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AN ESTIMATOR FOR THE SPECTRAL DENSITY OF
A STATIONARY TIME SEQUENCE

By A. C. BUTCHER
The City University, London

An estimator for the spectral density of a stationary time sequence is
introduced. The form of the estimator is motivated by the analogy with
the summability theory of Fourier series. A theorem relating to rate of
consistency is proved. The effect of a mean correction is considered.

Let {X,, —oo < n < oo} be a real random sequence having the properties that
EX, = 0 all n, R(n) = E(X,,,,X,) is independent of m, and )] |R(n)| converges.
Then the spectral density function (Doob (1953), page 476) is the continuous
function f{4) given by the uniformly convergent series

1) f(A) = 1=, R(n) exp(—2minl) .
We have (Parzen (1957), equations 2.2,.2.3),
E(X,X;X,X,) = R(i — )R(k — 1) + R(i — K)R(j — )
+ R — DR(j — k) + Q,
where Q is the fourth order cumulant. It is supposed that X, is fourth order
stationary, i.e., Q = Q(j — i, k — i, — i) and that >} >} 3 |Q(I, m, n)| converges.

Let {a,} be a nonincreasing sequence of real numbers such that (a,)"/" tends to
unity and suppose that )} a, x" tends to infinity as x tends to 1 — 0. Define

@) $u(¥) = DT @, X, P(x) = i(x) .
A family of estimators for f(2) is defined by

(3) U, = 2 3153 {$ru(0)/$()R, ()¢, cos 2ar

where ¢, =1, ¢, =1 forr = 1, and

4) R,(r) = (/n) T30 X Xiyr -

THEOREM. (a) If >, |R(n)|(a, + @y + -+ + a,) converges, then E{U, —
f(A)} = O{1)é(x)} + O(k/n) + O{1)(a, + a, + --- + a,)}, where k < n,ask,n—
o0, x — 1 — 0, uniformly with respect to 2,

(b) Var U, = O{n~(1 — x)7'}, as n — o0, x — 1 — 0, uniformly with respect
to A.

PRroOF. For (a) we have

f(3) — EU, = 2 1z RE){(n — r)fn}{l — ,,4(x)/(x)} cos 2ar2
+ 2 33rzi R(r)(r/n) cos 2xrd + 2 >, R(r) cos 2zra
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using (1) and (4), consequently
|f(A) — EU,| = 2 2050 [ROW(@nx + a8 + - -+ + a,x7)[¢(x)
+ 2(k/m) 222 (RO + 2 25 [R(7)]
for k < n using (2). But
ROIS @+ a+ -+ @) D RO+ g+ -+ +a,),

and the result follows.
For (b) we have

Var U, = 4 3720 2350 €060 {$ra(3)/$ () { osa(%)/$(x)}
Cov {R,(r)R,(s)} cos 2zrA cos 2msA
= 40050 2z x |Cov {Ry(r), Ry(s)}]
using (2). From (4)
|Cov{R,(r), R(s)}]
= (U/n) Ziea IRGIRE + 5 — 1) + (In) oo [R( + 9)I[RGE — 1)l
+ (Un) By |00 iy i + 9)]-

Therefore

Var U, < (4fn) Xrmo 5" S [RG) 2223 R + 5 — 1)
+ (4/n) Lvmo X" DIl RGE — )] T3 [RGE + 9)
+ (4/n) Lo ¥ Dioa 2255 10(rs 65 i + 9)|
= 8{ZLIRIF/{n(1 — )} + 42D X 12DAR(1 — x)} -
ExAMPLE. Let x = 1 — n™*, then from (b), Var U, = O(n*~") and we require
0 < s < 1. With Parzen’s condition (Parzen (1957), page 339, equation 5.7d)
a +a,+ --- 4+ a, = n? and then ¢(x) = (1 — x) 1=, rix". We have 1/¢(x) <
I~ax7', 1= 1,2, ... therefore if k and [/ have the order of »*, E{U, — f(A)} =
O(n*~") 4 O(n=?¢*), supposing ¢ < 1. Choosing s = 1/(1 + 2¢), we have that
n*/UHOEU, — f(A)) remains bounded, in agreement with Parzen’s result
(Parzen (1957), page 339, Theorems 5A, 5B).
With regard to the mean correction, let Y, = M -+ X, where M is a constant
and X, has the properties given above. Then the theorem remains valid with
the addition of a term O{n~*(1 — x)~'} in (a), when R,(r) is replaced by

where

M=+ Y+ -+ Y)n.

After some algebra it may be seen that the numerical value of the terms
introduced into the expression for f{1) — EU, cannot exceed 63 [R|n-%(1 — x)™.
Also it may be seen that the additional terms introduced into Cov {R,(r), R,(s)}
are at most O(1/n’), consequently the additional terms in Var U, are at most
O(n~*(1 — x)7?%.
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