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Abstract

We give alternative proofs of results due to Paris and Wilkie concerning the existence of end extensions of countable models of B†1 , that is, the
theory of †1 collection.

1 Introduction

We work with subsystems of first-order Peano arithmetic (PA) in the first-order language of arithmetic LA. As usual, for n 2 N, I †n denotes the induction schema for
†n formulas (plus the well-known base theory PA ), L†n denotes the least number
axiom schema for †n formulas (plus PA ), B†n denotes I0 plus the collection
schema for †n formulas, and exp denotes the axiom expressing “exponentiation is
total” (recall that there is a 0 formula representing the graph of the function 2x ).
Finally, h ; i denotes one of the usual pairing functions. (For details, the reader can
consult Hájek and Pudlák [10] or Kaye [12].)
Having proved his first incompleteness theorem, Gödel realized that the proof
could be formalized and thus he obtained his second incompleteness theorem. The
same fundamental insight works for other results, including Gödel’s completeness
theorem for the predicate calculus. This idea led to the so-called arithmetized completeness theorem (ACT), first formulated by Hilbert and Bernays [11, Section 4.2].
The ACT is undoubtedly an important result, as it can be applied to construct
arithmetical models and give alternative proofs of the incompleteness theorems (see,
e.g., [12]). Its statement has two forms, a syntactic and a semantic one. Since later
in this article we will be considering models of theories in LA, the semantic form
seems more appropriate (see, e.g., [12, Section 13.2]). In what follows, T will denote
a theory in LA.
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