pptn(0)]. (10)

This is immediate when n = 0, since Py = Z[G] = P° and )y is the identity
map.

When n > 1, Equation (10) follows from the observation that the map x :
Ry: () — Re given by

X[a,p] = [a’wnfl( )}

is well defined and induces, together with {¢;}!-;, a map between the exact
sequences associated to ¢ and YP¥(c) as in Proposmon 4.4. That is, the following
is a commutative diagram with exact rows:

dn—2 di do
0—A — Ry > Lz— - 150} Z—0
Xl ¢n72l %Ziol H
0—A —R.—P, 92— - Py Z 0

On—2 o1 o
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This proves (10); thus p% o ¢y = pp and so the right-hand half of (7) com-
mutes. 0

We now complete the proof of Theorem 4.1 by establishing the commutativity
of the left-hand square in the diagram (7) in the case which was considered by
Kumjian, Pask, and Sims in [16]. To that end, let A be an Abelian group. In [16],
the authors describe homomorphisms H™(A, A) — H(G, A) for n < 2 (see [16,
Lemma 6.3, Remark 6.9, and the paragraph preceding Remark 6.9]). We show
in Propositions 4.6 and 4.7 below that these homomorphisms make the left-hand
square of (7) commutative.

To mesh better with the notation from [16], in what remains of this section
we will use the description of H™(A, A) in terms of categorical cocycles, as in
Definition 2.6, rather than the A-module perspective.

Proposition 4.6. Let A be an Abelian group, and let ¢ be a categorical A-valued
2-cocycle on a row-finite k-graph A with no sources. Let ¢ — o, be the map
H?*(A, A) — H*(Ga, A) of [16, Lemma 6.3]. We have

U5 (n*(00)) = c.
Hence, when n = 2, the left-hand square of the diagram (7) commutes.

Proof. We begin by observing that, since the action of A on A is trivial,

cl(z,m,y), (M, A2)] = ()7 (A, A, 7(y)) = e(A1, Aa),

where (* denotes the isomorphism between the categorical cohomology and the
A-module cohomology given in Proposition 2.8.

Recall that n" is the inverse to the isomorphism &" : Hp (G, A) — H*(G, A) of
Proposition 3.14. Then using formula (9), we have

b3 (12 (00)) [(x,m, ), (M,Mﬂ
= (=1l @,m, y) - 0.((y, —d(Aa); Aay), Aoy, —d(Ar), MiAay))
— —0.((y, —d(), AQy), (Aay, —d(m, MAsy)),

since we posited a trivial action of A (and hence of G5) on A.

In order to evaluate o.((y, —d(A2), A2y), (A2y, —d(A1), A1 A2y)), we must find a
collection P of cylinder sets Z(u, ) which forms a partition of the groupoid Gy
as in Lemma 6.6 of [16]. Reviewing [16, proof of Lemma 6.6], we see that we can
use the techniques presented in that proof to construct a partition P of G, such
that, for any A € A, we have Z(\, s(\)) € P and Z(s(\),\) € P.

Thus, since g := (y, —d(A2), Aoy) and h := (Agy, —d(A1), M A2y), as well as their
product gh = (y, —d(A1A2), A1 A2y) are in cylinder sets of the form Z(s(\), A), we
have (in the notation of Lemma 6.3 of [16])

,ug:,ugh:ozzvzr(y); vg == A
= 1r(A2); Un = A\i; Vgh = M Aq.
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Therefore, assuming that the 2-cocycle ¢ is normalized (which assumption we can
always make, up to cohomology), we have

by (17 (o)) [(2,m, y), (A, Aa)]
= —crc(( —d(A2), )\gy) ()\Qy, —d()\l),)\l)\gy))
—(c (/Lg, ) = c(vg, @) + c(pn, B) = c(vn, B) = c(ptgn, 7) + c(bigns 7))

= —(c(r(y),m(y) — c(r(y), A2) + c(r(A2), A2) — c(A1, A2)
- e(r ). r(0) + cOudar 1)

= c(Aq, )\2)

= g[(x, m,y), (A1, )\2)]. O
Proposition 4.7. For an Abelian group A and n < 1, the homomorphisms

H"(A,A) — H"™(Gp, A) identified in the paragraphs following Corollary 6.8 of
[16] make the left-hand square of (7) commute.

Proof. Recall from [16] that when n = 1, the map H'(A, A) — H'(Gx, A) (which
we will denote ¢ — ¢! in analogy with Proposition 4.6) is given by

0 (y, £ = j,2) = c(y(0,0)) = ¢(2(0, 7)),
and when n = 0, we have o[y] = f(r(y)). Thus,

U5 (1°(eD) [(w,m, )] = (@,my) - f(r(y) = f(r(y)),  and

Vi (n' (o)) [(2,m, ), A] = (=1)(@,m,y) - (c(r(y)) —e(N))
=c(A)

whenever ¢ is a normalized cocycle. Moreover, for a 1-cocycle ¢ € Z'(A, A),
chasing through the formulas from Theorem 3.7 and Proposition 2.8 reveals that

c[(z,m,y), Al = c(N)
as well, and for a 0-cocycle f we also have f[(z,m,y)] = f(r(y)) = ¢¥5(n°(c})). O

We note that the homomorphisms H™(A, A) — H"(Ga, A) established by
Kumjian, Pask, and Sims will not, in general, be isomorphisms. Remark 6.9 of
[16] presents an example of a 1-graph By with H'(By, Z52) = 7?2 but for which
H!(Gp,,Z) surjects onto Z[1]. Hence, H}(Gp,,Z) is not finitely generated. Con-
sequently, we cannot expect the map H"(A, A) — H(Ga, A) to be surjective in
general. Moreover, we have the following example of a 1-graph for which this map
is not injective. This answers in the negative a conjecture of Kumjian, Pask, and
Sims (stated in the paragraph immediately following Corollary 6.8 of [16]).

Ezample 4.8. Let A be the path category of the 1-graph with A° := {v, : n € N}
and edge set A := {f, gtU{ei, eq,...}, where s(f) = s(g) = vi, r(f) =r(g9) = vo
and r(e,) = vy, s(en) = vpyq forallm =1,2,.... Then A is a countably infinite
space; there are two infinite paths x4 with range vy and exactly one with range
vy, for n > 1. Thus,

Gr = {(24,0,2_), (z_,0,24) } U {(z,n,0"(2)), (¢"(x), —n,z) : # € A®,n € N}.
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Let ¢ : Gy — Z be a 1-cocycle; that is, an additive function. For any infinite path
x, there is a unique n € N such that (x, —n,z,) € Gx. Thus, setting

be(x) :=c(x,—n,x)

if © # ., and setting b.(z;) = 0, we have c(x,m,y) = b.(z) — b.(y). In other
words, every 1-cocycle on Gy is a coboundary, so H'(Ga,Z) = 0.
However, H'(A,Z") = Z is generated by the cocycle ¢ given by
1, A= fey;---esfor some ¢ € N,
c(A) = .

0, otherwise.
The fact that ¢ has infinite order follows from the fact that ¢(f) = 1 but ¢(g) = 0,
even though these edges have the same source and range. In more detail, suppose

that we have a function b : A° — Z such that, for all A\ € A, nc(\) = b(r()\)) —
b(s(A)). Then

n = nc(f) = b(vy) — b(vy) = ne(g) = 0.

Remark 4.9. Recall that an étale groupoid with a basis of clopen sets is said to be
an ample groupoid. For example, G, is ample for any row-finite higher-rank graph
A with no sources. Given an étale groupoid G and a G-sheaf A, Theorem 2.7
of [13] establishes that the group of isomorphism classes of groupoid extensions
of the form A — H — G forms a group Ty (A ) and that the assignment A —
Tg(A) is a half-exact covariant functor which is naturally isomorphic to the
first derived functor of Zg (the functor which assigns the group of continuous
A -valued 1-cocycles on G to A ). When G is an ample groupoid, every such
extension has a continuous section and therefore is determined by a continuous
A -valued 2-cocycle on G. It follows that

H*(G,A) = Tgz(A).

Let A? denote the same sheaf A, regarded as an ordinary sheaf (with no G-
action). Then by [13, Theorem 3.7] there is a long exact sequence

0— H°%G,A)— H°(GY A% = ZJ(A) = H'(G,A)
— HY(GO A% = ZLA) = H*G,A) = H* (GYA?) — ...

When G is ample, G(©) has a basis of clopen sets, and thus H"(G(), A %) = 0 for
n > 1. It now follows by the above long exact sequence that

ZZ(A) = H"™ Y (G,A) foralln> 1.
In the case n = 1, the isomorphisms mentioned above combine to give us

H2(G,A) = T4(A) = ZLA) = HX(G,A).
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