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POSITIVE DEPENDENCE OF THE ROOTS OF A
WISHART MATRIX

By RiIcHARD L. DYKSTRA AND JOHN E. HEWETT
University of Missouri—Columbia

It is shown that the characteristic roots of a Wishart matrix (identity
covariance matrix) and the roots of S1S571 and S1(S:1 + S2)~! where S1, Sz
are independent p x p Wishart matrices with the same covariance matrix,
satisfy certain types of dependency relationships. That is, it is shown that
these roots are (a) positive orthant dependent, (b) associated, (c) stochasti-
cally increasing in sequence, and (d) positively likelihood ratio dependent.
An example of how this may be used in obtaining simultaneous confidence
intervals is also included.

1. Introduction. The joint probability density function of the ordered roots
of a p X p Wishart matrix with covariance matrix / and m degrees of freedom

is wellknown. Thatis, ifoo > 2, = 2, = --- = 2, = 0denote these roots, their

joint density is given by

fl(zl, o ,Zn) _ 7z-P,/2 Hlpzl zihm—p—l) exp ___% Zlg»:l Zl Hi<j (21 __.Xj)+ , ,{p g 0
oA (m + 1 = ] - TlHp + 1 = i)}

where (1, — 4,)* = max {(2; — 4,), 0}. Anderson (1958) among others gives a
derivation of this density. Since the roots themselves are important statistics
and since the distribution of a given subset of these roots is quite difficult and
intractable (see, for example, Waikar (1975)), any pattern to the behavior of
these roots is of interest. It is the purpose of this note to point out that the
characteristic roots of a Wishart matrix satisfy certain types of positive depend-
ence relationships.

2. Types of positive dependence. Lehmann (1966) has defined several types
of dependence relationships for the bivariate case which have been extended to
the multivariate situation. The following types of positive dependence will be
of interest to us in this paper.

(a) Positive orthant dependence. We shall say that random variables X, X,, - - -,
X, are positively orthant dependent if

PX, S xpi=1,.,p) = [, P(X; = xy)

T =

for every choice of x;, x,, - - -, x,. This type of dependence is discussed in several
sources including Esary, Proschan and Walkup (1967) and Dykstra, Hewett and
Thompson (1973).
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(b) Associativity. The random variables X, ..., X, are associated if
Cov (g(X,, -+, X,), A(X,, - -+, X)) = 0 for all functions g and # which are
nondecreasing in each argument and for which the covariance is defined. This

concept has been extensively discussed in Esary et al. (1967).

(c) Stochastically increasing in sequence. Esary and Proschan (1968) define

random variables X, ---, X, to be stochastically increasing in sequence if the
conditional distribution function of X, given X, , = x,,,, ---, X, = x,, i.e.,
F(x;|Xx;4y + ++, X,), is nonincreasing in x;,, -+, x, fori =1, ..., p — 1.

(d) Positively likelihood ratio dependent. This concept is defined in Dykstra et
al. (1973). The random variables X;, - - -, X, have this property if for x/ = x,,
j =1, ..., ps

fi(xi7 Xig1s " xp)fi(xi,’ Xii1s xp,) = fi(xi,’ Xitrs * " " xp)fi(xi’ Xips @ s xp,) s

i = 1,2, ""P—l’
where f; denotes the joint density of X;, X,,,, - -+, X,.

It should be noted that the concept of positive likelihood ratio dependence is
closely connected with the concept of TP, (totally positive of order 2) densities.
In particular a nonnegative function A(4,, 4,) is said to be TP, if

h(y, 2)  h(R), 4y) >0

h(Ay, A))  R(A), A0
for all 2/ = 4,, i = 1, 2 (see Karlin (1968) for an extensive discussion on total
positivity). Then it is straightforward to show that positive likelihood ratio de-
pendence is equivalent to fy(x;, x;,,, - - -, x,) being TP, as a function of 4; and
2, (holding the other variables fixed) for j = 1,2, ..., p — l and k > j.

It is established in Theorem 2 of Dykstra et al. (1973) that these types of
dependence are successively stronger. That is, each type of positive dependence
also implies the types listed before it. Thus if we can show that the characteristic
roots satisfy the fourth type of dependence, they must also satisfy the other three.
We are now ready to state our result.

3. Main result.

THEOREM. The characteristic roots of a Wishart matrix with identity covariance
matrix satisfy the four types of positive dependence defined in Section 2.

Proor. From previousstatements it will suffice to show that f(1,,2;,,, - - -, 4,)
is TP,as a functionof 4,and 4, forj = 1,2, ..., p — l and k > j. First consider
the case j = 1. Since the joint density of all p roots is of the form

117, gi('zi) . Hi<j (Zi — Xj)J’ s
fi(4, -+, 2,) will be TP, in each pair of variables, say 2, and 4, (k < m) if
ITic; (40 — 2))*
is TP, in 2, and 1,,. However, by writing out the TP, criterion and cancelling
like terms, it is straightforward to show this is the case.
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To verify that fy(2,, - - -, 4,) is TP, in each pair of variables, we wish to use
Theorem 5.1 (page 123) of Karlin (1968). This theorem states if a strictly positive
function f(x,, x,, x,) is TP, in each pair of variables while the third is held fixed,
and if the function g(x,, x,) is TP,, then for a ¢-finite measure p

h(xy, x3) = § flx1, Xy X3)9(x;, X5) dpe(xy)
is TP, (the variables being defined over linear sets).

If we let g(4;, 4,)) = (4, — A)* and (A, 4,5 - -+, 4,) = fi(Ays -+ 5 A,)[(A — 49T,
and integrate with respect to variable 4;, then Theorem 5.1 of Karlin guarantees
that fy(4,, ---, 4,) is TP,in 4;and 2;, j > i = 2.

By using this theorem again, this time with g(4,, 4;) = (4, — 4;)" and f(4,, - - -,
2,) = fo(Ass - -+, 4,)/(2, — 4)*, and integrating with respect to 4,, we have that
fi(Ass -+ -5 4,) is TP, in each pair of variables.

Repeating this procedure as often as necessary gives the desired result.

4. Example. An easy but useful example of our result pertains to simultaneous
confidence intervals. Several authors (for example, Hanumara and Thompson
(1968), and Roy and Bose (1953)) develop methodology for simultaneous con-
fidence intervals based upon the values ! and # which are to be chosen so that

(4.1 l—2a=Pl<i,<A<u.

Because of the difficulty in determining exact values for / and #, Hanumara and
Thompson recommend that the conservative values (conservative because of the
Bonferroni inequality) /, and u, be used where

(4.2) a =P, <L) =P > u).

An idea of how conservative these values are may be obtained from the positive
orthant dependence of the characteristic roots. That is,

PlL<A, <4 =u)=1—PQA, <l)— P >u)+ PA, <1, 2 >u)
=1 —2a 4 P(A, < L)P(A, > u) .
Thus
l—2a< P2, <4 2u) 1l —2a 4 a*,

so that if @ = .025, we may be assured that the true confidence coefficient is
between .95 and .950625. Investigation seems to indicate that if p = 2, the true
probability is near the middle of this interval. For larger values of p, the true
probability tends to move towards the upper endpoint of the interval.

A similar type of argument is useful in trying to construct a critical region
for tests involving the covariance matrix. Specifically, suppose one wishes to
test Hy: & = Z,vs. H,: £ + X, where I is the covariance matrix of a p-variate
normal distribution. Then if n~'S is the sample covariance matrix based on a
sample of size n + 1, under H,, SX,~! has a Wishart distribution with £ = I and
n df. For a 2a size test, Roy (1957) proposes as an acceptance region/ < 1, <
A, < u where 1, < --- < 4, are the roots of $X,~! and / and u satisfy (4.1). Of
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course / and u are hard to obtain. If, however, we use /, and u, defined by (4.2),
we have narrow bounds on the actual size of the test. (We could actually find
even narrower bounds by putting unequal amounts of probability in each tail.)

5. Generalizations. Of course the exact same argument suffices for any set
of random variables with a joint density of the form

112 gi(xi) . Hi<j (xi - Xj)+ .
In particular, it is worth noting that if 4, > 2, > ... = 4, = 0 denote the
characteristic roots of either

5,8, or S8, 4 )

where S, S, are independent p x p Wishart matrices with the same covariance
matrix, the positive dependence relationships in Section 2 still hold.

Other interesting types of positive dependence are discussed by Shaked (1977).
However, these depend upon the property of exchangeability which does not
hold for the Wishart roots.

Acknowledgment. The authors wish to thank the associate editor for pointing
out an error in the original proof.
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