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NONARCHIMEDEAN GEOMETRY OF WITT VECTORS

KIRAN S. KEDLAYA

Abstract. Let R be a perfect Fp-algebra equipped with the trivial norm.
Let W(R) be the ring of p-typical Witt vectors over R equipped with the
p-adic norm. At the level of nonarchimedean analytic spaces (in the sense of
Berkovich), we demonstrate a close analogy between W (R) and the polynomial
ring R[T] equipped with the Gauss norm, in which the role of the structure
morphism from R to R[T] is played by the Teichmiiller map. For instance, we
show that the analytic space associated to R is a strong deformation retract
of the space associated to W(R). We also show that each fiber forms a tree
under the relation of pointwise comparison, and we classify the points of fibers
in the manner of Berkovich’s classification of points of a nonarchimedean disk.
Some results pertain to the study of p-adic representations of étale fundamental
groups of nonarchimedean analytic spaces (i.e., relative p-adic Hodge theory).
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§0. Introduction

There now exist several approaches to nonarchimedean analytic geometry,
including rigid analytic geometry (Tate), formal geometry (Raynaud), and
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adic geometry (Huber, Fujiwara-Kato). However, the approach exhibiting
the closest links with classical topology is that of Berkovich [2]. Berkovich
overcomes the lack of connectivity of nonarchimedean topologies by con-
sidering spaces of multiplicative seminorms, using an analogue of the usual
Gel’fand transform relating commutative Banach algebras to spaces of con-
tinuous functions on compact topological spaces.

Much is known about the topology of Berkovich analytic spaces. For
instance, Berkovich showed that smooth analytic spaces over a field are
locally contractible (see [4], [5]). More recently, Payne [24] showed that the
analytification of an algebraic variety over a field can be viewed as an inverse
limit of finite polyhedral complexes; separately, Hrushovski and Loeser [15]
have used model-theoretic techniques to show that such analytifications are
locally contractible and retract onto finite CW-complexes. One can also
relate homotopy types of analytic spaces to degenerations; for instance, the
analytification of a semistable curve over a complete discretely valued field
has the same homotopy type as the graph of the special fiber of a minimal
proper regular model over the valuation subring. This relationship, and its
link to mixed Hodge structures, has been further pursued by Berkovich [6]
and Nicaise [23].

In this paper, we consider degenerations in mixed characteristic from the
point of view of Witt vectors. Recall that for p a fixed prime number, the
p-typical Witt vector functor converts perfect Fp-algebras into p-adically
complete algebras. Let R be a perfect Fj-algebra equipped with the trivial
norm, and equip the associated Witt vector ring W (R) with the p-adic norm.
Let M(R) and M(W(R)) denote the resulting Berkovich spaces. There is
a natural multiplicative map R — W(R) given by Teichmiiller lifting; this
map is not a ring homomorphism, but it nonetheless induces a restriction
map p: M(W(R)) — M(R) as if it were a homomorphism.

We establish several results that liken the relationship between M(R)
and M (W (R)) to the relationship between M(R) and M(R[T]) when R[T]
carries the Gauss norm (i.e., between a base space and a disk bundle over the
base). We first construct a continuous section A : M(R) — M (W (R)) giving
a maximal lifting of a seminorm on R to W (R); this identifies M(R) as a
retract of M(W (R)). We then refine this calculation to show (Theorem 7.8)
that M(R) is a strong deformation retract of M(W (R)) and that any sub-
set of M(R) has the same homotopy type as its inverse image under the
projection p. We finally describe the geometry of the fibers of the projection
map pu: each fiber may be naturally viewed as a tree in both a topological
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fashion (as an inverse limit of finite contractible 1-dimensional simplicial
complexes) and a combinatorial fashion (as a partially ordered set in which
any two elements dominating a common third element are comparable).

The motivation for this work is to describe p-adic Hodge theory (the
study of continuous representations of Galois groups of finite extensions of
the p-adic field Qp) in a fashion that permits consideration also of étale
fundamental groups of analytic spaces. A preview of such a description
is given in [20], together with an application to the construction of local
systems on Rapoport—Zink period spaces; that preview already includes a
few of the results given here, including the definition of the maps A and pu.
A related development is a reformulation of p-adic Hodge theory by Fargues
and Fontaine [11], in which one works with coherent sheaves on an object
constructed from a ring of Witt vectors, which behaves formally like an
analytic curve.

81. Nonarchimedean analytic spaces

We begin by setting notation and terminology concerning nonarchime-
dean analytic spaces, as in [2].

DEFINITION 1.1. Consider the following conditions on an abelian group

G and a function a: G — [0, +00).

(a) For all g,h € G, we have a(g — h) <max{a(g),a(h)}.

(b) We have a(0) =0.

(b’) For all g € G, we have a(g) =0 if and only if g =0.

We say that a is a seminorm if it satisfies (a) and (b) and a norm if
it satisfies (a) and (b’). These would typically be called nonarchimedean
seminorms and norms, but we will use no other kind in this paper.

If a, o/ are two seminorms on the same abelian group G, we say that a
dominates o/, and we write o > o or o < q, if there exists ¢ € (0,+00) for
which o/(g) < ca(g) for all g € G. If @ and o dominate each other, we say
that they are equivalent; in this case, a is a norm if and only if o is.

Let G, H be two abelian groups equipped with seminorms «, 8. We say
that a homomorphism ¢ : G — H is bounded if @ dominates o ¢. We say
that ¢ is isometric if a = o ¢.

DEFINITION 1.2. Let o be a seminorm on an abelian group G. For any
subgroup H of G, « induces a quotient seminorm on G/H defined by

g+ Hw—inf{a(g+h):he H}.
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This defines a norm if H is closed; for instance, the quotient seminorm on
G/ ker(a) is a norm.
The group of Cauchy sequences in G carries a seminorm defined by

(xo,21,...)— lim o(z;).
71— 00

Passing to the quotient by the kernel of this seminorm gives the separated
completion G of G. The map G — G given by x — x,x,... is an isometry
and hence injective if « itself is a norm; in that case, we call G simply the
completion of G.

DEFINITION 1.3. Let A be a ring. Consider the following conditions on a

multiplicative seminorm « on the additive group of A.

(¢) We have (1) <1, and for all g,h € A, we have a(gh) < a(g)a(h).

(c) We have (c), and for all g € A we have a(g?) = a(g)%.

(¢") We have (c), and for all g,h € A, we have a(gh) = a(g)a(h).

We say that « is submultiplicative if it satisfies (c), power-multiplicative if

it satisfies (¢’), and multiplicative if it satisfies (¢”). We make some quick

observations about these definitions.

(i) For o a submultiplicative seminorm, (1) =1 unless « is identically
zero.

(ii) Any power-multiplicative seminorm « satisfies a(g") = a(g)" for all
g € A and all nonnegative integers n.

(iii) Any multiplicative seminorm is power-multiplicative.

(iv) If « is a submultiplicative seminorm and «' is a power-multiplicative
seminorm, then o > ¢/ if and only if a(a) > o/(a) for all a € A.

EXAMPLE 1.4. For any abelian group G, the trivial norm on G sends 0
to 0 and any nonzero g € G to 1. For any nonzero ring A, the trivial norm
on A is submultiplicative in all cases, power-multiplicative if and only if A
is reduced, and multiplicative if and only if A is an integral domain. (The
trivial norm on the zero ring is multiplicative by virtue of the fact that we
do not force a(1) =1.)

DEFINITION 1.5. For A a ring equipped with a submultiplicative semi-
norm | - |, we write

oa={zeA: |z <1},
my={zeA:|z|<1},

RA = oA/mA.



NONARCHIMEDEAN GEOMETRY OF WITT VECTORS 115

If A is a field and | - | is a multiplicative norm, then k4 is also a field. (The
field k4 is normally called the residue field of A, but we will use this term
mostly for something else; see Definition 1.9.)

DEFINITION 1.6. Let A be a ring equipped with a submultiplicative
(semi)norm | -|. For r > 0, the r-Gauss (semi)norm |- |, on A[T] (for
the generator T', when this needs to be specified) is the submultiplicative
(semi)norm defined by the formula

(1.6.1) ‘ZxT

= mzax{]xi]ri};

this is multiplicative if | - | is multiplicative (see Lemma 1.7). We refer to
the 1-Gauss (semi)norm also simply as the Gauss (semi)norm (or Gauss
extension).

LEMMA 1.7. Let A be a ring equipped with a multiplicative seminorm |- |.
Then for any r >0, the r-Gauss seminorm on A[T] is multiplicative.

Proof. This is evident in case r = 0, so assume that r > 0. Let a =
> a;T9,b =3, byT* be any two elements of A[T]. Choose the smallest
indices j,k for which |a;|r7,|bg|r* are maximized, and put i = j + k. The
coefficient of T in ab is then equal to a;by, plus the sum of a; by over all
pairs (7, k') # (j,k) for which j'+ k" = j + k. For each such pair, either
j' < 4, in which case

jag | <laglr?,  Joplr® < Joglr,
or k' <k, in which case

Jajrlr? <laglr?,  |bwlr® < |bglr"
In both cases, we conclude that |ajby| < |a;bg|, so the coefficient of T in
ab has norm |a;by|. This forces |ab|, = |a|,|b|,, as desired. 0

REMARK 1.8. For each z € A, one has a r-Gauss seminorm on A[T] for
the generator T — z. This seminorm can also be constructed by equip-
ping A[T] with the s-Gauss norm for some s > max{r,|z|}, forming the

r-Gauss extension to A[T][U], and then passing to the quotient norm on
AITYUY/(U - T+ 2) = A[T).
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DEFINITION 1.9. Let A be a ring equipped with a submultiplicative norm
| - |. The Gel’fand spectrum M(A) of A is the set of multiplicative semi-
norms « on A dominated by |- |, topologized as a closed subspace of the
product J],c4[0,]a]] (see Definition 1.3(iv)). In particular, M(A) is com-
pact by Tikhonov’s theorem. A subbasis of the topology on M(A) is given
by the sets {« € M(A): a(f) € I} for each f € A and each open interval
I CR. For any bounded homomorphism ¢ : A — B between rings equipped
with submultiplicative norms, restriction along ¢ defines a continuous map
¢* : M(B) — M(A); this map is a homeomorphism when B = A.

For v € M(A), the seminorm « induces a multiplicative norm on the
integral domain A/a~1(0) and hence also on Frac(A/a~1(0)). The comple-
tion of this latter field is the residue field of o, denoted H(«). (Note that
H() itself has a “residue field” xy;(,) in the sense of Definition 1.5.)

THEOREM 1.10. Let A be a nonzero ring equipped with a submultiplicative
norm |- |. Then M(A)#0.

Proof. Replace A by its completion, and then apply [2, Theorem 1.2.1].
il

DEFINITION 1.11. Let A be a ring equipped with a submultiplicative
norm |- |. Let |- |sup : [Taepr(a) # (@) = [0, +00] denote the supremum of the
norms on the H(«). Let P be the inverse image of [0,400) under | - |sup;
then |- |sup defines a power-multiplicative norm on P. The diagonal map
A = [Taem(a) H(a) then factors through a bounded homomorphism A —
P, called the Gel’fand transform of A.

LEMMA 1.12. Let A be a ring equipped with a submultiplicative norm |- |.
Then the restriction of |- |sup to A along the Gel’fand transform computes
the spectral seminorm |alsp, = lims_,o0 [a®]'/% on A.

Proof. See [2, Theorem 1.3.1]. [

REMARK 1.13. Let A be a ring equipped with a submultiplicative norm
| -]. Let I C A be the kernel of the spectral seminorm. Choose a closed
subset X of M(A). Let S be the multiplicative subset of a € A/I for which
inf{a(a) : o € X} > 0. Put B= S"(A/I), equipped with the supremum
norm over X; then the map A — B is a bounded homomorphism inducing
a homeomorphism of M(B) with a closed subset of M(A) containing X.
In many (but not all) cases, this closed subset equals X; for instance, this
occurs for the sets described in Definition 1.14 below. This is related to the



NONARCHIMEDEAN GEOMETRY OF WITT VECTORS 117

nonarchimedean analogues of the notions of holomorphically convex and
meromorphically convex sets (see [2, Section 2.6]).

The following examples of the previous construction occur when com-
paring nonarchimedean analytic geometry with formal geometry or rigid
analytic geometry (as explained in [3, Section 1.6)).

DEFINITION 1.14. Let A be a ring equipped with a submultiplicative
norm |- |. A Weierstrass subspace of M(A) is a closed subspace of the form

Uz{aEM(A):a(fi)Spi (izl,...,n)}

for some f1,..., fn € Aand some py,...,p, > 0. A Laurent subspace of M(A)
is a closed subspace of the form

U={aeM(A):af;)<pi,algj) >q; (i=1,...,m;j=1,...,n)}

for some f1,..., fm,91,---,9n € A and some p1,...,Pm,q1,---,Gn > 0; the
Laurent subspaces form a basis of closed neighborhoods for the topology of
M(A). A rational subspace of M(A) is a closed subspace of the form

U={aeM(A):a(f;)) <pialg) (i=1,...,n)}

for some f1,...,fn,g € A which generate the unit ideal in A and some
D1, - - -, Pn > 0; we may assume without loss of generality that f, =g,p, =1.
The intersection of rational subspaces is rational [7, Proposition 7.2.3/7];
consequently, any Laurent subspace is rational.

We will say that a continuous map between Gel’fand spectra is strongly
continuous if the inverse image of any Weierstrass (resp., Laurent, ratio-
nal) subspace is a finite union of Weierstrass (resp., Laurent, rational) sub-
spaces. For instance, the restriction map along a bounded homomorphism
is strongly continuous.

REMARK 1.15. It is easy to see that a Weierstrass or Laurent subspace of
M(A) remains Weierstrass or Laurent when viewed as a subset of M(A).
This is also true for rational subspaces, but the argument is a bit less imme-
diate. Let

U= {ae./\/l(g):a(fi)gpia(g) (i=1,...,n)}
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-~

be a rational subspace of M(A) for some fi,..., fn,9 € A which generate
the unit ideal and some p1,...,p, > 0. Choose u1,...,u,,v € A for which
urfi+ -+ upfn+vg=1. For a € U, we then have

1 <max{a(uif1),...,a(unfn),a(vg)} <max{|uilp1,....|un|pn, [v]}a(g).

Choose € € (0,1) so that emax{|ui|p1,...,|un|pn,|v|} < 1; then a(g) > € for
all « e U. Choose f1,...,f1,¢ € A with

‘fl_f{’ <p167"'7‘f71_f7{1,’<pn67’g_g/’<6'

On one hand,
lurfi + -+ unf), +vg — 1| <emax{|ui|p1, ..., [unlpn, 0]} <1,
so f{,..., fr, ¢ still generate the unit ideal in A. On the other hand,
U={aeMA):a(f) <piald) (i=1,...,n)},

so U is a rational subspace of M(A). (Note that we cannot hope to ensure
that fi,...,f},¢ generate the unit ideal in A itself.)

DEFINITION 1.16. Let A, B,C be rings equipped with submultiplicative
norms |-|4,| |8,||c. Let A— B and A — C be bounded homomorphisms.
Define the product seminorm |- |pgc on B 4 C by taking |f|pgc to be
the infimum of max;{|b;|g|ci|c} over all presentations , b; ® ¢; of f. Let
B@ 4C be the separated completion of B @), C for the product seminorm.

It is sometimes difficult to tell whether B@ 4C is nonzero; we get around
this using the following definition. By a splitting of ¢ : A — B, we will mean
a bounded homomorphism 7 : B — A of A-modules with mo:=1id4. We say
that ¢ is split if it admits a splitting; this implies that |- |4 is equivalent to
the restriction of |- |p.

LEMMA 1.17. Let A, B,C be rings equipped with submultiplicative norms
|“1a,|-|Bs| " |lc. Let A— B and A — C be bounded homomorphisms. Then

|| B induces a submultiplicative norm on B@AC’. In addition, if1: A — B
is split, then so is C — B 4C.
Proof. From the presentation 1 =1® 1, we read off that |1|pgc < 1. For

f=2bi@c, f'=3,b@cd € BQ,C, we may write ff' =3, (b)) ®
(cic}) and deduce that

|ffBec < H;f;x{’bib;"B’CiC;"C} < m?X{\bz‘!B!Cﬂc} m]aX{\b}!B!C;\o}-
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Taking the infimum over all presentations of f and f’ yields |ff'|pgc <
|f|Bsc|f |Boc, so |- |Bec is a submultiplicative norm on B@AC’.
Suppose further that 7: B — A is a splitting of «. By tensoring 7 over A
with C, we obtain a bounded projection B, C — C of C-modules with
C — B@ 4 C — C being the identity. By continuity, we obtain a projection
B@AC — C with the same effect, so C' — B@AC is split. U

REMARK 1.18. Keep in mind that |- |pgc need not be multiplicative
even if |- |4,|-|B, | |c are multiplicative. For example, if K is a quadratic
extension of the p-adic field Q,, then K ®Qp K= K®QpK splits as a direct
sum of two copies of K.

LEMMA 1.19. Let A,B be rings equipped with submultiplicative norms
|-]a, |- |B. Let ¢ : A— B be a split homomorphism. Then the map ¢* is
surjective.

Proof. For any o € M(A), the homomorphism H(a) — B@AH(OJ)
is split by Lemma 1.17; in particular, the target is nonzero and carries
a sub/r\nultiplicative norm. By Theorem 1.10, there exists some [ €
M(BQ 4H()). The seminorms a and o ¢ on A then coincide. U

LEMMA 1.20. Let 1/4\,3, C be rings equipped with submultiplicative norms.
Then, the map M(BQ 4C) = M(B) x pq(ay M(C) is surjective.

Proof. Choose 8 € M(B), v € M(C) having the same image o in M(A).
Using the existence of Schauder bases for Banach modules over nonar-
chimedean fields, it can be shown that the completed tensor product of any
two nonzero Banach modules over H(«) is nonzero (see [19, Lemma 1.3.11}).
In particular, D = %(B)®H(Q)H(7) is nonzero, so by Theorem 1.10, there
exists some 0 € M(D). The restrictions of § to H(B),H(vy) give back 3,7,
so the same is true of the restrictions to B, C. U

82. Nonarchimedean geometry of polynomial rings

To illustrate the results we have concerning the nonarchimedean geometry
of Witt vectors, we first describe the analogous statements relating the
nonarchimedean analytic spaces associated to a ring R and the polynomial
ring R[T].

HyproTHESIS 2.1. Throughout Section 2, let R be a ring equipped with a
submultiplicative norm | -|, and equip R[T] with the Gauss norm.
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THEOREM 2.2. For a € M(R), let \N(a) € M(R[T]) be the Gauss exten-
sion of a. For B € M(R[T]), let u(B) € M(R) be the restriction of 5 along
R — R[T].

(a) The maps X and p are strongly continuous and monotonic.
(b) For all a € M(R), (poN)(a) =a.
(¢) For all € M(R[T)), (Aou)(B)>p.

Proof. The map u is defined as a restriction and hence is strongly con-
tinuous. For f=>"1", f;T% € R[T] and € > 0, we have

m—1

{a e M(R): Xa)(f) > e} = | ] {ae M(R):a(fi) > €},

i=0
{ae M(R): Ma)(f)<e} = ﬁ {ae M(R):a(f;) <€},

so A is continuous. Similarly, the inverse image of a Weierstrass (resp., Lau-
rent) subspace of M(R[T]) is a finite union of Weierstrass (resp., Laurent)
subspaces of M(R). Now let

U= {/B € M(R[T]): B(f:) <piB(g) (i= 1""?”)}

be a rational subspace of M(R[T]) for some fi,..., fn,g € R[T] generating
the unit ideal in the completion of R[T] and some p1,...,p, > 0. Write f; =
>0 fi;T7 and g = >0 g;T7; then the f;; and g; together must generate
the unit ideal (in fact, only the f;p and gy are needed). We may write

A HU) = {o € M) : max{a(fy)/pi} < max{a(g))} |

= U{a e M(R) : a(fij) <pialgr), a(g) < alagr)
1=0

(i=1,...,m;5=0,....,m)},

which is a finite union of rational subspaces of M(R). Since monotonicity
is evident, this yields (a).

Of the remaining assertions, (b) is trivial, while (¢) holds because (Ao
w)(B)(f:T) > B(f;T?) for any f; € R and any nonnegative integer 1. 1

The following construction is described by Berkovich [2, Remark 6.1.3(ii)].
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LEMMA 2.3. For any 8 € M(R[T]) and anyt € [0, 1], the function H(B,t):
R[T] — [0,400) defined by

(2.3.1) H(B,t)(f) :mf‘x{tiﬂ(% ddTii(f)>}

is a multiplicative seminorm on R[T] dominated by the Gauss norm.

Proof. Tt is evident that (2.3.1) defines a seminorm dominated by the
Gauss norm. Submultiplicativity follows from the Leibniz rule in the form

1 d 1 1 dF
2.3.2 ———(gh) = ——(g9)——(h).

To check multiplicativity, we must check that for g,h € R[T], we have
H(B,t)(gh) > H(B,t)(9)H(B,t)(h). Choose the minimal indices j, k achiev-
ing the maxima in (2.3.1) for f = g,h. Then in (2.3.2) for i = j + k, the
maximum S-norm among the summands on the right-hand side of (2.3.2)
is achieved only by the pair (j,k) (as in the proof of Lemma 1.7). Since /3
is multiplicative, we obtain

1 d ol 1 d*
ig( = — (= kgl —
tﬁ(z‘!dT"(gh)) t 5(j!de(g))t 5<k! di(h))’
proving the desired result. []

When S is a Gauss seminorm, we can describe H(3,t) explicitly.

LEMMA 2.4. Let f € M(R[T)]) be the r-Gauss seminorm for the generator
T — x for some x € R and some r € [0,1]. Then for t €[0,1], H(B,t) is the
max{t,r}-Gauss seminorm for the generator T — x. In particular, H(S,1)
is the Gauss norm.

Proof. We first check the claim for ¢t > r. Let v be the t-Gauss seminorm
for the generator 7' — z. Write f € R[T] as >, f;(T — z)? with f; € R, so
that v(f) = max;{#/|f;|}. Since t > r, we have

35 e)) = max {3 () ir —217)

< max{r9 | 1} < (F)
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It follows that ~(f) > H(B,t)(f). In contrast, for each nonnegative integer i,

() 2 #1f

because the constant term of d'f/dT" is if;. It follows that H(B,t)(f) =
v(f)-

In case t <r, on one hand we have H(f3,t) > 8 by taking ¢ =0 on
the right-hand side of (2.3.1), and on the other hand we have H(f,t) <
H(B,r) =5 because the right-hand side of (2.3.1) is monotone in ¢. Hence,

H(ﬁ7t):/8 []

THEOREM 2.5. The map H : M(R[T]) x [0,1] = M(RI[T]) is continuous
and has the following additional properties.
(a) For fe M(R[T]), H(B,0)=p.
(b) For € M(R[T]), H(B,1) = (Ao u)(B).
(¢) For e M(R[T]) and t € [0,1], p(H(B,t)) = u(B)-
(d) For e M(R[T]) and s,t €[0,1], H(H(S,s),t) = H(B,max{s,t}).

Proof. The continuity of H is evident from (2.3.1), since the maximum on
the right-hand side runs over only finitely many terms. Of the other prop-
erties, (a) and (c) are evident from (2.3.1). To check (b), let v € M(R[T])
be the Gauss norm. For € M(R[T]), 5 <+~ and so H(5,1) < H(v,1) =7
by Lemma 2.4; on the other hand, taking ¢ =1 in (2.4.1) yields H(8,1) > 7.
(We can also deduce (b) from Lemma 2.4 using Remark 2.8 below.)

To check (d), observe that

H(H(B,5).1) :mfx{t] max{ kﬁ(/i' ddik ( }!ddeﬂf))) }}
el () )

=mec{ o) e o ((5)) 1

Since 3 is a norm, tjsk,B((jJ;k)) < max{s,t}*, with equality if s >t and
(4, k) =(0,17), or if s <t and (j, k)= (4,0). This proves (d). 0

(2.4.1) Zﬁ(

COROLLARY 2.6. Fach subset of M(R) has the same homotopy type as
its inverse image under (.
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REMARK 2.7. From Theorem 2.5, (b) and (d), it follows that for o €
M(R) and t € [0,1], H(A(«),t) = A(«). This can also be seen more directly:
note that H(A(«),t) > A(a) from (2.3.1), while the reverse inequality follows
from Theorem 2.5(c) plus Theorem 2.2(c).

REMARK 2.8. One can give an alternate proof of Lemma 2.3 using
Lemma 2.4, as follows. Let 5 € M(R[U][T]) be the restriction of 8 along
R[U|[T] — R[T,U]/(U — T) = R[T]. By Lemma 2.4, H(3,t) is the t-Gauss
seminorm for the generator T'— U. The restriction of H(j3,t) along R[T] —
R[U][T] is H(B,t), so the latter is a multiplicative seminorm.

One can go further and take this construction as the definition of H(f,t),
modifying the proof of Theorem 2.5 accordingly. We will not write out
the details explicitly, but they will be shadowed in the context of Witt
vectors where no good analogue of (2.3.1) is available (see, e.g., the proof
of Theorem 7.8).

REMARK 2.9. One may view M(R[T]) as a closed cylinder of radius 1 over
M(R) and view A as the section taking each point of M(R) to the generic
point of its fiber. In this language, Theorem 2.5 states that M (R[T]) can
be uniformly contracted onto the image of A; in particular, each fiber of
1 is contractible. We further elucidate the structure of the fibers of u by
studying the domination relation (see Theorem 2.11 and Remark 2.29).

DEFINITION 2.10. For 8 € M(R[T]), the set of s € [0,1] for which
H(B,s) = f is nonempty (because it contains 0) and closed (by continu-
ity), so it has a greatest element. This element is called the radius of 5 and
is denoted r(/3); this terminology is justified by the fact that the r-Gauss
norm has radius r (see also Remark 2.16).

THEOREM 2.11. For 8,7 € M(R[T]) satisfying u(B) = p(y) and B>,
B=H(y,r(B)).

Proof. Put o = p(B) = u(y) and put K = H(«); then identify £, with
the corresponding points in M(K[T]). These identifications are compatible
with the formation of H(-,t); in particular, they do not change the radius

of . It thus suffices to check the case R = K, for which we rely on some
analysis of M(K|T]) (see Lemma 2.22 below). 0

COROLLARY 2.12. For 3,y € M(R[T]) satisfying u(B) = p(y) and 5>,
we have r(B) > r(vy), with equality if and only if B ="y.
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Proof. For t € [0,7(7y)], by Theorem 2.11 and Theorem 2.5(d), we have
H(B7t) = H(H(’%r(ﬂ))at) = H(H(’}/,t),’l“(ﬂ)) = H(’ya’r(ﬁ)) = 57

so 7(B) > r(v). If equality holds, then v = H(~,r(v))=H(y,r(8))=p5. [

In order to complete the proof of Theorem 2.11, we must study M(K[T])
when K is a complete nonarchimedean field. In case K is algebraically
closed, this was done by Berkovich [2, Section 1.4] (see also [1, Proposi-
tion 1.1]). The general case can be found in [22, Section 2.2], where it is
treated by reduction to the algebraically closed case. We give here some
direct arguments in terms of the map H.

HyPOTHESIS 2.13. For the remainder of Section 2, let K be a field com-
plete for a multiplicative norm «, let o be the valuation subring of a com-

pleted algebraic closure C of K, and equip both K[T] and C[T] with the
Gauss norms.

REMARK 2.14. It is not hard to check that M(K|T]) is the quotient
of M(CI[TT]) by the action of the group Aut(C/K) of continuous automor-
phisms of C over K (see [2, Proposition 1.3.5]). We will not use this fact
explicitly, but it is useful to keep in mind.

DEFINITION 2.15. For z € 0 and r € [0,1], let BW be the r-Gauss norm
on C[T] for the generator T'— z, and let 3, denote the restriction of Bz,r
to K[T]. If 2’ € o satisfies (2’ — z) <r, then BZ/J« = B.,; consequently, if
r >0, we always have f3,, = 3., for some 2’ € o which is integral over K
(since such 2’ are dense in o).

REMARK 2.16. If the norm on K is nontrivial, then the seminorm Bz,r
can be identified with the supremum norm over the closed disk in C of
center z and radius r. Although this fact can be proved directly, it will be
convenient for us not to deduce it until after making our principal arguments
(see Corollary 2.25).

LEMMA 2.17. For z€o and r,s € [0,1], 5., > B, if and only if r > s.

Proof. If r > s, then evidently 3, , > 3. ;. It remains to show that if r > s,
then 3, , # f. . It suffices to do this when s > 0, as when s = 0 we can argue
that 3., > 8., > . for any ' € (0,7).

Suppose, then, that s > 0. Choose 2’ € o integral over K with a(z —
2') <s, so that B., = By, Bzs = Brs. Let P(T)=]["1(T — z;) be the
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minimal polynomial of 2’ over K; then leﬂn (T—2)> @/75 (T — z;) for each i,
with strict inequality when z; = 2’. Hence, 8, ,(P) = By ,(P) > B s(P) =
Bz,s(P), s0 B, # B, as desired. i

COROLLARY 2.18. For z€ o0 and r € (0,1}, r(B,,) =7.

Proof. By Lemma 2.4, we have H(B.r,5) = B, max{rs} for s €[0,1]. The
claim then follows from Lemma 2.17. []

LEMMA 2.19. For z,2' € 0 and r € [0,1], the following are equivalent.
(a‘) We have ﬁz,r = Bz’,r-
(b) We have 52,r > 62’,7"
(c) We have B, > 0.
(d) There exists T € Aut(C/K) for which a(7(z) —2') <r.

Proof. 1t is clear that (d) = (a) = (b) = (c¢), so it suffices to check
that (¢) = (d). For this, we may reduce to the case r > 0 (using the
completeness of C and the compactness of Aut(C/K)). Assume (c); then
choose y € o integral over K with a(y — z) <r, so that BW, = BZJ,. Let
P(T)=1[;~,(T — y;) be the minimal polynomial of y over K, with the
roots ordered so that the sequence a(y; — 2z’) is nondecreasing.

If (d) fails, then a(y; — 2’) >r for i =1,...,m. Since a(y; — 2') > a(y1 —
2'), we have a(y; — 2') = max{a(y; — 2'),a(y1 — 2")} > a(y; — y1). Hence,
max{r,a(y; —y;)} < a(y; — 2’) with strict inequality for i =1, so

Bz,T(P) = /By,r(P) = Byl,r(P)
= Hmax{r,a(yl - yl)} < Hoz(z/ — i) = B2 0(P),
i=1

i=1
a contradiction. Thus, (d) holds, as desired (see also [22, Lemma 2.2.5]). []

The key to the proof of Theorem 2.11 is the following calculation in the
spirit of Remark 2.8.

LEMMA 2.20. For € M(K[T]) and s € (r(B),1], there exists z € o for
which H(B,s) = B..s.

Proof. Let S be the set of s € [0, 1] for which we can find z € o (depending
on s) satisfying H(3,s) = .. The set S is nonempty because 1 € S; it is
up-closed because H (.., 5) = B, max{r,s} by Lemma 2.4 and H(H (8,7),s) =
H(B,max{r,s}) by Theorem 2.5(d). Put » =infS. To prove the lemma, it
suffices to check that r(5) > r.
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Let C' be a completed algebraic closure of H(3), fix a continuous embed-
ding of C into C’, and let x € C' be the image of T' under the map K[T] —
H(B). For s € [0,1], let 7, s denote the s-Gauss norm on H(B)[T] for the
generator T' — z, so that H(f,s) is the restriction of v, to K[T]. By
Lemma 2.19 and the stability of C under Aut(C'/H(B)), for z € 0, H(B,s) =
B..s if and only if there exists 7 € Aut(C/K) for which a(r(z) —z) <s. It
follows that for s € [0,7), 7,,+(T — 2) = max{s,a(z —x)} is independent of s.
Since every element of K [T factors in C[T] as a scalar times a product of
linear polynomials, the restriction of v, s to K[T] is constant over s € [0,7).
Hence, r() > r, as desired. [

From the proof of Lemma 2.20, we also read off the following observation.

COROLLARY 2.21. Suppose that 3 € M(KI[T]) is such that B # B, for
all z €0 and allr € [0,1]. Then for each y € K[T)], for any sufficiently small

s € (r(B),1] (depending on y), H(B,s)(y) = B(y).

With this, we may now complete the proof of Theorem 2.11.
LEMMA 2.22. Theorem 2.11 holds for R=K.

Proof. If r(f) =1, then = H(B,1) = H(v,1) by Theorem 2.5(b). If
r(y) =1, then by Theorem 2.5(b) again, >~y = H(y,1) = H(f,1) > 3,
and so 8= H(v,1). It is thus safe to assume that r(3),r(v) < 1.

For each s € (max{r(5),r(v)},1], by Lemma 2.20 we have H(3,s) = (. s,
H(~y,s) = B, s for some z, 2’ € 0. Since 8 >y implies that H(3,s) > H(7,s),
we have 3,5 > B, ,, but by Lemma 2.19, this forces 3. = B,/ . Hence,
H(B,5) = H(,5).

If 7(y) > r(B), by taking the limit as s — r(y)", we deduce that vy =
H(B,r(v)) > H(B,r(B)) = B, a contradiction. Hence, r(8) > r(vy), and by
taking the limit as s — r(8)", we deduce that 3= H(v,r(8)), as desired.
(For an alternate proof, see [22, Lemma 2.2.12].) [

COROLLARY 2.23. For any 3,7 € M(K[T) with 8 >+, there exist 8,7 €
M(CITY) restricting to 3,7, respectively, for which B> 7.

Proof. For each finite extension K’ of K, the map K[T] — K'[T] is split,
so by Lemma 1.19, the restriction map M(K'[T]) — M(K|T)) is surjective.
It follows that M(C[T]) - M(K][T]) is also surjective. (See Remark 2.14
for a more precise statement.)
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We may thus choose 5 € M(C[T]) extending v and then put 3 =
H(#4,7r(B)). This seminorm restricts to 8 by Theorem 2.11. (For an alternate
proof, see [22, Lemma 2.2.9].) [

LEMMA 2.24. Assume that the norm on K is nontrivial. For z € o and
r €10,1], let D(z,7) be the set of Byo€ M(K[T]) for which B;, > Bro.
Then D(z,r) = D(z,s) if and only if r =s.

Proof. It suffices to deduce a contradiction under the assumption that
D(z,r) = D(z,s) for some r > s> 0. Pick 2/ € 0 integral over K with a(z —
2"y < s, so that D(z,7) = D(2',r) and D(z,s) = D(Z,s). Since D(z,r) =
D(z,s), for any B.o € D(z,7), we have [, s > (.0, and hence (by
Lemma 2.19) a(7(z") — x) < s for some 7 € Aut(C/K). Consequently, there
are only finitely many points in M(C[T]) of the form (3, , which are domi-
nated by Bz,r-

Pick u € 0o with a(u) € (s,r). For z,2’ € 0 with a(2’ — z),a(z’ —2') <
a(u), declare x,z’ to be equivalent if 3, ; = B,/ ; for some t € [0,a(u)). The
resulting equivalence classes may be put in bijection with k¢ by mapping
the class of x to the residue class of (2/ — x)/u. Since k¢ is algebraically
closed and hence infinite, this yields the desired contradiction. 0

COROLLARY 2.25. Assume that the norm on K is nontrivial. For z € o
and r €[0,1], B, =sup D(z,r).

Proof. Put v, =sup D(z,r); it is clear that 3, > v, ,. By Corollary 2.18,
r(B,r) =r. By Theorem 2.11, 3., = H(v,,,7).

Suppose that S, , # v,,; by Corollary 2.12, s =r(7,,) must be strictly
less than r. Pick s’ € (s,r). By Lemma 2.20, we can write H(7v,,,s") =
B ¢ for some 2’ € o which is integral over K. Since B,/ ¢ >, > B0, by
Lemma 2.17, B, o = 3, &

By Lemma 2.24, we can find S,79 € D(z,7) with B, ¢ D(z,5) =
D(%',s"). Hence, H(7V,5) = Bu.s # Boro, contradicting the fact that
Bar.st > Yau =supD(z,1) > B o. This contradiction forces 8., = ., as
desired. []

For completeness, we add a classification result formulated in the style of
Berkovich (see Remark 2.9).

THEOREM 2.26. Fach element of M(K[T)]) is of exactly one of the fol-
lowing four types.
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(i) A point of the form (3. for some z € 0. Such a point has radius 0 and
s minimal.

(ii) A point of the form (., for some z € 0 and some r € (0, 1] which is the
norm of an element of 0. Such a point has radius r and is not minimal.

(i) A point of the form ., for some z € o and some r € (0,1] which is
not the norm of an element of 0. Such a point has radius r and is not
manimal.

(iv) The infimum of a decreasing sequence B3, . for which the sets D(z;,r;)
have empty intersection. Such a point has radius inf;{r;} >0 and is
minimal.

Proof. By Corollary 2.18, r(8,,) = r. Consequently, types (i)—(iii) are
mutually exclusive. Moreover, 3, cannot be of type (iv), since B, r, > Bzr
implies that 3,0 € D(z;,7;). Consequently, no point can be of more than
one type.

It remains to check that any point g € M(K[T]) not of the form 3, ,
is of type (iv) and is minimal of the claimed radius. Choose a sequence
1>ry >ry> - with infimum r(5). By Lemma 2.20, for each ¢, we have
H(B,ri) = B r, for some z; € 0. The sequence S, ., Bz, - - is decreasing
with infimum (; the sequence D(z;,r;) is also decreasing. For each z € o,
there exists i for which f,,, # B.,r,; for such i we have B, ¢ D(z;,1;)
by Lemma 2.19. Hence, the D(z;,r;) have empty intersection; this forces
inf;{r;} > 0 because o0 is complete. Hence, § is of type (iv); it is minimal
by Theorem 2.11 plus Lemma 2.20. Since 8 = inf;{3,, »,} and r(8;,,,) =7i
by Corollary 2.18, we have () > inf;{r;}; the reverse inequality also holds
because 7; =1(8,,r,) > 7(B) by Corollary 2.12. U

This classification can be used to describe the residual extensions
and norm groups of points in M(KT]). (For similar results, see [22,
Lemma 2.2.18] or [27, Section 3].)

COROLLARY 2.27. Let 8 be a point of M(KIT)), classified according to
Theorem 2.26. Let |a*|,|B*| denote the groups of nonzero values assumed
by a, B, respectively.

(i)  For 3 of type (i), kyg) is algebraic over ki, and |3*|/|a*| is a torsion
group.

(ii) For B of type (ii), Ky g) is finitely generated over K of transcendence
degree 1, and |B*|/|a*| is a finite group.
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(iii) For B of type (iii), Ky is a finite extension of ki, and |3*|/|a*| is
a finitely generated abelian group of rank 1.

(iv) For B of type (iv), kyyp) is algebraic over kg, and |B*|/|a*| is a
torsion group.

Proof. Recall that for L/K a finite extension of complete nonarchimedean
fields, k. is a finite extension of kg and |L*|/|K*| is a finite group. More
precisely, by a theorem of Ostrowski (see [25, Theorem 6.2]),

[L: K] =1 (char(kg) =0),
[kr ki F#(LX]/IK*]) | € {1,p,p%,...} (char(kg)=p>0).

Consequently, in cases (ii) and (iii), it is enough to check the claims after
replacing K by a finite extension; in cases (i) and (iv), we may replace K
by C itself. We make these assumptions hereafter.

In cases (i)—(iii), we may now assume that = (3,, with z € ox. In
case (i), H(B) = K; in case (ii), kyg) = i (x) for x the class of (T'— 2)/u
for any u € K of norm r, and [8*[/[a| is trivial; in case (iii), k) = kK
and |B%|/|a*| is free on the generator r.

In case (iv), the norm a must be nontrivial. By Corollary 2.21, for each
y € K[T], any sufficiently small s € (r(3), 1] satisfies H(3,s)(y) = B(y). If we
choose s € |a*|, we deduce that |5*|/|a*| is trivial. If we choose s ¢ |a™|,
then for any z € K[T] with 8(z) < (y), by case (iii), there must exist A € K
for which H(S,s)(z — Ay) < H(S,s)(y). This implies that

Bz —Ay) < H(B,s)(z — Ay) < H(B,s)(y) = B(y),

so z/y and A have the same image in k(). Hence, ryg) = kK- U

(2.27.1)

REMARK 2.28. In (i) and (iv) of Corollary 2.27, it is not guaranteed that
Kyy(g) 1s finite over rx or that |3*[/[a™| is a finite group. We illustrate this
with an example of a point of type (i) for which |5*|/|a*| is infinite; the
other claims can be seen by similar arguments.

Let F' be an algebraically closed field of characteristic 0, and take K =
F((U)) equipped with the U-adic norm (for any normalization). We may
then identify C with the completion of the field of Puiseux series in U
over F. Inside C, take z =320 U™/ and put 8= B, € M(K[T)).
We may establish by induction that for each positive integer m, |U|'/™ e
|3%|: this is apparent for m =1, and given that this holds for m — 1, we
have F((UY M=) CH(B) and B(T — S U/ = |U|m+1/m! Con-
sequently, |5*|/|a*| =2 Q/Z is not finite.
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REMARK 2.29. Theorem 2.11 implies that as a partially ordered set under
domination, M(K[T]) carries the structure of a tree. One can capture the
tree structure in other ways, for instance, by exhibiting M(K[T]) as an
inverse limit of finite contractible simplicial complexes (see, e.g., [1, Propo-
sition 1.19]). (This construction is the simplest meaningful case of the main
result of [24].)

The geometry of M(K|T]), including the tree interpretation, has been
deployed in a number of apparently unrelated fields. Here are some repre-
sentative (but not exhaustive) examples.

e Favre and Jonsson ([12], [14], [13]) use the tree structure to study plurisub-
harmonic singularities of functions of two complex variables. Some prog-
ress has been made in extending to more variables by Boucksom, Favre,
and Jonsson [8].

e Kedlaya ([18], [21]) uses the tree structure to study the local structure of
irregular flat meromorphic connections on algebraic and algebraic vari-
eties. A related development in p-adic cohomology is [22].

e Temkin [27] uses the tree structure to establish local uniformization in
positive characteristic up to an inseparable morphism.

e Numerous applications have been found in the theory of dynamical sys-
tems. A good starting point for this line of inquiry is Baker and Rumely [1].

e A development closely related to the previous one is the use of nonar-
chimedean potential theory in Arakelov theory, for example, in the study
of equidistribution questions. This is pursued thoroughly in the work of
Chambert-Loir and his collaborators (see, e.g., [10]).

83. Witt vectors

We now introduce the ring of Witt vectors over a perfect ring of character-
istic p. These behave a bit like power series in the variable p with coefficients
in the given ring, with the role of the structure morphism (the injection of
the coefficient ring into the series ring) played by the Teichmiiller map.
The latter map is multiplicative but not additive; nonetheless, we can use
it to define raising and lowering operators A, u analogous to the ones from
Section 2. (We previously considered these operators in [20].)

HypoOTHESIS 3.1. For the remainder of the paper, let R denote an IF,-
algebra which is perfect, that is, for which the pth power map is a bijection.
Unless otherwise specified, equip R with the trivial norm.
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REMARK 3.2. If R is an Fj,-algebra which is not necessarily perfect, we can
form the perfect closure RP®f as the limit of the direct system R — R — - --
in which each arrow is the pth power map. We obtain a natural map R —
RPf by mapping to the initial term of the direct system; the corresponding
map M (RP) — M(R) is easily seen to be a homeomorphism.

DEFINITION 3.3. A strict p-ring is a (commutative unital) ring S which
is p-torsion-free and p-adically complete and separated, and for which S/pS
is a perfect IF)-algebra.

LEMMA 3.4. Let S be a strict p-ring with S/pS = R.

(a) Given T € R, let x, € S be any lift of T ". Then the sequence xh
converges p-adically to a limit [T] (the Teichmiiller lift of T ), which is
the unique lift of T admitting a p™th root in S for each nonnegative
integer n.

(b) The resulting Teichmiiller map [] : R — S is multiplicative.

(c) Each x € S admits a unique representation > .o, p'[T;] with T; € R.

Proof. By the binomial theorem, a =b (mod p™) implies that a? = bP

m+1)

(mod p . Consequently,

pm+1 ~

1
I'm+1 - mt )7

22" (mod p
so the 28" converge to a limit [Z]. Similarly, for each nonnegative integer n,
the af, . converge to a p"th root of [z]. If 2’ is another lift of T admitting
a p"th root 2!, for each nonnegative integer n, then

2P = (¢! YY" =2’ (mod p

- m+1)’

so [¥] =2’. This proves (a).

Given (a), the product of two Teichmiiller lifts admits a p™th root for
each nonnegative integer n and so must also be a Teichmiiller lift; this
yields (b). Since [7] is always a lift of Z, (c) follows (see also [26, Section I1.4,
Proposition 8§]). [

THEOREM 3.5. There exists a unique (up to unique isomorphism) strict
p-ring W(R) for which W(R)/(p) = R. Moreover, the correspondence R~
W (R) is covariantly functorial in R.

Sketch of proof. For n=0,1,..., put

n .
Wa(Xo,.... Xn) = p'XF" .
=0
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Given that ® € Z[X, Y], there exists a unique sequence ¢g, ¢1, ... with ¢, €
Z[Xo, ..., X0, Y0,...,Y,] such that

Wi(go,- .., 0n) = 2(Wn(Xo, ..., Xn), Wn(Yo,...,Yn))
(3.5.1) NP

using the sequences associated to the polynomials X — Y, XY, we define
subtraction and multiplication rules on the set of sequences ¥y, Z7, ... with
values in R. This yields a strict p-ring W(R) with W(R)/(p) = R; more
precisely, the sequence Zg, 77, . .. corresponds to the element > o2 p’ [w_ip_i].
(See [26, Section 11.6] for further details.) [

DEFINITION 3.6. The ring W(R) of Theorem 3.5 is called the ring of
p-typical Witt vectors with coefficients in R; unless otherwise specified, we
equip W (R) with the p-adic norm normalized with |p| = p~!. Since its con-
struction is functorial in R, W(R) carries an automorphism ¢ which cor-
responds to (and lifts) the p-power Frobenius map on R, called the Witt
vector Frobenius.

REMARK 3.7. The addition and multiplication of general elements of
W (R) are somewhat complicated to express explicitly. One important con-
sequence of (3.5.1) is that if we write z =Y oo p'[Ti], y = Yoo g P'[Ti], . —y =
Y2 p'[Z], then Z is a polynomial in x_jp._i,y_jpj_i for j =0,...,4, which has
integer coefficients, is homogeneous of degree 1 for the weighting in which
7;,7; have degree 1, and belongs to the ideal generated by ;7 — ;7'
for 5 =0,...,7 (because it vanishes whenever x =y). (See also Lemma 3.8

below.)

LEMMA 3.8. ForT € R, write [T+1]—1=32,p'[P; (@ )] with P(T) €
Fp[T] as in Remark 3.7. Then P,(T)=T (mod T?).

Proof. Since [T + 1] — 1 vanishes when T = 0, the polynomial P;(T) is
divisible by 7. To obtain the congruence modulo 72, note that

) i—1 . o
P(T)=p~ ((T 1P 1= P BT ) (mod p).
j=0

The coefficient of T on the right-hand side equals 1 (from p~#(T + 1)?") plus
a multiple of p (from all other terms). This proves the claim. U
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REMARK 3.9. Suppose that T1,...,T, generate the unit ideal in R. Then
[1],...,[Tn] generate an ideal in W (R) containing an element congruent to
1 modulo p. However, any such element is a unit, so the ideal generated is
the unit ideal.

There are two different meaningful types of polynomial extensions of a
Witt ring W(R): the usual polynomial extension of the ring W (R) itself,
and the Witt ring of the perfection of the polynomial extension of the base
rings. These rings enjoy the following relationship.

LEMMA 3.10. Equip W(R)[T] with the Gauss extension of the p-adic
norm.

(a) The isometric homomorphism v : W (R)[T] — W (R[T|P*) which maps
W(R) to W(R[T|P™) wvia the functoriality of Witt vectors, and which
sends T to [T), is split.

(b) The map ¥* is a quotient map of topological spaces.

Proof. Via 1, we may identify W (R[T]P*") with the p-adic completion
of o2, W(R)[T? "]. Under this identification, we obtain a splitting by
omitting all nonintegral powers of T. Hence, 1) is split, yielding (a).

Since 1 is split, ¥* is surjective by Lemma 1.19. Let U C M(W(R)[T)])
be a subset whose inverse image V in M(W (R[T]P*)) is open. Let U’, V'
be the complements of U, V', respectively. Then V’ is closed and hence com-
pact because M (W (R[T]P*")) is compact. Since U’ = +*(V'), U’ is quasi-
compact and hence closed because M(W (R)[T]) is Hausdorff. Hence, U is
open; this proves that ¢* is a quotient map, yielding (b). 0

REMARK 3.11. Define the map § : W (R) — W (R) by the formula

5(s)=p ' (d(s) — ") (seW(R)).

The map 0 is an example of a p-derivation on W (R), in that it has the
following properties.

(a) We have §(1) = 0. (In this example, we also have §([r]) =0 for all r € R.)

(b) For all s1,s9 € W(R), d(s1 + s2) =6(s1) + 6(s2) — P(s1,s2), where the
polynomial P(X,Y) € Z[X,Y] is given by P(X,Y) =p 1(X +Y)P —
XP_YP).

(c) For all s1,s9 € W(R), d(s152) = s70(s2) + s50(s1) + pd(s1)d(s2).

Such maps were introduced (with a slightly different sign convention) by

Joyal [16] and later exploited heavily by Buium [9] to transfer some concepts
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from the theory of differential equations into arithmetic geometry. We had
hoped to use the p-derivation § to construct an analogue of the formula
(2.3.1), but so far we have not found any such analogue. We will thus be
forced to work more indirectly (see Definition 5.2 and Theorem 5.11).

84. Raising and lowering for Witt vectors
The raising and lowering operators for Witt vectors are defined as follows.

LEMMA 4.1. For a a submultiplicative (resp., power-multiplicative, mul-
tiplicative) seminorm on R bounded by the trivial norm, the function \(«) :
W(R) — [0,1] given by

Ao (Lo ) =o'}
1=0

is a submultiplicative (resp., power-multiplicative, multiplicative) seminorm
on W(R) bounded by the p-adic norm.

We will mostly apply this result when « is power-multiplicative, in which
case we may use the simpler formula

AMa) (ip’ [w_z]) = mlax{p*ia(w_i)}.
i=0

Proof. For T,7 € R and ¢ a nonnegative integer, write [Z] — [y] =
>0 P [z_jpij]. By Remark 3.7, Zj is a polynomial in Z,7 which has integer
coefficients and is homogeneous of degree p’. This remains true after tak-
ing p'th powers, so we may deduce that o(z;?') < max{a(z? ), (" )’ }.
Consequently,

M) (0 ([T — )
=M@ (o) = max{p e
j=0
<p" maX{Oé(EPi)p_i’a(yPi)P—"} = maX{)\(a) (pi @), M) (pi [@])}
Similarly, A(a)(p*([Z] + [7])) < max{A(a)(P'[Z]), A(a)(p'[7])}

We next establish that A(«) is a seminorm. Let = =Y 2 p'[7;], y =
>0 P'[i] be two general elements of W (R), and write z —y = > o, p'[Zi].
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For each nonnegative integer n, we will exhibit an equality of the form

n—1
(4.1.1) T—y= (ZpZ[EZD +p"wy £+ pwg
i=0
for some nonnegative integer k = k(n) and some wi,...,wx € W(R) with

the property that

(Zp Zz) )(p"wi), ..., Aa) (P wr)
(4.1.2)
< max{)\ a ) (y }

From this, it will follow at once that )\(a)(w y) <max{A(a)(z), AM(a)(y)}
and hence that A(a) is a seminorm.

Suppose that for some nonnegative integer n, we are given wy, ..., wy sat-
isfying (4.1.1) and (4.1.2). Then condition (4.1.2) is preserved by modifying
(4.1.1) in the following ways.

(1) Given a term £p"w; in (4.1.1), replace it with the sum of two terms,
one of which is £p” times a Teichmiiller element.

(2) Given two terms of the form +p™[w] and +p™[w'], replace them with
their sum. This maintains (4.1.2) by our earlier argument.

Moreover, the number of summands in (4.1.1) among +p"wy,...,Ep"wy
which are not divisible by p"*! never increases and, in fact, always decreases
in step (2) unless one of the two terms is itself divisible by p"*!. Conse-
quently, using these operations, we can always arrive at the situation where
one of the summands in (4.1.1) among +p"wy, ..., £p"wy equals p"[z,] and
the others are divisible by p"*!. This yields a sum of the desired form with
n replaced by n + 1, completing the proof that A(«) is a seminorm. This in
turn implies that

Aa)(zy) < HggX{A(Oé)(pi [z’ [75)) } < M) (@)A () (y),

so A(a) is submultiplicative.
Suppose now that « is multiplicative. To check that A(«) is multiplica-
tive, it is enough to check that A(a)(zy) > A(a)(x)A(a)(y) in case A(a)(x),
A(@)(y) > 0. Choose the minimal indices j, k for which A(«)(p’[z7]),
M) (p*[7]) attain their maximal values. For

) . 0 .
=Y "pm, Y =>_p'ml
i—j i—k
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on one hand, we may write z'y’ = Z;’ij+kpi[z_i] with Zj5% = 7;7. By

submultiplicativity, M a)(z'y") > AMa)(z)\@)(y) > AMa) (@) a)(y) >
AMa)(2'y"), so AMa)(2'y") = Ma)(z)A(a)(y). On the other hand, we have
AMa)(@ = 2') < Ma)(@), Ma)(y —¥) < Aa)(y), so AMa)(zy — 2'y) <
AMa)(@)A () (y) = AMa)(2'y’). Putting everything together, we deduce
that A(a) is multiplicative. Similarly, if « is power-multiplicative, we see
that A(a) is power-multiplicative by taking z = y in the preceding
argument. 0

COROLLARY 4.2. For a a submultiplicative (resp., power-multiplicative,
multiplicative) seminorm on R bounded by the trivial norm, the function

Ala) : W(R) —[0,1] given by

(o) sunfatar )
i=0 ’

is a submultiplicative (resp., power-multiplicative, multiplicative) seminorm
on W(R) bounded by the trivial norm.

Proof. For x € W(R), we have

Ala)(z) = lim Aa®)(xz)Ye.

c—+00
The claims then follow from Lemma 4.1. []

REMARK 4.3. Although A(a) may seem like a more natural analogue
of the Gauss extension than A(«), the proof of the continuity of A (The-
orem 4.5) does not apply to A (see Remark 4.6). We thus work primarily
with A hereafter.

LEMMA 4.4. For 8 a power-multiplicative (resp., multiplicative) semi-
norm on W(R) bounded by the p-adic norm, the function u(B): R — [0,1]
given by

n(B) (@) = B([7])
is a power-multiplicative (resp., multiplicative) seminorm bounded by the
trivial norm.

Proof. Given T,y € R, choose any z,y € W (R) lifting them. For (zZ,z) =
(Z,z),(Y,y),(T+7,x+y), for any € > 0, for n sufficiently large, we have

max{e, 1(8)(z)} = max{e,5(67"(2)"") }
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because ¢~ "(zP") converges p-adically to [Z] by Lemma 3.4(a). Since f3 is a
power-multiplicative (resp., multiplicative) seminorm, we deduce that p(53)
is one as well. (An alternate proof can be obtained using Remark 3.7.) []

We now have the following analogue of Theorem 2.2.

THEOREM 4.5. Equip R with the trivial norm, and equip W (R) with the
p-adic norm. Define A : M(R) = M(W(R)), p: M(W(R)) = M(R) as in
Lemmas 4.1 and 4.4.

(a) The functions A\, are strongly continuous and monotonic.
(b) For all a € M(R), (poX)(a)=a.
(c) For all e M(W(R)), (Aop)(B)=8.

Proof. For x =3 2, p'[Z;] € W(R) and € > 0, choose j > 0 for which
p~/ <€ then \(a)(p'[T;]) < € for all a € M(R) and all i > j. We thus have

j—1
{ae M(R): MNa)(z) > €} = U {a e M(R): a(z7) > ple},
=0

{a e M(R): Xo)(x) < e} = [ {a € M(R): a(F7) < p'e},
=0

so A is continuous. Similarly, the inverse image of a Weierstrass (resp., Lau-
rent) subspace of M(W (R)) is a finite union of Weierstrass (resp., Laurent)
subspaces of M(R). Now let

U= {BEM(W(R)) (B(x) < qiBy) (i= 1,...,n)}

be a rational subspace of M(W (R)) for some z1,...,2,,y € W(R) gener-
ating the upit ideal and some q,...,q, > 0. Write z; = E;’;O]ﬂ[@] and
y= Z;’iozﬂ [77]; then the Z;; and 7; together must generate the unit ideal
(in fact, only the T;p and g are needed). Moreover, by Remark 1.15, we
can choose some nonnegative integer m so that for z; =>""", p’[7i;] and

y=>7" P’ [y;], we also have
U={8eM(W(R):B(=) <aBy) (i=1,...n)}

We may then write
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VHU) = {a e M(B): max {pa(T5)/ai} < max{p ()} |

i,7:7<m
= J{a e M(R) :p7 a(x) < gip™ (@), a(y5) <p~'a(m)
1=0

(i=1,...,m;5=0,....,m)},

which is a finite union of rational subspaces of M(R). Hence, A is strongly
continuous.
For 7 € R and € > 0, we have

1B e MW(R)): u(B)@) > e} = {8 € M(W(R)): 5([a]) > e},
{BeMW(R)): u(B)(@) < e} ={B e M(W(R): B([7]) <e},

so p is continuous. Similarly, the inverse image of a Weierstrass (resp.,
Laurent, rational) subspace of M(W(R)) is a Weierstrass (resp., Laurent,
rational) subspace of M(R), using Remark 3.9 in the rational case. Since
monotonicity is evident, this yields (a).

The equality (b) is evident from the definitions. The inequality (c) follows
from the definition of A and the observation that (Ao ) (8)(p"[Z]) > B(p"[Z])
for any T € R and any nonnegative integer n. U

REMARK 4.6. The proof of continuity of A in Theorem 4.5 does not apply
to A, because we cannot avoid writing {a € M(R) : A(a)(z) < €} as an
infinite intersection of open sets. Similarly, we make no statement (beyond
closure) concerning the inverse image under A of a subspace of M(W(R))
of the form {# € M(W(R)) : 5(x) = 0}, because the inverse image is defined
by the vanishing of infinitely many elements of R.

ExAMPLE 4.7. Here is a simple example to illustrate that A o u need not
be the identity map. Put R =F,[X]|P*! so that W(R) is isomorphic to
the p-adic completion of (J22 Z,[[X|P""] (compare Lemma 3.10). The ring
W(R)/([X] — p) is isomorphic to the completion of |J2°, Z,[pP "] for the
unique multiplicative extension of the p-adic norm; let § € M(W(R)) be
the induced seminorm.

Note that p(3)(X) = B([X]) = p~! and that u(8)(y) =1 for y € F*. These
imply that u(B8)(y) <p P " whenever y € Fp[yp_n] is divisible by Yp_n,
so p(B)(y) =1 whenever y € F¥ —|—7p_nIFp[7p_n]. We conclude that u(3)

equals the X-adic norm on R with the normalization u(8)(X)=p~!. In
particular, we have a strict inequality (Ao u)(8) > 5.
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REMARK 4.8. The corresponding results from [20, Section 2] are stated
with M(W (R)) replaced by the slightly smaller space M(W (R)[p~!]), with
the arguments unchanged. Note, however, that extending A(a) to W (R)[p™!]
requires that A(a)(pz) = p~'A(a)(z), and this holds only if « is power-
multiplicative. We will thus mostly restrict to this case in what follows.
This is no serious loss for our purposes, because replacing a seminorm on R
with its spectral seminorm does not change the spectrum.

§5. Gauss norms

For a a submultiplicative seminorm on R bounded by the trivial norm,
the submultiplicative seminorm A(a) on W (R) behaves like a (p~!)-Gauss
seminorm for the generator p. One would like analogues of Gauss seminorms
for other generators, but unlike in the polynomial case, these cannot be
constructed by using automorphisms of W (R) to move generators around.
Instead, we use the approach of Remark 1.8: we pass to a polynomial ring
equipped with an appropriate Gauss norm and then return to W(R) by
taking a suitable quotient. The main difficulty in this approach is to transfer
multiplicativity to the quotient norm; this requires construction of some
good coset representatives.

HyPOTHESIS 5.1. Throughout Section 5, equip R with a power-multiplica-
tive seminorm a bounded by the trivial norm, and write R for the separated
completion with respect to «. (The restriction to the power-multiplicative
case is made in light of Remark 4.8.) Choose m =Y 2, p'[7;] with a(75) <
p~! and T a unit in R; we write T as shorthand for 7y. (In the language
of [11], any such 7 is primitive of degree 1.)

DEFINITION 5.2. For ¢ € [0,1], define the submultiplicative seminorm
H(a,m,t) on W(R) as the quotient norm on W(R)[T]/(T — w) = W(R)
induced by the (¢/p)-Gauss extension of A(«) to W (R)[T]. In case m = p— [u]
for u € R with a(u) <p~!, we denote H(«,n,t) also by H(a,u,t).

We will show shortly that H(c,,t) is multiplicative whenever « is (The-
orem 5.11(a)). For this, we will need some convenient coset representatives
for the ideal (T'—7) in W(R)[T].

DEFINITION 5.3. We say that x € W(R) is stable (or a-stable, in case we
need to specify «) if = has the form Y oo p‘[z;] with either a(7;) =0 for
all i >0, or a(Tg) > p‘a(x;) for all i > 0. For instance, any Teichmiiller
element is stable.
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REMARK 5.4. The term stable is chosen because of the following fact:
for any stable z € W(R) with reduction T and any 3 € p~!(a), we have
B(z) = AMa)(z) = a(Z). Namely, this is immediate unless « (%) > 0, in which
case

Bz = [7]) < Ma)(z = [7]) < Ma)([7]) = a(@) = 5([z]).

LEMMA 5.5. Assume that R = R. For any x € W(R), there exists y =
S 2 oP' Wi € W(R) with x=y (mod 7) and a(Yo) > a(¥;) for all i >0. In
particular, y is stable.

Proof. Note that p~!(m — [7]) is a unit in W (R); let w be its inverse.
We construct zg,x1,... € W(R) congruent to  modulo 7, as follows. Take
o = z. Given z;, write x; = Zjiolﬂ[ﬂf_zg] with Z;; € R, and put

zip1=a; —p w(z; — [Tio]) 7 = [Tio) — p~ w (@i — [Tao)) 7]

Let N be the least nonnegative integer for which a(ZTxg) > a(7)V+!, or
oo if no such integer exists. We check that A(a)(z;) < a(7)" for i < N, by
induction on 7. The case 7 = 0 is immediate. Given the claim for some ¢ < NV,
we have

Ao)(wis1 = [Ta)) < a(@A(a) (@) < a(@)

If i < N, this implies that A(a)(z;11) < a(F)*!, completing the induction.
In addition, if i = N < oo, then A(a)(zn+1 — [Tno]) < A(a)([TNo]), and so
zN+1 has the desired form. If N = oo, then the series > oo p~ tw(x; — [Tig])
converges (p,[7])-adically to a limit z satisfying = = 7z, so we may take
y=0. 0

DEFINITION 5.6. Assume that R = R. Then W (R) is (p, [7])-adically com-
plete, so any sum Y o0 x;w" with ; € W(R) converges to some limit x. We
say that the sequence g, x1,... forms a presentation of x (with respect to
m, or with respect to u in case m =p — [u]). For x € W(R), H(a,m,t)(x)
may be computed as the infimum of

max{ (t/p)'A(e) (i)}

over all presentations xg,z1,... of x.

A presentation xg,z1,... is stable (or a-stable) if each z; is stable. Any
x € W(R) admits a stable presentation (see Lemma 5.7 below). This will
imply that the infimum defining H (o, 7, t)(x) is always achieved (see The-
orem 5.11(b) below).
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LEMMA 5.7. If R= ]/%, then every element of W(R) admits a stable pre-
sentation.

Proof. Given z,o,...,7;—1 € W(R), apply Lemma 5.5 to construct a
stable x; congruent to (33 - Z;;%) z 7 ) /7% modulo 7. This process yields a
stable presentation xg,x1,... of x. U

COROLLARY 5.8. For each x € W(R) and each € >0, there exist a non-

negative integer j and some stable elements xo,...,x; € W(R) such that
j .
AMa) (x - Zxﬂrl) <€
i=0

Proof. Apply Lemma 5.7 to construct a stable presentation yg,y1,... of
x in W(R). Choose j with p~7~! < ¢; then for each i € {0,...,j}, choose
zj € W(R) with A(«)(y; — ;) <e. 0

REMARK 5.9. It is unclear whether one can improve Lemma 5.7 to achieve
a presentation using only Teichmiiller elements rather than arbitrary stable
elements. We suspect that this cannot be done, for reasons similar to those
given in the erratum to [17].

LEMMA 5.10. Assume that R = R. Let X0, X1, ---,Y0,Y1,--- be presen-
tations of some x,y € W(R) for which xy # 0. Then for all but finitely
many t € [0,1], there exists a wunique pair of indices j,k maximizing
(t/p) (@) (9.

Proof. Since zy # 0, there must exist some indices h, i for which xpy; # 0.
Then for ¢ € (0, 1], the maximum of (¢/p)I**(a)(z;yi) can only be achieved
by pairs (4, k) for which either j +k < h+4 or p"*"=7=F > \(a)(xpy;). This
limits (j, k) to a finite set independent of ¢; for any two pairs in that set,
there is at most one value of ¢ for which both pairs of indices achieve the
maximum. By excluding each such value, we obtain the desired result. []

THEOREM 5.11. Choose t € [0,1], and assume that « is power-
multiplicative (resp., multiplicative).
(a) The function H(a,m,t) is a power-multiplicative (resp., multiplicative)
seminorm on W (R) bounded by A(«).

~

(b) Assume that R = R. For any stable presentation xg,x1,... of x € W(R),
H(a,m,t)(x) = maxi{(t/p)'Ma)(xi)}-
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(c) For t € [0,pa(7)] with pa(T) > 0 and c € [1,1 — log,(pa(T))],
H(a,m,t) = H(aY, 7, p(t/p)t/o).

(d) For t € [pa(T),1] with t >0, we have H(a,m,t) = Aa/®)¢ for c=1 —
log,t. In particular, H(co,m,1) = A(a). (For t =0, we obtain the same
conclusion by interpreting )\(al/c)c for c=+o00 as the restriction of «

along W(R) = R.)

Proof. We may assume throughout that R = R. Given x,y € W(R), apply
Lemma 5.7 to construct stable presentations g, x1,. .., Yo, Y1, .. of ,y. We
verify that

(5.11.1) H(a,m,t)(xy) > Ijr.lfg{(t/p)j%/\(a)(xjyk)} (t€0,1]).

Suppose the contrary; then zy # 0. We must have a presentation zg, 21, . ..
of xy for which

(5.11.2) max{ (t/p)'A(e) ()} < njl,%X{(t/p)”kA(a)(wjyk)}

for some t € [0,1]. Let S be the set of t € (0,1] for which there are unique
indices j,k maximizing (t/p)’"*A(a)(z;yx). By Lemma 5.10, the comple-
ment of S in [0,1] is finite. Since (5.11.2) holds for some ¢ and both sides of
(5.11.2) are continuous in ¢, (5.11.2) must hold for some t € S. Choose some
such ¢, and put s = (logp)/(log(p/t)), so that (t/p)** = p~*. We then have

wigpm =Y "t = YT aynd
=0 (5" k) #(5.k)
but
Aa®) (zyun*) > max{A(a®) (zim") }, max  {A\a®)(zyypnd )},
' (@ k) # (k)

This gives a contradiction, and (5.11.1) follows.

To deduce (a), note that from the definition, H (o, 7, t) is evidently a
submultiplicative seminorm bounded by A(«). If « is multiplicative, then
H(a,7,t) is multiplicative because (5.11.1) implies that H(a,7,t)(zy) >
H(a,m,t)(z)H (o, m,t)(y). Similarly, if « is power-multiplicative, then so is
H(a,m,t). To deduce (b), apply (5.11.1) with y =y9 =1 and y; =0 for i > 0.

Suppose that ¢ € [0,pa(T)] with pa(7) >0 and c € [1,1 — log,(pa(T))].
Since ¢ < 1 —log,(pa(T)), we have al/e(m@) <p~1, so H(ae,m p(t/p)/)
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is well defined. Since ¢ > 1, any a-stable element is also o'/-stable (as in
Remark 5.4), so we may apply (b) to deduce (c).

To deduce (d), note that H (e, 7, 1) < A\(«) from the definition of H («, ,t)
as a quotient norm, whereas H(a,m,1) > A(«) from (b). Given this, if
t € [pa(T),1] with t >0 and ¢ =1 —log,?, then in particular ¢ € [1,1 —
log,(pa(7))], so (c) implies that H(a,7,t) = H(alc,m,1)¢ = A(a'/¢)c. This
yields (d) for ¢ > 0; the case t =0 follows by continuity. 0

COROLLARY 5.12. For any x € W(R) with A a)(x) # 0, the function
vz (r) = —log H (o, m,e7")(x) on [0,+00) is continuous, concave, nondecreas-
ing, and piecewise affine with nonnegative integer slopes.

Proof. This is apparent from Theorem 5.11(b) and the existence of stable
presentations in case R = R (Lemma 5.7). U

As an application of Corollary 5.12, we exhibit a computation which is
not straightforward using stable presentations.

LEMMA 5.13. For u,u’ € R with a(u),a(u’) <p~! and t €[0,1],

H(a,u,t)(p - [u/]) = max{t/p,H(a,u,O)(p - [u/])}

Proof. Consider the functions

f(r)=—log H(e,u,e™")(p — [u]),
g(r)= —logmax{e_’"/p,H(a,u,O)(p — [u/})}

Note that f and g take the same value logp at r =0 and tend to the same
(possibly infinite) limit as r — oco. In case a(u—u') = p~ !, [u] — [u/] is stable,
so [u] — [u/],1,0,0,... is a stable presentation of p — [v/] with respect to w.
By Theorem 5.11(b), H(a,u,t)(p — [u']) =p~! for all t € [0,1], s0 f =g.

In case a(u —u') <p~t, we have H(a,u,1)([u] — [u']) = Ma)([u] — [u]) <
p~ L. Consequently, we have H(a,u,1)(p — [u']) =t/p for t close to 1. This
means that in a right neighborhood of » =0, f(r) and g(r) are both affine
with slope 1. By Corollary 5.12, both functions are continuous, concave,
nondecreasing, and piecewise affine with nonnegative integer slopes; hence,
each function either persists with slope 1 forever or becomes constant after
some point. Given this information plus the fact that f and g have the same
limiting value, the two functions are forced to coincide. 0
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REMARK 5.14. Note that H(a,7,0) is the quotient norm on W(R)/(m)
induced by A(a). In particular, if « is a multiplicative norm, then
H(a,7,0)(x) =0 if and only if = is divisible by .

Note also that any 5 € M(W(R)) with p(5) = a and B(7) = 0 must equal
H(a,m,0). Namely, it suffices to check this assuming that R = R. Given
x € W(R), apply Lemma 5.7 to construct a stable presentation xg,z1,...
of x. By Theorem 5.11(b) and Remark 5.4, H(a,7,0)(z) = B(xo) = B(x).

REMARK 5.15. One consequence of Remark 5.14 is that if o is a mul-
tiplicative norm and u,u’ € R are such that H(«,u,0)(p — [v/]) =0, then
p— [u] =y(p — [u]) for some unit y € W(R). This implies that H (o, u,t) =
H(a,u/,t) for all ¢ € [0, 1]; it does not imply that u =" (see Example 6.11),
but it does limit the possibilities for u/, as in Remark 6.7 below.

We will need the following variant of Lemma 5.5.

LEMMA 5.16. For any x € W(R) and any € > 0, there exists y =
Z;’iopi[ﬁ] € W(R) with x =y (mod 7) and (y;) < max{3(yo),€e} for all
i>0 and all p € M(R).

Proof. Define x = xg, 1, ... as in the proof of Lemma 5.5, and again write
z; =Y 50, P’ [Ti;]. Take n to be a nonnegative integer for which o(7)" <,
and put y = z,,. For € M(R), let N be the least nonnegative integer for
which 8(Zxo) > B(7)N+L, or 0o if no such integer exists. By arguing as in the
proof of Lemma 5.5, we see that if n < N, then A(8)(y) < B(T)" < a(T)" < ¢;
if instead n > N, then 3(T;0) = A(B)(Tiz1) = B(Tno) for i = N, but also for
1> N by induction on 3. 0

86. Newton polygons and factorizations

The development of the basic algebra of polynomials over a complete
nonarchimedean field is often phrased in the language of Newton polygons.
One can develop a similar device to deal with the ring of Witt vectors
over a perfect valuation ring; we use these to develop an analogue of the
factorization of a polynomial over an algebraically closed field into linear
constituents. This observation is due to Fargues and Fontaine [11] (see
Remark 6.10).

HyPOTHESIS 6.1. Throughout Section 6, let o be the valuation ring of
a perfect field of characteristic p complete under a multiplicative norm a.
Equip W (o) with the norm \(«), which is also multiplicative by Lemma 4.1.
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DEFINITION 6.2. Let W(Fraco) denote the set of x =320 p'[T] €
W (Fraco) for which p~*a(%;) — 0 as i — oco. For T the set of nonzero
Teichmiiller lifts in W (o), we may identify W1(Fraco) with the comple-
tion of T71W (o) for the unique multiplicative extension of A(«). We define
stable elements of WT(Fraco) using the same definition as in W (o) (see
Definition 5.3).

For x =Y 2° p'[%i] € W1(Fraco) nonzero, the Newton polygon of z is the
lower boundary of the convex hull of the set

o

U{(a,b) €R?:a>—loga(T),b>1i},
=0

minus any segments of slope less than (logp)~!. The multiplicity of r €
[~(logp)~1,0) in the Newton polygon of z is the height of the segment of
the Newton polygon of slope r, or 0 if no such segment exists.

LEMMA 6.3. For z,y € WT(Fraco) nonzero and r € [—(logp)~1,0), the
multiplicity of r in the Newton polygon of xy is the sum of the multiplicities
of r in the Newton polygon of x and y.

Proof. The argument is similar to the proofs that A(«) and H(«,u,t) are
multiplicative (Lemma 4.1 and Theorem 5.11(a)), so we omit the details
(see also [17, Lemma 2.1.7]). 0

COROLLARY 6.4. The units in WT(Fraco) are precisely the nonzero stable
elements, which are in turn the elements with no slopes in their Newton
polygons.

Proof. Any nonzero element = of W (Fraco) can be written uniquely
as [g]z with 7 € o nonzero and z € 1 + pWT(Fraco). If z is stable, then
Aa)(z—1) <1, so z is a unit, as then is z. Conversely, if = is a unit, then
by Lemma 6.3 the multiplicity of each r € [~(logp)~*,0) in the Newton
polygon of x is zero, so x must be stable. 0

LEMMA 6.5. For u € o with a(u) < p~ !, the ideal (p — [u]) in W (o) is
prime.

Proof. If xy is divisible by p— [u], then H (c,u,0)(xzy) = 0. Since H (o, u,0)
is multiplicative by Theorem 5.11(a), this forces either H(«,u,0)(x) =0 or
H(a,u,0)(y) = 0. Without loss of generality, suppose that H (o, u,0)(z) = 0;
then by Remark 5.14, z is divisible by p — [u]. 0



146 K. S. KEDLAYA

LEMMA 6.6. Suppose that x € W (o) is nonzero and not stable.

(a) There exists an isometric embedding o — 0o of complete perfect valua-
tion rings of characteristic p such that in W(oq), x is divisible by p — [u]
for some u € 0y with a(u) <p~1L.

(b) If Fraco is algebraically closed, we may take u € 0.

Proof. In both cases, we may assume that x is not divisible by p, because
otherwise u = 0 works. By rescaling «, we may reduce to the case where
—(logp)~! has nonzero multiplicity in the Newton polygon of . In this case,
to prove (a), we will construct u so that ag(u) =p~!, for ag the extended
norm on 0g.

Let S be the completion of W (Fraco)[p~!] for the unique multiplicative
extension of A\(«). Then kg is a Laurent polynomial ring over x, generated
by the class of z[Z~!] — 1. It follows that x is not a unit in S.

Equip S/(x) with the quotient norm. Since S/(z) is nonzero, M(S/(z)) #
) by Theorem 1.10. Choose 8 € M(S/(x)); it corresponds to an element of
pt(a) with B(p) =p~! and B(x) =0. (Note that the condition on B(p)
would not have been guaranteed had we used WT(Fraco) instead of S.)
Restrict 3 to S and then to W (o); then use the isomorphism W (o)[T]/(T —
p) =W (o) to further restrict 8 to W(o)[T].

Since the restriction map * : M(W (o[T]P*)) — M(W(0)[T]) of
Lemma 3.10 is surjective, we can extend § to By € M(W (o[T]P*F)). Put
ag = 1(Bo), let og be the valuation ring of H(ayp), and take u to be the
image of [T] in 0g. Since By(z) =0, z is divisible by p — [u] in W (oo) by
Remark 5.14. This proves (a).

To prove (b), keep notation as above, but suppose by way of contradiction
that u ¢ 0. Since Fraco is algebraically closed, the restriction of the norm
on og to o[T] defines a point of M(o[T]) whose radius r is positive. This
in turn implies that if we equip og[T]P*f with the r-Gauss norm for the
generator T — u, then the map o0o[T]P*f — 0y®o0¢ taking o to 0 ® 1 and T
to 1 ® u is isometric.

Choose a nonnegative integer n for which p?"~! <r. For i =0,...,p",
let 0; be a copy of 0¢ in which w; denotes the element corresponding to u.
Restrict g along the map 00®0 e @Uopn — 0p to obtain a seminorm o/,
and let o' be the valuation ring of H(a/).

For 0 <1i < j <p", we have H(c/,u0,0)(p—[us]) = H(/, u0,0)(p—[u;]) =
0, so [(u;/u;)P" "] maps to a p"th root of unity in H(H (<, ug,0)). If this root
were 1, then by Remark 5.14, [(uj/u;)P" "] — 1 would be divisible by p — [uo]
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in W (0'), which would imply that o ((uj/u;)P" " —1) <p~!and o/ (u; —u;) <
p_p"a(u) < r; however, this would contradict the description of « from the
preceding paragraph. It follows that [(uj/u;)P "] maps to a nontrivial p"th
root of unity in H(H (a/,ug,0)), but by the pigeonhole principle, this cannot
hold simultaneously for all ¢, j. The resulting contradiction forces u € o; this
yields (b). [

REMARK 6.7. By a similar argument to the proof of Lemma 6.6(b), one
may show the following. For u € o with a(u) <p~!, for each € > 0, the set
of v € 0 with H(a,u,0)(p — [u/]) =0 is contained in finitely many residue
classes modulo elements of norm at most €. More precisely, if p™?"~1 < e,
there are at most p™ such classes.

THEOREM 6.8. Assume that Fraco is algebraically closed. For x € W (o)
nonzero and not stable, we can write x =y(p — [u1]) -+ (p — [un]) for some
nonzero stable y € W (o) and some ui,...,u, € 0 with a(uy),...,a(u,) <
Pt

Proof. We may divide out powers of p as needed to reduce to the case
where z is not divisible by p. Let n be the sum of all multiplicities in
the Newton polygon of x; this is a nonnegative integer. We check that for
m=20,...,n, we can find uy,...,uy € 0 such that z is divisible by (p —
[u1]) -+ (p — [um]). This proceeds by induction on m, with empty base case
m = 0. For the induction step, since m < n, by Lemma 6.3, the sum of all
multiplicities in the Newton polygon of z,, =x/((p — [u1]) -+ (p — [um])) is
nonzero, so ,, cannot be stable. We may thus apply Lemma 6.6 to construct
Um41 of the desired form.

Given uy,...,u, as above, put y =x/((p — [u1]) - - (p — [un])) € W(oy).
By Lemma 6.3, the Newton polygon of y has no slopes, so y is stable. This
gives the desired factorization. []

REMARK 6.9. For a fixed choice of u € o with a(u) < p~!, one can also
define Newton polygons which keep track of the seminorms H (o, u,t), either
by examining stable presentations or by taking the concave duals of the
graphs of the functions v, (x) from Corollary 5.12. We leave it to the reader
to formulate and verify the multiplicativity property in this case.

By analogy with the theory of Newton polygons for polynomials over a
complete nonarchimedean field, one may expect that for € W (o) nonzero,
we can use the Newton polygon to read off some information about the
factors occurring in the representation x =y(p — [u1]) - -+ (p — [un]) given by
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Theorem 6.8. Again, this is equivalent to a statement about the function
vp(x), which may be deduced from Lemma 5.13: the right slope of v,(z) at
r counts the number of indices ¢ for which H (o, u,0)(p — [u;]) <e™"/p.

REMARK 6.10. A similar analysis of elements of W (o), including a some-
what more constructive proof of Theorem 6.8, appears in the development
of p-adic Hodge theory given by Fargues and Fontaine [11].

As an application of Theorem 6.8, we can produce an example of distinct
u,u’ € 0 with a(u) = a(u’) = p~! for which p — [u] and p — [u'] generate the
same ideal in W (o), as promised in Remark 5.15. This example is crucial in
p-adic Hodge theory, as in [20] or [11].

EXAMPLE 6.11. Suppose that there exists T € o with «() = pp/(r=1),
Put

—_

= 2[1 + /P e W (o),
j=0

and write 7 = >_52 p'[7;]. Then () =p~! and (1) = 1, so by Theo-
rem 6.8 we can write m = (p — [u])y for some u € 0 with a(u) =p~! and
some unit y € W (o). Note that 7(1 — [1 +Z]/?) =1 —[1 + 7], so 1 and
[1 4+ Z] have the same image in W (o)/(p — [u]) = W (o) /(7). Consequently,
H(o,u,0)(p— [u']) =0 for v/ =u(1+ %) for any v € Z, and by continu-
ity also for any v € Z, if we use the binomial series to define (14 ). By
Remark 5.14, p — [u] and p — [u/] generate the same ideal in W (o).

§7. Restriction of Gauss norms

We are now ready to construct a strong deformation retract between
the spectra of R and W(R). We cannot directly imitate the construction
for polynomial rings, for lack of an analogue of (2.3.1) (see Remark 3.11).
We thus instead follow the approach suggested in Remark 2.8. Given an
element of M(W(R)), we express it as the restriction from a larger Witt
ring of a seminorm of the form H(a,u,0) and then define the homotopy
by restricting the corresponding seminorms H (o, u,t). Before embarking on
this construction, we read off a key continuity property from the construc-
tion of the seminorms H (o, u,t).

THEOREM 7.1. Equip R with a power-multiplicative norm « bounded
above by the trivial norm, equip W (R) with the power-multiplicative norm



NONARCHIMEDEAN GEOMETRY OF WITT VECTORS 149

AMa), and choose m =22 p'[mi] with a(75) <p~! and 71 a unit in R. Then
the map
H(-,m,): M(R) x [0,1] = M(W(R))

defined by Theorem 5.11(a) is continuous.

Proof. To check continuity, we must check that for each x € W(R) and
each € > 0, the sets

{(v,t) e M(R) x [0,1] : H(v,m,t)(z) > €},
{(n,t) e M(R) x [0,1] : H(v, 7, t)(2) < e}

are open. Pick (79,t9) in one of these sets. By Corollary 5.8, we can find
Yo-stable elements xy,...,z; € W(R) such that

A(70) (x - ixm’) <€/2.

1=0

We may further ensure that each nonzero x; satisfies A(yo)(x;) > 0.

Given some nonzero z;, write x; = Y peqp"[Tir]. Choose an integer h
for which ~o(Zig) > p~". Then the set of v € M(W(R)) for which ~(T5) >
p~" and p~*y(Ti) < v(Ti) for k=1,...,h — 1 is open and contains ~g.
Consequently, there is an open neighborhood U of 7y in M(W(R)) such
that xo,...,z; are y-stable for each y € U.

For (v,t) € U x [0, 1], applying Theorem 5.11(b) over the ring 04(,) yields

v)
max{e/Z, H(v,m, t)(x)} = max{e/Q, m?x{(t/p)i'y(x_io) } }

There thus exist an open neighborhood V' of 7y and an open interval [
containing to for which for each pair (v,t) € V x I, H(y,n,t)(z) and
H (0,7, to)(x) are either both greater than € or both less than e. This yields
the desired result. 0

COROLLARY 7.2. With notation as in Theorem 7.1, the map H(-,m,0)
induces a homeomorphism M(R) — M(W(R)/(x)), whose inverse is
induced by p. Moreover, any subset of M(R) is Weierstrass (resp., Laurent,
rational) if and only if its image in M(W(R)/(m)) is Weierstrass (resp.,
Laurent, rational).
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Proof. The first statement is immediate from Theorems 4.5 and 7.1 and
Remark 5.14. For the second statement, observe that from the proof of The-
orem 4.5(a), the image of a Weierstrass (resp., Laurent, rational) subspace
of M(R) is again such a subspace. We establish the converse only for a
rational subspace, because the other cases behave similarly; we may also
assume that R is complete under a. Let

U={veM(W(R)/(m)) :7(fi) <py(g) (i=1,...,n)}

be the rational subspace defined by some f;,g € W(R) generating the unit
ideal in W(R)/(w) and some p; > 0. Apply Remark 1.15 to find € > 0 for
which y(g) > ¢ for all ¥ € U. By Lemma 5.16, we can find AL g eR
such that for all v € M(W(R)/(n)),

v(fi = ) <ptmax{y(fi),pic}, (g —[g]) <p Pmax{y(g),e}.

(More precisely, apply Lemma 5.16 with = fi,..., fn,g, and let f{,...,
1!, ¢" be the resulting values of y; then reduce modulo p.) By Remark 1.15,
[ﬁ/], e [ﬁ/], [¢'] also generate the unit ideal in W(R)/(w), so F2
7,7 generate the unit ideal in R; the same is then true without 7.

For v e M(W(R)/(rm)) corresponding to € M(R), v(g) > € if and only
if 3(g') > €, in which case v(g) = (g’). Also, in this case, v(f;) < piv(g) if
and only if 5(ﬁ/) < piv(g9) = piB(7). Consequently, U corresponds to the
rational subspace

{Be M(R): B(F) <piB(@) (i=1,...,n)},
as desired. []

REMARK 7.3. Corollary 7.2 defines a remarkable section of the projection
w: it is a homeomorphism of topological spaces, but one of the underlying
rings is of characteristic p, while the other is not. We plan to explore the
relationship between these rings in subsequent work.

To use Theorem 7.1 to define the desired homotopy, we argue as in
Remark 2.8. However, we must overcome a technical complication that does
not occur there, because the analogous construction here is not a priori well
defined.

LEMMA 7.4. Define ¢ : W(R)[T] — W(R[T|?*) as in Lemma 3.10.
Choose 1,82 € M(W (R[TIP)) with B1(p — [T]) = Ba(p — [T]) = 0 and
¥*(B1) = *(B2). Then for all t € [0,1], the restrictions of H(u(51),[T),t)

and H(u(B2),[T],t) to W(R) coincide.



NONARCHIMEDEAN GEOMETRY OF WITT VECTORS 151

Proof. By Lemma 1.20, for S = W (R[T]P*) Qwm W(R [T]Pet), there
exists 3 € M(9) restricting to 51,52 on the tensorands (For 8 =14*(B1),
one can also argue directly that 7-[(51)@%(5)7-[(62) # 0 using the fact that
H(B;) is the completion of an algebraic extension of H(3).) We may iden-
tify S with a dense subring of W (R[T, T3]P®f) by identifying [T] ® 1 with
[T1] and 1 ® [T] with [T3]; we may then extend B3 to W (R[T1, To]P°™) by
continuity.

For i =1,2,3, put o; = (), let 0; be the valuation ring of H(c;), and
extend §; to a multiplicative seminorm on W (o;). Then B3(p—[T1]) = B3(p—
[T3]) = 0, so by Remark 5.15, we have H(as,T1,t) = H(ag,Tz,t) for all
t €0,1]. Since H(ag,T;,t) restricts to H(ay, Tj,t), this proves the claim. []

DEFINITION 7.5. Define  : W (R)[T] — W (R[T]P*) as in Lemma 3.10.
Given € M(W(R)), restrict 8 along W(R)[T] - W(R)[T]/(p — T) =
W (R), and then apply Lemma 3.10(b) to extend 3 to 31 € M(W (R[T]P*)).
By Lemma 7.4, for t € [0,1], the restriction of H(u(31),7T,t) to W(R) is
independent of the choice of 51; we call this restriction H(3,t). It is a mul-
tiplicative seminorm by Theorem 5.11(a); its formation is evidently com-
patible with restriction along bounded homomorphisms.

REMARK 7.6. For € M(W(R)), let 3 be the spectral seminorm associ-
ated to the product seminorm on W (R)[T]/(T — p) Qw (g7 W (R[T)Pet)
using (3 on the first factor; this equals the supremum over all extensions of
B to W(R[T|P™) (see Definition 1.11). Consequently, by Lemma 7.4, we
may compute H(3,t) by restricting the spectral seminorm associated to the
quotient norm on

W (RITIP)[U]/(U —p + [TY)
induced by the (t/p)-Gauss extension of \(1(5)).

REMARK 7.7. One consequence of Remark 7.6 is monotonicity: for 3, 3" €
MW (R)) and t,t’' € [0,1] with 5 > " and ¢t > t/, we have H(5,t) > H(3',t').

This is not evident from Definition 7.5 because Lemma 3.10 does not guaran-
tee that 3, 8" admit extensions £, 3] to W (R[T]P*f) which satisfy 51 > ;.

We obtain the following analogue of Theorem 2.5.
THEOREM 7.8. The map H : M(W(R)) x [0,1] = M(W(R)) given in

Definition 7.5 is continuous and has the following additional properties.
(a) For e M(W(R)), H(S,0)= 8.
(b) For e M(W(R)), H(B,1) = (Ao pu)(B).
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(c) For e M(W(R)) and t € [0,1], p(H(B,1)) = p(B)-
(d) For Be M(W(R)) and s,t €[0,1], H(H(B,s),t) = H(B,max{s,t}).

Proof. Let a be the T-adic norm on R[T|P*™! for the normalization a(T) =
~1. Equip W (R[T]P*™)/(p — [T]) with the quotient norm induced by A().
We then obtain a continuous map

MW (RITP) /(p — [T))) % [0,1] — M(W (R))

by applying first p x id (which is continuous by Theorem 4.5) and then
H(-,T,-) (which is continuous by Theorem 7.1) and then restricting along
the inclusion W (R) — W (R[T]Pe).

By Lemma 7.4, we have a commutative diagram

M(W(R[T]P)/(p — [T])) x [0,1]

T

M(W(R)) x [0,1] —* M(W(R))

in which the diagonal arrow is continuous and the vertical arrow is a quotient
map by Lemma 3.10(b). This yields the continuity of H. We deduce (a)
from Remark 5.14, (b) from Theorem 5.11(d), and (c) from Remark 5.4 (or,
more precisely, by noting that u(H(5,t))(Z) = H(5,t)([Z]) and that because
Teichmiiller elements are stable, the latter equals 8([Z]) = u(5)(T)).

To establish (d), we may follow the construction of Definition 7.5 to
reduce to the case where R = o is the valuation ring of a perfect field com-
plete for a multiplicative norm v, and S(p — [u]) = 0 for some u € o with
v(u) < p~!. By Remark 5.14 again, this ensures that 3 = H(v,u,0). This
formula defines an extension of 8 to W(o1) whenever o; is the valuation
ring of a complete field extension of Fraco; we may thus reduce to the case
where Fraco is algebraically closed.

In this case, by Theorem 6.8, any nonzero element of W (o) factors as
a stable element times a product of finitely many terms each of the form
p— [u'] for some ' € 0 with v(u’) < p~!. To establish (d), we thus need only
check that the functions

f(r)=—log H(H(B,s),e”")(p — [u]),
g(r) = —log H(B,max{s,e”"})(p — [u])
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are identically equal. By Lemma 5.13, f and g are both continuous, concave,
nondecreasing, and piecewise linear with slopes in {0,1}. Moreover, they
take the same value at 7 =0 (namely, logp) and have the same limiting
value as r — oo (because H(H(S,s),0) = H(5,s) by (a)). Consequently,
they must coincide. []

COROLLARY 7.9. Fach subset of M(R) has the same homotopy type as
its inverse image in M(W (R)) under p.

We have the following analogue of Lemma 2.4.

LEMMA 7.10. For a € M(R) and s,t € [0,1], H(H(,u,s),t) = H(a,u,
max{s,t}).

Proof. Put = H(w,u,0), and set notation as in Definition 7.5. Then

Bi(p —[u]) =B1(p— [T]) =0, so H(o,u,s) = H(S,s) by Remark 5.15. By
Theorem 7.8(d),

H(H(a,u, s),t) = H(H(ﬁ, s),t) = H(B,max{s,t}) = H(a,u,max{s,t}),
as desired. 0

We also have the following analogue of Theorem 2.11. Again, this depends
on an analysis of the fibers of u, which we carry out in Section 8.

DEFINITION 7.11. For € M(W(R)), the set of s € [0,1] for which
H(B,s) = is nonempty (because it contains 0) and closed (by continu-
ity), so it has a greatest element. As in Definition 2.10, we call this greatest
element the radius of 3, and denote it by (/).

THEOREM 7.12. Suppose that 8,7 € M(W(R)) are such that >~ and
p(B) = pu(). Then 5= H(y,7(8))-

Proof. Put a = p(B8) = pu(7y), let o be the valuation ring of H(«), and
identify 3,7 with the corresponding points in u~!(a) € M(W(0)). These
identifications are compatible with the formation of H(-,t); in particular,
they do not change the radius of 5. It thus suffices to check the case R=o0
(see Lemma 8.12 below). U

COROLLARY 7.13. For 8,7 € M(W(R)) satisfying p(8) = pu(y) and >
v, we have r(B) > r(v), with equality if and only if f="ry.

Proof. For t € [0,7(7)], by Theorems 7.8(d) and 7.12, we have
H(Bat) = H(H(er(ﬁ))at) - H(H(’)/:t)vr(ﬁ)) = H(Va 7’(5)) =B,
so 7(B) > r(v). If equality holds, then v = H(~,r(v))=H(y,r7(8))=p5. [
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88. Structure of fibers

We conclude with a description of the fibers of the map pu: M(W(R)) —
M(R) similar to the description of M(KT]) given in Section 2. This will
allow us to establish Theorem 7.12, thus giving a combinatorial interpreta-
tion of the fibers of u.

HypoTHESIS 8.1. Throughout Section 8, retain Hypothesis 6.1. In addi-
tion, let 0 be the valuation ring of the completion of an algebraic closure of
Fraco, equipped with the unique multiplicative extension & of «, and equip
W (o) with the multiplicative norm A(¢&).

DEFINITION 8.2. For u € & with &(u) <p~'and t € [0,1], let S, € p~ (&)
be the seminorm H (&, u,t) of Theorem 5.11. Let 3, be the restriction of
/Bu,t to W(U)

Before studying the S, :, we must work out some facts about the Bu,t
which are not quite as obvious as their counterparts for K[7.

LEMMA 8.3. For u,u € o with &(u),a(u’) <p~! andt € (0,1], the follow-
ing conditions are equivalent.
(a) We have Bu,t = Bu/’t.
(b) We have @u,t > Bu@t.
(©) We have Bus > Foro
(d) We have t/p > By o(p — [u]).

Proof. Clearly (a) = (b) = (c) == (d); it remains to check that (d) =
(a). If t > max{pa(u),pa(u')}, then B, ;= By by Theorem 5.11(d), so (a)
always holds. We may thus assume that ¢ < max{pa&(u),pa(u')} hereafter.

By (d), we have B, o([u] — [/]) <t/p. That is, there exists y € W (&) for
which

Aé) ([u] = [w]+ylp - [w])) <t/p.
Note that we cannot have a(u) # a(u'), because then [u] — [u] would be
stable and we would derive the contradiction max{a(u),&(u')} = A(a&)([u] —
[u]) = Bu o([u] — [u']) < t/p. We must thus have @(u) = &(u'). For g the
reduction of y modulo p, we cannot have &(1+7) < 1, or else we would derive
the contradiction max{a(u),a(u")} = a(u— (1+7)u') <t/p. We deduce that
1+ y is a unit in W (o).
Put ' =y/(1 +y); then

[w] =[]+ (p = [ul) = (L +y) 7" ([u] = W] +y(p - [W]),
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s0 A(@)([u] — [w'] +4/(p — [u])) < t/p, and hence By o(p— [v/]) < t/p. In other
words, condition (d) is symmetric in v and u’'.

This means that to prove that (d) = (a), it is sufficient to check that
(d) = (b). Given (d), for z € W(o), apply Lemma 5.7 to construct a stable
presentation xg, 1, - .. of x with respect to u. By Theorem 5.11(b), Bu,t(:c) =
maxl{(t/p) AMa )(1:1)} Applying Bu/ o to the identity x = >, z;(p— [u])" then
gives Bu.¢() > Bu o(x). Lemma 7.10 and Remark 7.7 then give

Bu,t = H(/éu,ty t) > H(Bu’,o’t) = Bu’,tv
yielding (b) and completing the proof. 0

Lemma 8.3 allows us to replace the center u of the norm Bu,t with a
nearby value, as was critical in the analysis of M (KT7).

COROLLARY 8.4. For u,u’ € o with a(u),a(u') <p~' and t € (0,1], if
)\(Q)([U] - [ul]) < t/p7 then ﬁu,t = /Bu’,t-

Proof. Since Bu,t < A(a), this follows from Lemma 8.3. 1

COROLLARY 8.5. For u € 0 with a(u) <p~! and t € (0,1], there ewists
u' € 0 which is integral over o such that a(u') <p~t, Ma)([u] — [v']) <t/p,

and But - ﬁu’ t-

Proof. By Remark 3.7, [u] — [u/] = 7% p'[P;] for some polynomials P;
in up Z,( ) P™" such that P, is homogeneous of degree p’ and divisible by
— ()P . Tt follows that

(8.5.1) Aa)([u] — [u]) < m?x{p_id(u - u/)p_i}.

We can make the right-hand side smaller than ¢/p by ensuring that &(u —

u') < (tp'~1)P" for each of the finitely many nonnegative integers 4 for which
p~* >t /p; this is possible because the integral closure of o0 in 0 is dense. By
Corollary 8.4, we obtain the desired result. 0

REMARK 8.6. Define the function d(u,u’) = pﬁuro( — [u]). It d(u o),
d(v',u") <t, then Lemma 8.3 gives ﬁu/ = Bu i = Buu ¢, and hence d(u,u”) <t.
In other words, the function d satisfies the strong triangle inequality
d(u,u") < max{d(u,u’),d(v/,u")}. Lemma 8.3 also implies the symmetry
property d(u,u’) = d(u',u). This almost implies that d is an ultrametric
distance function, but not quite: we can have d(u,u’) =0 even when u # u’.
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(That is, d is a pseudometric rather than a true metric.) Nonetheless, the
function d will play a role in the following arguments similar to that played
by the usual distance function on K in the analysis of M(K[T]).

We can now give an analogue of Lemma 2.17.

LEMMA 8.7. For u €0 with &(u) <p~! and s,t €[0,1], Bus > But if and
only if s >t.

Proof. If s > t, then evidently 3, ¢ > . It remains to show that if s > ¢,
then B, s # Bu,; it is enough to check this when ¢ > 0. By Corollary 8.5, we
can choose v’ € o integral over o with a(u') <p~! for which By: = Bu s,
and hence 3,5 = By s by Lemma 7.10. Let P(T) =[[;",(T — u;) be the
minimal polynomial of «’ over o. Then B s(p — [w;]) > Bu +(p — [wi]) with
strict inequality when u; = «'. If we put y = [[;~,(p — [wi]) € W (o), then
/Bu,s(y) = ﬁu’,s(y) > Bu’,t(y) = 5u,t(y)a S0 /Bu,s S Bu,ta as desired. 0

COROLLARY 8.8. For u € 0 with a(u) <p~' and t € [0,1], r(Bus) =t.

Proof. This follows from Lemma 8.7 plus Lemma 7.10. U

We also have an analogue of Lemma 2.19.

LEMMA 8.9. For u,u’ € 6 with &(u),a(u’) <p~t andt €[0,1], the follow-
ing are equivalent.
() We have By =P,
(b) We have Byt > Bu t-
(c) We have fu > Buro.
(d) There exists T € Aut(8/0) for which t/p > Bu o(p — [7(w)]).

Proof. Assume first that ¢ > 0. By Lemma 8.3, we have (d) = (a) =
(b) = (c), so it remains to check that (¢) = (d). Assume (c); then apply
Corollary 8.5 to construct v € ¢ integral over o with &~ !(v) = p~! for which
M) ([u] = [v]) < t/p and Buys = By Let P(T) = [, (T —v;) be the minimal
polynomial of v over o, with the roots ordered so that the sequence t; =
PBu o(p — [v;]) is nondecreasing.

If (d) fails, then also t/p < Bu/,o(p —[t(v)]),sot; >t fori=1,...,m. We
exploit transitivity as in Remark 8.6: since t; > t1, by Lemma 8.3 we have
Burty = Bonts a0 Bur gy = Boytys 50 Bty = Bor,ty- By Lemma 8.3 again,

(8.9.1) max{t/]?ﬁuho(l? — [vi])} <ti/p.

This inequality becomes strict for ¢ = 1.
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If we put y =[[;~,(p — [vi]) € W(0), then by Lemma 5.13 and (8.9.1),

m

Bu,t( ﬁvl, H

=1

—Hmax{t/p ﬁm, [ Z])}

m

<Ht/p -1 — Buroly),

a contradiction. Hence, (d) holds, as desired.

Suppose now that ¢ = 0. Note that each condition for ¢ = 0 implies the
corresponding condition for all ¢ > 0. For (a)—(c), the converse implication
is clear; the converse implication also holds for (d) by the completeness of
0 and the compactness of Aut(o/0). We may thus reduce the claim to the
case t > 0 treated above. []

We are now ready to make the decisive step, analogous to Lemma 2.20.

LEMMA 8.10. For 8 € u1(a) and s € (r(B),1], there exists u € o with
a(u) <p~t for which H(B,s) = Bus-

Proof. Let S be the set of s € [0, 1] for which 3, s > f for some u € 6 with
&(u) <p~!. The set S is up-closed and nonempty; let ¢ be its infimum. As
in the proof of Lemma 2.20, it suffices to check that r(8) > ¢.

By proceeding as in Definition 7.5, we can construct an isometric embed-
ding 0 — 01 of complete valuation rings of characteristic p, with the norm
on 01 denoted by aj, and an element v € 01 with aj(v) = p~!, for which
B is the restriction of the seminorm H(aq,v,0). There is no harm in fur-
ther enlarging o7 so that Fraco; becomes algebraically closed; we may then
identify o0 with a subring of o;.

For u € o, if &(u) < p~1, then by Lemma 5.13, H(ay,v,8)(p — [u]) is
constant on [0, 1]. If instead &(u) = p~*, then for s € [0,¢) we have H(3,s) #
Bu,s, so by Lemma 8.9, s/p < H(ozl,v,O)( [u]). By Lemma 5.13, for s €
[07 t] Y

H(al,v,s)(p— [u]) :max{s/p,H(al,v,O)(p— [u])} = H(Oq,v,())(p— [u])}

For each nonzero x € W (o), by Theorem 6.8 we have z =y(p — [u1]) -

(p—
[uy]) for some stable y € W (o) and some uq,...,u, € 0 with a(u;) <p~ L.
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For s € [0,1],

n

H(p,s)(x) = H(au,v,5)(2) = X&) (y) [ [ H(a,0,0)(p — [w])

i=1

is independent of s. Hence, H(5,s) = for s € [0,t], and so r(8) >t, as
desired. []

COROLLARY 8.11. Suppose that 8 € p=*(a) is such that 3 # Buy for all
u €0 with &(u) <p~! and all t € [0,1]. Then for each y € W(o), for any
sufficiently small s € (r(8),1], 8(y) = H(8,5)(s).

With this analysis, we obtain Theorem 7.12 as follows.
LEMMA 8.12. Theorem 7.12 holds in case R=o.

Proof. If r(8) =1, then = H(B,1) = H(v,1) by Theorem 7.8(b). If
r(y) =1, then by Theorem 7.8(b) again, § >~y = H(y,1) = H(f5,1) > 3,
and so 8= H(v,1). It is thus safe to assume that r(3),r(v) < 1.

For each s € (max{r(8),r(y)},1], by Lemma 8.10 we have H(3,s) =
Bu,s, H(7,8) = Bu s for some u,u’ € 6 with a(u),a(u’) <p~!l. Since 8>~
implies that H(3,s) > H(v,s) by Remark 7.7, we have 8, > B, s, but by
Lemma 8.9, this forces 8y s = By s. Hence, H(B,s) = H(y,s).

If 7(y) > r(B), by taking the limit as s — r(y)", we deduce that vy =
H(B,r(v)) = H(B,r(8)) = B, a contradiction. Hence, r(f) > r(vy), and by
taking the limit as s — r(8)", we deduce that 8 = H(v,r(3)), as desired. []

We derive the following corollary analogous to Corollary 2.23.

COROLLARY 8.13. For any B,v € u~'(a) with 8>, there exist 5,7 €
p= (@) restricting to 3,7, respectively, for which 3> 7.

Proof. Extend « as in the proof of Theorem 7.8(d); then put B =
H(#4,r(B)). This restricts to 5 by Theorem 7.12. U

To obtain an analogue of Corollary 2.25, we must make the function
d(u,u') from Remark 8.6 more explicit.

LEMMA 8.14. Consider u,u’ € o with a(u),a(u’) <p~*
(@) If u=0 or a(' —u) > p PP Vmax{a(u),a(u)}, then d(u,u’) =
pa(u —u).
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(b) If u# 0 and there exists a nonnegative integer i for which &(u'/u—1) €
(p? /=1 p=p" /(=1  then

d(u,u') = p' G (u)a( fu— 1) € (p~ =Y PV (u),pm DD a(w)).

(c) If u#0 and there exvists a positive integer i for which &(u'/u —1) =
p P /=) then d(u,u’) < p~ =DV =Da(u), with equality unless
a(u)=p~! and a(1 —u? (v'Ju—1)17P) < 1.

Proof. Part (a) is clear when u = 0, so we may assume that u # 0 through-
out. Write

(8.14.1) ' /u] 1= " [P ((w/ fu—1)P)]
=0

for P;j(T) € Fy[T] as in Lemma 3.8. By Lemma 3.8, P;(T") is divisible by T'
but not by T?; consequently, if &(u’/u — 1) < 1, then

(P ((d fu— 17 )) =G fu— 1)
and so

(8.14.2) N@) ()~ ) = max{p~a(u)au fu— 17"},

In case (a), the maximum in (8.14.2) is achieved only by the index j = 0; in
case (b), the maximum is achieved only by j =i. In these cases, the right-
hand side of (8.14.1) is dominated under A(&) by a single term which is a
power of p times a Teichmiiller element, so this term also dominates under
Bu,o. This yields the desired results in these cases.

In case (c), the maximum in (8.14.2) is achieved only by the indices j =
i —1,i. We modify the presentation of [u’/u] — 1 by replacing p![P;((v'/u —
)P Y] with pL[uPy((«//u — 1)P"")]. We then observe that d(u,u’) <
p~ D=V P=Dg(y) with equality unless

d((u'/u — 1)p_i —u(u'Ju — 1)p_i+1) < pil/(pfl),

which yields the desired result. 1

COROLLARY 8.15. For u € 6 with a(u) <p~* and 0 <s<t<1, there
are infinitely many points of u~1(a) of the form Bu,s which are dominated
by Bu,t-
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Proof. Suppose first that u = 0; then for any u’ € 0, we have Bu,o(p —
[u']) = &(u') because By 0(p) =0. Choose s’ € (s,t) for which §'/p occurs as
the norm of some element of 0. As in the proof of Lemma 2.24, we can
find an infinite subset S of 6 such that a(v') = a(u' — u”) = '/p for all
distinct u/,u” € S. We then have f,; > Bu/,s for all ' € S by Lemma 8.3.
Moreover, for «/,u” € S distinct, [u/] — [u”] is stable, so By o(p — [u"]) =
Bu/70([u’] — [u"]) = ¢'/p, and hence Bu’,s % Bu”,s by Lemma 8.3 again.

Suppose next that u # 0. Choose ¢ € (p~?/®=1 p=t/P=1) occurring as
the norm of an element of o and such that p~**'a(u)c € (s,t) for some
nonnegative integer 7. Again as in Lemma 2.24, we choose an infinite subset
S of & such that &(u/'/u—1) = a(u//Ju—u" /u) = " for all distinct v/, u” € S.
By Lemma 8.14, we have S,0(p — [¢/]) = Buo(p — [u"]) = p~*@(u)c for all
distinct v/, u” € S. By Lemma 8.3, Bu,t > Bu/,s for allu’ € S, and Bu/’s + Bu”,s
for all distinct v/, u” € S. [

We can now derive an analogue of Lemma 2.24.

LEMMA 8.16. For u € 0 with &(u) <p~' and t € [0,1], let D(u,t) be
the set of Buo € p~ () dominated by Buyt. Then for s,t €[0,1], D(u,s) =
D(u,t) if and only if s =t1.

Proof. Tt suffices to deduce a contradiction under the assumption that
D(u,s) = D(u,t) for some ¢t > s> 0. By Corollary 8.5, we can find v’ € ¢
integral over o for which 8, s = By s, so that D(u,t) = D(«/,t) and D(u,s) =
D(u/,s). Since D(u,t) = D(u,s), for any S, 0 € D(u,t), we have By s > By 0,
and hence (by Lemma 8.9) 3,0(p — [r(u/)]) < s/p for some 7 € Aut(d/0).
Consequently, there are only finitely many points in g~!(&) of the form Bv’ s
which are dominated by Bu,t; however, this would contradict Corollary 8.15.
This contradiction establishes the desired result. [

We also derive the following analogue of Theorem 2.26.

THEOREM 8.17. Each element of () is of exactly one of the following
four types.

(i) A point of the form By for some u € o with &(u) <p~'. Such a point
has radius 0 and is minimal.

(ii) A point of the form By, for some u € o with &(u) < p~
t € (0,1) such that t/p is the norm of an element of 0. Such a point
has radius t and is not minimal.

L and some



NONARCHIMEDEAN GEOMETRY OF WITT VECTORS 161

L and some

(iii) A point of the form By for some u € o with &(u) < p~
t € (0,1) such that t/p is not the norm of an element of 6. Such a
point has radius t and is not minimal.

(iv) The infimum of a sequence Py, for which the sequence D(u;,t;) is
decreasing with empty intersection. Such a point has radius inf;{t;} >0
and is minimal.

Proof. By Corollary 8.8, r(8,:) = t. Consequently, types (i)—(iii) are
mutually exclusive. Moreover, 3, ; cannot be of type (iv), because otherwise
Bu,0 would belong to the empty intersection (), D(u;,t;). Consequently, no
point can be of more than one type.

It remains to check that any point 8 € p~!(a) not of the form B,
is of type (iv) and is minimal of the claimed radius. Choose a sequence
1>t >tg >--- with infimum r(3). By Lemma 8.10, for each i, we have
H(pB,t;) = Bu, 1, for some u; € 0. The sequence By, ¢, Bus,tys--- 1S decreas-
ing with infimum f; the sequence D(u;,t;) is also decreasing. For each
u € 0, there exists ¢ for which for which By, # Bu,,; for such ¢ we have
Buo ¢ D(u;,t;) by Lemma 8.9. Hence, the D(u;,t;) have empty intersection.
Hence, 3 is of type (iv); it is minimal by Theorem 7.12 plus Lemma 8.10.
Since B = infi{fy,+,} and r(By,,) =ti by Corollary 8.8, we have r(3) >
inf;{¢;}; the reverse inequality also holds because t; = r(By,+,) > 7(8) by
Theorem 7.12.

Suppose by way of contradiction that r(8) = 0. By Corollary 8.5, we may
choose the wu; to be integral over o. Let Uy denote the original sequence
ui,uo,.... For h=1,2,..., we construct a subsequence U of U,_1 such
that any two terms v1,vs of Uy, satisfy d(vi,ve) < p~", as follows. Given
Uy_1, for ¢ sufficiently large, whenever u; € Up_1, we have t; < p‘h and
Bui t; = Bu; t; for all j > with u; € Up_;. By Lemma 8.7 and the integrality
of u; over o, this limits the u; to finitely many closed disks of radius ¢;
under d. One of these disks then contains infinitely many elements of Up_1;
choose these to form the subsequence Uy,

By diagonalizing (i.e., choosing a subsequence of Uy whose ith term
belongs to U; for each i), we obtain a Cauchy sequence in 0 with respect
to d. By Lemma 8.18 below, this sequence admits a limit « with respect to
d, which then satisfies 8 = 3,0, a contradiction. We conclude that r(5) >0,
as desired. []
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LEMMA 8.18. The pseudometric d on the set {u €0 :a(u) <p~t} is com-
plete. That is, for every sequence ug, w1, ... with lim; j_oc d(u;,u;) =0, there
exists u for which im; o d(u,u;) = 0.

Proof. Let Uy denote the original sequence. For h=0,1,..., we produce
an infinite subsequence Upy1 of Uy such that any two elements v,vs of
Up, 41 satisfy a(v) —vg) < p‘ph+1/(7’_1). To produce Uy, apply Lemma 8.14(a).
Given Uy, for some h > 0, by Lemma 8.14(c), U}, falls into p residue classes
modulo elements of 6 of norm less than p*ph/ (P=1) In particular, one of these
residue classes contains infinitely many terms of Uy; by Lemma 8.14(b), all
but finitely many such terms are pairwise congruent modulo elements of o
of norm at most p*phﬂ/ (»=1) ' We can thus choose these to constitute Unt1-

By diagonalizing, we obtain a Cauchy sequence in 0 with respect to a,
which then has a limit . With respect to d, the original sequence is Cauchy,
and u is a limit of a subsequence, so it is also a limit of the entire sequence.

i

In the manner of Corollary 2.27, we can describe the residual extensions
and norm groups of points in ! (a).

COROLLARY 8.19. Let B be a point of u~'(a), classified according to
Theorem 8.17. Let |a*|,|B*| denote the groups of nonzero values assumed
by «, B, respectively. Put K = Frac(o).

(i)  For B of type (i), kyyg) is algebraic over Ky, and |3*|/|a*| is a torsion
group.

(ii) For B of type (ii), Ky is finitely generated over ki of transcendence
degree 1, and |B*|/|a| is a finite group.

(iii) For B of type (iii), Ky is a finite extension of ki, and |3*|/|a*| is
a finitely generated abelian group of rank 1.

(iv) For B of type (iv), Kyyp) is algebraic over ki, and |B*[/|a™| is a
torsion group.

Proof. By Ostrowski’s theorem again (see (2.27.1)), in cases (ii) and (iii),
it is enough to check the claims after replacing K by a finite extension; in
cases (i) and (iv), we may replace K by a completed algebraic closure. We
make these assumptions hereafter.

In cases (i)—(iii), we have 8 = B, with u € 0 and a(u) < p~!. For each z €
W (o), by Lemma 5.7, in W (0) there exists a stable presentation zg,z1,...
of x with respect to u. Let Z; € 0 denote the reduction modulo p of z;. By
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Theorem 5.11(b),
(8.19.1) But(w) = max{(t/p)"&(T7) }.

Consequently, in cases (i) and (ii), |8*|/|a| is trivial; in case (iii), |3*|/|a*|
is freely generated by t/p.

In case (i), kg g may be identified with the quotient of W (o) by the
ideal (p,[u]), so Ky s) = kK. In case (ii), pick v € o with a(v) =t/p. For
R=W/(o0)[[v] 7], we have og/mg = kk|2] for z the class of [v]"}(p — [u]).
Consequently, rqyg) = ki (2). In case (iii), if x # 0, then the maximum in
(8.19.1) is achieved only by a single index 7. For this i, we have 3, +(z — (p —
[u])![%7]) < Bu(w); it follows that each element of (g is represented by a
Teichmiiller element. Consequently, KH(8) = KK -

In case (iv), by Corollary 8.11, for each y € W (o), any sufficiently small
s € (r(B),1] satisfies H(B,s)(y) = B(y). If we choose s € |a*|, we deduce
that |8%]/|a*] is trivial. If we choose s ¢ |a|, then for any z € W (o) with
B(z) < B(y), by case (iii), there must exist A € o for which H (8, s)(z—[A]y) <
H(B,s)(y). This implies that

Bz = [Ny) < H(B,s)(z = [Ny) < H(B,5)(y) = B(y),
so z/y and [A] have the same image in kyg). Hence, Ky g) = kK. 0

REMARK 8.20. One could also consider points of u~!(«) obtained by
restricting points of (&) of the form H (&, ,t) for 7 € W (0) as in Hypoth-
esis 5.1; that is, 7 =Y o0, p'[7;] with &(75) <p~! and a(77) = 1. However,
by Theorem 6.8, any such 7 generates the same ideal as p — [u] for some
u€o,so H(a,m,t)=H(&,u,t) for t €[0,1]. Consequently, these points are
again of types (i)—(iii) in Theorem 8.17 and not of type (iv).
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