Notre Dame Journal of Formal Logic
Volume 57, Number 2, 2016

Phase Transition Results
for Three Ramsey-Like Theorems

Florian Pelupessy

Abstract We classify a sharp phase transition threshold for Friedman’s finite
adjacent Ramsey theorem. We extend the method for showing this result to
two previous classifications involving Ramsey theorem variants: the Paris—
Harrington theorem and the Kanamori-McAloon theorem. We also provide
tools to remove ad hoc arguments from the proofs of phase transition results as
much as currently possible.

Phase transitions in logic are a recent development in unprovability. The gen-
eral program, started by Andreas Weiermann, is to classify parameter functions
/N — Naccording to the provability of a parameterized theorem ¢ s in a theory 7.
We study these transitions with the goal of gaining a better understanding of unprov-
ability. More details on this program, with an overview of related publications, can
be found at Weiermann [16].

In this paper we examine the transition results for three Ramsey theorem variants:
Friedman’s finite adjacent Ramsey theorem, the Paris—Harrington theorem, and the
Kanamori—-McAloon theorem. The latter two of these have been studied previously
in Weiermann [15] and Carlucci, Lee, and Weiermann [4], but the methods used in
the present paper are a natural continuation of the method for the adjacent Ramsey
theorem. The emphasis of this method is on connecting the variants ¢ of the the-
orem for constant functions k& with the classification f according to the provability
of ¢r. Furthermore, this proof method does not depend on whether the original
nonparameterized version of the theorem was shown using proof/recursion theory or
model-theoretic constructions.
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We will also provide some general tools to streamline the proofs of phase transi-
tion results: the upper bounds Lemmas 3.1 and 3.3, and the lower bounds sharpening
Lemmas 2.9 and 2.11. The manner in which these lemmas are stated indicates the
most important steps in the proofs of (sharpened) phase transitions. These lemmas
remove the need to repeat some ad hoc arguments for each transition result.

This paper is divided into four sections. Section | introduces the three Ramsey
theorem variants and the transition results. Section 2 is dedicated to independence,
and Section 3 is dedicated to provability. We conclude with some observations on
phase transitions in Section 4. In Section 2 the three Ramsey theorem variants are
each treated in a separate subsection. We advise the reader who wishes to skip one or
two of those subsections to first read the intuitive sketch of the proofs at the beginning
of Section 2.

1 Three Ramsey-Like Theorems

1.1 Adjacent Ramsey The finite adjacent Ramsey theorem is one of the most recent
independence results at the level of PA and was first presented in Friedman [6]. Inde-
pendence of the variants with fixed dimension is examined extensively in Friedman
and Pelupessy [7]. This examination uses proof-theoretic techniques. Showing in-
dependence by using model-theoretic constructions is still an open problem. As in
the case of the other Ramsey variants, we will call functions C: {0, ..., R}¢ — N’
colorings. Notice the distinction between parameter functions, which are provided
externally and colorings, which are being quantified over inside the theorems. We
denote the ith coordinate of an r-tuple a with (a);.

Definition 1.1 For r-tuples a, b:
a<b<s (@1 =bBhA--A@:r =),
Definition 1.2 A coloring C:{0,..., R}¢ — N’ is f-limited if
max C(x) < f(maxx)+ 1 forallx e {0,..., R},
Theorem 1.3 (AR y) For every d,r there exists R such that for every f -limited
coloring C: {0, ..., R}d — N7, there exist x1 < -++ < Xg4+1 < R with
C(x1,...,xq) <C(x2,...,X4+1)-

Proof = We show that, for every C: N9 — N, there exist X1 < -+ < X441 such
that C(x1,...,xq) < C(x2,...,Xg+1) (the proof for this claim is taken from [6]).

Given a C as in the claim, define D:[N]4+! — 2 as follows:
0 ifC(xy,...,xq) <C(x2,...,Xq+1)
D(x1,...,xq41) = .
1 otherwise.

By the infinite Ramsey theorem, there exists an infinite homogeneous set for D. By
Dickson’s lemma, the value of D on this set must be zero, which finishes the proof
of the claim. Apply a compactness argument to obtain AR . O

Definition 1.4 We denote the smallest R from AR ;s with AR‘} (r). The theorem
AR with fixed d is denoted with AR%.
Theorem 1.5 We have the following:

1. IS441 ¥ ARGTL;
2. PA ¥ ARy.
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Proof  See [7, Theorems 3.7 and 3.8]. L]

1.2 Paris—-Harrington The Paris—Harrington theorem is one of the earliest examples
of natural theorems which are independent of PA. This was first shown using model-
theoretic methods in Paris [13]; later this was shown using proof-theoretic methods
in Ketonen and Solovay [10], Loebl and Nesetfil [12], and in [7].

Definition 1.6 The set [X]¢ is the set of d -element subsets of X, [m, R]¢ = [{m,
..., RY]? and [R]? = [0, R]“.

Definition 1.7 Given a coloring C: [m, R]¢ — r, we call a set H homogeneous
for C or C-homogeneous if C is constant on [H]%.

Theorem 1.8 (PH 5) For every d, r,m there exists an R such that, for every col-
oring C:[m, R]1¢ — r, there exists an H < [m, R] of size f(min H) for which C
limited to [H? is constant.

Definition 1.9 We denote the smallest R from PH s with PH‘;’r (m,r). The theo-

rem PH ¢ with fixed d is denoted with PH‘}. We call a coloring C: [m, R]? — r bad
if every C-homogeneous set has size strictly less than f(min H).

Theorem 1.10 We have the following:
1. 1S441 ¥ PHATZ;
2. PA ¥ PHy.

Proof See [7, Theorems 3.7 and 3.8]. O

1.3 Kanamori-McAloon The Kanamori-McAloon theorem is also known as the re-
gressive Ramsey theorem. We will examine the following variant.

Theorem 1.11 (KM f) For every d,m,a there exists R such that, for every
C:[a, R]¥ — Nwith C(x) < f(minx), there exists H C R of size m for which for
all x, y € [H]? with min x = min y we have C(x) = C().

Definition 1.12 We denote the smallest R from KMy with KM? (a,m). The
theorem KM ¢ with fixed d is denoted with KM Iz

Theorem 1.13 We have the following:
1. 1S441 ¥ KME T2,
2. PA ¥ KMy.

Proof See Kanamori and McAloon [9, Theorem A, Corollary 4.5]. O

1.4 Phase transition results All parameter functions are assumed to be nondecreas-
ing. For every f:N — N the inverse is

£ = minj 1 £() = i},
20(0) = i, 2041() = 22® log is the inverse of i > 2!, log” is the inverse of
i — 2,(i), log* is the inverse of i — 2;(2), {/@ is the inverse of i +— 2,(i€),
and I — lE is the inverse of i — i - ¢, where )6‘ = 1. We use (p;’lp to denote the
theorem ¢ s with fixed dimension d. The function H, is the ath function from
the Hardy hierarchy with canonical fundamental sequences. In items (5) and (6) of

the following theorems we assume that the reader is familiar with proof-theoretic
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results involving this hierarchy and provability in PA and IX¥;. Details on this can
be found in, for example, Buss [3], Pohlers [14], Arai [1], or in the lecture notes in
Buchholz [2].

Theorem 1.14 We have the following:
1. 1444 F ARdC"'ldfor every c > 0;

PA ¥ AR for every n;

15 + ARi);}H;

IZ1 = AR

PAF ARy, & a < &g,

ISg41 F AR‘;’;L S o < wiga

where f3+1(i) = H‘;l(i\)/ log? (i) and f (i) = logH‘;l(i)(i).
Theorem 1.15 We have the following:
11X, F PH‘i:dzJrl for every c > 0;
PA V¥ PH,ogn fo}f every n;
I, - PH! ;,ZH;
IS b PHygys;
PAFPH;, & a < &
DN PH';;L & o< w4425

ISR

SR N

d+1(; 1y
where fadH(i) = % and fy(i) = logHe 1(1)(1').

Theorem 1.16 We have the following:
1. 18444 F KMd+2df0r every ¢ > 0;
clog

e

PA ¥ KMo for every n;

d+2 .
IS FKMI*Z,

IS F KMo+,
PAFKM;, & o <&y
IS0 F KM & o < wg40;

where £4(i) = "¢ V/log? (i) and fy(i) = logha ' © ().

The first two items and the unprovability parts of the last two items of these theorems
will be treated in Section 2. The first item of Theorem 1.14, 1.15, or 1.16 is derived
from Theorems 1.5, 1.10, and 1.13 combined with Theorems 2.3, 2.5, and 2.7, re-
spectively. The unprovability parts of items (5) and (6) are shown by combining the
first two items with Lemmas 2.9 and 2.11.

Items (3) and (4) and the provability parts of the last two items are shown in
Section 3. These are direct consequences of Lemmas 3.1 and 3.3 and upper bound
estimates from the literature.

Theorem 1.15 can already be found in [15]; Theorem 1.16 can be found in Lee
[11, Corollary 4.1.3] and [4, Theorems 1.1, 1.2].

ISANNA I NS
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2 Lower Bounds

In the following three sections we show items (1) and (2) of Theorems 1.14, 1.15,
and 1.16. The underlying idea of the three proofs is to show, for the appropriate
parameter f, that ¢y — @iq by compressing the colorings C for ¢jq by using f to
obtain a coloring D;. This causes the problem that if one obtains for such colorings
an adjacent/homogeneous/min-homogeneous set H (by ¢ r), the set { f(x) : x € H}
may not have the right size (to demonstrate ¢;q) because f(x) = f(y) could be
satisfied for some x < y. We will solve this by combining D; with two colorings
D, and Ds.

The coloring D, will have the property that, for an adjacent/homogeneous/min-
homogeneous set H and for x; < --- < xg41 in H, either f(xg) = f(xg4+1) or
S(x1) <o < flxa+1)-

The other coloring D3 will ensure that, in the case f(xz) = f(x441), the set
H cannot be adjacent/homogeneous/min-homogeneous with the appropriate size.
To obtain suitable coloring D3, we use lower-bound estimates for ¢; with constant
function k.

2.1 Adjacent Ramsey For determining the transitions, estimates on i +> AR? (r)
play a central part. A variant of these functions has been examined extensively in
[6]. We use the following result.

Lemma 2.1 For everyd € Nandi,c > 0 there exists a coloring
C:{0,..., 24N >0, iyt
such that C(x) # C(y) forall x # y.

Proof Induction ond. If d = 0, enumerate {0,...,i}° = {x1,...,XG+1)c} and
take C(j) = x;. For the induction step apply [6, Lemma 1.9]. O

We modify these colorings slightly.
Lemma 2.2 For every d € Nand c,i > 0 there exists a coloring

Cac,ii{0,....24(°)}

such that C(x1,...,Xq41) £ C(X2,...,Xg42) forall x;y < --- < xg12 < 24(i°).

d . 64- .
+1_>{0"”’l}64d+20

Proof Take C’ from Lemma 2.1, and define
C(x) = (C'(x),i — C'(x)). O
With these estimates, we can prove parts (1) and (2) of Theorem 1.14.

Theorem 2.3 There exists a primitive recursive function h such that

AR{Tl (h(d,c,r)) = AREGT ().

/gd

Proof We claim that the inequality holds for i(d,c,r) = r + 65-(d + 1)+

2 - ¢ + 3. Given id-limited coloring C: {0, ..., R}¥+t1 — N, take f(x) = y/log?
and, fori, j e {1,...,d + 1}, (w(i)); = 1ifi = j, zero otherwise.
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Define colorings D1:{0, ..., RY¥¢*! — N’ D,:{0,..., R}¥+! — N4+! and

D3:{0, ..., RY4 T — No4(@+D+2(c+1) 45 follows:
Di(x) = C(f(xl), e f(xd+1)),
Ds(x) = w(i),

where i < d + 1 is the biggest such that f(x;—1) = f(x;) if such i exists, one
otherwise, and
D3(x) = Ca,c41, f(max x) (X)),
where Cy . ; are taken from Lemma 2.2.
Combine these colorings into a single f-limited coloring

D: {0 . R}d+l - Nr+d+1+64-(d+1)+2(c+1)
by taking D = (Dl, D>, D3).

Suppose that for x; < -+ < xg42 < R we have D(xy,...,xXg+1) < D(x2,...,
Xg+42). Observe thatif 1 <i # j < d,then w(i) £ w(j), so Da(x1,...,Xg+1) <
Ds(x3,...,xq4,) implies either f(x;) < -+ < f(xg42) or f(x1) = - =
S(xa+2).

1. If f(x1) <--- < f(xg+2), then, by definition of D, we have
C(f(x1), ..y f(xa1) < C(f(x2),. .., f(xa+2))-
2. If f(x1) = -+- = f(xa42); then Cacr1,f(xyq1) = Cdict1,f(xg42)> 5O bY
definition D3(x1,...,x45+41) £ D3(x2,...,X4+42), Which is a contradiction.
O

2.2 Paris—Harrington We will use lower bounds from Ramsey theory from [8, Sec-
tion 4.7, Theorem 19], which are attributed to Erd&s and Hajnal.

Lemma 2.4 For every d > 2 there exists constant ag such that

PHY (0,r) > 24_,(r'?)

i-ag

forallr > 4andi > 3.
With these estimates, we can prove parts (1) and (2) of Theorem 1.15.

Theorem 2.5 There exist primitive recursive functions hy and hy such that

PH? Y (hi(c,d,m), ha(c,d,m,r)) = PHGH (m, )

for every ¢, r > 0 and m sufficiently large.
Proof = We claim this is the case for

hi(c,d,m) =24(aq-c-m),  ha(c,d,m,r)=r-(d+2)* 2€+Daa,
Given C:[m, R]*! — r, take f(i) = k’fj—.(ci) and colorings

Dig.: [2,1—1(2(C+1)'ad'i)]d+1 — plet2)aa

iag-
where D;.,, is obtained from Lemma 2.4. Define

]d+1

D:[24(aq -c-m), R — r x 2+ (g 4 2)?

as follows.
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If f(x1) <+ < f(xg+1), then
D(x) = (C(f(x1)..... f(xa41)).0,0.d + 1).
If1 <i < d+1isthebiggesti suchthat f(x;) =---= f(x;)andifl < j <d+1
is the biggest j such that f(x1) <--- < f(x;) (ifi > 1,then j = 1, andif j > 1,
then i = 1), then
D(x) = (0,0,i, j).

Note that although the values of D are tuples, the number of possible values
is bound by r - 2(¢t2aa . (4 4 2)2; hence, D can be converted to a coloring
[24(aq - ¢ - m), RI¥T! — r.2(+2aa . (4 4 2)2 by using a suitable encoding.
Homogeneous sets for this converted function are also homogeneous for D.

Suppose that H is homogeneous for D and of size greater than d + 2. In this case,
the last two coordinates have value 1 or d +1. If not, then there exist X1 < -+ < Xg42
withi = (D(x2,...,%442))3 = (D(X1,...,X442))3 + 1 = i + 1, which is a
contradiction (same argument for 4th coordinate). If one of those two is 1, then the
other must be d + 1, so either f(x;) = --- = f(xg41) forall x; <.+ < xg41 in
Hor f(x1) <.+ < f(xg4y) forall x; <--- < xg44q1in H.

By definition of D, this implies that H is homogeneous for (D)1 or D f(min H)-a -
In the latter case, H has size strictly less than f(min H). Hence if H has size larger
than f(min H), then H' = {f(h) : h € H} has size larger than min H’ and is
homogeneous for C. O

2.3 Kanamori-McAloon We have the following estimates from [4, Lemma 3.14].
Lemma 2.6 For every d > 2 there exists constant ag such that
KMZ, . (0,aq - (m + 1)) > 245(™).
This implies that, fori > (ag - m)™ and m > ¢ + 2, we get
KMZ (0, ag - (m + 1)) > 24-5(( + 1)T).
According to this estimate, there exist colorings
Di:[0.245 (G + D™ —ay - (m + 1)

such that for every H C [0,24_,((i + 1)¢*1)] of size i there exist x, y € [H]? with
minx = miny and D;(x) # D;(y). With these colorings we can prove parts (1)
and (2) of Theorem 1.16.

Theorem 2.7 There exist primitive recursive functions hy, ho such that for d > 2,

KM‘fL/m(hl(d,m,c),hz(d,m,c)) > KMi‘fl(O,m).
og

Proof We claim this inequality holds for hi(d,m,c) = 24_((ag - m)™),
hao(d,m,c) =ag-(m+1)+1,and m > d + ¢ + 3. Given a coloring D: [R]? — N
for the identity function, we create an intermediate coloring

C:[R]? > NxNx(d+2)x(d+2).

Roughly speaking, C; will be D(f(x1)..... f(xq)), Cs is D f(x,), and Cs and
C, will ensure that for min-homogeneous sets either f(x;) = --- = f(xq) or
f(x1) < -+ < f(xq) in the manner similar to what we have seen for adjacent
Ramsey and Paris—Harrington. We define f -regressive C to be one of the first two
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coordinates or zero, where the choice is dependent on and coded by the value of the
last coordinate. We emphasize again that the lower-bound estimates for KM? directly
influence the functions f for which this construction is useful.

We take f = “*\/log? 2 and
é(x) = (D(f(x1)7 cee f(Xd)), Df(xl)(x)vi» .])7

where i is the biggest such that f(x;) = --- = f(x;) and j is the biggest such that
f(x1) <+ < f(xj) (fi > 1,then j = 1,andif j > I, theni = 1). Note that o
is not everywhere defined; take it to be zero if it is undefined (same for C’z).

If H of size at least d + 2 is min-homogeneous for 6'3, then the value of this
coordinate is 1 or d + 1. Suppose not. Let x; < --+ < x441 be the first d + 1
elements of H ; then

i = 63(X1,X3,...,xd+1) =C‘3(x1,x2,...,xd)+ 1=i+1,

which is a contradiction.

If H is min-homogeneous for Cy, then it must, by a similar argument, have values
1,2,ord + 1. Let x; < --- < xg41 be the first d + 1 elements of H, and suppose
that C4(x1,...,xg) = 2. Then f(x2) = f(x3); hence, C4(x2,x3,...,x4) = 1. In
other words, in this case 64 has value lon H' = H —min H.

Hence either f(x) < f(y) forall x < y € H' or f(x) = f(y) for all
x <y € H’. So H' is min-homogeneous for D in the first case or min-homogeneous
for Dyin g7 in the latter case.

Encode the last two coordinates into a single coloring E: [R] — (d + 1)? such
that the first of those two cases is encoded in value 0, the latter in 1. We take

d+1)2+2-Ci(x)+1 ifE(x)=0
Cx)=3d+1D2+2-Co(x)+2 ifE(x) =1
E(x) otherwise.

Suppose that H of size greater than d + 2 is min-homogeneous for C; it then must
have value greater than (d + 1)2 + 1. Hence H' = H —min H is min-homogeneous
for either D or D f(min 7). In the latter case, it has size strictly less than a4 - (m + 1).
Hence if we have a min-homogeneous set for C of size ag - (im + 1) + 1, we obtain
a min-homogeneous set for D of size m.

d—2

This coloring is y/log® ~*-regressive because

@+ 12 +2+2- “Yog! (1) < flog? (1)

is ensured by limiting the domain of C to numbers larger than 2;_,((agz -m)<™). O

2.4 Sharpening In this section we prove the unprovability parts of (5) and (6) of The-
orems 1.14, 1.15, and 1.16. For applying the sharpening lemmas it is of use to note
that if we combine Section 2 with lower-bounds estimates from [7, Theorems 4-6]
and model constructions from [9, Theorem 4.4], we have the following.

Theorem 2.8 Fix d. There exist primitive recursive functions hy, hy, hs, he, hs
such that:
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1. Ml’lgl(n,c,x) > de+l(n)(x)f0r
My f(n,c,x) = ARG (hi(n,c,x))  and  1(i) =24 ();
2. My - (n,¢,x) = Hp,py(m)(x) for
M, f(n,c,x) = PH‘}+2(h2(d,n,c,x),h3(d,n,c,x)) and

le(i) =2q41(i - (0)):
3. in every nonstandard model N of 1X1 withn € N and nonstandard c,x € N
there exists a model of 154 below M ;-1 (n,c,x) for

Ms y(n,c,x) = KM%*?(ha(d,n, ¢, %), hs(d,n,c,x))  and
le(i) = 24(i€).

Lemma 2.9 (Proof-theoretic lower-bounds sharpening)  Suppose that T is a the-
ory that includes 1%y, that M ¢ is computable for every computable f, and that we
have the following.

1. (i,c) — 1.(i) is nondecreasing and provably total in T .

2. f(i) < g(i)foralli < Mg(n,c,x)implies Ms(n,c,x) < Mg(n,c,x).

3. Every provably total function of T can be eventually dominated by H, for

some n and H(i) = H;(i).

4. M- (n,c,i) > Hy(i) for every n;

then:
T ¥ Vn,c,x3yMy(n,c,x) =y,
where h(i) = l;_l(i)(i).
Proof  We show that
M = Mp(x,x,x) > H(x).
Suppose, for a contradiction, that
M < H(x);
then H~1(i) < x foralli < M;hence h(i) > I;!(i) forall i < M. Therefore,
M > Ml;l(x,x,x)
> Hx(x) = H(x),

which contradicts our assumption. O
Corollary 2.10 We have the following:

1. PA ¥ AR, where £(i) = log"e0 @ (i);

2. 18q11 ¥ AR where f(i) = @i+ f10g? (i);
3. PA ¥ PHy, where f(i) = 10gH;01 D (i);

. logd+1(
4. 1S g41 ¥ PHIY2, where f(i) = Hf:[;—“((?)
Lemma 2.11 (Model-theoretic lower-bounds sharpening) Suppose that T is a the-
ory that includes 131, that M y is computable for every computable f, and that we
have the following.

1. (i,c) — 1.(i) is nondecreasing and provably total in T .
2. f(i) <g(i)foralli < Mg(n,c,x)implies Ms(n,c,x) < Mg(n,c,x).
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3. H eventually dominates every provably total function of T .

4. In every nonstandard model N of 131 and for every ¢ € N and nonstandard
n,x,Mlc—l (n,c,x) € N there exists an initial segment I < Mlc—l (n,c,x)
which models T ;

then:
T ¥ Vn,c,x3yMy(n,c,x) =y,
. _ _1 .
where h(i) = ZH_l(i)(l).
Proof Fix a nonstandard model N | 1¥; + VxIyMp(x,x,x) = y. If

My, (x, x, x) > H(x) for infinitely many standard x, we are finished, so suppose that
for all but finitely many standard x we have

My (x,x,x) < H(x).
For these x we know that 2(i) > [;1(i) for all i < Mjy(x, x, x); by overflow there
exists a nonstandard x with these properties, so there exists a nonstandard instance
of M i1 (x, x, x). Hence there exists an initial segment which models 7. O
Corollary 2.12 We have the following:
1. PA ¥ KM, where f(i) = log"< © (i);
2. T8q11 ¥ KMEP2, where f(i) = "a+2%/log? (i).

3 Upper Bounds

In this section we show items (3) and (4) and the provability parts of items (5) and
(6) of Theorems 1.14, 1.15, and 1.16.

Lemma 3.1 (Upper-bounds lemma) Suppose that T is a theory that contains
1Xy, that M N? — N is a computable function for all computable f, and that
My(d,x) < Mg(d,x) whenever f(i) < g(i) foralli < My(d,x). Additionally,
suppose that there exist nondecreasing, provably total, functions u, h such that, for
everyd,n and k > h(d,n), we have

My (d,n) < u(k);
then
TEVd,x3'yM,~1(d,x) = y.
Proof Ifi <u(h(d,x)),thenu=1(i) < h(d, x). Hence

M,~1(d,x) < Mh(d,x)(d,x) =< u(h(d,x)) O
Corollary 3.2 If ¢ is one of AR, PH, KM, then
IE] [ (plog*'

Proof  First note that
ARY(r) < R(d,d + 1,k%),
PHY (m,r) < R(d, k,r) +m,
KMZ(a,m) < R(d,m,k) +a,

where R(d,m,r) are the Ramsey numbers for dimension d, size m, and r colors.
We know that R(d, m, k) < 2;(2) for k > 24(m) by the Erd§s—Rado bounds from
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[5]; hence, k +— ARg (r), k — PHZ (m,r),and k — KMi (a, m) are also bounded
by the tower function. O

Lemma 3.3 (Upper-bounds sharpening lemma)  Let T, M be as in the upper
bounds lemma, and let |, be unbounded for every c. If (c,i) +— l.(i) is a nonde-
creasing provably total function such that there exist provably total functions g1, g
with g1(d) < g2(d, x) for all x and My (d, x) < lg, (a)(k) whenever k > g»(d, x),
then

T E=Vd,x3lyMy(d,x) =y,
where f(i) = Zt_zll(i)(i ), and B is an arbitrary unbounded, nondecreasing, and
provably total function.

Proof  Assume without loss of generality that B > id. If i < g, (4)(B(g2(d, x))),
then

F@) =g a0 lg@)(B(82(d, %)) < a0 (lea@n (B(g2(d, X))
Therefore

My(d,x) < Mp(gy(a.xp(d. x) < lg @) (B(g2(d, x))). O

Corollary 3.4 We have 13441 - AR‘}:I whenever fu(i) = H“_l(i\)/ logd (i) and
o < Wd+42.

Proof Examine AR‘} with fixed d and its associated function AR? (r). The r
will have the role of d when applying the upper-bounds sharpening lemma. By the
Erdgs—Rado bounds on Ramsey numbers from [5],

AR (r) <2, (KTTD).

Hence, by sharpening, 1X;.; F AR‘/Z,(;:'l whenever f,(i) = H‘;l(i\)/ log? (i) and
o < Wd+42- O

d s
Corollary 3.5 We have 1X4 PH‘}:’I whenever fo(i) = Efj—‘((li)) and o < Wg41-

Proof Examine PH‘} with fixed d and its associated function PH‘} (m,r). The r
will have the role of d when applying the upper-bounds sharpening lemma. By the
Erdds—Rado bounds on Ramsey numbers from [5], if £ > r + m, then

PH{ (m.,r) < 24-1(r% k) +m < 241 (¢ + 1) k) = 1o, (K).

log? (i)

Hence, by sharpening, ¥, F PH;{:I whenever f, (i) = HoTG)

ando < wg4;. O

—1,:
Corollary 3.6 We have 1X 441 KM;{:Z whenever fy(i) = @ “\)/ logd (i) and
o < Wg+2-

Proof Examine KM‘} with fixed d and its associated function KM‘;’r (a,m). The
m will have the role of d when applying the upper-bounds sharpening lemma. We
use bounds from [11, Corollary 4.2.3]:

KM (@,m) < 24— k@ ™) + a < 245k ™ 2) = 1y, 4, k),
where the second inequality is true for k > (a 4+ d? - m + 2). Hence, by sharpening,

X541 F KM‘;Z,‘;|r2 whenever f, (i) = H‘;l(i\)/ logd (i)and o < wg45- O
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Corollary 3.7 Let ¢ be one of AR, PH, KM, and let fo(i) = longx_l(i)(i). We
have
PA + D fo

whenever a < g.

4 Some Observations on Transitions

In the phase transitions which have been examined so far, the same heuristics are used
to determine the threshold functions: as soon as the upper-bound lemmas cannot be
applied, because / is a lower bound, the resulting theorem is not provable for /[ ~!. We
conjecture that phase transitions in unprovability always have the following shape.

Conjecture 4.1 (Lower bounds) Suppose that T is a theory that contains 1X;,
that | is nondecreasing, and that M y is a nondecreasing computable function for
every computable f with the following properties:

1. T ¥ VxIyMy(x) = y;

2. f(i) < g(i)foralli < Mg (x) implies M r(x) < Mg (x);

3. there exists x such that k + [(k) is eventually strictly dominated by

k +— My (x);
then
T FV¥x3IyM;-1(x) = y.

This observed connection between lower- and upper-bound estimates for My and

the transition threshold leads to a difference between the threshold results for PH‘}

and ARd, KMf,. In the first case, PHg is a statement which involves the size of

homogeneous sets being of size k, while in ARZ and KM,‘f the number of colors
is dependent on k. In the estimates for Ramsey numbers there is a difference in
the height in the exponential tower at which these two factors occur, leading to the
different thresholds.

For the sharpening of the transition results the two lower-bounds sharpening lem-
mas suffice. These lemmas are dependent on the method of proving independence of
@ia- We conjecture that it is possible to generalize the following sharpening.

Conjecture 4.2 (Lower-bounds sharpening)  Suppose that T is a theory that con-
tains 134, that (c,i) +— [lc(i) is nondecreasing, and that My is a nondecreasing
computable function for every computable f with the following properties:

1. T ¥ VxEIyMlc_l(x) =y forevery c;

2. f(i) < g(i)foralli < Mg (x) implies M r(x) < Mg (x);

3. H eventually dominates every provably total function of T';
then

T ¥ VxIyMp(x) =y,

where h(i) = lHl,l(l.)(l).
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