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ABSTRACT. In this article the authors present a systematic study of several
new LP-boundedness properties and Parseval-type relations concerning the
operators with complex Gaussian kernels over the spaces LP(R, cosh(ax) dz)
and LP(R, cosh(ax?) dr), 1 < p < oo, @ € R. Relevant connections with various
earlier related results are also pointed out.

1. INTRODUCTION

In this article we consider the integral operator with complex Gaussian kernel
of a suitable complex-valued function f defined on R by
+o00o

(Spescqnf)y) = / exp[—By* — ex® + 20y + £y + ) f(z) dz, (1.1)

where y € R, and (,¢,0,£,7 € C. This type of integral operator is present
in numerous contexts in analysis, probability theory, and mathematical physics.
There are several types of examples such as the Fourier transform, the Poisson
formula for a solution of the heat equation, and the Mehler formula for the time
evolution of a harmonic oscillator (see [3], [4], [10], [14]-[16], among others).
This subject was originally of interest in the context of quantum field theory
(see [2], [17]). The complex Gaussian operator (1.1) has an intrinsic interest due
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to the basis role of the extended oscillator semigroup introduced by Howe [11]
(see also Folland [5, Chapter 5]).

In his important paper [14], Lieb extends the operator (1.1) in the context of
the spaces LP(R™), 1 < p < oo. Moreover, he generalizes the results given by
Epperson in [4, Section 2] for (1.1). Lieb stated that for the nondegenerate case,
that is, (R9)? < RBRNe, the operator Fses¢~ has exactly one maximizer which
is a centered Gaussian function e¥’, s € C. For the degenerate case, that is,
(RJ)? = RBRe, the question of the existence of a minimizer is a subtle one. This
problem requires a complicated algebraic study, and precise conditions are not
given there.

The operator (1.1) is also related to the integral transform studied by Y. J. Lee
in [12] and [13].

Our main goal in this article is to establish new LP-boundedness properties
and Parseval-type relations for the operators given by (1.1) over the spaces
LP(R, cosh(azx) dxr) and LP(R, cosh(ax?) dz), where a € R, and 1 < p < oo.

Throughout this article we denote the norm of the space LP(R, cosh(ax) dz) by

1o = ([ 17 coshiaryaa) ™,

—00

and we use
1/p

£ = (] @) cosh(aa?) o)

to denote the norm of the space LP(R, cosh(az?) dx).

By using results of [6] and [8], we prove that the operator §. g4, is bounded
from the spaces LP(R, cosh(ax) dr) into L (R, cosh(ax) dz) and from the spaces
LP(R, cosh(ax?) dz) into LP (R, cosh(az?)dr) under certain conditions of the
parameters. Here, p and p’ are given by p+p' = pp’ if 1 < p < o0, p = ©
ifp=1,and p' =11if p = o0.

Moreover, under these conditions, for f,g € LP(R,cosh(ax)dx) or f,g €
LP(R, cosh(az?)dz), 1 < p < oo, and since that the weights are greater than
or equal to 1, then we have the following Parseval-type relation:

/ T Boeser ) (@)g(x) dr = / @ Gepse) @) e (12)

o0

Let 3’;”375’%5 be the adjoint of the operator §. g5..,; that is,
<gl€,ﬁ,§,’y,£f7 g> = <f7 Ssvﬁ’6777£g>'

The aforementioned Parseval-type relation (1.2) allows us to obtain an inter-
esting connection between the operator § 55 . and the operator §s. s¢ -
We conclude that the operator § 55 is the natural extension of the integral
operator §g. ¢, that is,
S0 Lr = Tspenent
where T} is given by

(T}, 9) = /OO f(z)g(x)da.
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In this article we make use of the well-known facts that

(2mc) Y2 /_ h explve — (2%/2c)] dz

S (1.3)
=exp(cv/2), veC,c>0.

We also point out how our work relates to various earlier results (see [7], [9]).
Inversion formulae for the operator (1.1) are obtained in [15, Theorem 2.1,
Corollary 2.1].

2. THE OPERATOR §a. ¢, OVER THE SPACES LP(R, cosh(ax) dx) AND
LP(R, cosh(az?)dr), 1 < p < oo

In this section we study the behavior of the operator §s. ¢~ on the spaces
LP(R, cosh(ax) dr) and LP(R, cosh(az?)dz), 1 < p < oo, a € R.

2.1. The case of the spaces L”(R, cosh(az) dx). Indeed, by following [6, Propo-
sition 2.1], we derive Theorem 2.1.

Theorem 2.1. Assume that 1 < p < oo and that a € R. We have the following:

(a) for RB > 0, Re > 0, RS = 0, and &, € C, or alternatively for (R5)* <
RB, Re > 1, and &,v € C, or alternatively (R6)? < Re, RB > 1, and
€,v € C, the operator §pese~ gwen by (1.1) is bounded from the spaces
LP(R, cosh(ax) dz) into LI(R, cosh(ax) dz) for any ¢ (0 < ¢ < 00);

(b) for R3 >0, Re > 0, R = RE =0, and v € C, or alternatively (R)? <
RB, Re > 1, RE =0, and v € C, or alternatively (R6)*> < Re, RB > 1,
RE = 0, and v € C, the operator Fp.s¢~ 15 bounded from the spaces
LP(R, cosh(ax) dz) into L>®°(R, cosh(ax) dx).

Proof. Assuming that 1 < p < oo, p+p' = pp’ and that o € R,
(a) from Holder’s inequality, we get

‘ (55,6,5,§mf) (y) ‘

+oo
< / ‘exp[—ﬁgf—5x2+251:y+€y+’y:c]Hf(:c)|d:v

[e.9]

+o0
= / |exp[—ﬁy2 —5x2+2(5xy+£y+’ya?]|

oo

x | f(z)] (cosh(ax))l/p(cosh(a:c))_l/p dx
< (/Oo ‘f(x)|p cosh(ax) dx)l/p

400 , , ,

X (/ |exp[—By”® — ea® + 20zy + &y + yx]|” (cosh(ax)) ™" /p dx) v
oo +00 p/ 7p//p 1/p/
= |/ llpu (/ |exp[—By® — e2® + 20zy + £y + vz]|” (cosh(ax)) dw) ;

o
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we therefore have

+oo
/_ |(Bp.c06nf) ()| cosh(ay) dy

< . +o0o +o0 ) )
= Hpr,m |eXp[—ﬁy — &

—0o0
/

/ _p /
+ 262y + &y + yz][” (cosh(ax)) ™" /p da:)q g cosh(ay) dy;

hence, for RJ = 0, we see that

|@seseny) W, .
+00 /
< 1 f llp e (/ exp[(—Rex? + Ryz)p'] (COSh(ozx))_p /p d:v)

1/p
+oo 1/q
<(/  exp[(=RB? + Re)a] coshlay) dy) (2.1)

+oo . ax‘i_ —ax 7// 1//
= ||f||p7u1 (/ exp[(—%ng + 9%7:2)]?} (%) g pd:(:) !

x (/_:O exp [(=RBy* + REy)q] (eayz—e_ay) dy) "

In addition, taking into account that (z — Rdy)? > 0, we obtain that 2Rdxy <
z? + (R6)?y?; thus

|Sseoen /)W,
oo / —p'/p
< || fllp.n </_ exp[(—(%s —1a? + §R'yx)p] (Cosh(aa:)) dw)

1/p'

8 (/_:o exp[(—(RB — (R9)*)y* + REy)q| cosh(ay) dy) Ve (2.2)
= 11 f 1l ( /_ :O exp[(—(Re — 1)2” + Ryz)p/] (%)ﬂw da;)””/

<(/f :o exp[(— (15 — (15)2)y? + Rey)a] (T ) ay)

Analogously, taking into account that (Réz —y)? > 0, we obtain that 2Rdzy <
(Rd)2x? + y*; hence

H (Ts.e06~S) (W) Hq,m

< || fllpa (/_ h exp[(—(Re — (R0)*)2* + Rvyz)p'] (cosh(ax))_p//p dx)l/p/

1/q

X </+OO exp[(—(?RB — Dy + %{y)q} cosh(ay) dy) (2.3)

= 11l (/_:O exp[(—(Re — (R)?)a? + Ryzx)p'] (%) ~//p dx)l/p/

X (/:O exp[(—(R6 — 1)y* + Rey)q| (%) dy>1/q.
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Under the hypothesis considered, the integrals involved in (2.1), (2.2), and (2.3)
converge; therefore

Hs"ﬁ,s,&&vf”q,m < CHpr,ul

for a certain real constant C' depending on p and gq.

Consequently, the operator Fg.s¢, is bounded from the spaces LP(R,
cosh(ax) dx) into LY(R, cosh(ax) dx).

(b) Following the same technique, we find by applying Holder’s inequality that

2161]312{ |(Bs.coeqf) (W)}

+o0
<l sup{ ([ fexpl-py? - e
yeR —00

+ 20xy + y + |p/ (cosh(ax))_p//p dx) o }

Next we observe that

+o0 ,
sup{ (/ |exp[—By* — ex® + 20wy + &y + v |”

yeR —0

x (cosh(ax)) /e dw) o }

+o00 ,
= Sup{ </ |exp[—By® — ex® + 20y + Ey + va]|”

yER —00

eax + e—O{{E 7p//p 1/p/
() )

+0o0
= sup{ (/ exp[(—RBy* — Rea® + 2R0zy + REy + Ryx)p']

yeR oo

e 4 7T\ —p'/p 1/p’
() ) Tk

therefore, for 6 = 0, we have

2161]115{ | (Speseqrt) W) ‘ }

< fllpgur < Slelﬂlg{eXp[—%ﬁyQ + Reyl } (2.4)
Yy
+o00 az —ax\ —p /
X (/ exp[(—Rez? + Ryx)p'] (_e +26 ) = dx)l/p .

Now taking into account that (z — Rdy)? > 0, we can see that 2Rdzy <
2?2 + (R5)?y?; consequently,

ilel]g{ |(Bscaer /) W)}

< A1 llpyn % Sgﬂg{eXp[—(%ﬁ — (R0)?)y* + Ry } (2.5)

X (/::o exp[(—(Re — 1)2* + Ryz)p'] <w>p'/p dx) Up,.
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Analogously, taking into account that (z —Rdy)? > 0, we obtain that 2Rdzy <
z? 4+ (RI)?y?; thus

zlelﬂg{ |(Bs.c0enl)W)]}

< £l suptexp [ —(RE — 1)y + Rey] } (2.6)
ye
X (/_+oo exp[(—(Re — (R0)?)z* + Ryz)p'] (ﬂ)—p’/z} d:v) l/p"

Now the conditions on the parameters show that the integrals involved in (2.4),
(2.5), and (2.6) converge; hence

||Sﬁ,6757€,7f”oo < CHf”p,m

for a certain real constant C' depending on p.
Thus the operator §s. s¢~ is bounded from the spaces LP(R, cosh(ax) dz) into
L>®(R, cosh(azx) dz). O

From this result it follows that, if ®5 > 0, Re > 0, RO = 0, and &,v € C,
or alternatively if (R6)? < RB, Re > 1, RE = 0, and v € C, or alternatively
if (RO)> < Re, RB > 1, RE = 0, and v € C, then the operator F.ps-¢ 18
bounded from the spaces LP(R, cosh(ax) dr) into LP (R, cosh(ax) dx), 1 < p < oo,
p+p =pp.

From this theorem and since the weight cosh(ax) is greater than or equal to 1,
Proposition 2.2 in [8] yields the following result.

Theorem 2.2. For a € R the following Parseval-type relation holds:

| Grse @) e = [ @) Eenines) ) do

—00

where f,g € LP(R,cosh(ax)dzx), and RE > 0, Re > 0, R = 0, and &,v € C,
or alternatively (R6)? < RB, Ne > 1, and &,v € C, or alternatively (RI)? < Re,
RB > 1, and &,v € C.

In [8] we find the following corollary.

Corollary 2.1. If f € LP(R,cosh(ax)dz), and 1 < p < oo, for R > 0, Re > 0,
RS =0, and &, € C, or alternatively for (R6)* < RB, Re > 1 and &,y € C, or
alternatively for (R6)? < Re, RB > 1, and £, € C, then

Sep5mels = Tsscsent
on (LP(R, cosh(ax) dz))’.
2.2. The case of the spaces LP(R,cosh(ax?)dz). By following [6, Proposi-
tion 2.1], we derive Theorem 2.3 below.
Theorem 2.3. Assume that 1 < p < oo and that o € R. We then see that
(a) if RB > %, Re > %, R =0, and &,y € C, or alternatively (R)? <
RA — Lol Re — %‘ > 1, and £,v € C, or alternatively (R6)? < Re — lof

q’ p’

RE — o 1, and &,y € C, then the operator §pese~ given by (1.1) is

q
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bounded from the spaces LP(R, cosh(az?) dz) into LI(R, cosh(az?) dz) for
any 0 < q < 00;
(b) if RG>0, Re > %, RS =RNE =0, and v € C, or alternatively (RJ)?

RB, Re — %‘ > 1, RE =0, and v € C, or alternatively if (R0)*> < Re — la].
RB>1, RE =0, and v € C, then the operator §pes¢~ 15 bounded from
the spaces LP(R, cosh(aw?) dz) into L (R, cosh(ax?) dz).

Proof. Assuming that 1 < p < oo, p+ p' = pp’ and that a € R, we see the
following.
(a) Holder’s inequality shows that

|(Bs.coerf)W)]

+00
< / ]exp[—ﬁy2 —8x2+25xy+§y+7x]]|f(x)‘ dz

o0

“+o00
- / |exp[—By” — ex? + 20y + &y + 74|

o0

x | f(x)] (cosh(ax2))1/p (cosh(axz))_l/p dx
< (/ Oo|f(a:')‘pcosh(a:c2)d:c) o

—00
1/p’

+o0 ) ,
X </ |exp[—ﬁy2 —ex? + 20xy + Ey + 7x]|p (cosh(oz:c2))_p /p dx)

+o0o ,
— HprM (/ ‘exp[_ﬁyQ _5x2+25xy—|—§y+%;”p

—p 1/p'
x (cosh(az?)) v/ dx) p,

which leads us to the following inequality:

+oo q

/ ‘(3656£wf | )" cosh(ay?) dy
+o0o +o0 o
< Hf”pm/ / ‘eXp 5x2+25xy+€y+’yx]‘
/v’
X (Cosh(aa: )) w/p da:)q ’ cosh(ay?) dy;

hence, for 6 = 0, we have

Hgﬂﬁ,&fan%m

< 1l [

—0o0

X ( / - exp [(—RBy* + REy)q| cosh(ay?) dy) v (2.7)

o

400 ) ,
exp [(—Rez® + Rya)p'] (cosh(az?)) ™" /p d;[;) Vp
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2 2
eam + e—ag: 7p’/p 1/p’
—s ) @)
2
e’ 4 e~ 1/q
2 > dy) '

= | fllpp (/+<>0 exp[(—Rex® + Ryx)p'] (

o0

<(/ " expl(=Ray? + Rey)a]

—00

Moreover, 2Rozy < x? 4+ (R9)?*y? implies that

H&B,s,&éﬁfnq,uz

< || fllpeo (/:O exp[(—(Re — 1)2* + Ryz)p'] (cosh(osz))_p,/p dx) o

X (/_:0 exp[(—(i)?ﬁ — (3?5)2)y2 + §R§y)q] cosh(ay?) dy)l/q (2.8)
([ el 1y ) () )

X (/:o exp[(—(RB — (R6)*)y* + R&y) ] (M) dy)l/q.

Since 2Rdzy < (N§)%x? + y?, one obtains that

||3/3,€757§77f||q,u2

<l / " e[ (Re — (R0)2)22 + Ry} (coshla?) " a)"”
oo - 1/q
X </_OO exp[(—(%ﬁ — 1)y + %gy)q] cosh(ay?) dy> (2.9)
= ”f”p,uz (/J:O exp[(— (\SRE - (%5)2)952 + %’Yx)p/] (g) o dx) v
(el e (T a)

The hypothesis considered guarantees that the integrals involved in (2.7), (2.8),
and (2.9) converge; hence

’|Sﬁ7€757§ﬁf”q,u2 < CHpr,uz

for a certain real constant C' depending on p and gq.

Thus the operator Fp.s¢ .~ is bounded from the spaces LP(R, cosh(az?) dz) into
LR, cosh(ax?) dx).

(b) Using Hélder’s inequality, it follows that

sup{|8s.06+1}
yeR

+oo ,
< llpe Suﬂg{ (/ |exp[—By® — ex® + 20zy + Ey + vz |”
ye )

x (cosh(az?)) /e dx) o }
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It also follows that

+o0o ’ | |
Sup{ (/ ‘exp[_ﬁy2 N 81’2 + 2(5373/ + éy + ’}/ZL’] ‘p (COSh(Oé.T2>)_p v dfl?) " }

yeR oo

+o0 ,
= sup{ </ |exp[—6y2 — ex? 4+ 20wy + Ey + ] !p

yER fe'e)

e’ 4 g=ax?\ —p'/p 1/p'
() )

+o0o
= sup{ </ exp[(—RBy* — Rea® + 2R0xy + REy + Ryx)p']

yeR oo

60{12_‘_670@2 —p'/p 1/p'
() )k

therefore, for 6 = 0, we see that
sup{ | (§s.c.06+/) ()|}
yeR

= sup{exp[—ﬂ?ﬂy2 + %ﬁy]} (2.10)
yeR
+o0 ox? —ax? _y /
X (/ exp [(—Rez® + Ryx)p'] (%) rh dx)l/p :

Since 2Rdzy < 22 + (RI)*y?, it follows that
SUP{ | (Sﬁ,e,éémf)(y) |}
yeR

< 1l % sup{expl (R — (R5))57 + Res]} 211
ye
+o0 az? —ar? —p'/p I
X (/_Oo exp[(—(Re — 1)2* + Ryz)p'] (%) ! dx)l/ :

Analogously, since 2Rézy < 22 + (R9)?y?, it follows that
Sup{ | (Sﬁ,a,é,{,’yf)(y) ‘ }
yeR

< (1 f llp.pea Slelﬂlg{exp[—(?ﬁﬁ — 1)y* + Rey] } (2.12)
+oo az® —az? | —p//p 1/p
X </ exp[(—(Re — (R0)*)2* + Ryz)p'] <%> dx) .

Now, when the conditions in the parameters of the integrals involved in (2.10),
(2.11), and (2.12) converge, we see that

188087 llo0 < ClIfllps

for a certain real constant C' depending on p.
Thus the operator Fg.s¢.~ is bounded from the spaces LP(R, cosh(az?) dz) into
L (R, cosh(ax?) dx). O
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In view of this result, for a € R, it follows that for ®5 > %, Re > ‘;i,', R =0,
and &,y € C, or alternatively (R)? < Re — l}%', RB — % > 1, and &, € C,
or alternatively (R0)?> < RS — %, Re — % > 1, and £,v € C, the operator
3 .5.54¢ is bounded from the spaces LP(R, cosh(az?) dz) into L (R, cosh(ax?) dx),
l<p<oo,p+p =pp.

Using this fact and taking into account that the weight cosh(az?) is greater
than or equal to 1, Proposition 2.2 in [8] yields the following.

Theorem 2.4. If we suppose that 1 <p < oo, p+p' = pp’ and that a € R, then
the following Parseval-type relation holds:

+o0 o0
| Greseah@g@ s = [ 1@ Gassnco)la) da
for f,g € LP(R,cosh(ax?)dx), and RE > %, Re > t;i,', N6 =0, and £,v € C,
or alternatively (R6)? < RNe — %, RE — % > 1, and &,v € C, or alternatively

(RO)2 < RB— 12 e — L2l > 1 and ¢,y e C.
In view of Corollary 2.1 in [8], we recognize the following.

Corollary 2.2. For f € LP(R,cosh(az?)dz), with 1 < p < oo, p+p = pp/,
and o € R, and if RB > l%', Re > |§—,‘, RO =0, and &,v € C, or alternatively
(RS)2 < Re — 12l Rp — % > 1, and £, € C, or alternatively (R0)? < RB — L

P’ p
Re — % > 1, and &,v € C, then we get

gls,ﬁ,é,y,ng = T35 5cf
on (LP(R, cosh(az?) dz))'.

3. THE OPERATOR §p. ¢, OVER THE SPACES L'(R, cosh(ax)dx) AND
LY (R, cosh(ax?) dx)

We now prove LP-boundedness results corresponding to the case when p = 1.

3.1. The case of the spaces L'(R,cosh(ax)dzr). By following [6, Proposi-
tion 3.1], we now prove Theorem 3.1.

Theorem 3.1. If we assume that o € R, then we have the following.

(a) If RB >0, Re >0, R6 = Ry =0, and £ € C, or alternatively (R6)* < N3,
Re > 1, Ny =0, and &,y € C, or alternatively (R5)? < Re, RB > 1, Ny =
0, and £ € C, then the operator §pes¢~ gwen by (1.1) is bounded from the
spaces L' (R, cosh(azx) dx) into LY(R, cosh(ax) dx) for any q (0 < ¢ < 00).

(b) If RB >0, Re >0, and RS = Ny = NE = 0, or alternatively (RN)* < N3,
Re > 1, and Ry = RE = 0, or alternatively (R6)*> < RNe, RB > 1,
and Jy = NE = 0, then the operator Fpes¢~ is bounded from the spaces
LY (R, cosh(ax) dx) into L=(R, cosh(az) dx).
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Proof. (a) First note that
| (35,5,6,5, f) (y) |
+0o0
< / |exp[—By* — ea® + 20zy + Ey + va]|| f(z)| da

o0

+o0o
= / ’exp[—ﬁy2 — ez’ + 20xy + Ey + ’VxH

x | f(z)] cosh(az) (cosh(ax))_l dx

+oo | exp[—By? — ex? + 20xy + Ly + ]|
<
< /_OO ilélg{ cosh{az) }‘f(a:)’ cosh(ax) dx
+oo | exp[—RBy? — Rex? + 2Rdzy + Ry + Ryx|
suﬂg{ }
—00 TE

cosh(ax)

x | f(z)| cosh(az) da;
therefore, for any 0 < g < co, we have

|Bse0enf) W)
<19, - (supf
z€R
Thus, we clearly find that

oo
/_ |(Bs.e06+f) ()] cosh(ay) dy

) oo | exp[—RBy> — Rex? + 2R0zy + Rey + Ry 1\
<|\fN9 . -
<l [ (s o) })

x cosh(ay) dy,

exp[—RBy* — Rex? + 2R0xy + REy + Nyx] })q

cosh(ax)

o0

and consequently,

||Sﬁue)§a£7’7f||q7#1 n
> exp|—RPy? — Rex? + 2R0xy + Ry + Ryx]| 1\ ¢
< o ([ (sup{ 1222 ")
zeR

cosh(ax)

1/q
x cosh(ay) dy> .
Hence, for /o = 0, we have
Hgﬁ,s,&&vf”q,m

< £l sup{
z€R

exp[—Rex? + Rz }
cosh(aur)

X </+OO exp[(—%‘%ﬂy2 + %Ey)q} cosh(ay) dy) Y (3.1)

o0

exp|—Rex? + Ryx] }

= || fll1, ilelg{ cosh(ax)

X (/+OO exp[(—RBy* + Réy)q] (

o0

oy —ay 1/q
g )w)
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Given that 2R0zy < z? + (R0)?*y?, we have

|| 3’678767577][ | | q,K11

< £l 0
zeR

exp[—(Re — 1)z? + Ryz] }

cosh(ax)

X </+OO exp[(—(RB — (R6)*)y* + Ry)q| cosh(ay) dy> e (3.2)

oo

R ot
X (/:o exp[(—(RB — (R6)?)y? + Réy)q] (W) dy)l/q_

Similarly, from 2Rdzy < (R§)%x? + 32, it follows that
||3/37575=fﬁf||q7111

< £l sup{
z€eR

exp[—(Re — 1)z? + Ryx] }
cosh(ax)

X (/+Oo exp[(—(?Rﬂ — (§R5)2)y2 + ﬂ?gy)q] cosh(ay) dy) Vi (3.3)

—00

W S
% </J:O exp[<_<§}w —1)y* + %ﬁy)q] (%) dy) 1/(1‘

Since the integrals involved in (3.1), (3.2), and (3.3) converge, we get
Hgﬁ,e,&ﬁnfnq,m < CHfHLm

for a certain real constant C' depending on gq.

Accordingly, the operator Fpese~ is bounded from the spaces L'(R,
cosh(ax) dx) into LY(R, cosh(ax) dz), 0 < ¢ < oo.

(b) Likewise, taking into account that

|(Bse667F) (W)
- /+°° { | exp[—RBy? — Rex? + 2Rdzy + Ry + Rvyx]| }
I iléﬂg cosh(aur)

x | f(z)] cosh(az) dz,
we get
185.c.0.67.f 1l
B /+°° { | exp[—RBy? — Rew? + 2Rdzy + Ry + Ry }
N 22]11? . i‘ég cosh(ax)
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x | f(z)] cosh(az) da

| exp[—By* — 2 + 20y + Ly + ]| }
cosh(ax)

I

< £l supsup{
yeR zeR

hence, for 6 = 0, we have
156,266 loo
{ | exp[—Rex? + Ryz]| }

cosh(ax)

(3.4)

sup{exp|-RAy? + Rey] ).

yER

< sup
z€R

Moreover, since 2Rdzy < x? + (R9)?y?, then we have

185666 lloo
<1 F s Sug{exp[—(%ﬁ — (R0)*)y* + Rey| } (3.5)
ye

{exp[—(i)%&? — 1)z? + Ryz] }

cosh(ax)

X sup
zeR

Again inequality 2Rdzy < (Rd)?2% + 32 leads to
188.2.067f Nl
< 1l supexp|—(R5 — Dy* + Rey| } (3.6)
ye

exp[—(Re — (R)?)2? + Ryz] }

cosh(ax)

X sup{
zeR

If the conditions on the parameters are that the integrals involved in (3.4),
(3.5), and (3.6) converge, then

1852867 lloo < Cllfll1m

for a certain real constant C.

Thus the operator 4. s¢- is bounded from the spaces L'(R, cosh(ax) dz) into
L>*(R, cosh(ax) dx) for all « € R, which evidently completes the proof of Theo-
rem 3.1. Il

From this result it follows that, for 5 > 0, Re > 0, and Ko = Ry = RE =0,
or alternatively (09)? < Re, RB > 1, and Ry = RE = 0, or alternatively (Rd)? <
RB, e > 1, and Ny = NE = 0, the operator F. gs¢~ is bounded from the spaces
L' (R, cosh(azx) dz) into L (R, cosh(ax) dz).

Using this fact and the fact that the weight cosh(aux) is greater than or equal
to 1, Proposition 3.2 in [8] yields the following.

Theorem 3.2. For all a € R, the following Parseval-type relation holds:

400 )
/ ($pesenf)(@)g(x) dz = / F(2)(Be 569 ()

oo

for f,g € L'(R, cosh(ax) dz) with RB > 0, Re > 0, and R6 = Ry =RNE =0, or
alternatively (R0)? < Re, RB > 1, and Ry = RE = 0, or alternatively (R6)* <
RB, Re > 1, and Ry =R = 0.
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From Corollary 3.1 in [8] we obtain the following.

Corollary 3.1. If we assume that f € L*(R,cosh(ax)dx), and o € R, for R3 >
0, Re > 0, and N6 = Ry = NE = 0, or alternatively (R6)? < Re, RB > 1,
Ry = NE = 0, or alternatively (R6)? < NG, Re > 1, and Ny = NE = 0, then it
follows that

Sla,ﬁ,&,y,ng = Tgﬂ,e,é,ﬁ,vf
on (LY(R, cosh(az) dz))'.

3.2. The case of the spaces L!(R,cosh(ax?)dz). By following [6, Proposi-
tion 3.1], we prove Theorem 3.3 below.

Theorem 3.3. If we assume that o € R, then

(a) if R > %, Re >0, RS = RNy =0, and £ € C, or alternatively (R6)? <
R5 — ‘%', Re > 1, Ry = 0, and & € C, or alternatively (R6)* < Re,
RB— ‘%' > 1, Ry =0, and § € C, then the operator Fpes¢~ given by (1.1)
is bounded from the spaces L'(R,cosh(axz?)dx) into LI(R, cosh(ax?)dx)
for any q (0 < g < 00);

(b) if RB >0, Re >0, and R = RNy = RE = 0, or alternatively (R5)? < NP,
Re > 1, and Ry = RE = 0, or alternatively (R6)*> < Re, RB > 1,
and Ry = RE = 0, then the operator Faese 15 bounded from the spaces
LY(R, cosh(ax?) dx) into L>=(R, cosh(az?) dx).

Proof. (a) We begin by observing that

|(Bs.c06nf) )]

+oo
< / ‘exp[—ﬁy2 —5x2+25xy+§y+7x]‘|f(x)‘ dx

e}

+oo
= / ‘exp[—ﬁyQ —ex? + 200y + Ey + 'Yl"”

o0

x | f(z)| cosh(az?) (cosh(om:Q))*1 dx
< /*OO {exp[—%ﬂyQ —ex? + 2R6xy + Ny + Ry

0 ilélg cosh(ax?)

}}f(x)‘ cosh(ax?) dx

|exp[—fy* — ex? + 20y + Ly + ]| }

= [/l - iﬁg{ cosh(ax?)

Hence, for any 0 < ¢ < oo, we have

|(Bs6:F) )|
“RBy: — Rea® + 2Roxy + Rey + N
< 1, - (sup{ SRIRAZRET + 2Ry + ey + Wl ),

z€R cosh(ax?)




LP-INEQUALITIES FOR HYPERBOLIC WEIGHTS 413

Thus, we clearly find that

+o00
/ |(Bs.c06qf)(y)|" cosh(ay?) dy

oo

too exp[—RBy? — Rex? + 2N0xy + REy + Nyx|y\¢
<5t [ (sup{ 2 )

0 ‘z€R cosh(ax?)

x cosh(ay?) dy;
therefore,

Hgﬁﬁ,&fﬁfnq,uz
+oo

<l [

1/
x cosh(ay?) dy) "

(ilelﬂlg{ exp[—RBy* — Rex? + 2Roxy + REy + Ryz] })q

- cosh(ax?)
Consequently, for R0 = 0, we have
”Sﬁ,e,&éﬁf’lq,uz

< [l s
z€eR

exp[—Rex? 4+ Rz }
cosh(az?)

x ( / ” exp[(=RBy* + Rey)q] cosh(ay?) dy) v (3.7)

—00

exp[—Rex? + Rz }

= [/l i‘ég{ cosh(ax?)
ay® —ay? 1/q
e + e )dy) .

X </+OO exp[(—RBy* + Ry)q] ( 5

—00

Applying inequality 2Rdzy < 2?2 + (R9)?y?, we obtain that
||Sﬁ,€,5,£ﬁf||q7u2

< 111 510
z€eR

exp[—(Re — 1)z% + Ryz] }
cosh(az?)

% (/_+°° exp[(—(RB — (R9)*)y* + REy)q] cosh(ay?) dy)l/q (3.8)

o0

exp[—(Re — 1)z? + Ryz] }

= [l i‘ég{ cosh(ax?)

" </;°° exp|(=(R5 = (R9))y” + Rey)q] (M) dy)l/q;

hence, from 2Rdzy < (N)%x? + y?, it again follows that

|’SB’5167£7’7f||q7N2

< 1/l sup{
zeR

exp[—(Re — 1)z + Ryz] }

cosh(ax)
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X </+OO exp[(—(RB — (R6)*)y* + Rey)q] cosh(ay) dy)l/q (3.9)

o

exp|—(Re — N6?)z? + Ryz] }
cosh(ax)

X (/_:O exp[(—(RB — 1)y* + Rey)q] (%) dy) v

= [1£111 sup{
zeR

The hypothesis considered on the parameters implies that the integrals involved
in (3.7), (3.8), and (3.9) converge and that

188687 g < ClF Il

for a certain real constant C' depending on g¢.

Thus, the operator Fses¢~ is bounded from the spaces L'(R, cosh(ax?) dz)
into L4(R, cosh(ax?) dx).

(b) Similarly, taking into account

|(Bse67F) (W)
< /+°° . { | exp[—RPy* — Rex? + 2Rozy + Réy + Ryx| }
) xlelﬂg cosh(ax?)

x | f(z)| cosh(az?) dz,
we get
186,206 1l
- +oo { | exp[—RBy? — Rex? + 2Ndzy + Néy + Nyx]| }
N ?elﬂg . i2£ cosh(ax?)

x | f(z)| cosh(az) dz
|exp[—By? — ex? + 20y + Ly + y]|
3 }

< [ 11,2 sup su

JeR z€ cosh(azx?) ’
hence, for 6 = 0, we have
||gﬁ,s,5,£fyf|’oo (3 10)
< sup{ ’ eXP[—%er + ?R’YIH } sup{exp[—?)?ﬁgf + §R§y]} .
T 2eR cosh(az?) veR '

If we again take into account that 2Rdxy < 22 + (R§)%y?, then we see that

1852067 lloo
< 11l sup{exp[—(R5 — (R9)*)y” + Rey] } (3.11)
ye
exp[—(Re — 1)z + Ryz]
- ilelg{ cosh(ax?) }
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From inequality 2Rdzy < (R6)%z? + y?, we have

Hgﬁ,s,&&ﬁfHoo
< 1 f 11 Sgﬂg{exp[—(?f?ﬁ — y* + Ry } (3.12)
exp[—(Re — (R))?)x? + Ryz]
% 225{ cosh(az?) }

From the hypothesis considered, the integrals involved in (3.10), (3.11), and
(3.12) converge; thus

188.c087 lloc < Cllf 1122

for a certain real constant C.

Consequently, the operator Fg.s¢~ is bounded from the spaces L'(RR,
cosh(ax?) dz) into L= (R, cosh(az?) dr) for all @ € R, which completes the proof
of Theorem 3.1. O

By virtue of this result, it follows that the operator §. 35, is bounded from
the spaces L'(R, cosh(ax?)dz) into L (R, cosh(ax?)dz), for Re > 0, R > 0,
and R§ = Ny = NE = 0, or alternatively (R)? < Re, RB > 1, and Ry = RE =0,
or alternatively (R6)? <R3, Re > 1, and Ry = NE = 0.

Using this assertion and the fact that the weight cosh(ax?) is greater than or
equal to 1, Proposition 3.2 in [8] yields the following.

Theorem 3.4. For any o € R, the Parseval-type relation

| Grsea @@ ds = [ ) Eepines)(a) da

[e.e]

holds for f,g € L'(R, cosh(az?)dz) with Re > 0, RB > 0, and R§ = Ny = NE =
0, or alternatively (R6)*> < Re, RB > 1, and Ry = RE = 0, or alternatively
(R0)?> < RB, Re > 1, and Ry = RE = 0.

Next, from Corollary 3.1 in [8], we obtain the following.

Corollary 3.2. If we assume that f € L'(R, cosh(ax?)dz) and o € R and that
Re >0, RB >0, and RS = Ry = NE = 0, or alternatively (R6)? < Re, RB > 1,
and Ry = RE =0, or alternatively (RG)? < RB, RNe > 1, and Ry = RE =0, then
it follows that

gls,,@,é,'y,ng = T&B,s,é,g,'yf
on (L*(R, cosh(ax?) dr))’.

4. THE OPERATOR §3. ¢~ OVER THE SPACES L>(R, cosh(ax)dz) AND
L>®(R, cosh(az?) dz)

In this section, we prove LP-boundedness results corresponding to the case
when p = oo.
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4.1. The case of the spaces L>(R, cosh(az)dz). Indeed, by following [6, Pro-
position 4.1], we are led to the following result.

Theorem 4.1. If we assume that o € R, then
(a) for Re > 0, (R)* < ReRB, and v,€ € C, the operator Fpese given by
(1.1) is bounded from the spaces L*°(R,cosh(az)dx) into LR,
cosh(ax) dx) for any q (0 < ¢ < 00);
(b) for Re > 0, (R§)? < ReRB, and ReRE + RoNy = 0, the operator Fpc 56~
is bounded from the spaces L (R, cosh(ax) dx) into L>®(R, cosh(ax) dz).

Proof. (a) Note that

|(Bs.coeqf)(¥)]
+oo
< / }exp[—ﬁy2 —51:2+26my+£y+7m]|‘f{x)|dw
-
< Hf\loo/ |exp[—By® — ea® + 20wy + &y + ya]| da
—+00
= HfHoo/ exp[—RBy* — Nea? + 2R6xy + Ny + Nyz] da;

thus, for any 0 < g < oo, we get

+o0o
/ |(Bs.e5.60f) ()] cosh(ay) dy

o0

+o0 +o0
<t [ ([ explowsy? - Rea® + Moy + Rey + el )’

o0 [e.9]

x cosh(ay) dy.
By virtue of (1.3) and because $¢ > 0 we see that

+o00
/ |(Fs.coeqf)(y)|" cosh(ay) dy

o0

R N 72 R5)?
<l [ ()" e amsy + L0y

RNy  q(Ry)?
+ qREy + e Y+ e }cosh(ay) dy

and therefore that
||Sﬁ75»57577f||Q7M1

<[ flleo - (/_:o(éyﬂ exp [—q%ByQ + (](;;5)2312

1/
RNy q(Ry) ]Cosh(ay) dy> '

2

+aRey + Re yt 4Re

which converges under the above conditions.

Hence, we have
Hgﬂﬁ,&&’}’f”%#l < CHfHoo

for a certain real constant C' depending on q.
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Thus, the operator §s.s¢~ is bounded from the spaces L°(R, cosh(ax) dx)
into LY(R, cosh(az) dx), 0 < ¢ < oo.
(b) Also note that

85560l
<l flesup{ [
yeR

—00

—+00
|exp[—ﬁy2 —ex? + 20xy + y + 7x]| dx}

+oo
=l f o sup{ [ expl-Ra — Rew? + 2Ry + Rey + R o}

yeR —0
By virtue of (1.3) and because Re > 0, this expression is equal to

Il zgg{ (é)u (R0)? RORy (%7)2} }

2

exp [—%ﬁgf + W?ﬁ + Réy + Y+

Re 4Re

which is bounded under this hypothesis, and therefore the above expression is
bounded.
Hence we have

188.c067 I < Ol floo

for a certain real constant C'.
In this way, the operator Fs.se~ is bounded from the spaces L™(RR,
cosh(ax) dx) into L>(R, cosh(ax) dx). O

From this result, for all o € R, we see that the operator §. s~ is bounded
from the spaces L>=(R, cosh(az) dx) into L' (R, cosh(ax) dz), for R3 > 0, (R6)? <
ReRSG, and v, € € C.

By Proposition 4.2 in [8], the following can be seen.

Theorem 4.2. For all « € R, the following Parseval-type relation

| Grse @@ de = [ f0)Eup50c0) (@) do

holds for f,g € L®(R, cosh(ax) dz) with RB > 0, (R§)? < ReRB, and v, ¢ € C.
In addition, as a consequence of Corollary 4.1 in [8], we obtain the following.

Corollary 4.1. For a € R, and f € L*(R,cosh(az)dx), R8 > 0, (RI)? <
ReRB, and v,& € C we get

Sla,ﬁ,&,’y,ng = TS,B,E,&,&,’yf
on (L*°(R, cosh(ax) dx))'.

4.2. The case of the spaces L>*(R,cosh(az?)dr). By following [6, Proposi-
tion 4.1], we obtain the following result.

Theorem 4.3. If o € R, then
(a) if Re > 0, (RI)? < Re(RB — %), and v,§ € C, then the operator

Ssesen gven by (1.1) is bounded from L*™(R,cosh(az?)dz) into LI(R,
cosh(az?) dz) for any q (0 < g < 00);
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(b) if Re > 0, (RH)? < ReRB, and ReRE + RNy = 0, then the opera-
tor Fp 56~ 15 bounded from the spaces L°(R, cosh(ax?)dz) into L>=(R,
cosh(az?) dz).

Proof. (a) Observe that

|(Bscoeqf) ()]
+o00
< / ‘exp[—ﬂgf—5x2—|—25a;y+€y+7x]Hf(x)|dx
-
< HfHoo/ |exp[— By — ea® + 20wy + Ey + ya]| da

+oo
= [|flloo / exp[—RBy? — Rea? 4+ 2R6xy + Ry + Rya] da

[e.9]

such that, for any 0 < ¢ < 0o, we get

+o0
/_ ‘ (Spesenf)y) |q cosh(ay?) dy

o0

+00 +oo
<IN - / (/ exp[—RBy* — Nex? + 2R6xy + Ry + Ryz] dx)q

o [e.e]

x cosh(ay?) dy.
By virtue of (1.3) and because ¢ > 0, we get that

400
/_ |(Bs.e560f) ()| cosh(ay?®) dy

“+o00 T q/g q(ﬁ}%é)Q
< q T _ 2, qU0)" 9
< IfIl% /_OO (%3) exp[ aRBy” + e Y + qREy
gRORy  q(Ry)? 2
+ e Y+ e }Cosh(ozy ) dy

and therefore that

||367675,£77f||q,u2

too a2 2, q(R6)*
< | fll - (/_OO (@) eXp[—q%ﬂy Y + ¢REy

gRORy  q(Ry)? oy o\
+ e Y+ ARe }cosh(ay)dy) ,

which converges under the above conditions.
Hence, we have

||$B,€,5,£77f|’oo < CHqu,m

for a certain real constant C' depending on gq.
The operator Fses¢~ is thus bounded from L*™(R, cosh(az?)dz) into LI(R,
cosh(az?) dz), 0 < g < oo.
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(b) Also observe that
|Bsesea )W)

<l -sup{ [
yeR

—00

+oo
= Cflse - sup{ /
yeR _

By virtue of (1.3) and because $¢ > 0, this expression is equal to

™2 G RORy (Ry)?
Cllflloe igﬂg{(%e) exp[ RBy” + Re Yo+ Ry + Re vt 4Re }}’

which is bounded under this hypothesis and thus the above integral converges.
Hence, we have

+oo
|exp[—6y2 —ex? + 20xy + Ey + ’yx” dx}

exp[—RBy* — Rex? + 2RNoxy + Réy + Ry dx}.

o)

188567 Slloe < Cliflloo
for a certain real constant C'.
Hence, the operator §s. s¢ is bounded from L (R, cosh(az?) dz) into L=(R,
cosh(ax?) dz). O

From this result it follows that, for all o € R, the operator §. 55, is bounded
from L (R, cosh(ax?) dz) into L' (R, cosh(az?) dx), for RSB > 0, (R§)? < RB(Re—
a), and 7, € C.

From Proposition 4.2 in [8], the following can be seen.

Theorem 4.4. For all a € R the following Parseval-type relation holds:

| Gresean) @@ ds = [ 50 upsaco)o) do,

—00 —

where f,g € L°(R,cosh(ax?)dz) with R > 0, (R§)? < RB(Re — |a|), and
v,¢§€C.

By virtue of Corollary 4.1 in [8], we obtain the following.

Corollary 4.2. For all « € R and f € L*®(R, cosh(ax?)dx), R3 > 0, (RH)? <
RB(Re — |a]), and v,€ € C, we have

Sla,,@,é,w,ng = Tgﬁ,a,é,gnf
on (L®(R, cosh(az?)dzx))’.

5. AN INTERESTING PARTICULAR CASE: THE
GAUSS—~WEIERSTRASS SEMIGROUP

The Gauss—Weierstrass semigroup on R (see [18, p. 103]) is given by

(2 f)(y) = (dmz) /2 / " exp[—(y — 2)*/42) f(z) da,

—00

where $z > 0 (and z # 0).
This operator corresponds to the case when § =¢ =9 = 1/4z, and £ =~ = 0.
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By virtue of Theorem 3.2 and taking into account that R9 = 0 corresponds
to the line Nz = 0 and that the case R = 1 corresponds to the circumference
Rz = 4|z|?, we get the following.

Theorem 5.1. The following Parseval relation holds:

+oo 00
/_ (¢ f) (@)g(x) d = / F(2) (e g) () du (5.1)

o0

for f,g € LY(R,cosh(ax)dzr), a« € R, Rz = 0 (and z # 0), or alternatively,
Rz = 4|z|*> (and 2 #£0).

Moreover from Corollary 3.1, we have the following.

Corollary 5.1. For f € L'(R,cosh(ar)dr), a« € R, Rz = 0 (and z # 0), or
alternatively, Rz = 4|z|* (and z #0), it follows that

(&) Ty = T,oap (5.2)
on (L*(R, cosh(ax) dx))’.
By virtue of Theorem 3.4, we obtain the following.

Theorem 5.2. The following Parseval relation holds that

+oo o0
| @A n@g@de= [ st ds Gx)
for f,g € LY(R,cosh(az?®)dz), « € R, Rz = 0 (and z # 0), or alternatively,
Rz = 4|z|*> (and 2 #0).

Moreover from Corollary 3.2 we have the following.

Corollary 5.2. For f € L'(R,cosh(az?)dz), a € R, Rz = 0 (and z # 0), or
alternatively, Rz = 4|z|* (and z #0), it follows that

(&) Ty = T,oap (5.4)
on (L*(R, cosh(az?) dr))’.

Remark. The Gauss—Weierstrass semigroup appears in [1, p. 521] as well as other
publications.
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