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The Kolmogorov—Smirnov distance is an important tool for construct-
ing confidence sets and tests in univariate problems. In multivariate
settings, an analogous role is played by the halfspace distance, which has
the merit of being invariant under linear transformations. However, the
evaluation of the halfspace distance between two samples is a computa-
tionally very intensive combinatorial problem even in moderate dimen-
sions, which severely restricts the use of the halfspace distance, especially
in resampling procedures. To approximate this distance in a fast and
data-dependent way, the notion of a dual measure is introduced. Based on
geometric concepts, it will be shown how the above problem can be put as
a density estimation problem using Monte Carlo sampling in a certain
dual space. A central limit theorem for the empirical halfspace distance is
derived and used as a gauge to compare the new procedure with a
traditional random search.

1. Introduction. In a univariate setting, the Kolmogorov—Smirnov dis-
tance serves as a standard tool to find confidence sets for a distribution and to
construct goodness-of-fit tests.

For d-dimensional probability measures F and G, an analogous role is
played by the halfspace distance

(1.1) d(F,G) =  swp  |F(H)-G(H)|
H e {halfspaces in R%}

[see, e.g., Beran and Millar (1986, 1989)]. Introduced by Wolfowitz (1954),
this distance has the advantage of being invariant under linear transforma-
tions, a property not enjoyed by the multivariate Kolmogorov—Smirnov
distance based on quarterspaces. A problem with the halfspace distance,
however, lies in its evaluation, even if F' and G are empirical measures and
thus have finite support, a case that arises, for example, when bootstrapping
is employed. Looking at all halfspaces in R¢ that have d points lying on their
boundaries entails a computational burden that is of the order n¢, where n is
the number of points considered. This can easily lead to a prohibitive task
even in moderate dimensions, especially if a large number of bootstrap
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replications are involved. If F or G does not have finite support and no
tractable analytical expressions are at hand, the measures have to be approx-
imated by a finite sample.

Because of these problems one usually resorts to an approximation to the
halfspace distance in lieu of using its exact value. Beran and Millar (1986,
1987, 1989) show how a random search can be used to obtain an approxima-
tion that does not detract from vital properties of the underlying confidence
sets and tests. This approximation scheme first generates a direction, that is,
an element of the unit sphere, at random, then projects the data points on the
one-dimensional subspace spanned by this direction and finally computes
the one-dimensional Kolmogorov—Smirnov statistic of the projected data. Re-
peating this procedure for a large number of directions and retaining the
maximum separation obtained between the projected data yields an approxi-
mation to the halfspace distance. The problem with this approximation
scheme is that it wastes time to explore “uninteresting” directions. This
problem becomes especially acute in high dimensions and is shared by certain
projection pursuit statistics [see, e.g., Li and Cheng (1993)].

Section 3 introduces a new method to approximate the halfspace distance
in a fast and data-dependent way. The key concept is that of a dual measure,
which is motivated by the notion of a dual set in geometry and defined in
Section 2, where also some of its relevant properties are investigated. It is
shown how the problem of computing the empirical halfspace distance can be
put as a density estimation problem using an auxiliary Monte Carlo sample
in a certain dual space, and how this can be exploited by, for example, using
Fourier methods. In Section 4 a central limit theorem (CLT) for the empirical
halfspace distance is derived and necessary and sufficient conditions are
given for any approximation scheme to ensure the validity of the CLT for the
approximation to the empirical halfspace distance obtained by that scheme.
This result is used in Section 5 to compare the new procedure with a
traditional random search on a theoretical basis. A simulation study is
presented in Section 6. Most proofs are deferred to Section 7.

2. Dual measures.

2.1. Geometric preliminaries and notation. The setting used throughout
is Euclidean d-space R? equipped with the standard inner product < -, ); ||
denotes the d-dimensional Lebesgue measure of a set as well as Euclidean
norm in R? and absolute value in R, the meaning being clear from the
context; .#? denotes the set of probability measures on R¢; and F, and G,
are the empirical measures pertaining to samples of size m and n from the
probability measures F' and G, respectively. For the following definitions and
facts see, for example, Stoer and Witzgall (1970).

The dual (polar) set of a set A € R? is defined as

A* = {x € R (x,a) < 1forall a € A}.
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It follows from this definition that A CB implies B* CA* and A**=
conv( A U {0}), where conv denotes the convex hull. Thus, if A is a closed,
convex set containing the origin, then A** = A and the mapping A — A* isa
duality.

As an example, if B,(x) denotes the closed ball with center x and radius
r > 0, then (B,(0)* = B, ,,(0). We will be mainly interested in the following
duality between points and halfspaces:

If a € R \ {0}, then {a}* = {x € R?%: {x,a) < 1} is the closed halfspace
containing 0 in its interior whose bounding hyperplane has normal vector
a/lal and distance 1/|a| from 0; {a}** is the line segment joining 0 and a,
which can be identified with a. Further, {0}* = R¢ and (R%)* = {0}.

2.2. Motivation and definition. Let X be a random variable in R? For
a € R? consider the inequality

(2.1) (a,X) <1,

which lies at the heart of the duality notion described above. As the inner
product ¢ -,-) is symmetric, a natural thought is to let a also be random.
There is a canonical way in which the distribution of X induces a measure
via (2.1) that can be interpreted as a measure on a certain dual space and will
hence be called dual measure.

DEFINITION 2.1. Let F be a probability measure on R? Define the dual
measure F* as the infinite measure given by the density (w.r.t. Lebesgue
measure on R%)

(22) fif(x) = F{x}".

For convenience later on, in the presence of a random variable X with
distribution F, the above definition reads

(2:3) fr() =P, X)) <1).

As an illustration, Figures 1-3 show three different dual densities plotted
on the unit square in R?.

2.3. Basic properties and a representation theorem. The following proper-
ties of a dual density f7 will be used in the sequel:

PROPOSITION 2.2. Let F be a probability measure on RY.

(1) There exists some universal constant p > 0 such that f7 > p on some
nondegenerate convex cone.
(ii) The dual density f; is upper semicontinuous and the set of discontinu-
ity points of fi has Lebesgue measure 0.

Clearly, 0 < f7# < 1. So Proposition 2.2 shows that fF is a measurable
function and in fact is the density (w.r.t. Lebesgue measure) of an infinite but
o-finite measure F*.
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Fic. 1. Dual density of N((0,0), I).

ProoF OF PrOPOSITION 2.2. Consider the setting (2.3). There exists a
quadrant E with P(X € E)>p =2"% Then —E = E* is a convex cone

satisfying statement (i): e € E implies { —e}* D E** = E and hence f#(—e) =
P(X € {—e}*) > P(X € E) > p. As for (i1), the linear functional G defined on
A by G: P — P((—, 1]) is upper semicontinuous (w.r.t. the topology of weak
convergence) by the Portmanteau theorem. So continuity of the function H
from R? to .#' defined by H: a —» Z({a, X)) implies that the composition
f& = GoH is upper semicontinuous. The second assertion in (ii) is proven in
Walther (1994), where further properties of dual measures also are given. O

The basis for sampling from the dual measure as employed in the next
section is provided by the following local representation theorem.

1
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Fic. 2. Dual density of N((—3,0), I).
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Fic. 3. Dual density of 5(8_5.0) + 8_3 _3 + 8_05,-1)-

THEOREM 2.3. Let B € R? be a compact set, let X € R? be a random
variable having distribution F and denote by F* |z the restriction of F* to B.

Then
F* |5 (") = ¢ [Up(x,)Gp(dx),

where the scaling constant cg is given by cg = E|B N {X}*|, the Markov kernel

- IB N {x}" N -]
is the uniform distribution on B N {x}* (here || denotes Lebesgue measure)

and, except in the trivial case cg = 0, the probability measure Gy is absolutely
continuous w.r.t. F:

dGg(x)  |Bn {x}"]
dF(x)  E|Bn {X}*|

Theorem 2.3 expounds the following concept: For a one-dimensional
distribution function F' and real a write

F(a) = [1 . (%)F(dx) = [ 1, .,(a)F(dx).

Then the last term can formally be read as a mixture of uniform densities
(albeit not probability densities).

3. Constructing an estimator in dual space. This section will show
how the dual measures introduced in the previous section can be used to
devise a fast and data-dependent approximation to the halfspace distance. It
follows from the previous section that, for a, b € R?,

(3.1) a € {b}" iffbe{a)”,
which yields the following duality relation:
(3.2) P(X € {a}") = P(a € {X}7).
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As our goal is the halfspace distance, we are interested in the quantity that
appears on the left-hand side of (3.2). However, to compute an estimator, we
will work in the dual space with the quantity on the right-hand side.

To formulate the problem in the dual space denote by 2 = {F{-}*: F €.#¢)
the set of dual densities on R? and consider & as a subset of the normed
linear space (L (R?),]|l.). Then the distance on 2 derived from the norm
I |l.. is the halfspace distance:

(33) d(F,G) =|ff — f&l-

for F,G €.#°. This is so because, for a € R?, {a}* ranges over all halfspaces
with 0 in their interiors, and {0}* = R? Using continuity from above for
probability measures one concludes

d(F,G) = sup |F{a}" — G{a}"|

acR?

and (3.3) follows.

Equation (3.3) shows that the problem of computing the halfspace distance
can be interpreted as a density estimation problem in dual space: the
halfspace at which d(F,,, G,) is achieved is the dual of the mode of |f7 — f§ |
This motivates the following approach. Draw auxiliary samples of size £ from
the densities f7 and f# restricted to a compact set B and rescaled to
probability densities there. Then use density estimation to obtain an estimate
of |f# — f& |. There are several possibilities to make use of this estimate: one
can start sampling from a density proportional to this estimate of |f7 — /7 |,
for example, by rejection sampling. Looking at the duals of these points yields
halfspaces that will be more concentrated on interesting regions than those
obtained by just a uniform random generation, thus giving a data-dependent
way to evaluate the halfspace distance.

Instead, we will take the even more promising approach of estimating the
mode of |fF —f& | and using the dual of the estimated mode as a pilot
estimate at which to evaluate the empirical measures.

To see why it is advantageous to take this route, note that generating %
auxiliary points in the dual space corresponds to generating 2 halfspaces in
some random way. However, as opposed to the case where the empirical
measure of the halfspaces is computed, as in a traditional random search,
using density estimation in dual space does not require processing the
original sample. Moreover, if one uses the fast Fourier transform for the
density estimation, then the auxiliary sample has to be processed only once:
note that the computational burden of using the fast Fourier transform to
evaluate a density estimate on a grid depends essentially only linearly on the
number of grid points as the sample has to be processed only once [see, e.g.,
Wand (1994) for a detailed analysis]. As each grid point in dual space
corresponds to a halfspace in the original space, the computational burden of
this estimation scheme in dual space depends essentially only on the number
of halfspaces examined. This is in contrast to the traditional random search
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described in Section 1, where the sample has to be projected anew in each
direction examined. A detailed comparison of these two search schemes is
given in Section 5.

To summarize the construction of the estimator based on i pilot estimates,
here is a description of the algorithm. Recall that we are given a sample
X;,,..., X, from Fand Y,,...,Y, from G.

Fix a compact set B containing the origin, for example, a ball or a
hypercube.

1. Draw an auxiliary sample of size k£ from the density proportional to /3 on
B; likewise for £ . "

2. Choose an evaluation set T (e.g., the auxiliary sample from step 1 or a
grid), and compute on T a kernel estimate fk of fi —f& based on the
aux1hary sample from step 1.

3. Set £ = argmaxTIka

4. Repeat steps 1-3 i times and evaluate |F,, — G,| on the search set of
halfspaces {{¢,}*, ..., {,}*}.

The maximum value of |F,, — G,| found gives the estimate of the halfspace
distance.

The sampling from f7 in step 1 can be executed in a straightforward way
using the local representation Theorem 2.3:

1. Choose an integer i according to the uniform distribution on {1,..., m}.
Accept i with probability |B N {X,;}*|/|B|. Repeat until an integer i has
been accepted.

2. Sample from the uniform distribution on B N {X,}*, that is, generate a
point u from the uniform distribution on B until {u, X;) < 1.

Then u comes from a distribution whose density is proportional to fF on B.
One can easily combine the sampling and density estimation procedures for
fF with those for fG , which saves the time required to compute various
proportionality constants. The details, as well as other specifics of the algo-
rithm, will be given in the next sections for the specific situations treated
there.

The restriction to the set B means that we are only searching over the
range of halfspaces {{a}*, a € B}. If one does not have a priori knowledge to
justify this, one has to shift the data after each repetition in step 4 in a
certain direction to cover a different range of halfspaces. It can be arranged
that d different shifts (d is the dimension) suffice. To see in detail how this
can be done, in the following let B = B,(0) be a ball centered at 0. Other sets
B (e.g., hypercubes) can be dealt with using straightforward modifications.

We will shift the sample from its original position by ce;, i = 1,...,d,
where ¢ > 0 will be determined later and {e, ..., e;} is the standard basis in
R<. Set e, = 0 to incorporate the case where no shift occurs. Shifting the data
by a vector s means shifting the coordinate system by —s. Hence, if a point
a € B,(0) is generated in dual space, then its dual set is described in the
coordinate system of the shifted data by the translated set {a}* — s. If a = 0,
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this set is all of R?, otherwise it is a halfspace not necessarily containing 0 in
its interior. When an appropriate choice of vectors ce; is used to shift the
data, then the boundaries d({a}* — ce;) of these halfspaces range over all
hyperplanes in R%:

LemMa 3.1, Ifcr > 2Vd, then
{0({a})" — ce;):a € B,(0) \ {0},i=0,...,d} = {hyperplanes in R?}.

Hence shifting the sample (X,Y) as described with ¢ > 2V/d /r guarantees
that one searches over all possible separating hyperplanes in R? and thus
over all possible values of |F,,(H) — G,(H)|, where H ranges over all halfs-
paces in R?, as the empirical measures have finite support.

Concerning the implementation of this algorithm, note that the data would
of course not really be shifted, but rather the computer program would add
an appropriate constant to the data every time they are used.

There are other statistical problems involving the probability content of
halfspaces where the duality relation (3.2) may be successfully employed, for
example, certain robust location estimators [see, e.g., Nolan (1989, 1992) and
Donoho and Gasko (1992)], and projection pursuit statistics [see, e.g., Li and
Cheng (1993)]. Those topics will be treated elsewhere.

4. A CLT for the empirical halfspace distance. In the following we
will write Z=F -G, Z, ,=F, — G, and use the usual conventions for
signed measures, that is, f5(-) = fF(-) — fZ(-) and so on. The next theorem
states a functional CLT for the fz*m n(-)—process and then establishes a CLT for
the empirical halfspace distance.

THEOREM 4.1. Let m = m(n) go to infinity together with n such that
lim, ., n/m(n)=A=0.

(@) Vn (f7 ~—1f7) converges weakly, as a random element of LR, toa
Gaussian process W on R¢ having mean 0 and covariance function

EW()W(t') = (AF + G)({x:{x,t) <1} n{x:{x,¢') < 1})

= M) fF () =[G () fE ().

(b) Assume the following: (i) there is a unique hyperplane that optimally
separates the probabilities F and G in the following sense: the function
g() =I(F — G){x: {x,-) < 1)) satisfies inf,, y(g(t,) — g(t) > 0 for every
neighborhood N of some point t,; (ii) (F + G){x: {x,t,) = 1}) = 0.

Then the functional T(-) =|-|. has a stochastic differential on the set
{(f—g: f,e €9}} at [}, that is, there exists a linear functional T(f};-)

defined on the space spanned by differences of elements of I that satisfies
wy TR - TUD = TR - )
vo,(If5. —f5l.), n—o

and
”fZ*mn _fZ*”oc —p 0.
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The differential is given by T(ff;-) = (sign f7(¢)))e, ("), where e, () de-
notes the evaluation operator at t,. In this case the empirical halfspace
distance satisfies the CLT

‘/E(d(Fm’Gn) _d(F’G))
—a N0, AfiF (£6) (1 = fiE (£0)) + [ (£6) (1 = f& (20)))-

(c) Without assumption (ii), (4.1) continues to hold with the (nonlinear)
T(f7;-) = lim sup ((sign £7(t))e.(")),
€ teA,

where A, ={t: |f7| = ffll. — &}, and the empirical halfspace distance
satisfies the CLT

n (d(F,,G,) - d(F,G)) =, lim tsellf((sign(fz*(t))W(t))

Observe that for certain elliptically contoured distributions condition (i) is
always satisfied.

As explained in Section 1, for practical use the halfspace distance d(F,, , G,)
is usually replaced by an approximation supy.g |[F(H) — G(H)| due to
computational reasons, where the search set S, of halfspaces is generated in
some deterministic or stochastic way. Proposition 4.2 below gives a necessary
and sufficient condition on the search set S, for the validity of the CLT

V[ sup |F,(H) = G,(H)| - d(F,G)
HeS,

=4 N(O, AfE (o) (1 = fi (t0)) + fé(t0)(1 = f5(20)))

under the assumption of Theorem 4.1(b). Observe that for each halfspace H
there exists a halfspace containing 0 in its interior whose bounding hyper-
plane separates the sample X,,..., X, ,Y,,...,Y, in the same way as H does
and hence results in the same value |F, (H) — G,(H)|. We will therefore
restrict our attention to search sets of halfspaces that contain 0 in their
interiors. Otherwise no restrictions whatsoever are placed on the search set.
It may be stochastic, obtained in a data-dependent or independent way, be of
any size and change arbitrarily with the sample size n.

To simplify notation in the following, assume w.l.0.g. that 5 (¢,) > 0 [recall
that ff(¢,) # 0]. Then

(43) lim sup (—f, () = sup (~f£ (1)) <f#(t) ass.

(4.2)

because of (7.2), (i) and (ii), which implies continuity of f} at ¢,.
Hence the CLT (4.2) reads

s g (0 - f2(0)

te{H*: HeS,}

=a N0, Mfi (46) (1 = £i () + 1 (20)(1 = [ (£0)))-

(4.4)
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Also,
(4.5) A, ={t: f7(8) = fF (L) — &}

for small ¢ because of (4.3).

For clarity it is helpful in the following to switch occasionally from the
underlying probability measure P and the random variables X;,..., X, to
the m-fold product law F™ on the image space (R?)™, and analogously for G"
and Y,,...,Y,. The notation fF , fG and F* " will not be changed as the
meanings W111 always be clear.

PROPOSITION 4.2.  Denote by ug the law according to which the search set
S, is generated. Then, under the assumptlon of Theorem 4.1(b), for the CLT
(4.2) to hold under the law F™ ® G" ® pg it is necessary and sufficient that
there exists a positive sequence {1} with I, = o(n"'/?), n — =, such that

(4.6) us (A, N{H*:HeS,} +J) -1

Note that in the case of a deterministic search set, (4.6) requires that the
search set in dual space eventually hits A, . For certain classes of distribu-
tions (see, e.g., the next section), this yields clear cut recipes for the construc-
tion of the search set. The proposition can also be shown to hold in the
general case of Theorem 4.1(c), but this will not be needed in the following.

5. Comparison with a traditional random search. The next two
subsections investigate conditions under which the CLT (4.2) holds for the
traditional uniform random search described in Section 1 and for the search
scheme using Monte Carlo sampling in dual space introduced in Section 3.
The results thus obtained will allow a comparison of the two schemes in
terms of computing time and quality of the approximation in Section 5.3.

5.1. The CLT for approximations with random search. In the following,
a, < b, for positive sequences {a,},{b,} shall mean lim, ., b,/a, = », and
a, =< b, shall mean that there exists constants 0 < ¢; < ¢, with ¢; < b, /a, <
¢, for all n.

Recall that for the uniform random search i, directions ey,...,e; € gd-1
are chosen ii.d. according to the uniform distribution on the unit sphere
S?-1 The search set S, is then given by

S,={H:H={x:{x,e)<t}),teR, e {el,...,ein}}.
We are interested in necessary and sufficient conditions on the number of
directions 7, for the CLT (4.2) to hold under the assumptions Theorem 4.1(b).
Proposition 4.2 shows that no general answer can be given as the behavior of
the sets A, depends on the underlying distributions. We will therefore
restrict ourselves in the following to distributions F' and G with f7 and fg
being twice continuously differentiable in a neighborhood of ¢,. This smooth-
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ness requirement is not as restrictive as it might look at first sight; it is, for
example, not necessary that F have a density in order for f7 to meet this
condition: for example, let F' be the uniform distribution on the unit circle in
R2. Then

. 1 1
fi(t)=1- ;arccos(m)l(ltl > 1),

which is twice continuously differentiable except on the unit sphere. The
underlying reason is that the projection of F' inherent in the computation of
[ is a smoothing operation.

If fi# and f{ are twice continuously differentiable in a neighborhood of ¢,
then so is |f}| = |f# — f&| in some neighborhood of ¢, because f;(¢,) # 0,
and we get the expansion

(5.1) |5 ()| =5 (k)| + 1/2(t — to) H(t — t,) + 0(|t - t0|2)-
The linear term does not appear in (5.1) because |f;| has a maximum at ¢,.

THEOREM 5.1. Assume the conditions of Theorem 4.1(b) and further that
i and & are twice continuously differentiable in a neighborhood of t, with
the Hessian H in (5.1) being nonsingular. Then a necessary and sufficient
condition for the CLT (4.2) to hold under the law F™ ® G" ® ug , where the
search set S, is generated by uniform sampling as described above, is that the
number of directions i, satisfies

i,n (@D e n—o, d>1.

5.2. The CLT for approximations with a pilot estimate in dual space. For
the approximation procedure using the pilot estimate in dual space, fix a
compact set B containing 0 in its interior and assume that the dual of the
unique maximizing halfspace falls into B. Shifting the data as described in
Section 3 allows for an analogous treatment in the general case.

Denote by

fr ()1s(")
Isf#

the standardized dual density on B. (Using Proposition 2.2 one readily checks
that [zf# > 0 for the aforementioned B). Likewise, F*° denotes the corre-
sponding probability measure. The dependence on B will be suppressed for
notational simplicity.

For the purpose of estimating fF and fi we will use kernels from
the class .7, of all compactly supported pth-order kernels, so that K €.7,
satisfies [K =1 and [K(¢)IT/_,¢(i)dt = 0 for all coordinate vectors ¢(i) €
{ti,...,t;) and 1 < j < p. See, for example, Hardle (1990) or Silverman (1986)
for the use of higher-order kernels to reduce the bias.

(52) 7o) =
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We will use the abbreviation f")(x) = [~ K((y — x)/0)f(y) dy for posi-
tive o and a real-valued function f on R The dependence on K shall be
suppressed as the kernel used will be clear from the context. Also write
K, ,() = K((-— x)/0). Finally, we will later require that K, , has polyno-
mial discrimination; see, for example, Pollard (1984) for background on
empirical process theory.

Recall steps 1 and 2 of the algorithm for the approximation procedures
given in Section 3: after drawing an auxiliary sample of size %2 from the
random measure F,;°, a kernel estimate of f; can be obtained by computing
Iy (Fy%)y, 0 de,tw where (F**), denotes the stochastic empirical in dual
space, that is the empirical measure obtained by drawing % points i.i.d. from
the dual empirical measure F°, Ip = [pfi = (1/m)L!Vol(B N {X;}*),
and o, is a bandwidth to be chosen. As indicated in Section 3, it is advanta-
geous to combine the auxiliary sampling and density estimation procedures
for f; with that for fi in order to avoid the computation of the scaling
factors I and I; . One can obtain an empirical of size k& from the signed

measure with density proportional to

(53) 17

m,n

= IFm I;krj - Ianén
on B by way of the following algorithm:

Without loss of generality assume m < n, so m/n < 1.
Fori=1,...,k do:

Sample an integer p uniformly from {1,..., m + n}.
If p <m, accept p with probability |B N {X, }*|/|B|. If p is accepted,
set p, = p and sample a point V uniformly from |B N {X }*|
If p > m, accept p with probability (m/nX|B N {Y,_,}*|/IB). If p is
accepted, set p, =p and sample a point W uniformly from [B N
(v, )l

Repeat until a point p is accepted.

Observe that given p, < m, V is generated from the density fl}knf. Thus we
obtain Vi,...,Vy+ iid. from the density f7:°, given (X,Y), where N*:=
¢ ,1(p, < m) denotes the total number of points V generated. Analogously,
Wi,...,Wy- areiid. from the density fi°, given (X,Y), where N"=% — N™.

Denote by w(X,Y, k) the random measure that generates the auxiliary
sample of size k£ according to the algorithm above, given the original sample
(X,Y). Then

X7 aB 0 {X;)*/1BI
LB 0 XY /1Bl + (m/n)E!_1|B N (Y;}'|/|BI
IFm
Ip +1

n(X,Y,k)(p; <m) =
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Hence the signed empirical measure
1(N" N—
%( Z 8V,(') - Z 8Wi('))
i=1 i=1

comes indeed from a signed measure with density on B proportional to fz*m §
in (5.3), given (X,Y). ’
This leads to the following kernel estimator of f} /(I + I;) at x € B:

1 N

(5.4) fi(x) = ( Yoy - X SWi)O-k_de,rrk'
i=1

In the following we will work with this estimator based on an auxiliary
sample of size £ originating from the combined sampling scheme just de-
scribed. The results that will be obtained concerning the quality of the
approximation also apply to the simpler sampling and estimation scheme
using two auxiliary samples of size & as described earlier in this section and
in step 1 of the algorithm in Section 3. As already mentioned before, that
procedure is, however, computationally more intensive.

To derive a CLT it is necessary to let £ depend on the sample size n, so we
will use the notation k(n) in the future. The dependence of fk(n) on the
original sample (X,Y) is suppressed for notational simplicity, but keep in
mind that the auxiliary sample is drawn conditionally on (X, Y). A

As described in step 2 of the algorithm in Section 3, the estimator f;,,, will
be evaluated only on a finite evaluation set 7' = T,,. If the evaluation set 7), is
a deterministic grid with too big a mesh size, however argmaxp | fk(n)l may
not get close enough to ¢,. To overcome this we construct the elements of our
search set by

(5.5) f=

+ URn’

where Ug is an independent random variable uniformly distributed on the
ball BRH(O). Adding a small uniform random variable may not be necessary if
T, is obtained in a random way, but we will pursue a treatment as general as
possible here. The search set of halfspaces {{Z,}*, ..., {fin}*} then consists of i,

independent copies of {¢}* from (5.5), conditional on (X,Y)), that is, each copy
is computed from a different auxiliary sample in dual space.

THEOREM 5.2. Let the search set of halfspaces S, = {{1,}*,... {f; }*} be
generated as described above, with the evaluation set T, putting at least one
point within O(r,) of t, with probability tending to 1, where r, is specified
below, k(n) > < and K €.%, such that K, , has polynomial discrimination
and is uniformly bounded. Under the conditions of Theorem 4.1(b) with %
and f& p times (p > 2) continuously differentiable in a neighborhood of t,
and the Hessian H in (5.1) being nonsingular, a sufficient condition for the
CLT (4.2) to hold under F™ ® G" ® (uw(X,Y, k(n)) is the existence of a
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positive sequence r, — 0 with

fd/p+4 > %’
n

r

(5.6)

r

n-1/4 d
n 124 < r? for some e > 0 and i, — o,
n

Then R, in (5.5) can be chosen according to

d\ 1/B8d)
n—1/4) )

Ty

r, <R, < rn(zn(

One sees that, unlike in the case of a random search in Theorem 5.1, the
smoothness of the dual densities reflects on the size of the search sample (at
least in terms of the sufficient conditions of Theorem 5.2; we did not prove
necessity of those conditions): a large p allows for r, shrinking to 0 faster, so
i, can increase more slowly.

5.3. A comparison of the two search schemes. Sections 5.1 and 5.2 give a
way to compare the performance of the uniform random search with the
search scheme using a pilot estimate in dual space. We will look at three
different versions of the latter scheme, using different sizes for the auxiliary
samples and different evaluation methods for the pilot estimate. All three are
set up in such a way that the computational burden of computing the pilot
estimate and evaluating the halfspace distance at its dual is of the same
order as that of the halfspace evaluation in one direction for the uniform
random search. So the complete search procedure of computing the search set
{{fl}*,...,{fin}*} and evaluating the halfspace distance on this search set
entails a computational burden that is of the same order as performing a
uniform random search in i, directions.

Computing the one-dimensional Kolmogorov—Smirnov statistic of the m +
n projected data requires sorting, which cannot be done faster than in
O(n log n) steps [see, e.g., Knuth (1973), Chapter 5]. Projecting the data takes
O(n) steps, so the overall burden for the uniform random search is O(n log n)
for each of the i, directions. .

First, let £(n) = n'/? and compute |f,,,| at the location of the auxiliary
sample only. Evaluating the density estimate at one point takes O(k(n))
steps, so the overall burden is O(%(n)?) = O(n), which also includes generat-
ing the auxiliary sample according to the algorithm given in Section 5.2
[burden O(k(n))], finding the maximum of | fk(n)l at the locations of the
auxiliary sample [O(k(n))] and evaluating F,, and G, at the dual of the
computed pilot estimate [O(n)]. So the computational burden for each of the
i, elements in the search set is indeed of at most the same order as that of
the uniform random search in each of the i, directions. Shifting the data as
described in Section 3 introduces only a constant factor. If we choose r, >
n~1/24 one readily checks that, with probability tending to 1, at least one
point of the auxiliary sample falls into B, (¢,). Hence, by Theorem 5.2 the
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CLT (4.2) will hold if i, satisfies i,n (?"2/4 - o, So, compared with the
uniform sampling of Theorem 5.1, the computational complexity is reduced by
one dimension. Condition (5.6) is satisfied for this choice of r, if 1/p + 2/d <
1/2 and —1/2 + ¢ < —1/d, which necessitates p > 2 and d > 4.

The next scheme is set up to achieve as high a dimension reduction as
possible. Let k(n) =nlogn and let T, be a grid on B (which preferably
should be a hypercube here) with mesh size r, = n~!/¢ in each direction.
Evaluating the densities at the O(n) points of 7T, with the fast Fourier
transform takes O(n log?(n'/ %)) steps, so the overall burden including gener-
ating the auxiliary sample and finding the maximum on 7}, is up to log-terms
comparable to O(nlog n). Condition (5.6) becomes i,n (?"%/* - « and
2/p+4/d <1, —1/2 + ¢ < —2/d, which necessitates p > 2, d > 4. So the
complexity is reduced by up to three dimensions.

By choosing r, larger one can relax the conditions on d and p at the cost
of saving less computing time. Letting 2(n) = n and T, be a grid of mesh size
r, =n"1/%24 in each direction gives a burden of O(n), which is caused by the
generation of the auxiliary sample. Evaluating the densities on 7}, by the fast
Fourier transform takes only O(n'/% log?(n!'/%9)) steps. By choosing r, this
large we need to satisfy i,n (¢ ?/* 5 1/p+2/d<1and —1/2 + &<
—1/d, which now necessitates p > 1, d > 2.

One also sees that in the case p = 2 one may attain computational savings
of almost three dimensions for large d by choosing r, slightly larger than
n-t/4

Another informative way to compare the two approximation schemes is to
compute the probability of getting close to the empirical halfspace distance.
For this purpose we need not impose any smoothness or other assumptions
on the underlying distributions F and G. Also, we will use a very simple
implementation of the estimate scheme in dual space to see how this case
compares with the uniform random search. We take a simple uniform kernel
on the unit ball to estimate the dual densities, K(-) = (1/|B(0)D15 (), with
a bandwidth o, ,, shrinking to 0 slowly enough: ¢}, &, > log k(n)/k(n)
for a bounded sequence {«,}. The evaluation set 7, is taken to be the
auxiliary sample. It is not necessary here to add a uniform random variable
to arg maxTnIfk(n)l in (5.5).

We are interested in the event supy . ¢ |F,(H) — G,(H)| > d(F,,,G,) — &,
where ¢ > 0 and S, is the respective search set.

The next proposition compares the two search schemes with regard to this
criterion:

PROPOSITION 5.3. Let n/m —> A >0, n > o, k(n) —> «. Then under the

uniform random search scheme pg using i, directions as described in Section
5.1, given X,Y),

us| sup |F,(H) - G,(H)| >d(F,,G,) — | =1- (1-b, ()",
HeS,

>0,
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where

b, (&) = Md_l({s € 891 sup|F,(A(s,t)) — G,(A(s,t))]
teR

> d(F,,G,) - g})
A(s,t) = {x: {x,s) < t}, u? ! denotes normalized (d — 1)-dimensional Haus-
dorff measure on the unit sphere S~ 1 in R?, and

limsupb,, (&)

n— o

< ,ud_l({s € 8971 sup|F(A(s,t)) — G(A(s,t))| =d(F,G) — 8})
teR

(F™® G")-a.s.

In the case where the search set S, is obtained by computing i, copies of the
pilot estimate in dual space under the search scheme u(X,Y,k(n)) as de-
scribed in Section 5.2 and above, given (X,Y),

(u(XX, k()" ( sup |F(H) = G,(H)| > d(F,.G,) ~

=1-(1 —pm,n(s))i”, e>0,
where
P, u(€) = w(X, Y, k(n))(|(F, — G)({#)")]
(5.7) >d(F,,G,) — &) —>1, n — o,

(F™ ® G")-a.s. forall ¢ > 0.

One sees that the probability of approximating the empirical halfspace
distance up to a prescribed error with a given number of trials is much higher
with the second scheme if the sample size n is large. This is exactly the
situation where one is in need of a computationally efficient method.

6. A simulation study. This section presents a small simulation study
to assess the behavior of the two search schemes in a computing environment
commonly in use at the time this article is being written.

We will consider situations in two and three dimensions. In R?, samples
are drawn from the distributions

F=(1/2)(N((-1,-2),I) + N((—-1,2),1))
and

G=(1/2)(N((1,-2),I) + N((1,2),1I)).
One then verifies that d(F,G) = 2®(1) — 1 = 0.682... with the optimally
separating hyperplane given by x, = 0. In R® we will use

F=(1/2)(N((-1,-2,0),I) + N((-1,2,0),1))
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and
G = (1/2)(N((1,-2,0),I) + N((1,2,0),1)).

In this situation one also has d(F,G) = 2®(1) — 1 = 0.682... and the opti-
mally separating hyperplane satisfies x; = 0. Using mixture distributions
complicates the task of finding an approximation to the halfspace distance,
because a halfspace H separating away a component of the mixture gives
also a high value of |[F(H) — G(H)| and may detract search schemes from
finding the correct separating hyperplane.

We will use equal sample sizes n = m and k(n) = n=1/2 for the auxiliary
sample in dual space, where we restrict ourselves to the compact set B = B,(0)
and employ the shifting mechanism given in Section 3. A Gaussian kernel is
used to estimate the dual density, using the points of the auxiliary sample as
evaluation set. We let the bandwidth shrink with a rate of k(n) 1/(@+%)
as recommended in Silverman (1986). Once a pilot estimate ¢ is found in
dual space, |F, — G,| is evaluated not only at the halfspace {#}*, but the
Kolmogorov—Smirnov statistic is computed for the projected data along the
direction #/|£|. This version of the search scheme allows reuse of the code for
the uniform random search. The sorting algorithm employed there is the
O(nlog n) algorithm MO1CAF from the NAG library of FORTRAN subrou-
tines. The random number generators are also taken from there.

Here are the explicit formulae for computing |B N {X}*|in the case d = 2
and d = 3, as required in the algorithm that generates the auxiliary sample
in Sections 3 and 5.2. Using Fubini’s theorem one computes the volume
|B N {X}*|in the two-dimensional case with B = B,(0) as

1
rm, if | X< —,
-

| n{ }l_ N 1 N 1 1 o ]
— 4+ —/1-—— + w
r 3 X X arcs1nr| 1k otherwise,

and in the three-dimensional case as

4 1
§r377, if | X|< —,
r
* |
|B N {X} | - 2 s 7"2 1 th '
m|—r°+ — — ——= |, otherwise.
3 X1 31x?

After samples of size n are generated from F and G, a uniform random
search is run with 30 random directions. Then 30 pilot estimates are com-
puted via Monte Carlo sampling in dual space and the samples are evaluated
in the resulting directions. This whole process, including the generation of
samples from F and G, is repeated for 1000 runs. For each of the two search
schemes, the 30 evaluations in the directions given by the respective search
sets, ev, = supyc...|F,(H) — G,(H)|, k =1,...,30, yield the estimates of
the halfspace distance d; = max,_, =1,...,30, where i, de-
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Fic. 4. Average relative error versus time (d = 2, n = 100,000).

notes the size of the search set. The relative errors
(d; - (2®(1) - 1))/(20(1) - 1), i, =1,...,30,

were recorded. The averages of each of these 30 relative errors, obtained over
1000 runs, together with their respective computing times are plotted in
Figures 4 and 5. All computing times refer to a SUN SPARCstation 1 +
workstation.

The first example in Figure 4 treats the case d = 2 and n = 100,000. Each
of the i, evaluations took about 5.7 seconds for the uniform random search
and 7.2 seconds for the search in dual space and the evaluation in the
direction found.

For the second case d = 3, n = 100,000 in Figure 5, the respective times
are 5.9 seconds and 8.1 seconds.

The examples show that the approximations using a pilot estimate in dual
space converge much faster to the halfspace distance than those obtained by
a uniform random search.

7. Proofs.

Proor or THEOREM 2.3. One checks that all relevant maps are measur-
able. Using the duality relation (3.1) and Fubini, one obtains the following for
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a measurable set A ¢ R¢:
F*|B(A)=f F{a}*da=f fl(xe{a}*)dF(x)da
ANB ANB

= ffAmBl(a € {x}*) dadF(x)

B {s) nAl B (x)]
= ERIGH cs

dF(x). ad

Proor oF LEMMA 3.1. {a}* is a halfspace if a # 0, so the set on the LHS
consists only of hyperplanes. Conversely, let H = {x: {(x,u) =t} for real ¢
and a unit vector u be a given hyperplane. If [¢|> 1/r, set a = u/t €
B,(0) \ {0}. Then d({a}* — ce,) = dHa}* = Hx: (x,u/t) <1} = H.

In the case |t| < 1/r observe that |<u,ej>| = IujI > 1/\/3 for some j €
{1,...,d}, as ©{_,u? = 1. Hence r|c{u, e;) + t| > 1 and thus

a=u/(c{u,e;) +t) € B,(0) \ {0}.
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Further,

d({a}* — ce;)

. u u
9\ x <x’c<u,ej> +t>S 1= <Cej’c<u,ej> +t>

1 1
a{x: <x’u>c<u,ej> e s tc(u,ej> + t}

=H. O

PRrROOF OF THEOREM 4.1. Part (a) can be proved similarly to Proposition 1
in Beran and Millar (1986). For later use we rewrite the stochastic equiconti-
nuity property (4.2) in Beran and Millar (1986) for the present setting: for
every ¢ > 0 and 1 > 0 there exists y > 0 such that

lim sup [P’( s1(1};|\/ﬁ(fz*m)n(t) ~f7(1))
n—owx G(y

(7.1)
S (£, () = 20)|> ) <,

where G(y) = {(¢,t'): (F + G)({x: {x,t) < 1} a{x: {x,#) < 1}) < vy}
We will also use a theorerp of Wichura (1970) to the effect :chat there exist
representations f; ~and W with (7 )=2(f; ), L(W)=2(W) and

IWn(fy = f5) - W|l.. = 0 a.s. For part (b) note that assumption (i) implies
|/5(t,)l > 0 and thus ¢, # 0. Also

(7.2) e =i —fil.—>0 as,n— =,

by the Glivenko—Cantelli theorem for halfspaces.
We will deduce (b) from the general part (c¢). To see the problem arising in
the general case, observe that

(7.3) 175, Nl = suplfs, |

Ase

n

by (i) and because ||| fZ*m nl —1f#lll. < &,, so our analysis can be localized to
A,, . In the general case, however, the stochastic equicontinuity property
(7.1) is not applicable at ¢, with respect to the neighborhood A,, : |f/| may
be continuous at ¢, while ff changes sign due to an atom of F or G at
to/|t,|%; or mass at that point may cancel in F — G while the discontinuities
in the limits of the sample paths of Vn ( f#, —f¥) and Vn (f& —f&) do not
cancel, but add up.
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In the general case (c¢) observe that when &, < |l f5|l../4 then
T(133 13, ~ 1%) < lim (sup (sign £ ()£, () — inf]| 75
& A, .
< lim(sup|fz* ()] = 1l + a)
el0 A, men
<T(f%,,) - T(f7)

=sup|fz 1=1Iflk [by (7.3)]

A2£n

i“p“ N OII0))

(7.4)

IA

= iup(sign B ()(f5, () = (1))

Switch to the representation (f7 ,W) and set
C, = Vn sign fz(t)(fz (1)~ f5 (1))

and
R, = supC, — lim supC,,.
As., s10 4,
Then (7.2) and the fact that the convergence of sup, C, is uniform in & give

(7.5) limsup supC, < hm sup (s1gn i (t)W) = lim lim sup C, a.s.
n—->x g0 A,

n— o 26,

So R, =o0,1)as R, >0, and therefore (7.4) yields

(7.6) T(f5, )~ T(fF) = T(f5: £, — ) + o,(n"1/2).

The CLT for the empirical halfspace distance is a consequence of (7.6) and
(7.5).

Using the fact that #(||W|..) has a density [see, e.g., Beran and Millar
(1986), Proposition 2], one concludes (Vn||f; 7 =17 Il.)~' = 0,(1). Together
with (7.6) this proves (4.1) in the general case.’

The assertions for the smooth case will follow once it is shown that
lim sup (sign f3 (¢)Vn (f3, (¢) = f5(1)))

(7.7) #L0 4,

— sign f7 (to)\/;(fzm,"(to) -1z (to)) =0,(1).
As a consequence of (i), there exists a function r(-) with

(7.8) ilfrér(s)—o and A, CB,,\(t).

Together with f;(¢,) # 0 and the continuity of f} at ¢,, which follows from
(ii), this allows us to eliminate sign f(¢) and sign f;(¢,) in assertion (7.7).
Then (7.7) will follow from (7.1) upon verify that, for given y > 0,

B.(ty) c{t: (F+ G)({x:{x,t) <1} a{x:{x,ty) <1}) < y}

if r is small enough. This inclusion is a consequence of (ii). O
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PrOOF OF PROPOSITION 4.2. The last inclusion in the previous proof and
(7.1) show that the continuity assumption (ii) allows us to write a stochastic
equicontinuity condition at ¢, for the process W,, ,(¢) = Vn ( 1z (&) = f7 @)

For every ¢ > 0 and 7 > 0 there exists a Euclidean neighborhood U of ¢,
such that

limsupP(sup|Wm,n(t) - W, .(t)] > n) < e.
n—o telU

Therefore
(7.9) W, .(t,) — W, .(t;) > 0 in probability (as n — =)

for every sequence of random variables {¢,} converging to ¢, in probability, as
is readily verified or looked up in Pollard [(1984), page 140].
For the necessity part of the proposition, let

t, =argmax, . g+.ges, f;m,,l(t)
and suppose first
(7.10) t, >ty in(F"™®G"® ug )-probability
is not valid. Then, along a subsequence n,
(F’”(”s) ® G™ ® '““Sns)({tns: It, — tol > r}) > n for some r, n > 0.

Together with sup, c ¢, \/;(fzﬂin,n(t) — f5(t,)) » — a.s., which is a conse-
quence of (7.2) and (7.8), one sees that along n,, that LHS in (4.4) converges
to —oo with (F™") @ G" ® s, )-probability at least m, contradicting the
CLT (4.4). So (7.10) holds. Now write

(s (0 =) (£ (8 - F(8)

(7.11) te{H*: HES,)

+Vn (f5(8,) = f4(to))
and suppose

(7.12) lim sup (F" @ G" ® s )({ta: Vi (F5 () = £ (%)) < —¢})

> 0 for some &> 0.

The distribution of the first term in (7.11) converges to the law of W(z,) by
(7.9), (7.10) and Theorem 4.1(a). The second term in (7.11) is nonpositive, so
(7.12) forbids that the sum of the two terms converges in distribution to
W(t,), contradicting the CLT (4.4) and therefore

lim (F™ ® G" ® ug )({t,: Vn (f5(t,) — f5(t))) < —¢}) =0 forall &> 0.

n— o
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One readily checks that one can replace ¢ in the above equation with some
sequence ¢, |0, so

lim (F™ ® G" ® pg )({t,: £ (t,) = f5(to) — L,}) = 1

n—ow
for some [, = o(n~'/?%)

and condition (4.6) follows.
Conversely, if (4.6) holds, let ¢, = argmax, .y« s ) f7 (t) and observe

s (0= Vn (f£(t,) = f£(%)) = —Vnl,)
(7.13) = s, (t, €A, )
=us (A, N{H*:HeS,} + ) - 1.
It follows from (7.8) that ug (¢, € B, (¢,)) = pg (¢, €A; ) — 1. Hence
(7.14) t, >ty in pug -probability.
Write

n(sup £z, () ~ £ (1))

2vn( s f (0 - ()

te{H*: HeS,}
> Vn (ff, () = f7(8) +Vn (f(t) — f7(%)).

The term in the first line converges in distribution to W(#,) by Theorem 4.1(b)
and (4.3). The sum in the third line converges also in distribution to W(¢,) by
(7.9), (7.14), Theorem 4.1(a) and (7.13), which asserts convergence to 0 in
probability of the second term. Hence the term in the second line must also
converge in distribution to W(¢,) and the CLT (4.2) as stated in (4.4) follows.

O

ProOF OF THEOREM 5.1. For the purpose of evaluating |F(-) — G(-)| the
search set S, is equivalent to

{H:H={x:<x,e> <t} ,t=0,ec{e,...,e; ,—ey,..., —ei”}}.

The set of duals of these halfspaces is given by span{e;} U -:- U spanfe, },
disregarding the special case of halfspaces with 0 on their boundaries and all
of R%, which do not play a role in the treatment of the CLT.

Reparametrize so that (1/2)H = —1I, where I denotes the identity matrix.
Then by (5.1) there exist positive constants ¢; and ¢, such that B, (¢, C
A, CB,,  for small &. Proposition 4.2 yields as necessary and sufficient

condition for the validity of the CLT (4.2) the existence of a positive sequence
1, =o(n"1/*) with

/J“S,L(Bln(to) N (span{el} U U span{ein}) #* @) — 1.
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The condition Bln(to) N spanfe;} # J is equivalent to e; belonging to a spheri-

cal cap on S? ! whose (d — 1)-dimensional volume v, can be shown to
satisfy v, < 197 1. Hence

Msn(Bln(tO) N (span{el} U U span{ein}) # @)
-1 — _ in — d-1] _ 7d-1
(7.15) 1-(1-p,)" (wherep,=v,/IS" '=<1i")
=1- exp(ln 10g(1 _pn))
-1 [iffi, log(1 —p,) = —|.

Let i,n “"V/* - w and set I, = (i, 'n¢"V/4p~@-D/4)1/(d=D Then [, =
o(n"*/*) and

i,log(1 —p,) < —i,p, > —© asp, xi, 'nld"Vip @0/

Conversely, assume (7.15) holds with p, = o(n~ (@~ V/4), As log(1 — x) >
— 2« for small positive x, we get i, log(1 — p,) > —2i, p, and hence i, p, —
%, which implies i, n (4" V/* - «, O

PrOOF OF THEOREM 5.2. The important ideas and statements of the proof
will be given. For the details see Walther (1994).

As K €%, and fi is p times continuously differentiable in a neighbor-
hood of ¢,, a Taylor expansion shows that there exists a neighborhood N of ¢,
where supy [f7'") — fil = O(a?), o — 0, and the same holds for f. Together
with Theorem 5.1 in Romano (1988) one can show that o, af,, >
log k(n)/k(n) for {a,} bounded and k(n) — «, n — o, implies that there
exists a neighborhood N(%,) of ¢, such that

sup || Foe(%) | = 5 () /(Ip + I)|
(7.16) = ENGINB

_ -1/2
<max(ak(n),n 1/2+£’k(n) / +g’0_k12n))

in uX,Y, £(n))-probability (F™ ® G")-a.s. for all £ > 0, and if in addition
Ty = 0, then

(7.17) sup | foe(%)| <|FE(t0) | /(Ip + Ig) — &
xe (Nt )°NB

with w(X,Y, k(n))-probability tending to 1, (F™ ® G")-a.s. for some & > 0.
We are now in a position to establish a rate at which argmax [, (%)l
can converge to ¢, if the evaluation set 7T, is chosen appropriately:

ProposITION 7.1. Under the assumptions of Theorem 5.2, if akd(n)a,f(n) >
log k(n)/k(n) as k(n) —» «, then for all positive sequences {r,},{R,} with
r,=o(R,), r, = 0 and max(a,,,,n "*** k(n)"*?"¢ of ) <r? eventu-
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ally, for some & > 0,

Blr(ltf)|fk<n>| BSU(E’O | i | > 0

with (X, Y, k(n))-probability tending to 1, (F™ ® G")-a.s.

ProOF. Reparametrize so that (1/2)H = —1I in (5.1), which then implies
that | £ (¢ — 21 — to)* < |5 () < |f5 ()l — 31t — ¢, for ¢ in some neigh-
borhood of ¢,. Outside that neighborhood | /5 ()| < | (¢,)] — ¢ for some ¢ > 0
by assumption (). Hence infy ., |f5| — supge |51 > —2r2 + min(c, 3R2)
> 3r2(Iy + I) for large n, and therefore

inf f
B, (tg )| ko

> inf [fFl/(Ip + 1)

raito

= max{| £ (60) /(1 + 1) = 5, sup 1771/ (1y + I

B (to)

— sup |fk(n)
BS

(t0)

—~1/2 -1/2+e¢
—2max(ak(n),n /2%¢ k(n) ,Uk‘}n))

[with u(X,Y, k(n))-probability tending
tol, (F™ ® G")-a.s. by (7.16), (7.17)
and because B, (¢,) € N(¢,) eventually]

> min( inf [ —1f7(to)l + 8(Ip + Ig),
B, (¢¢)

B, (¢) BS (ty)

inf |f5|— sup Ifz*l)/(IF—l-IG) —2rk

(eventually)

> 0 [eventually, because (ii) implies that /5 is continuous at ¢,]. O

To prove Theorem 5.2 now set oy,, = r2/? and a,,, = r7. Then r, = o(R,),
Okt ARy > log k(n)/k(n) and max(ay,, n” /2% k(n)"1/2%¢ g)f ) < r]
eventually for some & > 0 [so the condition on r, in (5.6) is chosen to let r,
decrease to 0 as fast as possible while obeying the conditions of Proposition
7.1]. As the evaluation set 7, has one point within O(r ) of ¢, with proba-
bility tending to 1, Proposmon 7.1 gives argmaxy | fk(n)l € B! (¢,) with pro-
bability tending to 1. Using (5.5) this implies that 7 € Branl ~1/4(¢,) with
probability at least c¢(r,n~1/* /Rz)d for some ¢ > 0 if £(n) is large enough. So
the probability that the set {f,,... t; Y hits B, p-1,-14(¢,) is at least 1 — (1 —
c(r,n= 14 /R2)?)in which converges to 1, because i R, is chosen as noted in
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Theorem 5.2, then

‘ =1/ d . ron 1/t d
znlog 1—CT S—lnCT
n-l74\4 n-l/41\¢ 2/
rn rﬂ
n-1/4 d\1/3
—c(in( ) ) - —o,
rn

The assertion of the theorem now follows from Proposition 4.2, using (5.1) as
in the proof of Theorem 5.1. O

3

IA

The following lemma will be needed for the proof of Proposition 5.3:

LEMMA 7.2. Denote by .#% the set of probability measures on R? that
concentrate on a finite number of singletons. Then:

() The set {Ifi_gl: F,G €2’} is dense in {Ifi_sl: F,G €2} in the
|| - |lc-rnorm.

(ii) The following continuity property holds at each a € R?: for every
£> 0, n> 0 there exists r > 0 such that

(7.18) inf  sup |fi(a) - fF(x)| < e.
z€B,(a) xeB (2)

. Ip.o| 7 ()| dt
(iii) lim sup —_——

<If#ll. forall > 0.
r=0,r>0 xeAC |Br(x)| z

ProOF. Part (i) can be deduced from large sample theory: as a conse-
quence of the Glivenko—Cantelli theorem for halfspaces, {|f;|: F €.#%} is
dense in {|f|: F €.#9). As for (ii), note that for fixed 8 > 0 the map K:
a— P(a, X) <1+ 8) is lower semicontinuous by the Portmanteau theo-
rem. Hence there exists a ball centered at a where K(:) > K(a) — £ and
therefore on some ball centered at z =(1 + §) 'a: () > K1 + 8)-) >
K(a) — ¢ = fi(a) — &. Using Proposition 2.2, (ii) follows.

As for (iii), use part (i) of the lemma to find F,,G, €#? that satisfy
i al = If;{_GgI ll. < &/4. One checks that as F, and G, concentrate on a
finite number of singletons, those give rise to a partition of R? into a finite
number of polyhedral sets such that f;,fs _g, 1s constant in the interior of each
such set and the values of fi _; on the boundary coincide with those in the
interior of one of the adjacent polyhedral sets. This implies the existence of
constants « = a(F,,G,) > 0 and r, = ry(F,,G,) such that for all x € R? and
r <r, one has |fp>l':7G§(')| < If;l:,Gg(x)I on a subset of B (x) with Lebesgue
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measure at least «|B,(x)|. Thus

fBr(x)lijf—G(t)ldt

o IB.(™)]
(£ ()] + /2)a B.(x)| +lIfi_ol(1 — a)| B,(2)]
< sup
xEAg |Br(x)|

(r small enough)

IA

e
I fi_glle — &+ 5 )at Il fE_cll(1 — @) (by the definition of A,)

I e — =
=fE gl — —. o
fi ol — 5

PrOOF OF PROPOSITION 5.3. A straightforward calculation gives the asser-
tion for the uniform random search; see also Beran and Millar [(1986), (1.6)].
The inequality concerning limsup,, , .. b,, , follows from Fatou’s lemma and
the Glivenko—Cantelli theorem for halfspaces.

As for the second scheme, note that

; 7 )|

_— | >
sop || ()| = T 57y O
in uX,Y, k(n))-probability (F™ ® G")-a.s. This follows from Theorem 5.1 in
Romano (1988) and Theorem 4.1(a); see Walther (1994) for the details. So
when | fAk(n)(x)I is evaluated on A ,2 N B, with w(X,Y, k(n))-probability tend-
ing to 1 the result will be smaller than || ffl../(I + I;) — n for some 5 > 0,
because

limsup sup |7§(r)(x)| < limsup sup Tz*l(r)(x) <zl

r—0,r>0 xeAf/sz r—0,r>0 xEAS/ZﬁB
by Lemma 7.2(iii). On the other hand, by the continuity property (7.18), | fAk(n)I
will eventually be evaluated at a point in A .;,, 3 N B where the result
will eventually be bigger than ||f}l../(Ir + I;) — /2. So the evaluation
points in A , N B will not be chosen as points of maxima and hence ¢ falls
in A, , with uX,Y, k(n))-probability tending to 1. The Glivenko—Cantelli
theorem for halfspaces (7.2) completes the proof. O
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