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ON A GEOMETRICAL METHOD OF CONSTRUCTION OF
GROUP DIVISIBLE INCOMPLETE BLOCK DESIGNS

BY NoBorU HAMADA
Ehime University, Japan

In this paper it is shown that a new series of group divisible designs
can be obtained by using a geometrical method.

1. Summary. It is shown that by using a geometrical method, we can obtain
a new series of group divisible designs with parameters

V=@ =g -1, k=" —-¢T)@G -1,
b= geegt —m — 1 — v — 1, 9)g(z, v, 9) »
=g bg(t —r — 2,0 — v — 2, 9)d(m, v, q),

(1.1) A =qF e Vgt —r — 2,40 —v—2,q)p(xr — 1,v—1,9),
b= g g — 3, — v — 3, g)p(, v, q)
m=(q"—-1i(g—-1), n=g¢*", pi=¢+—-2 and

ph=0

for any integers ¢, ¢, v and = (= 0) such that

(1.2) —1svsna<ge—1 and T+p—t=Zv<< <t

where ¢ is a prime or a prime power and

S 1)(gt = 1) e (g — 1)
(1.3) Bt 1, 9) = 4
@ =D@g" =1 (-1
for any integers t and ¢ such that 0 < ¢ < rand ¢(t, —1,9) = 1 fort = —1.

2. Introduction. Group divisible incomplete block designs are an important
subclass of partially balanced incomplete block (PBIB) designs [3], [13], [4] with
two associate classes and they have been investigated by many authors [1], [2],
[51,[61, [71, [8], [9], [10], [11], [12], [14], [15]. They may be defined as follows.

An incomplete block design with v treatments each replicated r times in b
blocks of size k is said to be group divisible (GD) if the treatments can be divided
into m groups, each with n treatments, so that the treatments belonging to the
same group occur together in A, blocks and treatments belonging to different
groups occur together in 1, blocks. It is known [2] that the GD designs can be
divided into three exhaustive and mutually exclusive classes:

(a) Singular GD designs characterized by r — 1, = 0;
(b) Semi-regular GD designs characterized by r — 4, > 0, rk — v2, = 0;
(c) Regular GD designs characterized by r — 4, > 0, rk — v4, > 0.
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The purpose of this paper is to show that by using a geometrical method, we
can construct, systematically, a new series of group divisible designs with pa-
rameters (1.1).

3. Points and p-flats in PG (¢, g). With the help of the Galois field GF (g),
we can define a finite projective geometry PG (¢, g) of ¢ dimensions as a set of
points satisfying the following conditions:

(a) A point in PG (¢, q) is represented by (v) where v is a nonzero element
of GF (¢**).

(b) Two points (v,) and (v,) represent the same point when and only when
there exists a nonzero element ¢ of GF (g) such that v, = av,.

(c) A pflat (0 < ¢ < 1) in PG (¢, g) is defined as a set of points

{(apvy + ayv, 4 -+ + a‘u"’#)}

where a’s run independently over the elements of GF (g), not all zero and (v),
(»1)s -+, (v,) are linearly independent over the coefficient field GF (g), in other
words, they do not lieona (# — 1)-flat. For convenience, we denote the empty
set @ by (—1)-flat.

Let a be a primitive element of GF (¢**'). Then, nonzero elements of GF (¢°*?)
can be represented by &' (/ =0, 1, ---, ¢'** — 2) and every point in PG (t, q)
is represented by (a*) (k =0, 1, ---, v* — 1) where v* = (¢'** — 1)/(g — 1).

4. A geometrical method for the generation of GD designs. Let?, =, pand v
be any integers satisfying the condition (1.2) and let W be a z-flat (x = —1 or
0<z<t—1)in PG (¢, q). We denote by B, (¢, 1, q), the set of all p-flats V'
in PG (t, ) such that ¥ n W is a v-flat and denote by T(¢, =, q), the set of v =
(¢*** — ¢**1)/(¢ — 1) points in PG (¢, g) which are obtained from all points in
PG (1, q) by deleting (¢°** — 1)/(g — 1) points in the z-flat W. Then, we have
the following

THEOREM 4.1. By identifying the points of T(t, w, q) with the v treatments and
identifying the p-flats in B, (t, i, q) with the b blocks, we obtain a GD design with
parameters (1.1) for any integers t, u, v and n (= 0) satisfying the condition (1.2).
The efficiency factors of this design are as follows:

(q1r+1 _ 1)(q;1+1 _ qu+1) ’

within groups, T E=1-— (¢ — D™ — ¢

between groups, E, = 1 E, where
14+ e
e—Pm—4h_{(¢ =) —1) —(¢" — ¢ D™ — D}
v, (9" — ¢")@g — D
Note that (i) in the special case # = —1 (i.e., W = @), v = —1 and the

above design reduces to the well-known balanced incomplete block (BIB) design
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PG (¢, q): ¢ with parameters

v=(@" - Dig—1), b=g¢tmg, r=¢t—1lp—14),
k= (¢ —Dj(g—1) and 2=9¢(—2,p—279)
and (ii) in the special case # = ¢t — 1 (i.e., W is a hyperplane), v = ¢ — 1 and
the above design reduces to the well-known BIB design EG (¢, g): .
In order to prove this theorem, we prepare the following lemmas.

LeMMA 4.1. The number, b, of p-flats in B, (t, i, q) is equal to

4.1) b=gr gt —n — 1, p—v—1, g)d(x, v, q)
for any integers t, @, 1 and v satisfying the condition (1.2).

Proor. The following two cases must be considered.

(i) In the case where v is a nonnegative integer, it is easy to see that the
number of p-flats V in PG (¢, ¢) such that ' n W = U, where U is a v-flat in
W, is equal to

(¢ — (G — g™ - (g — gt

(¢ — @) (gt — @ ¥ oo (grt — ey

that is, g*—»®¢(t —w — 1, p — v — 1, g). Since the number of v-flats U in
the rn-flat W is equal to ¢(=, v, g) and there is no p-flat ¥ in PG (¢, ¢) such that
VnW=Uand Vn W=U, for v-flats U, and U, in W unless U, = U,, we
have the required result.

(ii) Now we consider v = —1. Since the number of p-flats in PG (¢, g) is
equal to ¢(t, u, q), it follows from (i) that the number, b, of py-flats V in PG (¢, ¢)
such that ¥V n W = @ is equal to

(4.2)  b=¢(t p,q) — Liwqg Pt — 7 — Lp —v — L, q)p(m, v, 9)

where ¢(t, v, g) = O for any integers ¢ and v such that t < vorv < —2.
Since

(4.3) Zieaqrremdt —m —Lp—v—Lgd v, q) =0 19,
we have b = gtV wiVg(t — ¢ — 1, 1, q)¢(m, —1, g). This completes the proof.

LEMMA 4.2. Let P be any point in T(t, @, q). Then the number, r, of p-flats in
B, (1, i, q) passing through the point P is equal to

4.4) r=qrerbe(t — g — 2, 0 — v — 2, 9)p(w, v, q)
for any integers t, z, p and v satisfying the condition (1.2).

Proor. Let W* be the (r + 1)-flat containing the point P and the n-flat W
and let U* be the (v + 1)-flat containing the point P and a v-flat Uin W. Since
the number of p-flats V in B,_ (¢, ¢, q) passing through the point P such that
V. n W= U is equal to the number of u-flats V" such that V' n W* = U*, the
number of such p-flats V' is equal to g'==»w=Vg(t —m — 2, p — v — 2, g).
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Since the number of v-flats U in W is equal to ¢(=, v, q), we have the required
result.

Proor oF THEOREM 4.1. Since v = (¢'*' — ¢**')/(¢ — 1) and k = (¢*** —
g**/(q — 1), it follows from Lemma 4.1 and Lemma 4.2 that parameters v, b,
r and k of this design are given by (1.1). It is, therefore, sufficient to show that
this design is a GD design with parameters 2,, 4,, m, n, p}, and p}, given in (1.1).

Let ¢(i) (i = 1,2, - -+, v) be v integers such that each point (a**) belongs to
T(t, =, q) and we define a relationship of association between every pair of v
treatments, denoted by (1), ¢(2), -+, ¢(v), as follows: Two different treat-
ments ¢(i) and ¢(j) are st associates or 2nd associates according to whether
there does or does not exist a pair (a,, a,) of elements of GF (g) such that the
point (a,a*® 4 a,a?’) belongs to W.

Let ¢(i) <& ¢(j) and ¢(j) <& ¢(k) where “¢é(1,) <& ¢(l;)” means that two treat-
ments ¢(/,) and ¢(/,) are Ist associates. Then, there exist a pair (a,, a,) of nonzero
elements of GF (g) such that

(a,a?D + a,a*' ) e W
and a pair (b,, b,) of nonzero elements of GF such that
P 9
(bya*? + byat®)e W,
Since Wis a n-flat (0 < = < t — 1), we have
(a,7'a,a* D — b=, at®) e W .

This implies that ¢(i) & ¢(k). Therefore, the association defined above is the
association scheme of a GD type if 0 < n, < v — 1 where n, denotes the number
of treatments being Ist associates. Let (a?”) be any point in T(¢, 7, q), that is,
(a*?) ¢ W. Then, (aa*® 4 a°)¢ W for any nonzero element a of GF (¢) and
any point (a°) in the z-flat W (z = 0, W % ). There exists, therefore, a point
(a?) in T(t, 7, q) such that

(4.5) (@) = (aa*® + @) .

This implies that there exists a pair (a,, a,) of elements of GF (g) such that
(a,a*? + a,a*V) = (a°), that is, two treatments ¢(i) and ¢(/) are Ist associates.
Conversely, if ¢(i) and ¢(/) are Ist associates, there exist a pair (a, (a%)) of a
nonzero element a of GF (¢) and a point («°) in W which satisfy the condition
(4.5). Hence, we have n, = (¢ — 1)¢(7,0,9) = ¢ — 1 (0 < n, < v —1).
From this, we can see that parameters n, m, p}, and p}, are given by (1.1). Itis,
therefore, sufficient to show that 2, and 4, are given by (1.1).

(i) In the case where two treatments ¢(i) and ¢(j) are 1st associates, there
exists a unique point (/) in the z-flat W such that

(af) = (a,a?P 4 a,a?'?)

for some elements a, and a, of GF (¢4). Hence, any u-flat in B_ (¢, ¢, q) passing
through two points (a*®) and (a#?’) has to contain the point (a’). Let U be
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any v-flat in W passing through the point (a’) and let U* be the (v 4 1)-flat
containing the v-flat U and the point (a*®). Since the number of p-flats ¥ in
B, .(t, 1, q), passing through two points (a*?) and («*#’), such that V' n W = U
is equal to the number of p-flats V in B_ (1, p, g) such that V' n W* = U*,
where W* is the (= + 1)-flat containing the z-flat W and the point (a??), and
the number of v-flats U in W passing through the point (a”) is equal to ¢(z — 1,
v — 1, q), the number 2, of p-flats in B, (¢, ¢, q) passing through two points
(a?®) and (a*) is equal to

'21 = q(’f"”’)(ﬂ~v‘)¢(t —_a* =1, © — v*¥ — 1, q)gb(fr —1,v—1, q)

where 7* =7 + l and v* = v + 1.

(ii) In the case where two treatments ¢(/) and ¢( ) are 2nd associates, we can
show that the number 1, of p-flats in B,_ (t, ¢, ¢) passing through two points
(a*?) and (a*'?) is equal to

By = qEEIGG k1 — v — 1, g)g(a, v, q)

where 7* = 7 4 2 and v* = v 4 2. This completes the proof.

Note that (i) for v = 7, we get Singular GD designs from Theorem 4.1, (ii)
for v = p + 7 — t, Semi-regular GD designs and (iii) for v == 7, p 4+ 7 — 1,
Regular GD designs.
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