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Halldén Completeness for Relevant Modal Logics

Takahiro Seki

Abstract Halldén completeness closely resembles the relevance property.
To prove Halldén completeness in terms of Kripke-style semantics, the van
Benthem—Humberstone theorem is often used. In relevant modal logics, the
Halldén completeness of Meyer—Fuhrmann logics has been obtained using
the van Benthem—Humberstone theorem. However, there remain a number of
Halldén-incomplete relevant modal logics. This paper discusses the Halldén
completeness of a wider class of relevant modal logics, namely, those with some
Sahlqvist axioms.

1 Introduction

A propositional logic L is Halldén complete when, if AV B is a theorem of L, either
A is a theorem of L or B is a theorem of L for all formulas A and B that do not
have any propositional variables in common. As mentioned by Mares [4], Halldén
completeness closely resembles the relevance property. Here, we say that a logic
L has the relevance property when, if A — B is a theorem of L, A and B have
some propositional variables in common. If we think that A v B and ~ A — B
are “relatives,” then the relevance property says that, when A v B is a theorem of a
relevant logic, A and B have some propositional variables in common. In this sense,
the relevance property is a strengthened form of Halldén completeness.

It is well known that classical logic, intuitionistic logic, and modal logics such
as T, S4, and S5 are Halldén complete but that the modal logic K is not. In both
relevant logics and relevant modal logics, there have been studies on Halldén com-
pleteness. Routley and Meyer [5] showed the Halldén completeness of the relevant
modal logic NR using Routley—-Meyer semantics. The generalization of the argu-
ment in [5] to a wider class of (nonmodal) relevant logics was discussed in Routley
et al. [6, Section 5.7]. Furthermore, using the van Benthem—Humberstone theorem
(see [10]), Mares [4] showed that all Meyer—Fuhrmann logics are Halldén complete
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(Theorem 12) and also that there are Halldén-incomplete relevant modal logics that
include O0(A Vv B) -~ O ~ A v OB (Theorem 13). Note that Mares [4] dealt with
modal logics based on the relevant logic R.

The van Benthem—Humberstone theorem gives a sufficient condition for Halldén
completeness. Because the theorem is stated in a frame-theoretical characteriza-
tion, it is not necessarily clear from a logical viewpoint in which logics are Halldén
complete. The Sahlqvist theorem is one of the fundamental results on the corre-
spondence between modal formulas and frame postulates. Combining the Sahlqvist
theorem and the van Benthem—Humberstone theorem, we expect to obtain a range of
Halldén-complete modal logics with Sahlqvist axioms.

This paper extends the results in [4] and [6] to a wider class of relevant modal
logics, namely, B.Co¢ and its extensions using Sahlqvist axioms. B.Cp¢o was
introduced as the basic relevant modal logic with the independent modal opera-
tors O and <, and a Sahlqvist theorem for relevant modal logics was proven by
Seki [7].

2 Relevant Modal Logics

The language of relevant modal logics consists of (i) propositional variables; (ii) log-
ical connectives —, A, Vv, and ~; (iii) modal operators (1 and <; and (iv) a con-
stant t. Formulas are defined in the usual way and are denoted by capital letters
A,B,C,D, E. Prop and Wif will denote the set of all propositional variables and
formulas, respectively. Furthermore, Var(A4) will denote the set of propositional
variables in A € Wff. We also introduce the following abbreviations:

OAY o~da  04¥% - nO~a.

Forn > 1, W' A represents W, --- MM, A, where B; (1 < i < n) denotes [ or
(] and the M; are not necessarily the same; ¢” A represents ¢, --- ¢, 414, where
¢ (1 <i <n)denotes & or & and the ¢; are not necessarily the same. Moreover,
let both %A and ¢°A be A.

The relevant modal logic B.Co¢ is defined as follows:

(a) Axioms
(A1) A — A,
(A2) ANB — A,
(A3) ANB — B,
(A4) A—->B)A(A—>C)—>(A—>BAC(C),
(A5) A— AV B,
(A6) B—> AV B,
A A—->C)AB—->C)—>(AvB—0(C),
(A8) AN(BVC)—=(AAB)VC,
(A9) ~~ A — A,
(A10) t,
(All) OAAOB — O(A A B),
(A12) O(AV B) > CA vV OB,
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(b) Rules of inference

A—-B A A B
R1 _ R2
Ry TS ®Y)
A B D A—>~B
(R3) — C — ’ (R4) — ’
(B—-C)—(A4— D) B —>~ A
(R5) Re) A= B
t—> A’ 0OA — OB’
R7) A— B
OA - OB’

We provide the following lists of axioms and rules of inference:

(B1) AN(A— B)—> B,
(B2) (A >~ A) ->~ A,
(B3) (A —> (A — B)) »> (A — B),
B4) A—->B)A(B—->C)— (A— (),
(B5) (A—->B)—> ((B—>C)— (44— ()),
(B6) (A — B) — ((C - A) — (C — B)),
B7) A— ((A— B) > B),
B8 (A—->(B—->C)—>(B—>(A—-0)),
B9 (A—->(B—->C)— (A= B)— (4— (),
B10) (A—- B) > ((A—> (B—>C))—>(4— (),
B1l) (A—>B)—-> (A—-C)—(A— BACQC)),
(B12) Av ~ A,
(B13) A >~ (4 —~ A),
Bl14) (A >~ B) —> (B —>~ A),
(B15) O(A — B) — (0A — OB),
(B16) O(A — B) —» (DA — EB),
(B17) (A — B) — (A — OB),
(B18) (A — B) — (A — [OB),
(B19) O(A — B) — (CA — ©B),
(B20) BI(A — B) — (©CA — ©B),
(B21) O(A — B) — (®A — ©B),
(B22) (A — B) — (®A — ©B),
(D1) 04 — <A,

(D2) OA — OA,
(D3) A — OA,
D —24 o 2L
Q (A— B) > B’ 04’
A Cv(A—B) CvA4
(Q3) T4 (Q4) CVEB
EV(A— B) EV(C — D) C V(A -~ B)
Q) EVv(B—C)— (A— D))’ (Q6) CV (B >~A4)
7 CVv(~A— A g CVvA
Q) —eva - @ CV ~ (A >~ A)
Q9) Cv((A—>B) (Q10) CVv(A— B)

C v (OA — OB)’ CV(CA—OB)
The rules of inference (Q4)—(Q10) are called disjunctive rules.
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H1 denotes any logic obtained from B.Ch¢ by adding any set of axioms
(B1)-(B22) and the rules of inference (Q1)-(Q10). H2 denotes any logic obtained
from B.Co¢ by adding any set of axioms (B1)—(B22) and the rules of inference
(Q1)—(Q10) satisfying at least one of the following four conditions: (a) (B1) and
(D1) are theorems; (b) (B1), (D2), and (D3) are theorems; (c¢) (B2) and (D1) are
theorems; (d) (B2), (D2), and (D3) are theorems. Note that [JA — <A is a theorem
whenever (D1) is a theorem of H2.

It may be noted that the nonmodal reduct of B.C¢ is the relevant logic B. Let
L + W denote the logic obtained from L by adding a set ¥ consisting of axioms
and rules of inference. Then, G = B + {(B12)}, TW = B + {(B5), (B6), (B14)},
T =TW + {(B2),(B3)}, EW =TW + {(QD)}, E =T + {(Ql)}, RW = EW +
{(B7)}, and R = E + {(B7)}.

Note that modal logics over relevant logics that have (B2) as a theorem, including
T, E, and R, are divided into H1 and H2 based on whether they contain the theorems
(D1), (D2), or (D3). On the other hand, because neither (B1) nor (B2) is a theorem
of B or of contractionless relevant logics such as TW, EW, and RW, we will regard
their modal logics as belonging to H1.

3 Routley-Meyer Semantics

We use &, =, V, and 3 to denote, respectively, conjunction, implication, universal,
and existential quantifiers in the metalanguage. We omit parentheses by assuming
that V and 3 bind more strongly than & and that & binds more strongly than =.

A B.Cho-frame is a 6-tuple (O, W, R, S, S¢, *) in which (a) W is the set of all
worlds, (b) O is a nonempty subset of W, (c) R is a ternary relation on W, (d) Sg
and S¢ are binary relations on W, and (e) * is a unary operation on W. To simplify
the notation, we define binary relations <, Sm, and S¢, on W as follows. For all
a,beW:

def def I def I
a <b <= 3c € O(Rcab), Smab < Soa™b™, Seab < Spa™b*.
For a nonnegative integer 7, the binary relations Sg and § 2 on W, respectively, as-
sociated with " (= H,, --- W, W) and ¢" (= ¢, --- $241), are defined as follows.
Foralla,b e W:
@) Sgab iffa < b;
(ii) forn > 1,
Smab iff3cy € W---3c,—1 € W(Sm,acp—1 &--- & Sm,yca2¢1 & Sm,c1b);
mDS%bﬁbgm
(iv) forn > 1,
Sﬁab iffdc; e W-.-3dc,—1 € W(S.nacn_l & & S‘2C2C1 & S.lclb).

A B.Coo-frame (O, W, R, SO, So, *) satisfies the following postulates. For all
a,b,c,d e W:

(pl) a <a,

P2 a<b&b<c=ac<c,

P3) a<b&acO=beO,

(p4) a <b & Rbcd = Racd,

(P5) a <b & Spbc = Spac,

(pd) a <b & Seac = Sobc,
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(®7) a <b = b* <a”*,
(p8) a** =a.

We call a 7-tuple (O, W, R, SO, So, *, v) a B.Coo-model on a B.Cho-frame
(or simply a B.Coo-model) & = (O, W, R, So, So, *), where & is a B.Cge-frame
and v is a mapping from Prop x W to {t, f}, called a valuation on %, that satisfies
the following hereditary condition. For all a,b € W and all p € Prop:

a<b&v(p,a)=t=v(p,b)=t.

Given a B.Cqo-model (O, W, R, S, So, *, v), we can define the interpretation 1
associated with v. A mapping I from Wff x W to {t,f} is defined inductively as
follows. Fora € W:
i. forany p € Prop, I(p,a) = tiff v(p,a) =t;
ii. I(AANB,a)=tift [(A,a) =t& I(B,a) =t;
iii. I(AV B,a) =tift [(A,a) =tor I(B,a) =t;
iv. I(A— B,a)=tiff Vb e WVc € W(Rabc & I(A,b) =t = I(B,c) =1t);
v. I(~ A,a) =tiff I(A,a*) =f;
vi. I(OA,a) =tift Vb € W(Sgab = I(A,b) = t);
vii. 1(CA,a) =tiff 3b € W(Seab & I(A,b) =t);
viii. I(t,a) =tiffa € O.
It is then easy to show the following. For all ¢ € W and any nonnegative integer n:
(a) I(DA,a) =tiff Vb € W(Smab = I(A,b) =1t);
(b) [(®A,a) =tiff Ib € W(Seab & I(A,b) =1t);
(c) I(M"A,a) =tift Vb € W(Sgab = I(A,b) =1t);
(d) 1(#"A,a) =tiff Ib € W(Sqab & I(A,b) =1).
Then, by induction on the length of the formula A, we can show the following
hereditary lemma.

Lemma 3.1 Let M = (O,W,R, S0, So, *,v) be a B.Cqo-model. For all
a,beWandall A € WIf, ifa <band I(A,a) = t, then I(A,b) = t.

Let A € Wff. We can say that (a) A holds in a B.Cgo-model It = (O, W, R, Sp,
So, *,v) iff I(A,a) = t for every a € O, and (b) A is valid in a B.Co¢-frame
& =(0,W,R, S, S¢,*) iff A holds in every B.Co¢-model 9t on &.

Let L be any extension of B.Cos. We say that L is characterized by a class
of B.Coo-frames € if, for all A € Wff, A is a theorem of L iff A is valid in
every § € €. Any B.Cqe-frame in which all theorems of L are valid is called an
L-frame. L-models (on L-frames) are defined similarly to B.Cg¢s-models.

All the axioms and rules of inference we have mentioned have corresponding
frame conditions. That is, if a logic L (over B.Ch¢) contains an axiom or a rule of
inference, then any L-frame § = (O, W, R, Sg, S¢, *) satisfies certain postulates.
Here is a list of such correspondences. The postulate (qi ) corresponds to axiom (Bi)
for 1 < i < 22, the postulate (sj) corresponds to axiom (Dj) for 1 < j < 3, and
the postulate (rk) corresponds to the rule of inference (Qk) for 1 < k < 10. For all
a,b,c,d, f eW:

(ql) Raaa,

(q2) Raa*a,

(q3) Rabc = Ix € W(Rabx & Rxbc),
(q4) Rabc = Ix € W(Rabx & Raxc),
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(q5) Rabc & Redf = Ix € W(Radx & Rbxf),

(q6) Rabc & Redf = 3x € W(Rbdx & Raxf),

(q7) Rabc = Rbac,

(q8) Rabc & Redf = Ix € W(Radx & Rxbf),

(q9) Rabc & Redf = Ix € W3y € W(Radx & Rbdy & Rxyf),
(q10) Rabc & Redf = 3x € W3y € W(Radx & Rbdy & Ryxf),
(q11) Rabc & Redf = Radf & Rbdf,
ql2) a€e O = a* <a,

(q13) Ra*aa*,

(q14) Rabc = Rac*b*,

(q15) Rabc & Sged = Ix € WAy € W(Spax & Sgby & Rxyd),
(q16) Rabc & Smed = 3x € W3y € W(Spax & Smby & Rxyd),
(q17) Rabc & Sged = 3x € W3y € W(Smax & Soby & Rxyd),
(q18) Rabc & Smed = Ix € W3y € W(Smax & Spby & Rxyd),
(q19) Rabc & Sebd = Ix € W3y € W(Spax & Socy & Rxdy),
(q20) Rabc & Sobd = IAx € W3y € W(Smax & Socy & Rxdy),
(q21) Rabc & Sebd = Ix € WAy € W(Spax & Secy & Rxdy),
(922) Rabc & Se¢bd = Ix € W3y € W(Smax & Seocy & Rxdy),

(s1) 3x € W(Sgax & S¢ax),

(s2) dx € W(Spax & Seax),

(s3) dx € W(Soax & Smax),

(r1) 3x € O(Raxa),

(12) a € O & Sgab = b € O,

13) a€ O & Sgab= b e O,

(r4) a € O = Raaa,

(r5) a € O & Rabf & Rfcd = Ax € W3y € W(Racx & Rbxy & Rayd),

(r6) a € O & Rabc = Rac*b*,

(r7) a € O = Ra*aa*,

(r8) a € O = Raa*a,

(19) a € O & Rabc & Spcd = Ix € W(Raxd & Sgbx),

(r10) a € O & Rabc & Sobd = Ix € W(Radx & Socx).

If H1 (or H2) is a logic in which all disjunctive rules can be derived from axioms
and nondisjunctive rules, then we obtain completeness by the usual method of the
canonical model (see Seki [7]). Otherwise, completeness can be proven by using the
modified method of the canonical model, which is discussed in Seki [9].

Proposition 3.2 Let L be the logic H1 or H2. Then, L is characterized by a class
of L-frames.

4 rp-Morphisms

To adapt the van Benthem—Humberstone theorem to relevant modal logics, we need
to define the following.

Let & = (O,W,R, S0, So,*) and § = (O’,W’,R’,S’D,Sg,*/) be B.Coo-
frames. Then, a mapping f from W onto W’ is a relevant p-morphism (rp-
morphism) from & to &' if the following conditions hold. For all a,b,c € W and
a,b',c'eWw’

(ml) f71(0") =0,
(m2) Rabc = R'f(a)f(b)[(c),
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(m3) R f(a)b'c’ = Ib € W3c € W(Rabc &b" <’ f(b) & f(c) <’ ('),
(md) Spab = SLf(a) f(b).
(m5) S f(a)b' = 3b € W(Spab & f(b) <" D),
(m6) Soab = S, f(a)f(b).
(m7) S, f(a)b’ = 3Ib € W(Soab & b' < f(b)),
(m8) f(a*) = (f(a)*.
This definition of rp-morphisms is due to Seki [8], where rp-morphisms are called
frame morphisms and are defined for general frames. This definition is slightly dif-
ferent from that of Mares [4], but there is no fundamental difference between them.
Let § = (O, W',R',S[, Sy, *Yand " = (0", W', R", S5 SEs *) be
B.Coo-frames, and let a € W’ and b € W”. Then, (&, ¢) is an rp-morphic fusion
of (§',a) and (F”,b) if and only if § = (O, W, R, S, S¢, *) is a B.Coo-frame,
¢ € W, and there exist rp-morphisms f’ from & to & and f” from & to F” such
that f'(¢c) = a and f"(c) = b.
We now prove a relevant version of the van Benthem—Humberstone theorem.
Though the theorem was essentially proven in [4, Theorem 6], we provide a proof to
show that our definition of rp-morphisms also works well.

Theorem 4.1 If a logic L is characterized by a class of B.Co¢-frames that are
closed under rp-morphic fusion, then L is Halldén complete.

Proof Let L be a logic characterized by a class of B.Ch-frames that are closed
under rp-morphic fusion. Suppose that neither A nor B is a theorem of L, where
Var(A) N Var(B) = @. Then, there exist B.Coo-frames §' = (O', W', R, S,
Sy.*)and ' = (0", W",R",S[;.8%.*"), valuations v’ and v" on &' and F’,
respectively, and @’ € O’, a” € O” such that I'(A,a’) = f and I"(B,a") = f,
where I’ and I” are the interpretations associated with v’ and v”, respectively. Fur-
thermore, there exists a frame & = (O, W, R, Sg, S¢,*) and some a € W such
that (¥, a) is an rp-morphic fusion of (§’,a’) and (F”,a”). Then, there are rp-
morphisms f/ from & to § and f” from & to F” such that f'(a) = a’ and
f//(a) ——
Define a valuation v on ¥ as follows. For all x € W:
e forall p € Var(A4), v(p,x) = v'(p, f'(x));
e forall ¢ € Var(B), v(g,x) = v"(q, " (x)).

We show the following. For all x € W, we have the following.

(1) For all formulas C such that Var(C) C Var(A), I(C,x) = I'(C, f'(x)).
(2) For all formulas D such that Var(D) C Var(B), I(D,x) = I"(D, f"(x)).

We prove (1) by induction on the length of C. The cases in which C is of the form
p(e Var(A)), C; A Ca, and C; Vv C, are easily proven, so we restrict our attention to
the following.

(a) C is of the form C; — Cs. First, suppose that /(C; — C,,x) = t. To see
I'(Cy — C3, f'(x)) = t, suppose that R’ f/(x)b’c’ and I'(Cy,b’) = t. By
(m3), there exist b,c € W such that Rxbc, b’ <’ f'(b), and f'(c) <’ ¢'.
By Lemma 3.1, we have I'(Cy, /(b)) = t, and hence I(Cy,b) = t by
the inductive hypothesis. Then, /(C»,c) = t, and hence, using the induc-
tive hypothesis again, I'(C,, f’(c)) = t. Thus, by Lemma 3.1, we have
I'(Cy,c") = t, as desired.
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(b)

(©)

(d)

(e
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For the converse, suppose that I'(C; — C,, f'(x)) = t. To see
I(C; — C,,x) = t, suppose that Rxbc and I(Cy,b) = t. We have
R f'(x)f' () f'(c) and I’'(Cy, f’(b)) = t by (m2) and the inductive hy-
pothesis, respectively. Then, I’(Cs, f'(c)) = t, and hence, by the inductive
hypothesis, 1(C;,c) = t, as desired.

C is of the form ~ Cy:

I(~ Cy,x) =tiff I(Cy,x*) =f
iff I'(Cy, f'(x*)) = f (inductive hypothesis)
it I'(Cr, (f/(x))*) =f (m8)
iff I'(~ Cy, f'(x)) =t

C is of the form COC;. First, suppose that /(OC;,x) = t. To see
I'(ACy, f'(x)) = t, suppose that S/, f'(x)b’. By (m5), there exists
b € W such that Sgxb and f'(b) <’ b’. Then, I(C1,b) = t, and hence
I'(Cy, f'(b)) = t by the inductive hypothesis. Thus, by Lemma 3.1, we
have I'(Cy,b’) = t, as desired.

For the converse, suppose that I’(0Cy, f'(x)) = t. To see

I(OCy, x) = t, suppose that Sgxb. By (m4), we have S/ f(x) f”(b). Then,
I'(Cy, f'(b)) = t, and hence, by the inductive hypothesis, I(Cy,b) = t, as
desired.
C is of the form & Cy. First, suppose that 1(<$Cy, x) = t. Then, there ex-
ists b € W such that Sexb and 1(Cy,b) = t. We have Sg f'(x) f'(b)
and I'(Cy, f/(b)) = t by (m6) and the inductive hypothesis. Thus,
I'(CCy, f'(x)) = t, which is the desired result.

For the converse, suppose that I'(CCq, f'(x)) = t. Then, there exists
b" € W' such that S7, f'(x)b" and I'(Cy,b") = t. By (m7), there exists
b € W such that Sexb and b’ <" f’(b). We have I'(Cy, /(b)) = t by
Lemma 3.1, and hence /(Cy,b) = t by the inductive hypothesis. Therefore,
1(<>Cq, x) = t, which is the desired result.

C is of the form t. Using (m1),

I(t,x) =tiff x € O
iff x e f/71(0")
iff f'(x) e O’
iff I'(t, f'(x)) =t

This completes the proof of (1). Claim (2) can be proven similarly.

Since f'(a) = d’, f"(a) = a”,a’ € O',and a” € 0", we have a € O by (ml).
Since I'(A, f'(a)) =fand I'(B, f"(a)) = f,wehave I(4,a) = fand I(B,a) = f
by (1) and (2), respectively. Therefore, /(A v B,a) = f. By assumption, A V B is
not a theorem of L. This completes the proof. O

5 Products of Routley-Meyer Models

We would like to know which logics are characterized by classes of frames that are
closed under rp-morphic fusion. Mares [4] gave a partial answer to this question:
RC and some of its extensions, the Meyer—Fuhrmann logics introduced in Section 6,
are among them.
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Let § = (O, W',R',S[, S, *Yand " = (0", W', R", S5 8L, *) be
B.Cpo-frames. Then, the product & of § and §" is the structure § = (O, W, R,
So. S¢, *) such that
W = {(al,az) |Cl1 eW' &aj € W”} (= W’ x W”),

(a1,a2) € O < a; € 0" & a € 0" (ie., 0 = 0’ x 0",
R{ay,az)(b1,b2)(c1,c2) <= R'aibici & R"azbscs,

So (al,a2)<b1,b2) <~ Sl’]albl & S{—jazbz,
S(}(al,az)<b1,b2) <~ Sé)‘llbl & Sgazbz,

forall (a,az) € W, (a1,a2)* = (a1*,ax*").

We say that a class € of B.Co-frames is strongly elementary if there is a set ®
of frame postulates that can be put in the form of a conjunction of conditions on R,
So, So, *, and O implying a conjunction of conditions on R, Sm, S¢, *, and O such
that, for every B.Co¢-frame §, § € € iff § satisfies each frame postulate in ®. The
following lemma can then be easily verified.

Lemma 5.1 Every strongly elementary class of B.Cqe-frames is closed under
products. That is, for a strongly elementary class € of B.Coo-frames, if §, & € €,
then the product of & and §' is in €.

Let & = (O, W, R, SO, So, *) be a frame. Then, we say:

o X is R-serial iff, foralla € W,3x € W3y € W(Raxy);

o & is Sg-serial iff, foralla € W, Ix € W(Spax);

o & is So-serial iff, foralla € W, 3x € W(Seax);

o X is completely serial iff it is R-serial, Sg-serial and S¢-serial.

We notice that all H2-frames are completely serial because they satisfy (a) at least

one of (ql) or (q2), which guarantees R-seriality, and (b) at least one of (s1) or both
(s2) and (s3), which guarantees both Sg- and S¢-serialities.

Lemma 5.2 Every class of completely serial B.Co¢-frames that is closed under
products is also closed under rp-morphic fusions.

Proof Let €csp be a class of completely serial B.Coe-frames that is closed
under products. Furthermore, let § = (O, W, R, Sg, So,*) be the product of
& = (O .W' R SL.S,.*) € Ccsp and ' = (0", W",R", 8. 84.*") €
Ccsk. Then, § € Ccsp. We define the mappings [/ : W — Wby f'({a1,as)) = a;
and f”: W — W”by f"({a1,az)) = a,. Then, we can easily see that both f’ and
f” are rp-morphisms, but we present some typical examples of f”.

(m1) Since O” # @, we have the following:
(a1,a2) € f71(0")iff f'((a1,a2)) € O'
iffa; € o’
iffa; € o’ &ap € o”
iff (al,az) € 0.
(m2) Suppose that R{ai,as)(b1,bs){c1,c2). By definition, R’aibic; and
R"asbyc,. Since R'aybicy, wehave R’ f'({ay, az)) f'({b1,b2)) f'({c1, c2)).
(m3) Suppose that R’ f'({a1,az))b1c1. Then, R'ajbycy. Since §” is com-

pletely serial, there exist by,c; € W such that R”asbycp. Therefore,
R{ai,az)(b1.b2)(c1,c2), by <" f'({b1.b2)), and f'((c1,c2)) < cy.
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(m8) Wehave f'({a1,a2)*) = f'({a1*.a2*")) = a1* = (f'({a1.a2)))*'. O

Note that the proof of this lemma requires complete seriality. By Theorem 4.1 and
Lemmas 5.1 and 5.2, we have the following.

Theorem 5.3 If a logic L is characterized by a strongly elementary class of com-
pletely serial B.C¢-frames, then L is Halldén complete.

6 Halldén Completeness of H1

Our proof of Theorem 5.3 naturally leads to an interest in knowing which logics are
characterized by a strongly elementary class of completely serial B.C¢-frames. It
is clear that H2 is one such logic, since it is characterized by a class of H2-frames,
which are strongly elementary, by Proposition 3.2, and all H2-frames are completely
serial, as mentioned in Section 5. On the other hand, as indicated in [6], logics for
which nondegenerate canonical modeling is not required are also characterized by a
class of completely serial B.C¢-frames.

To see that H1 is characterized by a class of completely serial frames, we will
examine its canonical model. Here, according to [7], we present key notions of the
canonical model for a logic H1 in which all disjunctive rules can be derived from
axioms and nondisjunctive rules. Let a C WHf.

e ¢ is an Hl-theory iff (a)if A, B € a,then AA B € a,and (b)if A — Bisa
theorem of H1 and A € a, then B € a.
An H1-theory a is prime iff AV B € a implies A € a or B € a.
An H1-theory a is regular iff a contains all theorems of H1.
An H1-theory a is null iff there are no formulas in a.
An H1-theory a is universal iff every formula is in a.

Null and universal theories are called degenerate. For a logic H1 including disjunc-
tive rules that cannot be derived from axioms and nondisjunctive rules, the third
clause is replaced by the following.

e An Hl-theory a is regular iff (a) a contains all theorems of H1, and (b) a
satisfies the following closure conditions for suitable disjunctive rules:

CVvA (CVAy)
C Vv Az
inH1;C Vv Ay €a(and C Vv A; € a) implies C Vv A3 € a.
We define the canonical model {O;, W, R., Soc, Soc, *¢, vc) for H1 as follows:

e W, is the set of all prime H1-theories;
e O, is the set of all regular prime H1-theories;
e R is aternary relation on W, defined by

R.abc < forall A,B e Wff, ifA— Becaand A € b,then B € c;
e S, is a binary relation on W, defined by

Socab <= forall A €e Wff, if0A € a,then A € b;
e So. is a binary relation on W, defined by

Socab <= forall A € Wff, if A € b,then O A € a;

e *¢ i a unary operation on W, defined by a*c = {4 € Wff | ~ A ¢ a};
e v, is defined by v.(p,a) = tiff p € a,forall p € Propanda € W,.
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If degenerate theories do not belong to W, then the canonical model is nondegener-
ate.
Concerning H1, Proposition 3.2 can be strengthened as follows.

Lemma 6.1 H1 is characterized by a class of completely serial H1-frames.

Proof  Suppose that A is not a theorem of H1. Furthermore, consider the canonical
model (O;, W, R, Soc, Soe, ¥, ve) for H1 such that I.(A) = f. In H1, since
nondegenerate canonical modeling is not required, we may assume that both e, and
uc are in W,, where e, = @ and u, = WHfFf. Then, we have R.aucu., Socau., and
Socae. for any a € W,, and hence the canonical frame for H1 is completely serial.
Therefore, A is not valid in a completely serial H1-frame. O

Because a class of Hl-frames is strongly elementary, we have the following by
Lemma 6.1 and Theorem 5.3.

Theorem 6.2 H1 is Halldén complete.

The relevant modal logic RC is the - and t-free reduct of R.Che, where
R.Che = B.Coo + {(B2), (B5), (B6), (BS), (B14)}. Since RC is regarded as
a special case of H1, we have the following.

Corollary 6.3 (see [4]) RC is Halldén-complete.

Meyer—Fuhrmann schemes consist of (B15), (D2), O0A — A, OA — 0OOA,
A — OCA, ©A — ORA, and (Q2). Meyer—Fuhrmann logics (see [4]) are those
obtained from RC by adding some or all of the Meyer—Fuhrmann schemes. Then,
the following proposition holds.

Proposition 6.4 (see [4]) Every Meyer—Fuhrmann logic is Halldén complete.
To generalize the Meyer—Fuhrmann logics, consider the following axiom, called (ga):
omA > mme A,
for nonnegative integers k,/,m,n. The following frame postulate corresponds to
(ga). Forall a,b,c € W:
Seab & Sgac = Ix € W(Sgbx & Sycx).

We will not give a proof of the completeness of H1 + {(ga)}, but we remark that
nondegenerate canonical modeling is not required for H1 + {(ga)}. Therefore, we
have the following, from which Proposition 6.4 follows as a corollary.

Theorem 6.5 Every logic H1 + {(ga)} is Halldén complete.

On the other hand, our discussion does not necessarily apply to logics obtained from
H1 by adding the following axioms:

(Cl) A— (B — A),

(C2) O(AvV B) > A v UOB.
The frame postulates corresponding to axioms (C1) and (C2) are (t1) and (t2), re-
spectively. For all a,b,c € W:

(tl) Rabc = a <c,

(t2) Sgab = Ix € W(x < b & Spax & Seax).
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First, consider the classical modal logic K, where K = RC+{(B15), (C1), (Q2)}.
It is well known that K is not Halldén complete. It may seem that a proof of the
Halldén completeness of K follows from our method, but because K requires nonde-
generate canonical modeling in the sense of Routley—Meyer semantics, this expecta-
tion is not met. In fact, to see that the canonical model for K satisfies (t1), that is,
R.abc = a <. ¢, we must assume that b is not a null K-theory.

As another interesting example, the relevant modal logic RK, where RK = RC +
{(B18), (Q2), (C2)}, is not Halldén complete (see [4]). It is remarkable that our
canonical models are so-called tight, while the canonical model for RK discussed in
Mares [2] is not. In the canonical model for RK, S is defined by

Soeab <> (i) forall A € Wff, if JA € a, then ®A € a, and
(i) forall A € Wff, if JA € a, then A € b,

and hence Sg-seriality is not necessarily guaranteed. On the other hand, the canoni-
cal models for Meyer—Fuhrmann logics over RK + {(D2)} are tight (see Mares [3]),
and these logics are Halldén complete (see [4] and Corollary 8.5 of this paper).

The following proposition shows the existence of Halldén-incomplete logics
weaker than RK. This indicates the importance of (C2) in weaker relevant modal
logics from the viewpoint of Halldén incompleteness.

Proposition 6.6 (see [4]) RC + {(C2)} is not Halldén complete.

The proof in [4, Theorem 13] shows that (1) (~ Op v ©p) v Qg is a theorem of
RC + {(C2)} and that (2) neither ~ O p v < p nor Ogq is a theorem of RC + {(C2)}.
Note that, as mentioned in [4], ~ Op Vv ©p is a theorem of logics with axiom (D2).
It is trivial that (2) holds for logics weaker than RC + {(C2)}. Close examination of
a proof of (1) reveals that both (B2) and (C2) play essential roles in ensuring that (1)
holds.

Consider a generalized formula of (C2). We refer to formulas of the following
form as (gk):

B (AvB)—> ¢"AvW'B,

for nonnegative integers /, m, n. The following frame postulate corresponds to (gk).
Foralla,b € W:

Smab=>IxeWkx <b& Sl.ax & Sgax).
From the above observations, we have a generalization of Proposition 6.6.
Theorem 6.7  Let L be any logic H1 + {(B2), (gk)} or H1 + {(B2), (ga), (gk)}

that satisfies the following.

e There is no theorem of the form W' A — §" A, where | +n > 0.
e The axiom (gk), W (A VvV B) — ¢" AN W' B, satisfies | +m > 0.

Then, L is not Halldén complete.
Note that none of (D1), (D2), or (D3) are theorems and that the formula [ LN A

is a special case of (ga).
When the necessitation rules (Q2) and (Q3) are assumed, we have the following.

Theorem 6.8  Ler L be any logic H1 + {(Q2), (Q3), (gk)} or H1 + {(Q2), (Q3),
(ga), (gk)} that satisfies the following.
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o L does not satisfy either (a) at least one of (B1) or (B2) is a theorem, or
(b) the condition that there is no theorem of the form M' A — " A, where
[ +n >0, (or both).

o The axiom (gk), B (A vV B) — ¢™A v W' B, satisfies m > 0.

Then, L is not Halldén complete.

Proof Itis obvious that (p — p) Vg is a theorem of L, and so is W' ((p — p)Vq)
by (Q2) and (Q3). Using (gk), ¢™(p — p) v W"q is a theorem of L.

Take a one-world frame & = ({a},{a}, R, So, S¢, *) that satisfies only Raaa.
Note that S and S¢ are empty relations, that is, neither Sgaa nor S¢aa hold, and
that a* = a. We can easily see that §& is an L-frame and that /(¢ (p — p),a) =f
for any valuation v on §. Since L is characterized by a class of L-frames,
4" (p — p) is not a theorem of L.

Furthermore, take another one-world frame & = ({b},{b}, R, S5, S},.*') that
satisfies R'bbb, S{;bb, and S gbb. Then, we can easily see that &’ is an L-frame
and that /' ("¢, b) = f when a valuation v’ on &’ is defined by v’(¢, b) = f. Thus,
W"g is not a theorem of L.

Since Var(4¢™(p — p)) N Var(W"q) = @, L is not Halldén complete. O

7 A Sahlqvist Theorem

A Sahlqvist theorem is one of the fundamental results of correspondence and Kripke
completeness, and it was proven for relevant modal logics by Seki [7]. In this section,
we provide a brief explanation of a full version of the Sahlqvist formulas in order to
explain the necessity of the restrictions imposed in the next section.

A formula A is positive if it can be constructed using no connectives other than
A, Vv, 0,0, E, and ©. A positive formula of the form W™ p; A --- A W% pp in
which the propositional variables pj, ..., px are not necessarily distinct, is called
a strongly positive formula. A given formula A is negative (in a logic L) if it is
equivalent in L to ~ B for a positive formula B. A modal formula A is untied
(in L) if it can be constructed from strongly positive formulas and negative formu-
las (in L) by using only A, <, and ©. A formula A is called Sahlgvist if it is a
conjunction of the form m: (B — C), where k > 0, B is untied in L, and C is
positive.

In order to state a Sahlqvist theorem, we first establish some notions. It should
be noted that the logic obtained from B.Ch¢ by adding a Sahlqvist axiom, for ex-
ample, pA ~ p — ¢, is incomplete with respect to frames in the usual sense.
Thus, to obtain frames for which the logic will be complete, we introduce enlarged
frames with the null world e and the universal world u. An enlarged B.Co¢-frame
(O, W, R, S0, So, *,e,u) is obtained from a B.Coe-frame (O, W, R, S, So, *)
by adding the elements e,u € W. The enlarged frame then satisfies the following
definition and postulates. For all a,b € W':

(epl) e #u, (ep2) e* =u,
(ep3) Ruab=a=eorb=u, (ep4) Reue,
(ep5) Spua = a =u, (ep6) Spee,
(ep7) Soea = a=ce, (ep8) Souu.

The following is called a Sahlgvist theorem. Note that we use Routley—Meyer
semantics with the null and universal worlds.
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Proposition 7.1 (see [7])

(1) Let Lo be the H1 or H2 logics defined above. For any Sahlgvist formula
A, there exists a first-order formula ¢(a) in the predicates O, R, So, So,
*, and the constants e, u having a as its only free variable and in which the
following holds for every descriptive Lo-frame or enlarged Ly-frame & and
everya € W:

(&.a) E A iff & satisfies p(a),

where (%, a) E A means that 1(A, a) = t under any valuation on §.
(2) Let L be a logic obtained from H1 or H2 by adding a set of Sahlqvist formulas
as axioms. Then, L is characterized by a class of enlarged B.Cq-frames.

The point of this theorem is that the logic L is D *-elementary, that is, there exists a
set @ of first-order sentences in the predicates O, R, S, S¢, *, and the constants e, u
such that, for every descriptive L-frame or enlarged L-frame , & is an L-frame iff §
satisfies each sentence in ®. Because the logics H1 and H2 are D *-elementary, we
are interested in showing that the logic L is £ *-elementary. In other words, we want
to specify what qualifies as a first-order sentence corresponding to a given Sahlqvist
formula. Following [7], we will sketch this construction. Although, essentially, we
use the notion of general frames, we present some additional notions that are required
for our discussion. For precise definitions of general frames and descriptive frames,
see [7].

Below, A[p1,..., py] denotes a formula A whose variables are listed among
Pis-.., pn. Let (O, W, R, S, So, *, e, u) be an enlarged L-frame. For A[py,...,
pn] € Wifand Xy,..., X, C W, A[Xy,..., X,] is defined as follows:

for p; € Prop, pi[X1,..., Xxn] = Xi,
(BAC)X1,...,Xy] = B[X1,..., Xu] NC[Xy,..., Xl
(BVvO)[X1,...,Xy] = B[X1,...,Xy]UC[Xy,..., X4l

(B - O)[X1,....Xn] ={a € W|Vb,c € W(Rabc &b € B[Xy,...,
Xul = c € C[X1,..., Xu))},

(~ B)[X1,....Xpl={ae W |a* ¢ B[X1,..., Xul}s

e OB)[X1,.... Xyl ={ae W |VbeW(Sgab = b € B[X1,...,Xu]},
e (OB)[X1,....Xul={acW|3beW(Socab &b e B[X1,...,Xn])}

For a € W and a nonnegative integer n, we write a 1g= {b € W | Sgab}. The
frame-theoretic term a; T’: U---Uag T';k , with (not necessarily distinct) aq, ...,
ay € W, is called an Sg-term for brevity.

It suffices to consider a conjunction @¥(B — C) of a formula equivalent to the
given Sahlqvist formula A. Let § = (O, W, R, So, S¢, *, e, u, P) be a descriptive
B.Co-frame or an enlarged B.Ch¢-frame. Then, the following statements are
mutually equivalent:

L (3.a) =W Blpi.....pal > Clpr..... pn-q1. ... 1))

2. VX1,....Xu.Y1,....Y, € Plac W (B - C)[X1,....X,.Y1,.... Y],

3. VX1,....Xn. Y1.....Y; € PVbi,by,bs € W(SKabi & Rbibbs &
b2€B[X1,...,Xn]=>b3GC[Xl,...,Xn,Yl,...,Yl]);

4. VXqi,...,. X, 11,....Y) € PVbl,bz,b3,b4,...,bt € W(Sﬁabl &
Rb1bbs & D & /\iSnTi C X; & /\jSij S Nj[Xl,...,Xn] &
Nt €Yy = b3 € C[X1,..., X, Y1,...,Y]]), where D is a conjunction
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of formulas of the form S.bc, T; are suitable Sm-terms, and N [P1,--- Pul
are negative formulas;
5. Vby.....by € W(Sgaby & Rbibyb3s & D =\/ ;1 dj € Kj[Th..... Ty,
uTg el uTg]), where d; = ¢;* for j < m, K is a positive formula such
that N; is equivalent to ~ K for j <m, dyy41 = b3, and Ky, 41 is C.
Thus, the first-order sentence corresponding to B* (B — C) can be written as

Ya e OVby,....b € W(Skaby & Rbibsby & D

= \/ d,-eK,»[Tl,...,T,,,uT‘;,...,uT‘;]). (%)

j<m+1

8 Halldén Completeness of H2

From the discussion in Section 6, we have the strengthened result of Proposition 3.2.

Lemma 8.1 H2 is characterized by a strongly elementary class of completely se-
rial H2-frames.

By Lemma 8.1 and Theorem 5.3, we have the following.
Theorem 8.2 H2 is Halldén complete.

Next, we consider the Halldén completeness of H2-logics with some Sahlqvist ax-
ioms. Because H2-frames are completely serial, so are the frames for H2-logics
with any Sahlqvist axioms. We will also consider a class of frames in the usual
sense, that is, when enlarged frames are not assumed, and determine for which log-
ics they are strongly elementary. In light of Theorem 5.3, we hope to find Sahlqvist
formulas that ensure that a class of frames for the H2-logic is strongly elementary.
Since neither e nor u appear in our frame postulates, we do not assume the existence
of u. Therefore, all propositional variables appearing in C also appear in B; that is,
Var(C) C Var(B).

If m > 0in (), then the succedent is a disjunctive form that, in general, cannot
be written by a conjunctive form. Thus, we may assume that m = 0, which means
that there is no subformula with the form of a negative formula in B. Then, () can
be simplified to

Va € O Vby,...,b, € W(Skaby & Rb1byb3 & D
:deC[Tl,...,Tn]). (%)

Note that K is just C in ().

However, the succedent in (s:) may still be a disjunctive form. For example, we
consider the case d € p[b 1L Uc 12, that is, Sobd or S3cd. It is impossible
to write this with a conjunctive form. To avoid this situation, we may assume that
Sm-terms are restricted to the form cT;‘, which means that each propositional vari-
able in B appears only once.

Furthermore, considering the definitions of C [Ty, ..., T,], we may assume that
C is of the form W’ C’, where C’ is constructed using no connectives other than A
and ¢. Then, () can be simplified to

Va € O ¥by,...,b;,d' € W(Sgab & Rbibsbs & D & Sggdd’
=d' € C'[Ty,....T)). (k%)
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Note here that b; = d for some i (1 <i < t) and that the succedent is a conjunctive
form.

We will examine some Sahlqvist formulas, called PC-Sahlqvist formulas, based
on the above consideration. A formula 4 is called PC-Sahlgvist if it is a conjunction
of the form ¥ (B — W' C), where

o k.1 >0,

e Var(C) C Var(B),

e B is constructed from strongly positive formulas by applying A and ¢, and
no propositional variable occurs twice in B, and

e C is constructed using no connectives other than A and 4.

From Proposition 7.1 and the above observation, we have the following.

Lemma 8.3

(1) For any PC-Sahlqvist formula A, there exists a first-order formula ¢(a) in
the predicates O, R, So, S, and * having a as its only free variable, and
such that the following holds for every descriptive H2-frame or H2-frame &
and everya € W: (§,a) E A iff § satisfies p(a).

(2) Let L be a logic obtained from H2 by adding a set of PC-Sahlqvist formu-
las as axioms. Then, L is characterized by a strongly elementary class of
completely serial B.C¢-frames.

By Lemma 8.3 and Theorem 5.3, Theorem 8.2 can be extended to any logic obtained
from H2 by adding any set of PC-Sahlqvist formulas as axioms.

Theorem 8.4 Every logic obtained from H2 by adding any set of PC-Sahlgvist
Sformulas as axioms is Halldén complete.

As all axioms in Meyer—Fuhrmann schemes, except for (B15) and (Q2), are PC-
Sahlqgvist formulas, all Meyer—Fuhrmann logics with (D2) are regarded as special
cases of H2 with PC-Sahlqvist axioms. Furthermore, the dual of (C2) is a PC-
Sahlqvist formula. Thus, we have the following.

Corollary 8.5 (see [4]) If L is a logic constructed by adding (only) zero or more
of the Meyer—Fuhrmann schemes to RC + {(C2), (D2)}, then L is Halldén complete.

9 Halldén Completeness of Classical Modal Logics

We now consider the classical modal logics. If we adopt the enlarged frames in-
troduced in Section 7, then it is hard to prove the enlarged version of Lemma 5.1
because of clause (ep3). Thus, instead of using enlarged frames, we will consider the
usual frames, in the sense of Routley—Meyer semantics, to prove the Halldén com-
pleteness of the classical modal logics. In the following discussion, frames refer to
those in the sense of Routley—Meyer semantics.

The nonnormal classical modal logic EMC, where EMC = RC + {(C1)}, is not
complete with respect to any class of EMC-frames. In fact, 0(AV ~ A) is not a
theorem of EMC (see Chellas [1, p. 251]), though it is valid in any EMC-frame.
Therefore, it is impossible to consider the Halldén completeness of EMC (and its
modal extensions) in our framework.

In contrast, Proposition 3.2, which shows Kripke completeness in the usual
Routley—Meyer semantics, also holds for several normal classical modal logics,
including K and KD, where KD = K + {(D2)}. As mentioned in Section 6, K is
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not Halldén complete. This fact is related to the problem of canonical models; that
is, nondegenerate canonical modeling is required for K. On the other hand, from
the fact that (B1), (B2), and (D2) are theorems of KD and a similar argument in
Lemma 8.3, we have the following.

Lemma 9.1

(1) KD is characterized by a strongly elementary class of completely serial KD-
frames.

(2) Let L be a logic obtained from KD by adding a set of PC-Sahlgvist formu-
las as axioms. Then, L is characterized by a strongly elementary class of
completely serial B.Co-frames.

By Lemma 9.1 and Theorem 5.3, we have the following.

Theorem 9.2 The classical modal logic KD, and all logics obtained from KD by
adding any set of PC-Sahlgvist formulas as axioms, are Halldén complete.

Note that, as long as e and u are neglected, the frames for K are exactly equal
to the usual Kripke frames for K because the following holds in every K-frame:
(1) O = W, (2) Rabc impliesa = b = ¢, and (3) a* = a (for more information,
see [7, p. 408]). Thus, Theorem 9.2 can also be proven in the sense of usual Kripke
frames.
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