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ABSTRACT. In this article, we construct a function U € L[0,1) with strictly
decreasing Fourier—Walsh coefficients {cx(U)} \, and having a universal and
strong (L', L>°)-property with respect to the Walsh system.

1. INTRODUCTION AND PRELIMINARIES

Let LP[0,1), p > 0 be the class of all measurable functions f on [0,1) satisfying
the condition

/0 }f(x)‘pdx < 00. (1.1)

By L*°[0,1), we denote the space of all bounded measurable functions on [0, 1)
with the norm
I+ lloe = sup {]-[}. (1.2)
z€[0,1)
Let ® = {¢x(z)} be the Walsh system, and let f € LP[0,1), p > 1. We denote by
ck(f) the Fourier—Walsh coefficients of f, that is,

%W=Af@www, (1.3)
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and we denote by S,(z, f) the nth partial sum of the Fourier—Walsh series of
functions f, that is,

Su(w, £) =Y cx(Hpn(x). (1.4)

The spectrum of f(x) (denoted by spec(f)) is the support of ¢,(f), that is, the
set of integers where ¢, (f) is nonzero, that is,

spec(f) = {k € N,c(f) #0}. (1.5)

Let |E| be the Lebesgue measure of a measurable set E C [0,1), and let xg(z)
be its characteristic function, that is,

(z) = 1, ifzekF,
X =0, ifed B

Definition 1.1. We say that a function U € L'[0,1) has a universal and strong
(L', L®°)-property with respect to the Walsh system if for each number e € (0,1)
and for every almost everywhere finite and measurable function f on [0, 1] one
can find a function g € L*[0,1), [{z € [0,1);9(x) # f(x)}| < €, such that
lek(9)| = ex(U), Yk € spec(g) and the Fourier—Walsh series of g(x) converges
uniformly on [0, 1).

The above-mentioned definition, while not presented in its most general form,
is given at the level of generality in which it will be applied in this article.

In the present article, we construct a function U € L'[0, 1) with strictly decreas-
ing Fourier—Walsh coefficients {cx(U)} \,, and having a universal and strong
(L', L>)-property with respect to the Walsh system. This is a continuation of
the author’s previous work in [7], [6], and [8] (with Galoyan) on the convergence
of Fourier series and on the behavior of Fourier coefficients in classical systems.
Underlying the author’s studies in this area is the so-called Luzin’s C'-property of
measurable functions, which reads as follows: for every measurable, almost every-
where finite function f on [0,1] and every € > 0, there exists a measurable set
E C [0,1] with |E| > 1—¢€ and a continuous function g which coincides with f(z)
on E. This famous result of Luzin [13, Theoerm 1] dates back to 1912. Luzin’s
idea of a modification of a function improving its properties was substantially
developed later on.

In 1939 Menchoff [14] proved the following fundamental theorem.

Theorem (Menchoff’s C-strong property). For every measurable, almost every-
where finite function f on [0,27] and every € > 0, there is a continuous function
fe such that |[{x € [0,2n] : fo(x) # f(z)}| < € and the Fourier series of the

function f. converges uniformly in [0, 27].

In 1988 we were able to show that the trigonometric system possesses the
L-strong property for integrable functions; that is, for each ¢ > 0 there exists
a (measurable) set E C [0,27] of measure |E| > 27 — € such that for each
function f € L'[0,27] there exists a function g € L'[0,27] equal to f(x) on
E and with Fourier series with respect to the trigonometric system convergent
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to g(x) in the L'[0,27]-norm (see [5]). After Menchoff’s proof of the C-strong
property, many “correction” type theorems were proved for different systems (see
(1], [2], [8], 9], [15], [17], [18], [20]; we refrain from providing a complete survey
of all research done in this area). A number of papers (see [7], [5], [16]) have
been devoted to correction theorems in which the absolute values of nonzero
Fourier coefficients (by the Haar and Walsh systems) of the corrected function
are monotonically decreasing.

Here we present results having a direct bearing on the present article. In [0,
Theorem 2] we proved the following.

Theorem 1.2. For any 0 < € < 1 and each function f € L*>|[0,1] one can find
a function g € L*®[0,1), {z € [0,1);9(x) # f(x)}| < €, such that a sequence
{lek(g9)|, k € spec(g)} is monotonically decreasing.

In the present article, we prove the following theorem.

Theorem 1.3. There exists a function U € LY0,1) with strictly decreasing
Fourier—Walsh coefficients {c,(U)} \( such that, for every almost everywhere
finite measurable function f on [0,1], one can find a function g € L*[0,1) with
H{z €]0,1): g(x) # f(x)}| < e such that |cx(g)| = cx(U), VE € spec(g).

Theorems 1.2 and 1.3 follow from the more general Theorem 1.4.

Theorem 1.4. There exists a function U € L'[0,1) with strictly decreasing
Fourier—Walsh coefficients {c,(U)} \y such that, for every almost everywhere
finite measurable function f on [0,1], one can find a function g € L*[0,1) with
Hz €[0,1) : g(x) # f(x)}] < § such that |cx(g)| = cx(U), Vk € spec(g) and the
Fourier—Walsh series of g converges uniformly on [0, 1).

The following corollary is derived from this theorem.

Corollary 1.5. There exist a function U € L'(0,1) and numbers (signs) 6, = +1,
k € N, such that, for every almost everywhere finite measurable function f on
[0,1], one can find a function g € L*[0,1) with [{z € [0,1);g9(z) # f(x)} < €
such that the greedy algorithm of function g with respect to the Walsh system
converges uniformly on [0,1) and for some {N,,}5°_,

Gm(z,9) = Sn,,(z,9), x€][0,1),m=0,1,2,...,
ce(9) = oper(U),  Vk € spec(g).

Recall that G,,(z, g) is the mth greedy approximant of f with regard to the
Walsh system, that is,

Gm(f) = an(n)(f)@a(n)(m)? m = 1727"'5
n=1

where {o(n)}°°,— is a decreasing permutation of nonnegative integers such that

\comy(F)| = [Comriny(f)], n=1,2,....

This nonlinear method of approximation is known as a greedy algorithm (see [11]).
The above-mentioned definitions, while not presented in their most general form,




ON THE UNIVERSAL AND STRONG (L}, L*)-PROPERTY 701

are given at the level of generality in which they will be applied in this article.
Greedy algorithms in Banach spaces with respect to normalized bases have been

considered in [3], [10]-[12], and [22].
The following problems remain open.

Question 1. Is it possible to construct the (universal) function U in Theorem 1.4
such that U € L?[0,1) for some p > 17

Question 2. Is it possible to choose a modified function g in Theorem 1.4 such
that g € C[0,1)7

Question 3. Is Theorem 1.4 (or Theorems 1.2 and 1.3) true for the trigonometric
system?
2. PROOFS OF MAIN LEMMAS

The Walsh system (see [21]), an extension of the Rademacher system, may be
obtained in the following manner. Let r be the periodic function, of least period
1, defined on [0, 1) by

T = XJo,1/2) — X[1/2,1)-
The Rademacher system, R =1, :n=0,1,..., is defined by the conditions
ro(x) =r(2"x), Yxe Rn=01,...,

and, in the ordering employed by Paley (see [4], [19], [21]), the nth element of the
Walsh system {¢,} is given by

k=0

where > "7, n,2* is the unique binary expansion of n, with each n; either 0 or 1.
It is known that for the Walsh system {p,,} (see [19]) and for each natural number
m, the following equation is true:

/ ‘ Z gok(a:)‘ dr = 1. (2.2)
0 " k=0
By A = Aq(q]i), we denote the dyadic intervals of the form
E—1 k
A():[— —) ke 1,2m).
m 2m Y 27’7’L ) E [ Y ]

We use the following lemma, previously proved in [6, Lemma 1].

Lemma 2.1. Let dyadic interval A = Aﬁffj), k € [1,2™] and numbers Ny € N,
v # 0, e € (0,1) be given. Then there exist a measurable set E C A and a
polynomial Q(x) with respect to the Walsh system {pr(x)} of the following form

N
Q=) apr,

k=Nop

which satisfy the following conditions:
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(1) the coefficients {ag}p_y, are 0 or £y|Al,
(2) [E| > (1 =¢)lA],

v, fzr€E€E,
3 p—
(3) Q(z) {O, N
(4) maxyy<nr<n | Sptw, ekl < 3lyle"

The main building block in the proof of Theorem 1.4 is Lemma 2.3, which will
be proved with the help of Lemma 2.2.

Lemma 2.2. Let dyadic interval A and numbers mg € N, v #0, 6 € (0,1), 0 <

0 < %' be given. Then there ezist a function g(x), a measurable set E C A, and
polynomials H(x), Q(x) with respect to the Walsh system {pr} of the following
form

Z bror(x

—=92M0—1

2m—1

Q(z) = > exbror(z),

k=2m0
which satisfy the following conditions:
(1) 0 < bpyy < by <0, Yk € [2m0,2™m),
(2) 8k =0,=%1, Vk € [2m0 2™),
(3) fo |H(x)|dx < 6,
(4) [E] > (1 -9)|A],
v, ifr€eE,
5
) o) =0 o
(6) llg(z) = Q)] <0, ]
(7) maxymot<neam | Yop_omo exbrpr ()]l < .
Proof. We choose a natural number 1y > 1 such that
0
27 < 3 (2.3)

and we present the interval A in the form of the union of dyadic intervals

2¥0

A=A, (2.4)

with

|A,|=27"°]A]. (2.5)
By successively applying Lemma 1, we determine some sets E, C A,, v =
1,2,...,2" and polynomials

2mv 1

Qu(x)= > ajpi(x), a;=0o0r £q|A], if j € 27, 2™), (2.6)

jzgmu—l
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which satisfy the following conditions:

B> (1= e)|A],

) ifxeE,
Qulz) = {0, itrd A,

> aeita_ <2l

jzgmu—l

max
2mMy—1 <m<2mv

We define
Vo
E=|]JE,
v=1

el
by, = 2_uo|A|+

2

v=1 v=1 j—gmv—1 j=2m0
2m—1

Qx) = Z exbrpr (),
k=270

where
e = sign(ag), Vk € [2™°,2™).

703

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

It immediately follows from (2.4), (2.6), (2.7), (2.10), (2.11), and (2.13)—(2.15)

that
|E] > (1-0)|A],

O<bk+1 <bk<9, €k:ﬂ:1,0,v}€€ [2m0’2m)7

0, ifxd¢gA,
l9(z) = Q(=)||, <.
By (2.11) and (2.12), we obtain

, ifzek,
g(fﬁ)z{7

2m—1 20 —1

a@) = Tl a0 - Y @)+ Y sl

=0 =0 j=2m0

From this and (2.1) and (2.2), we have

1
6
/0 @] dr < Miap+ L <
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Let Vn € [270,2™). Then for some v € [1,27], we have n € [2™—1,2™)

n v—1 2Mk—1 n
Z ejbjpj(x Z Z ejbjpj(x Z gjbjpj(x)
j=2m0 v=1 j=2"k-1 j=2mv-1
v—1 n n 1
=Y Q@)+ D aeila)+0 > 527 593(2)-
k=1 j=2Mv—1 j=2m0

Thus, from (2.1), (2.6), (2.9), and (2.15), it follows that

Thus Lemma 2.2 is proved.

Lemma 2.3. Let number mg > 1, 6,0 € (0,1) and polynomial f(z) with respect
to the Walsh system be given. Then there exist a function g(x), a measurable set
E C A, and polynomials H(z), Q(x) with respect to the Walsh system {¢x} of

the following form

= i ber()

k=20
2m—1

Q(r) = > eibror(x),

k=20
which satisfy the following conditions:
(1) 0 < bpyy < bp <0, Vk €[2m0,2™m),
2) g, =0,+1, Vk € [2m0 2™,
3) |E| > (1-9)lAl,
4) fo |H(z)|dx < 0,
) g(x) = ()foralleE
) [l9(x)]|oe < Ul
) llgle) - Q@) <,
8) maxamo-1 <pcam || D4 _gmo E6bEPR(T) || <

5
6
7

N NN N A/-\

15]|f ]l oo
0

Proof. By presenting the function f(z) in the form

v
= xa,(z)
v=1

where 7, # 0, 1 < v <1y and {A,}}2, are disjoint dyadic subintervals of the
section [0, 1), and by successively applying Lemma 2.1 for each subinterval A,
1 < v < vy, we can find some sets E, C A, , functions g,(z), and polynomi-

als
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2mr —1

Hy(x)= > bpe(r), 1<v<u,
k=2mv—1
9my 1

Qu(z) = Z eebrpr(z), 1 <v <,

f=2"v—1
which for all v € [1, 1] satisfy the following conditions:

0< bk—i—l <b. <0, Vke [le’*l,Qm"),
ep = 0,41, ke [2me1,2me),

! 0
/ |H,(2)] do < —,
0 2v
|Ey| > (1=0)[A,],
(z) = v, ifxek,
PI=N0, ifed A,
min {0, || |l
o)~ Qul)] < O]
max i 5kbkgpk(x)H < M
2 —1<p<2my 0o )
k=21
We define
Vo
g(x) = Zgu(x)a
v=1
Vo vo 2 -1 om_1
H(x) =Y H(x)=>_ Y bpel®)= > beor(z), m=my,
v=1 v=1 k=2Mv—-1 k=20
Vo 125} 2mv —1 2m—1
Q) =Y Qux) =) > abipr(r) = ) exbror(x),
v=1 v=1 k=2"v-1 k=2™0

1o
E=|]JE.
v=1
By (2.19)—(2.24), we obtain
g(x) = f(z) forzeE,
|E| >1—9,
0< bk+1 < b, < 9, Ep = O,:|:1,Vk’ S [2m072m).
From (2.23)—(2.24), for all v € [1, 1], it follows that

Q| < W= wga,

705

(2.17)

(2.18)

(2.19)

(2.21)
(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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By (2.24)—(2.27), we obtain
1 Yo 1 0 0
/ |H(z)|dzx < Z/ |H, ()| dz < Z; <4,
0 v=1

lg(@) - Q=) <2H9u Qu(@)]|, < min{0,[| fll}-

(2.31)

Let n € [20,2™). and let € [0,1). Then for some v € [1,14] we have n €
[2mv—1 2™v) “and for some v/ € [1, 1] we have x € A,,. Then taking into account
(2.18) and (2.28), we get

Z exbron(z ZQ; Z exbror(x)
k=2m0 —9oMy—1

and

‘ Z Exbrpr (T ‘ Z{Qg XAV/(x)+Z|Qj(x)’X[0,1)\AV,($)

=2"0

n

+‘ Z 5kbk90k(x)’
fe—omu—1

7 ST
<Gl + 305 + 0l < 2Nl

From this and (2.28) and (2.31), it follows that

o, < “ N

Thus Lemma 2.3 is proved. O

3. PrROOF OF THEOREM 1.4

By numbering polynomials with respect to the Walsh system having rational
coefficients, we can present them as a sequence

{ful@)} . (3.1)

By consecutlvely applying Lemma 3, one can find a sequence of functions
{9 (z)}n "oisn > 1, sets {EY }J 1; > 1, and polynomials of the form

M9 _q

HO)(x)= Y "W). 1<j<nnello00),b"” \0, (3.2)
k=M
M -1

Q@)= Y e Wi(w), 1<j<nnell o) (3.3)

k=M~
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where
e = 41,0, ke [MITV, M) 1< j<nn=12. .,
Mr,(zj) - 2771‘5;)7
0< Ml(o) < M1(1) _ M2(o) < M2(1) < M2(2)
<MD = MO < M < < M = M, < M,

which satisfy the following conditions:
9 (@) = fulw), =€ BY,
98 () = QP (@), <27, 1<j<m,

95 (@), < 16-2[|falloe, 1<j<m,

max
MY V<i<m)

k=M{ ™Y
/|HJ ’dm <4("+J) 1<7<n.

We define a function U in the following way:

[ee) n M(j) 1
. HY) (z) ( b’” ()

k=0
where b, := bgm)) ke [Méj_l), MT(Zj)), 1<j<nn=12,....
It is clear that

/\U |dx<zz /|H7 \d:c

nljl

< 224—<n+j> <1, b \,0.

n=1 j=1
From this and (3.10) and (3.11), we have

(n)
Zkak Uz )‘d:l:§27"—>0;

therefore,
bk:Ck(U), k:O,1,2,....

l
S I <152l 1S5S0,

707

(3.11)

(3.12)

(3.13)

Let § be an arbitrary number § € (0,1), and let f be an almost everywhere
finite measurable function on [0,1). Taking into account Luzin’s theorem (see
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[13]), one may assume without loss of generality that f € C[0,1). It is easy to
see that one can choose a sequence { fi, }°°, from the sequence (3.1) such that

N
dm |2 gt = s = (319
[ frn(2)]| <47, n>2, (3.15)
where
ky > jo = [log% d + 1. (3.16)
(We have that [a]- is the integer part of the real number a.)
We put

Q@) = Q@) B=ET g=gt.

Suppose that the natural numbers k; = 14 < --- < y,_q, the functions f,, (),
gn(x), 1 <n < q—1, the sets £,, 1 <n < ¢—1, and the polynomials

M£Z+j0) -1

Onle) = QM@ = 30 &)

k:Mﬁvajo*l)
are already defined and which for all 1 < n < ¢—1 satisfy the following conditions:
gn(@) = fr(x), =€ By,

Hi[@k(aﬁ) — gi()] HOO < 41

lga (@)l < 507277,
l

Z €](€Vn’n+j0)bkwk($)H < 27",

k:M,SZJrjO -b

~ max _
MO < pp o)

It is easy to see that one can choose a function f, (z) (v, > v4—1) from the
sequence (3.1) such that

|

By virtue of (3.15), (3.17), and ( 8

-1

fula) = (o) = L) =gl )| <oa7n @as)

Q

~—

, we have

H

q—

foo(@) — (fkq( )= D _[Qi(z) — gi(x )DH

1

1 funlloe < |

o0
A

q—1

> [Qi@) - @) |

+ 1k, lloe +

[e.9]

< 6473, (3.19)
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We put
94(x) = fr,(2) + [g77 () = f,, (2)],

M£Z+j0> -1

Qq($> — Ql(/((]1+j0)<x) _ Z glguq,n—&-jo)bkwk(x),
k:M£g+j0*1)
Ey(x) = E£q+j0)'
Taking into account (3.5) and (3.20), we get
gq(I) = fkq<x>7 x e EQ7 |E¢J| >1-0271%

By virtue of (3.6) and (3.19)—(3.21), we obtain

> (01~ ] = HZ ) =90 + Qo) =0
< ’fyq(x) — <fkq<$) q_l [Qi(2) — gi(w )DHOO
+ ||g (g+jo) _ q+30)]|
< 4~ (a— 1)'

Obviously (see (3.9), (3.16), (3.19), (3.21)),
I

Z glguqu-i-jo)bkwk(x)H < 9274,

o)

max
(q+70—1) (a+30)
Mg SI<My, k:Mﬁg+j0*1)

From (3.8) and (3.17)—(3.19), it follows that
-1

fu@) ~ (o)~ Y [0 - 0] )|

1

=)

lou@ll. <| .

q—1

>l — gy |+ lafe ™l

<ATH g 4R 20| f, ()] < 279,
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(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

It is clear that by using an induction, one can determine a sequence of functions
{9q(w)}o2y, sets {E,}o2,, and polynomials {Q,(x)} which satisfy the conditions

(3.23)—(3.26) for all ¢ > 1.
We put

E=()E,
q=1
From (3.23) and (3.27), it follows that
|E] >1—06.

(3.27)
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Furthermore, according to (3.26), we have
|2 9@ < Pllaa@)], < oo (3.28)
q=1 q=1

We define the function f(z) and the sequence of numbers {e;} in the following
way:

fx) =7 gq(x), (3.29)

o fermm s ke Y M) g =12, (3.30)
k 0’ k ¢ U(jil[Mlg;J-Ho—l)’ MIE;H‘JO)). ’
From (3.14), (3.23), (3.27), and (3.29), it follows that
fa) e 10,1, fr)=f(x), weF.
It is easy to note (see (3.4), (3.21), (3.25)) that
!
Cmax H Z g’i”q’q+j0)kak($)“
Méq)§l<Ml<,q2H e 01090 1) o
!
_ max S g;”qqu)kak(x)H <970 (3.31)

(a+jo—1) (a+30)
MVq Sl<Ml’q k:Mﬁngjo*l)

Taking into consideration (3.26), (3.29), and (3.30), we get

M;Eg+j071)_1

| Y abee) - @)

k=0
q—1 M£Z+j0) -1

_ Z( Z 6](€yn,n+j0)bk<pk(x)> _ f(m)Hoo
n=1 k:MﬁZ-HO_l)

S f@)_
n=1

<@ - o+ Sl <5207
n=1 n=q

From this and from (3.31), it follows that the series Y .- exbrr(z) converges to
the function f(z) uniformly on [0, 1), and therefore (see (3.13))

1
ck(f):/o f(m)gpk(a:)dxzekbkzskck(U), k=0,1,2,....

Thus Theorem 1.4 is proved. O
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