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LIMIT THEOREM FOR MAXIMUM OF STANDARDIZED
U-STATISTICS WITH AN APPLICATION

By LaJjos HORVATH! AND QI-MAN SHAO?

University of Utah and University of Oregon

We show that the maximally selected standardized U-statistic goes in
distribution to an infinite sum of weighted chi-square random variables
in the degenerate case. The result is applied to the detection of possible
changes in the distribution of a sequence observation.

1. Introduction and results. Let X, X,,..., X, be independent ran-
dom variables. We want to test the null hypothesis Hy: X, Xo,..., X,
are identically distributed against the alternative hypothesis that there is

a change-point in the sequence X, X,,..., X,. Namely, H4: there is an
integer k*, 1 < k* < n, such that
P{X, <t} =P{X, <t}=---=P{X,. <t},
P{Xk*+lft}=P{Xk*+2§t}::P{ant} fOrallt
and

P{X,. <ty} # P{X,..1 <ty} for some ¢,

The change-point problem has been studied extensively in the literature.
For a survey we refer to Brodsky and Darkhovsky (1993). Wolfe and Schecht-
man (1984) and Csorg6 and Horvath (1987) suggested several tests based
on the linear rank statistics with quantile scores and U-statistics. Csorgé
and Horvath (1988) used U-statistics which are generalizations of Wilcoxon—
Mann—Whitney-type statistics to detect a possible change-point. For surveys
on U-statistics we refer to Serfling (1980), Lee (1990) and Koroljuk and Borovs-
kich (1994).

Let h(x, y) be a symmetric function and define

(1.1) Upu= Y Y hX;,X,)—k(n—k)b

1<i<k k<j<n
and

Tn = 1 kaX |Uk,n|/(Var Uk,n)l/z’
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where 0 = Ey h(X,, X,). For each k, U, , compares the first £ observations
to the last n — & using the kernel %, and T, selects the maximum of the
standardized U-statistics. According to Csorgo and Horvath (1988), we should
reject H for large values of T',,. The limit distribution of 7', under H in case
of nondegenerate kernels was obtained by Csorgé and Horvath (1988).

THEOREM A [Csorgé and Horvath (1988)]. Let A(t) = E{h(X,,t) — 6}.
Assume that H, holds, E|h(X, X,)|” < oo with some v > 2 and 2 =
Eh%(X,) > 0. Then

U, al

(1.2) nlerC}O P{a(logn)ql_ ggﬁm < t+b(10gn)} = exp(—2e7")

for all ¢, where a(x) = (2log x)'/2 and b(x) = 2log x + 3 loglog x — } log .

Further results on the applications of U-statistics to change-point analysis
can be found in Ferger and Stute (1992) and Ferger (1994a—c).

The main aim of this note is to give the limit distribution for maximally
selected standardized U-statistics in the degenerate case, that is, 7 = 0. Of
course, 7 = 0 means that the projections A(X;), 1 < i < n, are zero with
probability 1. If 7 = 0, then there are orthogonal eigenfunctions {¢;(¢), 1 <
J < oo} and eigenvalues {);, 1 < j < oo} such that [see, e.g., Serfling (1980)]

(13)  lim /j:o fj; (h(x, y)—0— ISJZSK Aj¢j(x)¢j(y)>2dF(x)dF(y) =0
and

1, if j=k,
(14 Ee,(XoeXn={g I3k

where F denotes the common distribution of X; under H,. It follows from

(1.3) and (1.4) that
(1.5) E(M(X1, X5)— 0= Y A}

1<k<oo

Let {N;, 1 <i < oo} be a sequence of independent, standard normal random
variables and define

1/2
(16) -z aw)

1<i<oo

Now we can state the main result.

THEOREM 1.1. We assume that H, holds,

(1.7) ER%(X,)=0 and 0<o?=E(X,, X5)— 0)? < co.
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Then, as n — oo,

Uk, nl
1. loglog n) /2 U/

—4 &
It follows from (1.5) and (1.7) that ¢ is finite with probability 1. Also, (1.8)
can be rewritten as
Uk, nl 3

—1/2 s
(2loglogn) " MaX (G Ty 2 7 o

It is interesting to note that we get completely different limit theorems in
(1.2) and (1.8). The limit distribution in (1.2) is an extreme value distribution,
while ¢2 in (1.8) is a weighted sum of x? random variables. We also note that
&2 is related to the usual limit of degenerate U-statistics [cf. Serfling (1980),
Lee (1990) and Koroljuk and Borovskich (1994)].

The proof of Theorem 1.1 is presented in Section 3. An application of
Theorem 1.1 to the intervals between coal-mining disasters is discussed in
the next section.

2. An application. The time intervals between successive coal-mining
disasters involving 10 or more men killed in British coal mines between 1875
and 1950 were analyzed by Maguire, Pearson and Wynn (1952). Later, Jarrett
(1979) corrected several errors in the data given by Maguire, Pearson and
Wynn (1952) and extended the data set to cover 191 disasters between 1851
and 1962. Jarrett (1979) concluded that the data had an exponential distribu-
tion; at the beginning of the observations the mean was 106 and it might have
changed over time. Let X, X, ..., X9 denote the observations in Table 1 of
Jarrett (1979). Now we apply Theorem 1.1 to test the null hypothesis H,: X,
X, ..., X199 are exponentially distributed with mean 106 against the alter-
native hypothesis that there is a change-point in the sequence. We use two
different kernels for the test.

KERNEL 1. Let h;(x, y) = (x — 106)(y — 106)/(106%). Under H,, by Theo-
rem 1.1 we have

T,1 = (2loglogn)? max| Y Y h(X;, X))
(21) 1<k<n 1<i<k k<j<n

[ (k(n — k)Y

—4 |N|,

where N is the standard normal random variable. A direct calculation shows
that the value of T', ; for the coal-mine disasters is 137.627, so we reject H,.

KERNEL 2. Let

ha(.9) = [ (Ix < 6} = FO)(I{y = t} = F(0) dF (o)
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where F(t) stands for the common distribution function under H,. It is easy
to show that for x > y,

ho(x, ¥) = 5(F2(x) + (1 = F(x))*) — 5(F*(x) — F(y)).

The U-statistic generated by A(x, y) above is related to the Cramér—von Mises
statistic [cf. Lee (1990), page 190] and is distribution-free under the no-change
null hypothesis. Moreover, A; = (im)~2 for i = 1,2, ... . Therefore, by Theo-
rem 1.1 we have

T, . = (2loglogn) '/* max

> 2 h(Xy, X))

[ (k(n — )2

(22) 1<k<n 1<i<k k<j<n
_)9 g&
where
1/2
(2.3) E= < > (iw)‘*N?) .
1<i<oo

By applying Chebyshev’s inequality to the moment generating function, one
can easily verify that

(2.4) P{iai]\/'?z"o a; }gexp(—éi{ ta; —log(l—tai)}>

i1 i1 1- tal- i1 1-— tai

fOI‘ all a; > 0 and 0<t< inf15i<oo ]_/ai.
Applying (2.4) to & with a; = (i7)™* and ¢ = 0.927%, we get

P{¢ > 0.3595} < 0.001,

where £ is given by (2.3). In the case of this data set F(¢) = 1 — exp(—£/106)
for ¢ > 0 and the value of T', 5 is 0.9075. Thus, we reject the null hypothesis
at the 0.001 level of significance.

For further analysis of the coal-mine disasters, we refer to Cox and Lewis
(1966), Worsley (1986) and Gombay and Horvath (1990).

3. Proof of Theorem 1.1. Throughout this section, we assume that with-
out loss of generality, 6 = 0 and that the conditions of Theorem 1.1 are satis-
fied. The proof of Theorem 1.1 is based on the following lemmas.

LEMMA 3.1. We have

E max U% n < 36n202.
1<k<n ’

PROOF. Observing that
Uk,n: Z h(Xian)_ Z h(Xi’Xj)_ Z h(Xian)’

1<i<j<n 1<i<j<k k<i<j<n
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we get

2 2
maxU%,nSf}maX( > h(Xi,Xj)>+§’1§I};3;<1< > h(Xi’Xj)>-

Izk<n 2skz=n 1<i<j<k k<i<j<n

It follows from (1.7) that {3 1_;_ ;< A(X;, X;), 0(X1q,..., X}),2 < k < n}
is a martingale. Hence, by Doob’s inequality [cf. Chow and Teicher (1988),
page 247],

2 2
25k=n\ 1 iz i<k l1<i<j<n
Similar arguments give
2 2
sk<n=l\ p<i<j<n 1<i<j<n

Hence,

1<k<n

2
E max U} , < 36E( > (X, Xj)> < 36n20?,

1<i<j<n

as desired. O

LEMMA 3.2. For any x > 0 we have

P{max > A?( > wi(Xj))anx}s%z-

Isk<ny "o k<j<n x

PrOOF. The lemma is obviously true if x < 302. So, we assume x > 302.
Let

2

Q= Z A?( Z QDi(Xj)) — ko®.
l1<i<oo n—k<j<n

It is easy to see that {Q,, o(X,,..., X,_;.1), 1 < k < n} is a martingale.

Thus, by the martingale maximum inequality [cf. Chow and Teicher (1988),

page 247],

2
P{lmkax > A?( > goi(Xj)) an}§P{max1<k<an2nx—na2}

1<i<oo k<j<n

2nx
P —_
< {g}g Qr > 3 }

2
_3EQ.| _30° .
2nx T x
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LEMMA 3.3. For any x > 1 we have

|Uk n| 5 x2
P{lrglin(k(n—k))m >x¢p <10%°0 + 32 exp “ 5120172 log n.

PROOF. We assume that 0 < o < 107°, since otherwise Lemma 3.3 is
trivial. Let m; = [logy(n/2)], where [-] denotes the integer part of the number.
Clearly,

P max U, ,|/(k(n ~ k)" = x|

< P| max_|U; ,I/k"? = x(n/2)"2}

1<k<

< P{ max max |U, ,|/2¢7V2 > x(n/2)1/2}
l<t=m, 2t-1<k<2t’

(3.1)

my/2 1/2
+P{2m1n§1,§§xn/2|Uk,nlzx2 (n/2) }

< P{ max max |Uk7n|/2‘3/2 > xnl/Z/Z}

1<t<m; 2-1<pk<2!

+ P{lggilx/ U nl = nx/4}

Using Lemma 3.1, we get

< =
~ (nx/4)? x2

(3.2) P{ max |U, .| >

nx 36n2g2 322642
1<k<n/2
For 2¢-1 < k < 2¢, write
Upn=Upo +Vyy,

Where Vk,f = Zlfifk 225<j§n h(Xi, XJ) Let

I, = P{ max max |V, /242 > xn1/2/2}

1<t<m; 1<k<2t

Applying Lemma 3.1 again, we obtain

U .| xnl/?
P{ max max ’2n >
1<t<m; 2t-l<k<ot 2¢/ 2

2[ 1/2
<I,+ > P{max |Uk2[|>x(n)}
l<tem, U1sk<2 4
(3.3) 20 2
36 - 240
I =27
< n + 1<ZX<:m1 (x/4)2n2l
32260.2

<L+
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Next we estimate the upper bound of I,,. Let

Z = O'(X2£+1,X2k+2, ey Xn),

= E(V3 |7)

erl g o 32)

1<t<mq

and

We note that conditionally on %, {V,,,1 < k < 2‘} are partial sums of
independent and identically distributed random variables with zero means.
By Lévy’s inequality [cf. Loéve (1977), page 260], we have

¢
I,<4d, P Vil = Z(n2)2, 2 < 2
ot T Plmax Vi = G020 < G

2[
=d,+ ¥ Ep{max Vil = (22, 72 < 7 )9‘2}

s 512
<J,+2 > EP{|V2, = (nzf)l/2 ol2y, 2 o INY (*}
1<t<m,
<J,+2 Y EP{|Vy |>3ﬁ(nz@)1/2 2 ‘J
= 2.0= 16 e 512 ¢

It is easy to see that

—2'E {( )3 h(Xl,X)) |,/g}

2t<j<n

Z )\12( Z %(Xj)>2-

1<i<oo 2t<j<n

Lemma 3.2 yields

Jn=P{max 3 A2< oei(X )) }

1st=m, 1<i<oo 2t<j<n

<kzn 1<i<oo k<j<n

(3.5)

< 15360.
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Let {X7, 1 <i < oo} be an independent copy of {X;, 1 <i < oco}. By the
symmetrization inequality [cf. Loéve (1977), pages 257-258], we get

3% i1z 2 on2‘
EP{|V2£)@| Z 16(n2 ) bl TZ S 512 l'/Z
§2EP{ ooy (h(Xian)_h(X;'k’Xj))'
1<i<2t2l<j<n
3x on2t|
. E(nzz)m — 27,72 < 519 IZ}
< 2EP{ Y Y (X, Xj)—h(X;-*,X»)'
1<i<2¢2t<j<n
(3.6)
X 0'77,2‘i
2 g2 T s l‘%}
| * | X o0\1/2 2 on2’
=2P{| 2 (WX, X)) - H(XE, X)) = c(n2)7, 7 < 5
l1<i<2t2t<j<n l
<2P{ ‘2151526 Z2f<j5n(h(Xi’Xj)_h(X?’XJ))} > }
< " 212 = 1/4
(ZlfifZ“ (ZQRan(h(Xi? Xj) o h(Xi’ Xj))) ) / 1674
2 on2¢
+2P{ > ( 2 (h(Xi’Xj)_h(X?’Xj))) =402 n = s }
1<i<2¢ \2l<j<n

Since conditionally on %, {W; = Yo, (M(X;, X ;)-M(X}, X)), 1 <i < 2%}
is a sequence of independent and identically distributed symmetric random
variables, we obtain [cf. Ledoux and Talagrand (1991), page 91]

P{ |Zl§i52’ 22“<j5n(h(Xia Xj) - h(X}k, Xj))| - X }
(Lrzize (Cocjen(M( X, X j) — (X7 X j)))?)2 ~ 16014

| Lacico Yo jen(( Xy, Xj) — MXG, X))
(Erzizo(Xaicjen(M(Xy, X j) — H(XT, X ))))V? — 16014

1 x Y [ o
<2(exr( =5 (550 )1)

9 _=
= exp(— 51901/ ) .

el 7}

(3.7
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Introducing W; ; = min(|W,|, (n2%)"/2), we can write

s > (h(Xi,Xj)—h(X?,Xﬂ))z24‘7”2”% <)

1<i<2¢ <j<n

on2t
(3.8) < p{mz;% W?,1 > 45122, 73 < 512 }

+ P{ max |W,| > (nQZ)l/Z}.
1<i<2¢

Using the Chebyshev inequality, we have

n2¢
P W2 . > 4022t 2 <2
{1522( p1=RCTRE TS TE1g

:EP{ > (W2, — E(W? %))

1<i<2¢

2K
> 40" 202" — 2 B(W3 \|), 73 =< 2 i%}

on2t
<BP ¥ (W2, - BV, 190 = 402 - T2 )
(3.9) Lt

<5p{ ¥ (W, - BW 90 2 0|7
1<i<2t
_ o (PEWiLI%)N _ EWY,
- (na'1/222)2 - a2tn2
_ Emin{(Cy ;o (M( Xy, X)) — H(X7, X )))*, (n2°)%}
- o2tn?
_ Emin{max,_ ., (Seejn(A(X 1, X ) = (X7, X)), (n2)%)
- o2tn? )

It follows from (3.9) that

3 P{ Y WP, >40"2n2, 2 < O-nZE}

1<t=m, 1<i<2t 512
< i Z lEmin(U*“, (nze)z)
~ on? 1<t<m 2 "
=t=m,
(3.10) ) )
=3 ) EZ gEU:4I{|U;| < nl/224/2y
=t=m,

Loy et = 2y,
g

1<t<m,
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where Uj, = maxy_;_, > - j<n(A(Xq, X ;) — h(X7, X ;)). It is easy to see that

Y 2 EUI{|U;| < n'27%)
1<t<m,
= ¥ 2'EUSH{U; < 0%
1<t<m,
+ Y Y 2 EUSI{n220-2 < U < n}220%)

1<t<m; 1<j<t

<nEU2+ Y Y 27'EURI{n'?2U-V72 o |\U%| < n?/?2/2}

1=j=m, j=t=m,

(3.11)

2
< 3nEU*? = 3nE max (X, X)—h(X5, X;
" 1<k 7 7
Sh<n k<j<n

2
= 3nE{E<1mkax< Y (WX, X;)— h(X3, XJ-))) ’Xl, XT)}
Sh<n k<j<n
< 24n?0?.
Similarly, we have

(3.12) 3 2P{|U%| > n'/222} < 48452,

1<¢<mq
Therefore

Plmax |W;| = (n2)"?] = ¥ 2'P{U;| = (n2)"?}

1<i<2¢t

(3.13) 1<t=my 1<t<m,
< 4802,
Putting (3.8)—(3.13) together, we get
2 on2t
S Pl Y (X (X0 X)) WX X)) 2 d0tnz, 2= T
1<t<m, 1<i<2t \2t<j<n 512
< 1200,

which, together with (3.1)—(3.7), implies
|Uk,n| 4 3 x>
By symmetry, we have

P{ max Ukl >x{ < (10* +10%)0 + 16exp(— x >logn.
nj2<k<n (k(n — k)12 = 7| = 5120

This completes the proof of Lemma 3.3. O
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Let 1 < M < oo and define
1/2
314  hy(x,y)= Y Aei(@)e;(y), &y = ( > A?N‘j’») :
l=j=M l=j=M

The corresponding U -statistics are

U%): > > (X, X)), 1<k<n.

1<i<k k<j<n

Our last lemma shows that Theorem 1.1 is true if the kernel is given by (3.14).

LEMMA 3.4. As n — oo, we have
(M)

U},
loglog )™/ max — 1 gy

PROOF. Let
Sp(k)y= > en(X;), 1=m=<M.

1<i<k

Then, elementary calculations give

UM = 3 0,8,(k)(Su(n) = S,(k)).

l<m<M

Let a = n/(log n)? and write

U,
11151513(” CCENE _’k))1/2 =max(T, Ty, Ts),
where T = max,;_, |U)|/(k(n — k)2, Ty = max, e, o US|/ (k(n -

k)2 and Ty = max, o5, |Us |/ (k(n — k))V2. Since

max |S,,(k)|/k"* = Op((logloglog n)/*)

and

max |[S,,(n) = S,,(k)|/(n — k)" = Op((logloglog n)'/?),

a<k<n—
we get immediately that
(3.15) Ty = Op(logloglogn).

By the weak convergence of partial sums and the continuity of Brownian
motion, we have

Spu(n) = Spu(k)  Sp(n—a)-S,(a)
(3.16) max TR 172 =op(1)
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and similarly

Sn(k) Sp(n—a)—8,(a)
(3.17) neien| B2 nis2 = or(D).

Using the law of the iterated logarithm, we get

(3.18) max 1S,,(k)|/EY? = Op((loglog n)'/?)
and
(3.19) max [S,,(n) = S,,(k)|/(n - k)2 = 0p((loglog n)'/?).

Putting (3.15)—(3.19) together, we obtain that

Uin
o max R T3] = Op((loglog ) ),
where
T* = max{ max A Sn(k) S, (n—a)—-S,(a)
m I<k<a|y 0y m- p1/2 niz >
Sm(n) = S(k) Sp(n—a) - Sy(a)
n—12<a}§<n LemeM m (n _ k)l/z 12 .

Applying the multivariate Strassen’s invariance principle, for each n we can

define independent Brownian motions W ,,..., Wy, , such that
* Wm,n(k) Wm,n(n’ - a) - Wm, n(a)
T: = max{lrilkaz; > An A% i ,
= 1<m<M
max | Y, A,—— ’
(321) n—a<k<n 1<m<M (n — k)1/2
Wm,n(n’ - a) - Wm, n(a) I
X n1/2 |
+ o((log log n)*/?).
Noting that for any constants «q, ag, ..., ay

{ Z aiWi,n(t)7 O0=t< OO} =9 {(a% + +a%4)1/2W(t)7 0=<t< Oo}a
1<i<M

where W(¢) is a Brownian motion, we have
Wi (k)

> L1/2 '/(2 loglog n)"? —p (af +--- 4+ ajp)"?
1<i<M

(3.22) max

1<k<a
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and similarly,

| W, - W, (k)]
max I a; l,n(n) l/Lz,n( )I/(Z 10g10g n)l/Z
(323) n_a5k<n’|1§i§M (n’ - k) |
—p (@24 4 a2
It is easy to see that {W; ,(k), 1<k <a}, W, ,(a)—W, ,(n—a), {W; ,(n)—
W, .(k),n—a <k <n}, 1<i< M, are independent and
{n (W, (n—a) =W, 4(a)), 1<i<M}—,{N;, 1<i<M}

Now Lemma 3.4 follows from (3.20)—(3.23). O

PRrROOF OF THEOREM 1.1. Let
~ ~ M ~
hu(x, y) = h(x, y) = hy(x, y),  Opl= 3 Y hyla,y)
1<i<k k<j<n
and
5= Y. AL
M<i<oo
Using Lemma 3.3, we get
(M)

U}, 1/2
P »n 126 1/2 1 1 1/2 1 5~
{112,?‘31 (k(n — k)12 > (5126y;,")"*(2loglog n) } =10°0y + logn’

and therefore

~(M)
lim limsup P 1 ma Ui 0
1 1 _—_— X —M =

Moo a? ) (2loglog )2 ithon (k(n — k)2~ ¢

for all € > 0. Now the result follows from Lemma 3.4. O
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