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MINIMAL SUFFICIENT STATISTICS FOR FAMILIES
OF PRODUCT MEASURES

By D. LANDERS
University of Cologne

It is shown in this paper that the product family of countably many
families of perfect probability measures defined on countably generated o-
fields admits a minimal sufficient statistic if and only if each component
family admits a minimal sufficient statistic. Moreover, the minimal suf-
ficient statistic of the product family is the ‘“‘product’”’ of the minimal
sufficient statistics for the component families. Examples show that the
assumptions on the component families cannot be omitted.

1. Introduction. Let$3,|.57;, i € I, be families of probability measures. In [3]
it was shown without any assumptions that the family of all product measures
Xier P, with P, e B, i € I, admits a minimal sufficient o-field if and only if each
family 9,|.%7, i e I, admits a minimal sufficient o-field. According to [4] the
existence of a minimal sufficient o-field neither implies nor is implied by the ex-
istence of a minimal sufficient statistic. In this paper we investigate the relations
between minimal sufficient statistics for the component families and minimal
sufficient statistics for the product family. Examples show that without any
assumption the existence of minimal sufficient statistics for the component
families does not imply the existence of a minimal sufficient statistic for the
product family. However, for countably many families 3, | %, of perfect prob-
ability measures each admitting a countably generated sufficient o-field a minimal
sufficient statistic for the product family exists if and only if minimal sufficient
statistics for all component families exist. Moreover, the minimal sufficient
statistic for the product family can be described in terms of the minimal sufficient
statistics of the component families.

2. Notations. Let 3| .97 be a family of probability measures (p-measures) on
a basic set X. Let &7, & be subsystems of .&7; we write & C & (P| %) iff for
every Be <% there exists Ce < with P(B A C) = 0 for all Pe . We write
B~ (P| )t B CcE(P|¥)and € C F(P| ¥). Aocg-field &, C &
is sufficient for P | o iff for every 4 € 7 there exists a conditional expectation
of A4, given %, which is independent of P ¢ p. The o-field .27, C & is mini-
mal sufficient for P| ¥ if &7 is sufficient for B | & and ¥, c ¥ (P) for
each sufficient o-field &7} for 3| 7.

A statistic f: X — Y is sufficient for | o iff the o-field

SAf) = {fC:Cc Y}n o~
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is sufficient for P|.o7. A sufficient statistic f: X — Y is minimal sufficient for
| o7 iff for every sufficient statistic g : X — Z there exists a function 2: Z - Y
such that f = ko g P|.27%a.e. A p-measure P| 7 is perfect iff for every real-
valued .%“measurable function f and every C C R with f~'C ¢ % there exists
a Borel set B C C such that P(f~B) = P(f~*C). It is well known that each
measure defined on the Borel-field of a complete separable metric space is per-
fect. We remark that a measure is perfect if and only if it is quasicompact in
the sense of Ryll-Nardzewski [6]. For each ie I let 3,| .o be a family of p-
measures on X,;. We denote by X,.; ;| X;e; ¥; the family of all product
measures X ;. P, on the product g-field X, ., %, where P, e 3, for each ie I
Iff,: X, > Y, iel, wedenote by X,.,f; the function from X,., X; into X,.,; Y;,
defined by (Xierf)(*:)ier = (filx))ier-

3. The main results. In this section we investigate the implications between
the existence of a minimal sufficient statistic for a product family and the exist-
ence of minimal sufficient statistics for the component families 3,| %}, i ¢ I. For
minimal sufficient o-fields instead of minimal sufficient statistics such existence
implications hold true for arbitrary 7/ and arbitrary component families B, | .%7.
According to Example 2 and Example 3, for minimal sufficient statistics we need,
however, restrictive conditions on 7 and the component families 3, | 7.

THEOREM 1. Let I be a countable set and 3,| .7, i€ I, be families of perfect
p-measures each of them admitting a countably generated sufficient o-field. Then
there exists a minimal sufficient statistic for X;c; ;| Xie1 7 if and only if there
exists a minimal sufficient statistic for each component family 3,| 7, i e I. More-
over, if for each i€ I f, is a minimal sufficient statistic for the family B,| 5;, then
Xie1f: is @ minimal sufficient statistic for the product family X;.; B;| Xier 5

PrOOF. At first we prove that X,.,f; is a minimal sufficient statistic for
Xier Bl Xier 7 if f; are minimal sufficient statistics for B, | 7.

According to Remark 4, for each i e I there exists a real valued .%/;-measur-
able minimal sufficient statistic for %,|.%7;, say g,. Since f;, g, are minimal
sufficient statistics for ¥,|.97;, Theorem 4 of [5] implies that both induce a
minimal sufficient ¢-field for 3, | 7 and hence &7 (g,) ~ & (f,)(B;| ¥7), ie I
Let B be the Borel-field of the space R of real numbers.

According to Lemma 2 of [5] ¢,"'B ~ .97,(9,)(%:| =;) and hence ¢,”'B is a
minimal sufficient g-field for 93,| .o}, i € I. Therefore according to Theorem 1
of [3] Xic: 9B = (Xic: 9:)7'B? is minimal sufficient for | " = X, B |
Xier ;. According to Theorem VIII of [6] and Lemma 1 of [3]3|.%7 is a
family of perfect p-measures admitting a countably generated sufficient o-field,
whence according to Remark 4 (ii), X, 9, is a minimal sufficient statistic for
P57

Now we shall show that X,., f; is a minimal sufficient statistic for 3|.o7.
Since f; is a minimal sufficient statistic and g, is a sufficient statistic for ;| 7]
we have f; = ¢, o g; P, | V;-a.e. with an appropriate function ¢,(ic 7). Hence
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Xierfi= @0 Xier 9, B| S-a.e. with an appropriate function ¢. To prove that
Xiez f; 1s a minimal sufficient statistic for 3| .o/ it therefore suffices to prove
that X ,., f; is a sufficient statistic for P3| 7. Since X,;.,f; = ¢ o X;er 9: B| -
a.e., Lemma 3 of [5] implies

(*) Xier i Kier fi) T (Kier 9)7'B (P ) .
Since g,"'B ~ .97(g,) ~ (f:)(B:| ), i € I, we obtain

(Xiel gi)_lBI = XieI gi_lB ~ XieIL%(gi) ~ Xiel %(fz)(%l"o/) .

Hence (*) implies

(Xier ) Kier [) € Kier FAfo) C Kier LA XKier [IB|)

whence (X ;) (Xier fi) ~ Xier 7 f)B| 7). Since .57(f) is sufficient
for P, |27, iel, according to Lemma 2 of [3], X,.; % (f;) is sufficient for
P|.o. Consequently X,., f; is a sufficient statistic for | 7.

It remains to prove that each component family admits a minimal sufficient
statistic if the whole product family admits a minimal sufficient statistic.

According to Theorem VIII of [6] and Lemma 1 of [3] |57 is a family of
perfect probability measures and admits a countably generated sufficient o-field.
Hence, according to Theorem 4 of [5], the existence of a minimal sufficient
statistic for 3| .27 implies the existence of a minimal sufficient o-field for B3| o7
Hence according to Theorem 3 of [3] each component family ;| o7, ie |/,
admits a minimal sufficient ¢-field and hence, according to Theorem 4 of [5], a
minimal sufficient statistic.

We remark that the existence of a minimal sufficient statistic for a family
%P |+ of p-measures neither implies nor is implied by the existence of a minimal
sufficient statistic for the family of all product measures P x P, Pec 3, with
identical components. This follows from Example 2 and Example 4 of [3].

The following example shows that even for two families of compact approxi-
mable, and hence perfect measures, Theorem 1 is not true any more without the
assumption that each component family admits a countably generated sufficient
o-field; therefore the product family of two families of perfect measures, both
admitting minimal sufficient statistics, need not admit a minimal sufficient sta-
tistic. Since both component families of our example admit a minimal sufficient
o-field, the product family admits a minimal sufficient ¢-field (Theorem 4 of [3]).
Thus we obtain a—rather simple—new example (see also Example 1 of [4] or
Example 5 of [5]), answering the question of Bahadur and Lehmann (see [1] and
[2]), whether the existence of a minimal sufficient o-field implies the existence
of a minimal sufficient statistic.

We remark that it remains unsolved whether or not Theorem 1 is true for not
necessarily perfect measures. I guess the answer is no. But a counterexample,
showing this, must necessarily be complicated; it requires—disregarding the
additional aspects of the special problem—a family of p-measures on a countably
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generated o-field, admitting either a minimal sufficient o-field or a minimal suf-
ficient statistic, but not both.

Example 2. In this example we construct a family 3|.% of p-measures ad-
mitting a minimal sufficient statistic and a single p-measure Q| <Z (the family
{Q| <2} obviously admits a minimal sufficient statistic) such that the product
family PB| . x Q| <% does not admit a minimal sufficient statistic.

Let X =Y = [0, 1] and % = <Z be the o-field generated by the countable
subsets of [0, 1]. Let 3|.% be the family of all p-measures on %7, concentrated
in a single point and Q | <# be defined by Q(B) = 0 or 1 according as B or B
is countable. Then .o/ is the only sufficient o-field for 3| 7. Since . con-
tains all one point sets, the identity is a minimal sufficient statistic for 3| 27"

Assume now that there exists a minimal sufficient statistic for the product
family P| 7 x Q| <, say f. Since g: X x Y — X defined by g(x,y) = x is a
sufficient statistic for | & x Q| B, there existsa P x Q-nullset N, ¢ & x F
such that (x, y,), (x, y,) € N, implies f(x, y;) = f(x, y,) = ¢,. Since fis a sufficient
statisticand .% x Y is a minimal sufficient o-field for | % x Q| <&, we obtain
K x Y C (¥ x Z)f)PB x Q). Consequently ¢, +# ¢,, for x, # x,. Let h:
X x Y — R be the function defined by

h(x,y) = x if x+y
= —1 if x=y.

A little reflection shows that (% x ZZ)(h) ~ o x Y(P x Q). Hence h isa
sufficient statistic for 3| .27 x Q| <Z. As f is a minimal sufficient statistic, con-
sequently there exists a3 x Q-nullset N, e %" x <Z such that (x,, y,), (x;, y,) € N,
and h(x,, ) = h(x,, y,) imply f(x,, y1) = f(x;, ). Then N=N, U Ne &7 x &
isa P x Q-null setand hence N, = {y € Y: (x, y) € N} is countable for all x e X.
Let D = {(x, x): xe[0, 1]}. It is easy to see that C n D is countable for each
Ce % x & with C, uncountable for at most countably many x ¢ X. Conse-
quently N n D is countable whence N n D is uncountable. As f is injective on
N n Dand k is constant on N n D we obtain a contradiction.

Obviously, Q and P, Pe B, are compact approximable and hence perfect
measures. Furthermore, 5| .9 does not admit a countably generated sufficient
o-field, since .%7 is not countably generated.

The following example shows that Theorem 1 does not hold true for un-
countably many component families of perfect measures defined on a countably
generated o-field.

Example 3. Let I = R and X, = {0, 1}, %/ the power set of X, for eachie I.
Let %,| %7, iel, consist of the two p-measures P,| %, and P,|.%;,, where
P,{0} = 4, P,{0} = }. Obviously B, | %; admits a minimal sufficient statistic for
each ie I. With similar methods as in Example 1 of [4] it can be shown that
the product family X,.; ;| X, -%; does not admit a minimal sufficient sta-
tistic. We remind the reader that according to Theorem 5 of [3] the product

family does admit a minimal sufficient ¢-field.
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For the sake of completeness we cite the following result which is contained

in the proof of Theorem 4 of [5].

REMARK 4. Let 3| .9 be a family of perfect p-measures admitting a countably

generated sufficient o-field.

(i) If P| -~ admits a minimal sufficient statistic, then 3| %" admits a real-

valued .“-measurable minimal sufficient statistic, too.

(ii) Let Y be a complete separable metric space with Borel-field &£ If f:

X — Y is an %, <% measurable function such that f~1<% is a minimal sufficient
o-field for 3|97, then f is a minimal sufficient statistic for 3| 27"

(1]
[2]
[3]
[4]
[5]
(6]
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