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SOME PROPERTIES OF THE EMPIRICAL DISTRIBUTION
FUNCTION IN THE NON-i.i.d. CASE!

By M. C. A. VAN ZUYLEN
Mathematisch Centrum, Amsterdam

For N=1,2, ... let Xin, Xon, + -+, Xyn be independent rv’s having
continuous df’s Fin, Feon, +++, Fyn. For the set Xin, Xon, <+ +, Xnn, let us
denote by X1.x < X:x < + -+ < Xy:y the order statistics, by Fx the empirical
df and by Fy the averaged df, i.e. Fn(x) = N-! 3 ¥_, F,n(x) for x & (—co, co).
It is shown that for each ¢ > 0 there exists a 0 < (= B:) < 1, independent
of N, such that for N =1,2, ...,

(a) P(Fn(x) < B1Fn(x), for xe (—o0, 0)) = 1 — ¢,

(b) P(Fn(x) = BFn(x), for x € [Xi:x, 0)) = 1 — e.

Moreover, these assertions hold uniformly in all continuous df’s Fiy,
Fon, +++, FNN.

The theorem can be used to prove asymptotic normality of rank statis-
tics and of linear combinations of functions of order statistics in the case
where the sample elements are allowed to have different df’s.

1. Notation and results. Let X, ., F,,, etc. be as in the abstract. Define
Fy='by F,7Y(s) = inf {x: Fy(x) = s}. Because F, is assumed to be continuous
we have F(F, (s)) = s for se (0, 1).

THEOREM. For each ¢ > O there exists a 0 < B(= B.) < 1, independent of N
and of the continuous df’s F,y, Fyy, -, Fy, such that for N=1,2, ...,

(2) P(1 — B(1 — Fy(x)) < Fy(x) < §7F(x), for xe(—o0, 0)) = 1 — ¢,
(b) P(1 — B(1 — Fy(x)) =2 Fy(x) = BFy(x), for xe[Xyy, 00)) 2 1 — e

The theorem is useful for proving asymptotic normality of rank statistics and
of linear combinations of functions of order statistics in the case where the
sample elements are allowed to have different df’s.

For the i.i.d. case these results are well known; statements appear in Shorack
[2]. Note that our theorem fills the gap in extending the proof of Theorem 3
of Shorack [3], so that his Theorem 3 can now be claimed to hold without the
assumption b, = b, = 0 (that is, for unbounded J).

Our basic tool is a result of Hoeﬂ‘diﬁg [1]. Suppose that Z;,, 1 < j < N, are
independent Bernoulli (p;) rv’s and suppose

OKN YV p=p<1.
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LemMa (Hoeffding). If f is a strictly convex function defined on (— co, oo) then

E(f(Zi1Zy) = DL fREP (L —p)" ",

where equality holds if and only if p, = p, = -+ = py = p.
In particular this lemma together with Chebyshev’s inequality implies that
for n > Np,
Pz zn)

= P(|Xi2Z; — Npl =z n — Np)
(1.1) = (n — Np)™*&(X3-1 Z; — Np)*

= (n— Np)~* Tl (k — Np)'GHp*(1 — p)™*

= (n — Np)™{(p(1 — p)y(3N* — 6N) + Np(1 — p)}

< (n — Np)™ min (3N’p* + Np), BN*(1 — p)* + N(1 — p))) -

2. Proof of the theorem. (a) Forall N> 1andall 0 < 8 < 1 we have
P(Fy(x) = ~Fy(x), for xe(—oo, o))
2.1) = P(Fy(X,u) < B Fy(X,), for n=1,2, ..., N)
= 1 — 0L P(Fy(Xoy) < BN =1 = 0L (X)L Z; 2 ),
where Z;, 1 < j < N, are independent Bernoulli (p;) rv’s with
Pi = Fin(Fy7(BnN7Y) .
From (2.1) and (1.1) with p = N-* 33¥_, F,(F,~*(fnN-")) = BnN-'it is now im-
mediate that forn =1,2, ..., N,
P(Fy(Xpy) < pnNT) = (1 — B)~*(3pn~" + n7%) < 48(1 — p)~*n~*,

so that
(22) T P(Fy(Xuy) < prN-) < MB(1 — f)* >0 as B0,

where M, is a finite constant, independent of N and of the df’s F,, Fyy, - -+, Fyp.
Assertion (a) in the theorem now follows from (2.2), (2.1) and the symmetric
result that comes from replacing X, by — X, .

(b) For all N> 1 and all 0 < 8 < 1 we have (using (n — 1)/8N > 1 for

n>[BN] + 1)
P(Fy(x) = BFy(x), for xe[X,.y, o))
= P(N7 [Fy(Xaw—) = BFy(X,.x)])
1 — 20 P(Fy(Xyy) > p71(n — 1)N7)
1 — DI P(Fy(X,.y) > 7 (n — )N,
=1 PEiaZ;zN—n+1),
where Z;, 1 < j < N, are independent Bernoulli (p,) rv’s with

p;i=1— F;y(F, (87 (n — 1)N7Y)).

(2.3)
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From (2.3) and (1.1) with now p =1 — g=(n — 1)N-* it is immediate again
that forn = 2,3, ..., [BN] + 1,

P(Fy(X,.y) > B (n — N7 < 481 — B)~*(n — 1)2,
so that

(2.4) T P(Fy(X,y) > B7'(n — N < MyB(1 — )~ —0
as ‘8 —0 .

where M, is a finite constant, independent of N and of the df’s F,, F,y, - - -, Fy,.
Assertion (b) in the theorem now follows from (2.4), (2.3) and symmetry.
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