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THRESHOLDING ESTIMATORS FOR LINEAR INVERSE
PROBLEMS AND DECONVOLUTIONS

BY JEROME KALIFA AND STEPHANE MALLAT
Ecole Polytechnique and New York University

Thresholding algorithms in an orthonormal basis are studied to estimate
noisy discrete signals degraded by a linear operator whose inverse is not
bounded. For signals in a set ©®, sufficient conditions are established on
the basis to obtain a maximum risk with minimax rates of convergence.
Deconvolutions with kernels having a Fourier transform which vanishes
at high frequencies are examples of unstable inverse problems, where a
thresholding in a wavelet basis is a suboptimal estimator. A new “mirror
wavelet” basis is constructed to obtain a deconvolution risk which is proved
to be asymptotically equivalent to the minimax risk over bounded variation
signals. This thresholding estimator is used to restore blurred satellite images.

1. Introduction. We consider inverse problems where a signal is degraded by
a linear operator and by the addition of a Gaussian white noise. In many statistical
settings [22], a function f(¢) for ¢ € [0, 1] must be estimated from noisy samples
obtained at the output of a linear operator G,

(1.1) Y[n]=Gf(n/N)+ v[n] forO<n <N,

where v[n] are independent Gaussian random variables of variance o2. When
G~ does not exist as a bounded linear operator then the problem is said to be
ill-posed [22]. Depending upon the properties of G, minimax estimators have been
studied for functions f that belong to balls © over different types of functional
spaces such as Sobolev or Besov spaces [26], which give asymptotic results for
N large. In particular, Donoho [8] showed that a nearly minimax estimator is
obtained with a thresholding strategy in wavelet—vaguelette bases, if the wavelets
are nearly eigenvectors of GG* and if ® is an orthosymmetric set in this wavelet
basis. The discrete data Y[n] is then decomposed and thresholded in discrete
wavelet—vaguelette bases. This approach has found applications in several inverse
problems including inversion of the Radon transform, density deconvolution, and
estimation with fractional Gaussian noise [8, 18, 23, 27].

When inverting the degradation of measuring devices such as cameras, where
the diffraction of the optics creates a blur, the situation may be quite different.
The sampling interval N~! is adapted to the degradation operator G, and as the
technology improves the operator G is modified and N increases. The operator G
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thus depends upon N. This degradation operator is often calibrated a posteriori,
once the system is built and defined directly on the sampled signal. In this
framework, the inverse problem can be written

(L.2) Y[n]=U®0B[n] + vin] forO<n <N,

where 8 € CV is a vector obtained by discretizing f(¢) and U is a calibrated linear
operator from CV to CVN. If f € @ its discretization 0 belongs to a subset © of CV |
The operator U depends upon N but if the properties of U are known for N large,
then an asymptotic study of the minimax estimators can still be performed. The
fact that the operator G may change with N opens new asymptotic situations.

Such a problem has been proposed by the spatial agency in France (CNES) to
the research community working on linear inverse problems, for the deconvolution
of high resolution images obtained with a new generation of satellites. In this
case, U is a calibrated convolution operator which blurs the image by suppressing
the highest frequencies. A testing procedure was set up by the CNES to compare
the results of existing algorithms. Thresholding estimators in wavelet—vaguelette
lead to relatively disappointing numerical results, as opposed to a thresholding
algorithm in a wavelet packet basis developed by Rougé [24], an engineer in
image processing. Surprisingly, this thresholding algorithm clearly outperformed
numerically and perceptually all other deconvolution algorithms on all tested
satellite images.

The restoration of high resolution satellite images is typically in an asymptotic
regime which allows us to compute upper and lower bounds of the minimax risk.
To understand this type of problem, Section 3.2 studies general conditions to
obtain a nearly minimax estimator with a thresholding algorithm in an arbitrarily
chosen basis B of CV. In the spirit of the work of Donoho [8], it is shown that a
sufficient condition is that U U* is “nearly” diagonal in the basis B, in a sense that
is specified. This general result applies to wavelet bases but to other bases as well.

The paper concentrates on application to deconvolutions. If G is a convolution
operator then (1.1) can be written as a discrete inverse problem (1.2) where U is
a discrete convolution operator. Measuring devices such as cameras introduce a
degradation which is a convolution of the input signal f with a kernel whose
Fourier transform vanishes at high frequencies. The sampling rate N~ is adapted
to satisfy the Shannon sampling theorem. The resulting discrete inverse problem
is a hyperbolic deconvolution, where wavelet bases do not “nearly diagonalize”
UU*, and hence lead to relatively poor estimators. For one-dimensional signals,
Section 4.3 introduces a new type of orthonormal basis, called mirror wavelet
basis which nearly diagonalizes UU* for hyperbolic deconvolutions. Section 4.4
computes the minimax risk for bounded variation signals and proves that a
thresholding in a mirror wavelet basis has an equivalent asymptotic risk. Section 5
studies a two-dimensional extension for separable deconvolutions of images. For
hyperbolic deconvolutions, the bounded variation model presented without proof
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in [16] is refined with directional total variation conditions, to obtain asymptotic
minimax results that are consistent with the observed numerical performance on
satellite images.

This paper concentrates on asymptotic computations as opposed to numerical
implementation with fast algorithms, which are presented in [17]. The asymptotic
behavior of the risk is computed up to a multiplicative constant. If « and 8
depend upon the parameters of the problem, such as the signal size N, the noise
variance o or any other parameter, we write o ~ § and say that they are equivalent,
if there exists two constant A, B > 0 such that for all values of these parameters
Ao < B < Ba.

2. Minimax estimation of inverse problems. A signal 6 € CV must be
estimated from the measured data

(2.1) Y[n]=U®B[n] + vin] forO<mn <N,

where v is a Gaussian white noise of known variance o2 and U is a linear
operator in C". Such inverse problems are studied for large N, depending upon
the asymptotic properties of the operator U when N increases.

To invert the degradation, since U may not be invertible we use a pseudo-
inverse. We denote by ImU the range of U and by KerU its null space. Let us also
write W+ for the orthogonal complement in CV of a subspace W. The pseudo
inverse U~ of U is the operator whose null space is ImU" and whose range is

.. ——1 . . ..
KerU~. The restriction of U  to ImU is the inverse of the restriction of U
to KerU~L. The restoration is unstable if

. ——1
Iim ||[U |y=400
N—+o00

where ||T || is the sup operator norm of a linear operator 7 defined from the
Euclidean norm ||-| in CV by

ITgll
(2.2) IT|s = sup ——.
gecy gl

Following a standard approach, the linear inverse problem (2.1) is transformed
into an additive noise estimation problem. Estimating 6 from Y in (2.1) is
equivalent to estimating it from

(2.3) Xx=U'y=U'vo+0 'v

The operator U 'u= Py is an orthogonal projection on V = KerU+ so

(2.4) X=Pyb+z withz=0U 'v.
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The noise z is not white but remains Gaussian because T s linear. It is
considerably amplified when the problem is unstable. The covariance operator K
of zis
2.5) k=0T,
where A* is the adjoint of an operator A.

We suppose that our prior knowledge of signals defines a set ® such that 8 € ©.
The inverse problem (2.1) is equivalent to estimating 6 € © from X = Py6 + z.
The risk of an estimator 6 is calculated with a Euclidean norm

r(6.6) =E(l6 - 0]%).
To control the risk for any 6 € ®, we compute the maximum risk:

re(d, ®) = supE{|I6 — 0]}
0e®

The nonlinear minimax risk is

. (©) =infr (@, ©).
6

In practice, we must find an estimator that is simple to implement and such that
r(é , ®) is close to the minimax risk r,(®).

A first approach, often used in signal processing, simplifies this problem by
choosing an estimator computed with a linear operator. The linear minimax risk
over ® is the lower bound:

r(®) = inf r(d,O).
0 linear
This strategy is efficient only if 7;(®) is of the same order as r,(®). When this
is not the case, according to the strategy of Donoho and Johnstone [9] one can
still try to simplify the problem by approaching the nonlinear minimax risk with
nonlinear estimators that are diagonal in an orthonormal basis.

3. Diagonal estimation. Since a linear inverse problem can be reduced to an
additive noise estimation problem, we study the minimax estimation of 6 € ® from

3.1 X=0+z,

where z is a Gaussian random vector of covariance K. This section first
briefly reviews important results concerning the minimax optimality of diagonal
estimators in an orthonormal basis 8 = {gn}o<m<n of CN. We write h glm] =
(h, gm) for any h € CV. The decomposition coefficients of X =6 + z in B are
(X, gm) =10, gn) + (2, gn), which we write

3.2) Xglm] =0g[m] + zg[m].
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A diagonal estimator 6 in B estimates each coefficient 6g[m] independently
with some decision function 8, (X g[m]):

N—1
(3.3) 0= 6m(Xglm)gm.
m=0
The estimation risk is
. . N—1
B4 r@,0)=E(10—01" = Y E{l0gim] — sn(XglmDI*}.
m=0

Observe that X g[m] = 6g[m] + zg[m] is a Gaussian random variable of mean
0g[m] and variance

(3.5) o2 =E{lzglmll*} = (K gm. &m)-

If §,,(Xglm]) = alm]X glm], one can verify that the minimum risk r(é, 0) is
achieved by choosing

_ 105 [m]1|?
oo W)= I o
and
N-1 2 2
(3.7) I"(é, 0) = rinf,d(e) _ Z O'm|9£[m]|

on +10gIml*

m=0 "m

Over a signal set ®, the resulting maximum risk is

Finf,d (©) = SUD Fin,q(0).
0e®
The oracle attenuation (3.6) cannot be implemented because a[m] depends
upon |0g[m]| which is not known in practice. The risk rinr 4(®) is thus only a
lower bound for the minimax risk of diagonal estimators. However, Donoho and
Johnstone [9] proved that a simple thresholding estimator can have a maximum
risk that is close to riyf,4(®).

3.1. Linear versus nonlinear. For a linear diagonal estimator 3 , each a[m]
is a constant. Clearly, the linear diagonal minimax risk is larger than the linear
minimax risk

na(®) = inf  r@,0)=r(0).
6 linear diagonal

Diagonal estimators that achieve the minimax risk r; 4(®) are characterized by
considering the quadratic convex hull QH[®] of ®.
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The “square” of a set ® in the basis B is defined by
N-1
(3.8) (©)% = i?:?: > 10g[m]|*gm with 6 € @}.
m=0

We say that ® is quadratically convex in B if (@)3@ is a convex set. The quadratic
convex hull QH[®] of ® in the basis B is such that (QH[@])?B is the convex hull
of (@)%:

N-—1
3.9 QH[®] = {9 : Z 0g [m]|2gm is in the convex hull of (@)3@}.

m=0

The risk of an oracle attenuation (3.7) is a lower bound of the minimax linear
diagonal risk r; 4(©):

(3.10) r1,d(®) = rinf,d(O).
If ® is a closed and bounded set then Donoho, Liu and Gibbon [11] proved that
(3.11) r1,d(®) =r1,4(QH[O]) = rin, 4 (QH[O]).

If ® is not quadratically convex in the basis 8 then it may be much smaller than
QH[®]. In this case, a nonlinear diagonal estimator may have a much smaller risk,
that remains of the order of riyf 4 (®).

Among nonlinear diagonal estimators, we concentrate on thresholding estima-
tors:

N—1
(3.12) 0="> pr,(XglmDgm,
m=0

where p7,, (x) is a soft thresholding function

x—T,, ifx>T,,
(3.13) pr, ()= x+ T, ifx < —Tp,
0, if x| < T,,.

For a Gaussian random variable X of mean p and variance o2, Donoho and
Johnstone [9] prove that with a threshold T = o,/2log, M the thresholding risk
satisfies

r(T, 1, o) =E{|u — pr(Xo)|*}
(3.14)
_ (2log, M+ o?

+ min T2+O’2, 2.
< i ( uo)
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Since X g[m] is a Gaussian random variable of mean 6g[m] and variance 0,121,
. N—1
r©)=r,0)=>Y_ E{l0glm] — pr, (Xglm])|*}
m=0
(3.15)
N-—1
= r (T, 08lm], om).
m=0

To control this risk, Johnstone and Silverman [14] propose to use thresholds
T,y = omy/2log, N. Taking into account the maximum coefficient amplitude for
signals in ©,

sg[m] = sup|0g[m]|,
fe®

the thresholds are rather defined by

(3 16) T, — { Om+/ zloge N, if O—m\/210ge N < S;’B[m],
. m=

00, otherwise.

Setting 7, = oo guarantees that pr, (X g[m]) =0 if 0,,,/2log, N > sg[m] in
which case the risk is equal to [0g[m]|%. Inserting (3.14) in (3.15) together with
the threshold expressions (3.16) gives

N—-1 _2 N—-1
2log, N + 1 ,
Gan noy< 3 I Oij ) S min(o2 2log, N+ 1), [0g[m]P).

m=0 m=0
Tm#00

Let 7/ (®) = supycq :(0). Since min(aa, b) < (¢ + 1)ab/(a + b) for a > 0 and
b > 0, and since o0y,,/21og, N < sg[m] if T,,, # oo, using (3.7) we get

(2log, N+ 1) =
N(fffgl\’) Y min(o;2log, N. [sglm]l*) + (2log, N + 2)rins.a(©)
e

m=0

r(®) <

2log, N+ 12 = 02]sglm]|?
_ (2log, ) ¥ mlsslml| + (2log, N + 2)rinf,q(©).

NQ2log, N) “= 02+ |sglm]?

But o,%l |s g [m]|2/(o,%l + |s;3[m]|2) < Fint,4(®) so we get a simple upper bound

(3.18) r:(®) =suprs(0) <4(log, N 4+ Drint,a(©).

0e®
The risk of this thresholding estimator is thus above riyrz(®) by at most a
factor proportional to log, N. In some cases, the log, N factor can be reduced
by choosing lower amplitude thresholds.
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For each index m, we denote by j, the integer such that 2im < g, < 2imt1
and by N,, the total number of noise coefficients zg[n] whose variances have
same order of magnitude and which satisfy 2/» < o, < 2/»*1 Let us define the
thresholds

(3.19) T _{om\/ZIOgeNm, if 0,,/2T0g, N,y < sglml,
. = v

00, otherwise,
and for N,,, =1
(3.20) T, — {Um, if oy §S£[m],
00, otherwise.

The risk upper bound (3.17) then becomes
N=l 62 (21og, N+ 1)

@<y

m=0 Nm
Tm#00
(3.21)
N-1
+ Y min(o2 2log, Nu + 1), 18g[m17).
m=0

Section 4 computes this thresholding risk for a deconvolution problem.

3.2. Nearly diagonal covariance. It now remains to find conditions so that
the risk of diagonal operators in a basis 8 can approach the minimax risk. This
depends upon the geometry of the set ® relative to the vectors of 8 and on the
covariance matrix of the noise in 8B.

When z is a Gaussian white noise, Donoho [7, 11] studied the optimality of
dlagonal estlmators in orthosymmetric sets. Any signal 6 can be decomposed as
0= Z 9;3 [m]gn . A set ® is orthosymmetric in 8 if for any 6 € ® and for any
ac (CN w1th la[m]| <1, then

N—-1
> almloglmlg, € ©.
m=0

This means that the set ® is elongated along the directions of the vectors g, of 8.
In this case, one can prove [10] that

(3.22) r1(®) = rinf,a (QH[O]),

and we derive from (3.11) that linear diagonal estimators in B achieve the linear
minimax risk. Moreover, we also have [13, 12]

1
(3.23) 1 25r1nt d(®) <r,(0).

When the noise z is not white, to obtain similar near optimality results
with diagonal estimators, the noise coefficients zg[m] should still be “nearly”



66 J. KALIFA AND S. MALLAT

independent. Since z is Gaussian, to guarantee that the coefficients zg[m]
are nearly independent is equivalent to have them nearly uncorrelated, which
means that the covariance K of z is nearly diagonal in 8. This approach
was studied by Donoho to prove the optimality of wavelet bases for particular
inverse problems [8], and these results have been refined by Abramovich and
Silverman [1] and Lee and Lucier [19]. Johnstone and Silverman [14] give a
different set of conditions that applies to short range dependent noise which has
a behavior equivalent to a white noise or for long range dependent stationary
noise having a power spectrum that increases like a power law. The following
theorem gives a general condition on $B to nearly reach the minimax risk with
diagonal estimators for any type of Gaussian noise. We denote by K; the diagonal
operator in the basis 8B, whose diagonal values are equal to the diagonal values
of K: a,%l = (Kgm, gm). The square root K;/Z
diagonal entries are oy,.

is the diagonal matrix whose

THEOREM 1. Suppose that K is invertible. The diagonal preconditioning
factor of K~ in the basis B is defined by

1/2 1 —1 1 1/2
(3.24) s =K KK
It satisfies L.g > 1. If © is orthosymmetric in B then

1
(3.25) r(®) = Erinf,d(QH[@)])
and

1

(3.26) rm(©) > mrinﬂd(@)-

The proof is in Appendix A. The fact that K is invertible means that the noise
is not concentrated in a subspace of C". Otherwise, we restrict ourselves to this
subspace. One can verify that Ag = 1 if and only if K = K;, which means that
K is diagonal in B. The closer A g is to 1 the more diagonal is K.

An upper bound of r;(®) is computed in (3.11) with linear diagonal operators,
and together with (3.25) we get

1
(3.27) grinf,d(QH[G)]) =11(®) =< rinf,a(QH[O]).

If Ag is of the order of 1 then r;(®) is of the order of rinr4(QH[®]). For a
thresholding estimator with (3.16) since r,(®) < r;(®), the upper bound (3.18)
of the thresholding risk and (3.26) give

1
(3.28) = rinf,d(®) <1y (V) <r (O) < (4log, N + d)rinf,a(O).
1.25A g



THRESHOLDING FOR INVERSE PROBLEMS 67

If A g is of the order of 1 then r,,(®) and r;(®) are of the order of riyt 4(®), up to
a factor at most proportional to log, N.

The set © is often not orthosymmetric in any basis 8. Yet, if one can find two
orthosymmetric sets ®; and ®; such that 1 C ® C ©,, then applying Theorem 1
to ®1 and ®, gives upper bounds and lower bounds of r;(®) and r,(®). We say
that ® is “nearly” orthosymmetric in B if the two sets ®; and ®; are close
enough so that the upper and lower bounds of the risk are equivalent up to a
multiplicative constant. The main difficulty is to find a basis 8 where © is “nearly”
orthosymmetric, and which “nearly” diagonalizes the covariance K of the noise.

3.3. Inverse problems. Letus now come back to the estimation of 8 € ® given
the degraded data Y = U6 + v. This inverse problem is rewritten in (2.4) as

(3.29) X=Py0+z withz=0 'v.

The range of U_l is V=KerU~ . Let B = {gm}o<m<n be an orthonormal basis
such that a subset of its vectors defines a basis of V. We consider diagonal
estimations € V. Over V , the risk has the same expression as (3.4). There is
no data on the projection of 6 on V+ = KerU. We shall suppose that given Py#
the minimax estimator of Py .6 is 0. A sufficient condition is that for

Oy ={¢p € ©: Pyp = Py}
then

arg min sup |y — Py1¢| =0.
yeVE 4ey
This condition is clearly satisfied if ® is orthosymmetric in 8B since 6 = Py6 +
Py16 € © and Pyd — Py.0 € O. As a result the best estimator over V- = KerU
is 0 and the risk over V= is equal to the signal energy. Hence

r@.,0) =E(l6 —601*}
(3.30)
= Y E{l0glm] — u(Xg[mDI*} + Y 0slm]*.
gmeV gmeV+
An oracle diagonal estimator in 8 has a risk calculated as in (3.6)
o 08[m]*
o2 +10s[m]|?

+ > 10slm]f.

gmeVt

(3.31) Fint.d(0) = )

gmeV

This oracle risk is equal to the limit of the oracle risk (3.7) computed for the
estimation problem X =6 + z with 0 € ® when letting a,%l = E{|zg[m]|?} tend
to 400 for all g,, € V*. This reflects the fact that we have lost all information
about 6 € V. With this observation, we easily verify that Theorem 1 applies to the
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estimation problem (3.29), which is interpreted as a limit of estimation problems
for a noise which tends to oo in V. The inverse of the covariance K of z over V
is K~! = o 72U*U. In this case, the diagonal preconditioning factor is

e =K, KT K2 =100 KL
It corresponds to a diagonal preconditioning factor of the degradation operator U
in the basis B.

If A 3 remains bounded and ® is orthosymmetric then a thresholding estimator
in B has a risk that is close to the minimax risk. In practice, we do not need to
compute X = U_IY which is numerically unstable since IIU_1 ls is huge. The
thresholding estimator 6 in (3.12) requires only the calculation of

1%

__1 J—
for a threshold T, # co. Since ||U_1*gm||2 = ,%1/0’2 for T,, # 0o, and (3.16)
implies that 0, < sg[m], we get

1T g < sglml/o.

_ ——1
The vector g, = U *gm has a bounded norm and can be precalculated to
estimate 6 with a stable numerical procedure:

(3.32) 0= 05, (Y. Zu))gm-

If 8 = {gmlo<m<n 1s a wavelet basis then Donoho [8] calls {g,}o<m<n
a vaguelette family and the estimator 6 is a wavelet—vaguelette thresholding
estimator. Abramovich and Silverman [1] showed that inverting the role of
wavelets and vaguelettes in (3.32) can improve the constant in the asymptotic
behavior of the risk of these estimators.

4. Deconvolution of one-dimensional signals. In many physical measuring
devices the desired analog signal is degraded by a convolution operator to which
is added a white noise. Section 4.1 writes this inverse problem as a discrete
deconvolution and specifies a bounded variation model for the discretized signal
that must be estimated. Section 4.2 reviews the properties of discrete wavelet
bases, which are particularly well adapted to power law deconvolutions. For
hyperbolic deconvolutions, wavelet bases must be modified. Section 4.3 constructs
a new orthonormal basis in which a thresholding estimator can have a minimax
convergence rate, as proved in Section 4.4.
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4.1. From continuous to discrete deconvolution. Suppose that the measured
discrete signal is a convolution of the desired signal f(¢) with a convolution kernel
g(t), which is uniformly sampled and contaminated by a Gaussian white noise:

+00
“4.1) Y[n]=Gf(%> + v[n] with Gf(t)z/_ f(x)g —x)dx.

This deconvolution problem is rewritten as a discrete inverse problem, and a
bounded variation model is specified for discrete signals.

Let g(w) be the Fourier transform of g(z). If g € L2(R) then Appendix B shows
that we can write

4.2) Gf(%) =0xv[n]  with0[n]= (f(t),$(t —n/N))

where {¢(t — n/N)},ez is an orthonormal family in L2(R) and v € I*(Z) has a
Fourier transform which satisfies

—+00
B@)*= Y 18(Nw+2pNm)P.

p=—00
We can therefore rewrite (4.1) as a discrete convolution equation
4.3) Y[n]=0xv[n] + v[n].

We shall simplify border problems with periodic assumptions, by supposing that
f is 1 periodic and hence that 6[n] is N periodic. Appendix B derives that
the convolution in (4.2) can then be replaced by a circular convolution with an
N periodic filter u[n] whose discrete Fourier transform

N—1
4.4) ulk] = Z ulnle 12kn/N
n=0
satisfies
(4.5) |i[k)|> = v(—) = Y |gQkm +2pNm)?
N b
and hence

4.6) Y[n]=U0[n]+ vin] =0 xu[n] + vin] forO<n < N.

The pseudo inverse of U is U ™' = 07! where the discrete Fourier transform
of u=!is
l/ulk]l,  if ulk] #0,

1] —
“.7) w k=1, if fi[k] = 0.
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The noise after deconvolution is z = v » #~!. It is circular stationary and its
covariance K is a circular convolution whose kernel is

(4.8) cinl=c%u ' »u™n]  withz " n)=u""[-n].

This covariance is diagonalized in the discrete Fourier basis and the eigenvalues
of K (power spectrum) are

of = o |alk]| 2.

If the convolution kernel in (4.1) has a power law decay |g(w)| ~ 1+ |w|~# with
B > 1/2 then we derive from (4.5) that |i[k]| ~ 1 + |k| ™ for —N/2 <k < N/2.
This power law deconvolution has been studied by many authors [26, 8]. A
simple example is the estimation of derivatives, which can be cast as a power law
deconvolution with 8 =1 [1].

A different type of deconvolution problem arises with measuring devices
which have a limited resolution and where the sampling rate is adapted to the
highest accessible frequencies. Suppose that g(w) = 0 for |w| > & and |g(w)| ~
|1 — |w|/&|P for |w| < &. The Shannon sampling rate is N~! = /& and (4.5)
implies that

ol
4.9) itk ~ ‘T 1

As opposed to the power law example, in this case the convolution kernel g
depends upon N. After deconvolution, the power spectrum sz has a hyperbolic
growth when the frequency k is in the neighborhood of £N /2. We call it a
hyperbolic deconvolution problem of order p. If p = 0 then the inverse problem is
not ill-defined and is equivalent to estimation in the presence of white noise.

The restoration is particularly difficult when the signal includes regular com-
ponents and sharp transitions such as singularities. Bounded variation functions
f () have been used to model such signals [6, 8]. Over [0, 1] the total variation is
defined by

1
Iflly = /0 ()] dr

where f’ is defined in the sense of distributions. For periodic signals, one must
add | f(1) — f(0)] to this integral, to incorporate the jump at the border. The total
variation measures the amplitude of all oscillations, and f may include sharp
transitions such as discontinuities. Discrete samples are obtained with a local
averaging of f:

+00

Oln]=(f. ¢t —n/N)) = N f@®¢ —n/N)dt,
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where ¢ (¢) depends upon N. If ¢(¢) = N120(1 + (Nt)™2) then a standard
calculation shows that there exists a constant B such that the discrete total variation
satisfies
N—1
(4.10) 10l =Y 10[n] — 6[n — 11| < B|| fly-
n=0
If f has a total variation bounded by a constant, then for any N its discretization
0[n] has a uniformly bounded discrete total variation. We shall therefore consider
models of discrete signals corresponding to bounded discrete total variation
N-—1
(4.11) On =10:10lw=D_ 10ln]—0[n—1]| <C}.
n=0

4.2. Wavelet bases for deconvolution. The properties of wavelet bases are
briefly reviewed. Thresholding estimators in wavelet bases are a priori well
adapted to estimate bounded variation signals because ®y, is nearly orthosym-
metric in a wavelet basis. Donoho [8] also showed that power law convolution
operators are nearly diagonalized in such wavelet bases and thus lead to nearly
minimax thresholding estimators. However, this is not the case for hyperbolic de-
convolution problems.

A wavelet basis of LZ(R) is constructed from a single analog wavelet ¥“(t)
whose translations and dilations

4.12) {wff ) = — w“(t_zjm)}
' P 2 2J (j,m)ez?

define an orthonormal basis of L?(R). The wavelet ¥ (¢) is obtained with a pair
oj conjugate mirror filters 2%[n] and g%[n] = (=D'"h%[1 — n] with |h%(w)|* +
|h(w+m)|* =1

Ta ~af P\zaf ® . Ta = Tay—
4.13) Y w)=g <5>¢ <5> with ¢“(w) = [ h*2 P w).
p=1

The wavelet 1 has g vanishing moments, meaning that

+o0
/ *ytt)dt =0 forany 0 <k <gq,
—00
if and only if h(w+7m)=0(w|?). It has a compact support if and only if h%[n]
has a compact support [5]. We shall also suppose that |79 (w)| > 1/2 for |w| < /2
and that ||y? || < +o0o. Daubechies wavelets [5] are examples of such wavelets.
Let W?’e;l (t) = Z,‘(E’ioo ;-l’m(t + k) be a wavelet of period 1, and wf’eé(t) =1.
One can also prove [21] that

(4.14) W7 (O} socj=t,02m<2-i
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is an orthonormal basis of L?[0, 1]. The corresponding discrete wavelet basis
in CV is obtained with an N periodic filter h[n] = IJ,FZ’_OO h%[n + pN] whose
discrete Fourier transform is ﬁ[k] = l~l(27rk/N) and with g[n] = (=DK1 = n]
[20]. Let L = —log, N. We write v;[n] for the N periodic discrete wavelet and
¢ j[n] for the scaling signal whose discrete Fourier transforms are

j—L—1
4.15)  g;lk1 =812/ " k1g;1[k]  withg;[kl= [] Al2'k]forj>L,
1=0
and (ZL[k] = 1. The Fourier trapsfonn {/7 jlk] is mostly nonnegligible in the
frequency band |k| € 2777, 2_J], as illustrated in Figure 1. The wavelet v; is
translated: v [n] = ¥ ;[n— 2/=Lm]. A constant vector Yr1.0ln]l = N~Y2isadded
to this family. The resulting family

(4.16) {Vjmbr<j<i,0em<ai

is an orthonormal basis of CV. The decomposition of & € CV in this basis is
calculated with O(N) operations, with a fast filter bank algorithm using the filters
h and g [20]. Let ¢7 (1) = 27 L2927 Lt) defined from (4.13). One can also verify
that

+o00
(4.17) Y0 = Y ¥jlnlgft —n/N).

n=—oo

When the dimension N increases to oo the discrete wavelet basis converges to
the periodized wavelet basis of L2[0, 1] and

wj,m[n]

lim =1.
N=-+oo N=12y P50 (N=1n)

(4.18)

The properties of {?(¢) thus specify the asymptotic properties of the discrete
wavelet basis as N increases.

Wavelet thresholding estimators have been applied by Donoho [8] to deconvo-
lution problems

Y[n]=60xu[n]+ v[n].

If 0 belongs to a set that is nearly orthosymmetric in a wavelet basis and if this basis
nearly diagonalizes the covariance (4.8) of the deconvolved noise then Theorem 1
shows that the resulting thresholding estimator has a nearly minimax risk.

An upper bound and a lower bound of a total variation norm can be calculated
from the absolute value of wavelet coefficients. This result is proved by Meyer [21]
for functions decomposed in a wavelet basis of L?[0, 1]. The following proposition
states this results for discrete signals and Appendix C adapts the proof of Meyer.
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2
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—w:l’\/ \( ﬁ{r N/ r ( \\F
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FIG. 1. In a mirror wavelet basis, standard wavelNets Vjm have a Fourier transform Jj,m that
covers the lower frequencies and mirror wavelets  ; ,,, are in the upper half frequency interval.
The power spectrum crk2 of the noise has a hyperbolic growth but varies by a bounded factor on
the interval where the energy of each mirror wavelet is mostly concentrated. There exists a cut-off
frequency ko above which the variance akz of the noise is too high and the thresholding sets all
coefficients to zero.

PROPOSITION 1. There exist A, B > 0 such that for all N > 0,

1 2771
(4.19) B 'ollw= Y. > 25210, 9 )]
j=L+1 m=0
and
|
(4.20) A0l = sup [ Y 2020, 9l ).
L<j<1\ ,=o

This proposition provides an embedding of the bounded variation signal set
Ow ={0:10|lv < C}, in two orthosymmetric sets defined by

2-i_1
{GB Z Zz(LJ)/Zgw

j=L+1 m=0

>|§C}

and

2771
0, = i@:Asup( Z 2(L_j)/2|(9,lﬁj,m>|) SC}-

J=I\ =0

The sets ®; and ®, are clearly orthosymmetric in the wavelet basis and we derive
from (4.19) and (4.20) that ®; C O, C O».

The thresholds in a wavelet basis are chosen depending upon the variance of the
deconvolved noise coefficients according to (3.16). As a consequence of (3.5) we
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have o = (K jm, ¥jm)- Since the covariance K of the deconvolved noise is
dlagonal in the Fourier basis with a power spectrum o 2|7[k]| =% we get
2 N/2

o ~ .~
ofm= 2 [EKIT K
k=—N/2+1
4.21)
g2 N2 N
=~ 2 kI kIE =0
k=—N/2+1

This variance is independent of the position index m of the wavelet.

Using the asymptotic equivalence symbol ~ defined at the end of the
Introduction, for a power-law deconvolution problem we have |i[k]|~! ~ N~1|k|#
and since j[k] is mostly nonzero in the frequency band |k| € 27771, 2771 we get
sz ~ N—2272i8 Donoho [8] as well as Abramovich and Silverman [1] prove that
in this case thresholding estimators are nearly minimax for the discretization of
functions in Besov spaces or having a bounded variation, because the covariance K
is nearly diagonalized in a wavelet basis. Intuitively, the reason is that the
power spectrum o 2|i[k]|~2 varies by at most a constant factor over the interval
[2=/=1 27J] where 1; jlk] is mostly nonzero. Johnstone and Silverman [14] also
give a thresholding strategy to remove such power-law deconvolved noise, which
has a long range dependence.

For hyperbolic deconvolutions where #[k] satisfies (4.9) the power spectrum is

k —2p
o2 |ulk]l™ ‘L — 1‘ .

If 27 > 2571 then this spectrum varies by a bounded factor for k € [27/~1, 27/
which indicates that the wavelets ¥, can be approximate eigenvectors of K as
illustrated by Figure 1. At the finest scale 2/ = 2E+1 |4, | [k]| has an energy
spread over the higher frequency band [N /4, N /2] where the spectrum varies by
a huge factor of the order of N2”. Appendix D proves that as a result a wavelet
thresholding estimator has a larger risk and there exists a constant B > 0 such that
for all C, N and o with C?/o? < N?P+1,

(4.22) r(®n) > BC?.

We shall see that in this case even a linear estimator can outperform this wavelet
thresholding estimator.

4.3. Mirror wavelet basis. For a hyperbolic deconvolution, to construct a
basis of approximate eigenvectors of K, the finest scale wavelets Y741, must
be replaced by vectors that have a Fourier transform concentrated in smaller
subintervals of [N /4, N/2], where the spectrum sz varies by a factor that does
not grow with N. Let Wy 11 be the space generated by {¥/7 1 m}o<m<n/2.- One
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must define a new basis of Wy ;| whose vectors have a Fourier transform whose
energy is mostly concentrated in intervals of the form [N/2 —27/, N/2 —27/~1]
for0> j > L+ 1, where ak2 ~ 02|2|k|/N — 1|72 varies by a bounded factor. We
do not want to further reduce the size of these frequency intervals because it would
increase the total variation of the basis vectors and thus represent less efficiently
signals having a bounded total variation.

Mirror wavelets are defined with a cascade of convolution of the same conjugate
mirror filters h[n] and g[n] used to construct the wavelets v; in (4.15) but in
a different order. Let L = —log, N. The discrete Fourier transform of a mirror

wavelet ¥ ;[k] is

j—L—2 .
(4.23) wj[k]=§[k]( I1 h*[zlk])g*[zf—“lk]
=1

where 7*[n] and g*[n] are Fourier transforms of h*[n] = h[—n] and g*[n] =
gl—n]. Since g[n] = (=D"h[1 — n] one can verify that

(4.24) Vmlnl = (D" [l = n]

and
[V jlkl| = [N /2 = 1.

The energy of Wj’m[k] is thus mostly concentrated in [N /2 — 27/, N/2 —27/71]
as illustrated in Figure 1.

The mirror wavelets (4.23) are obtained with a cascade of convolutions of
conjugate mirror filters, beginning with the filter g, and therefore correspond to
a particular family of wavelet packets [4], which generate the same space Wy 1.
From general properties of wavelet packets, we derive that

{Wj,m[”] = (_l)n_llpj,m[l - ”]}L+2§j§1,0§m<2*1

is an orthonormal basis of Wy ;. Hence
B={V)m Wj,m}0§m<2—j,L+1<j§1

is an orthonormal basis of CV, called a mirror wavelet basis. Computing the
decomposition coefficients of a signal in this basis is performed with a wavelet
packet filter bank described in [17], which requires O(N) operations. When
N varies, a discrete wavelet basis can be interpreted as a discretization of a single
wavelet basis of L2[0, 1] with a resolution that varies. On the contrary, mirror
wavelet bases for different N are totally different bases.

To prove that the covariance K is “almost diagonalized” in the mirror wavelet
basis B8 with a diagonal preconditioning factor that does not grow with N,
one must control the asymptotic behavior of this basis as N increases. We
explained that the discrete wavelet basis converges to a periodic basis of L2[0, 1]
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defined from a mother wavelet V9 (¢) € L2(R). The following theorem proves
that if ¥“ has enough vanishing moments and is sufficiently regular then the
preconditioning factor is bounded by a factor independent of N. The theorem proof
is in Appendix E.

THEOREM 2. Suppose that ¥* has a compact support, is CT' and has
q vanishing moments. For a hyperbolic deconvolution of order p < q, there
exists A such that for all N > 0 the covariance K in the mirror wavelet basis B
satisfies

(4.25) IK,/* KKk}

lls < A.

The theorem proves that the lower frequency wavelets {y/j,m o< <2-i 1 +1<j<1
are nearly eigenvectors of K because over this range of frequency the eigen-
values of K remain of the same order. The high frequency mirror wavelets
{Wj’m}0§m<2—j’L+1<j§1 are also nearly eigenvectors of K because they are suffi-
ciently well localized in frequency. The mirror wavelet basis is different from the
wavelet packet basis initially proposed by Rougé [24], but it follows his idea to use
wavelet packets to refine the frequency resolution of the basis vectors.

4.4. Thresholding estimation with mirror wavelets. 'The implementation of a
thresholding estimator in a mirror wavelet basis is described and it is proved that
the resulting risk is equivalent to the nonlinear minimax risk for bounded variation
signals.

Let us first consider a subset ® of CV which is orthosymmetric in the mirror
wavelet basis. Suppose that soft thresholding is performed with thresholds com-
puted according to (3.16), which depend upon the variances of the deconvolved
noise in the direction of the different wavelets and mirror wavelets. These variances
do not depend upon the position index m. The proof of Theorem 2 shows in (E.5)
that for L 4+ 2 < j < 1 and for the 27/ wavelets corresponding to 0 < m <27/

N/2
1 ~ 2
(4.26) of = (Kvjm Vim=7 3, ol¥lkl ~o®
k=—N/2+1
For the 27/ mirror wavelets corresponding to 0 < m < 27/, (E.15) proves that

N/2-1 ~ ) .
Yoo of[v k|~ o 22D,

k=—N/2+1

@427) TG =KV ju V) =

For a hyperbolic deconvolution, the preconditioning result (4.25) together with
(3.28) yields

1
(4.28) 15 infd(©) =7inta(©) =7 (©) =71(0) = (4log, N + H)rin.a (©).
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This proves that for an orthosymmetric set ®, a thresholding in a mirror wavelet
basis reaches the minimax risk up to a factor proportional to log, N

To prove that a thresholding estimator is nearly minimax optimal in a set
of bounded variation signals ®;,, it remains to prove that ® is “nearly”
orthosymmetric in this basis. For this purpose, the following proposition computes
an upper bound and a lower bound of ||f]| from the absolute value of mirror
wavelet coefficients, from which Appendix G derives an embedding of ®y, in two
sets that are orthosymmetric in the mirror wavelet basis.

PROPOSITION 2. There exist A, B > 0 such that for all N > 0

2=/ —1
B0l < Z 2E=D/2 Z 0. ¥jm)]
j=L+2
(4.29)
2=/ 1
+ Z 2(] L)/2 Z 16, wjm
j=L+2
and
. 2771
A0y = sup (2“‘”/2 DRICETIIN
1>j>L+2 =0
(4.30)

2771
2002 ¥ |<9,%,m>|).

m=0

The proof is in Appendix F. To avoid having a thresholding risk which is
above the minimax risk by a log, N factor, the thresholds are chosen according
to (3.19). We saw in (4.26) that the deconvolved noise has a variance o; ~ o for
the N /2 lower frequency wavelets v/; ,,, at scales 2/ > 2L+1 For each scale 2/ the
corresponding threshold is therefore

4.31) Tj=07,/2log,(N/2).

In (4.27), the noise variance o ; ~ 0222P0=L) is the same for the 2=/ mirror
wavelets {{; m}o<;<o-; but it varies greatly with the scale 2/. The threshold
corresponding to a mirror wavelet ¥ j,m 1s therefore

(4.32) T;= {Ej 2log, 27/, if,/2log, 27/ <75;,
00,

otherwise,
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with 5; = supyce,, 1(0, Wj’mﬂ, where 0 € Oy, if ||0]|y < C. Proposition 2 implies
that 5; ~ C2(£=7)/2_ The thresholding estimation can thus be decomposed in two
parts. Over the lower frequency wavelets, it is equivalent to an estimation in the
presence of nearly white noise whereas the unstable component is carried by the
thresholding of the high frequency mirror wavelets. The problem is studied in
the range of noise where C/o > N!/2 to guarantee that the estimation risk is not
dominated by the lower frequency noise as opposed to the attenuation of the signal
high frequencies. We also impose that C/o < N?+1/2 otherwise o is so small that
the inverse problem is not truly unstable. The hypothesis N'/2 < C/o < NP+1/2
thus corresponds to the range of the signal-to-noise ratio where the estimation risk
is dominated by the degradations of the signal high frequencies, while the noise is
nonnegligible.

Let 2¢ be the critical scale defined as the smallest scale such that T ; = oo for
all 2/ > 2¢. This corresponds to mirror wavelets ¥ ; , whose Fourier transform
has an energy concentrated at high frequencies |k| > k. = N/2 — 27¢, illustrated
in Figure 1. The thresholding estimator does not recover the signal projection
over these higher frequencies. The following theorem proves that over ®, the
thresholding risk and the nonlinear minimax risk are dominated by the risk in the
direction of the mirror wavelets {EC’ mJ0<m<2-c at the critical scale 2¢. The linear
minimax risk is also computed.

THEOREM 3. Let B be a mirror wavelet basis corresponding to a compactly
supported wavelet Y (t) that is C4" with g vanishing moments. For a hyperbolic
deconvolution of order p < q with p > 1, ile/2 <CJ/o < NP2 then

JZN 1/2p
(4.33) 11(On) ~ c2<7>
and
) o2 o NP+H1/2\ 1/2p+D)
(4.34) 71(Ow) ~ 1 (O) ~C (@ log, C )

The proof is in Appendix G. This theorem proves that a thresholding estimator
in a mirror wavelet basis yields a quasi minimax deconvolution estimator for
bounded variation signals. The equivalence ~ means that there exist A, B > 0
such that for all C, o and N,

Arp(Ow) < r1(O) < Bry(O).

As opposed to the result (4.28) there is no loss of a log N factor between the
thresholding and the nonlinear minimax risk. If N 262 = 0(C?) then the linear
minimax risk (4.33) is much smaller than the lower bound (4.22) obtained for a
thresholding estimator in a wavelet basis.
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Observe that the set ®yy, is translation invariant in the sense that if 0[n] € Oy
then 6[n — p] € O, for any p € Z. Since z is a circular stationary process, the
estimation of 6 € ®, from X = 6 + z is a translation invariant estimation problem.
As a result, one can prove [20] that the minimax linear estimator is reached by
translation invariant operators and hence by convolution operators. The cut-off
frequency of the convolution operator that reaches the minimax risk is smaller
than the cut-off frequency of a thresholding estimator, which explains why r;(®y)
is much smaller than the linear minimax risk 7;(®g). If C2 ~ No? then

1 N 1/2p+1)
(4.35) 1(@n) ~C* and rt(@w)~c2(%) .

The existence of cut-off frequencies for linear and thresholding estimators implies
that the pseudo-inverse kernel 7! defined in (4.7) can be replaced by a truncated
kernel so that the calculation of X =Y u~! is numerically stable:

1/ulk],  for [k] <k,

g
ulkl = {O, for |k| > k..

The thresholding estimator in a mirror wavelet basis is not translation invariant
because the basis is not translation invariant. It can however be made translation in-
variant with the shifting procedure of Coifman and Donoho [3]. The degraded data
is translated X;[n] = X[n —[] for 0 <[ < N, and the translation-invariant estimate
obtained by computing a thresholding estimator 6; in a mirror wavelet basis from
each X; and averaging the é[ [7 + 1] over [. In wavelet and wavelet packet bases,
which are partially translation invariant, Coifman and Donoho give a translation-
invariant filter bank algorithm which requires O (N log N) operations. Numerical
experiments [3] show that this translation invariant procedure reduces the risk of
thresholding estimators, although there is no satisfying theoretical explanation.
This improvement also appeared clearly in all our numerical experiments.

Figure 2 shows the risk of the restoration of a piecewise regular signal as a
function of log, N for the deconvolution of this same signal, while maintaining
C? and No? constant. The computations are done with two convolution operators
whose transfer functions u[k] have respectively p = 1 and p = 2 zeros at
k=+N/2. For p=1 and p =2 the value of No? is set, respectively, to
10 and 107!, with N > 10® and C = 3103. As expected from (4.35) the risk
of the linear estimator remains nearly constant. For a thresholding estimator in
a mirror wavelet basis, (4.35) shows that log,(r;(®¢,)) decreases when log, N
increases, with a slope equal to —1/(2p + 1). The piecewise regular signal that
is used has a discontinuity so it behaves like a worst case in ®,. The measured
slope is approximately —0.32 for p = 1 whereas —1/(2p + 1) >~ —0.33, and this
slope is approximately —0.18 for p =2 whereas —1/(2p 4+ 1) = —0.2. Numerical
results are thus close to theoretical predictions.
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FIG. 2. When C? and No? are constant, the risk of a linear estimation remains nearly constant,
whereas log, 11 (0) decays linearly for a thresholding deconvolution in a mirror wavelet basis, with
a slope that depends on the order p of the deconvolution.

5. Deconvolution of images. Nearly optimal deconvolution of bounded
variation images can be calculated with a separable extension of the deconvolution
estimator in a mirror wavelet basis. Such a restoration algorithm is now used by
the French spatial agency (CNES) for the production of satellite images [25]. In a
satellite observation, the exposition time of the photoreceptors cannot be reduced
too much because the light intensity reaching the satellite is small and must not
be dominated by electronic noise. The satellite movement thus produces a blur
and the optics of the satellite camera introduce another blur. The electronics of
the photoreceptors adds a Gaussian white noise. When the satellite is in orbit,
a calibration procedure measures the impulse response u of the blur and the noise
variance 2. The image in Figure 3(b) is a simulated satellite image provided by
the CNES, which is calculated from an airplane image shown in Figure 3(a). The
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(c) (d)

FI1G. 3. (a) Zoom on the original airplane image. (b) Simulation of a satellite image provided by
the CNES (SNR = 31.1 db). (c) Deconvolution with a translation invariant thresholding in a mirror
wavelet basis (SNR = 34.3 db). (d) Deconvolution calculated with a circular convolution, which
yields a nearly minimax linear risk for bounded variation images (SNR = 32.7 db).

impulse response is a separable low-pass filter
Ublni,n2l=0xulny,na]l  withulny, no]l =ui[nilus[nz].

For square images of N x N pixels, the discrete Fourier transforms of u; and u;
have respectively a zero of order p; and py at =N /2,

2k 7

P2
uilki] ~ ‘— -1

2|k
and uz[kg ’M —1

We shall study the deconvolution of images with such separable kernels.
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The deconvolved noise has a covariance K that is diagonalized in a two-
dimensional discrete Fourier basis. The eigenvalues (power spectrum) are

o? o2 2|k1|_1 %_1
|t k1112 |2 k21 1> N N
Observe that the hyperbolic growth of the eigenvalues at high frequencies depends
upon the direction where we move in the frequency plane (k1, k2). If we move
along the horizontal line (k1, k2) = (k, 0), when |k| increases the exponent of the
hyperbolic growth is 2 p;. Along the vertical line (k1, k2) = (0, k), this exponent is
2p> and it is 2(p; + p2) along the diagonal line (k1, k2) = (k, k). The estimation
risk thus has a strong dependency upon the directional properties of the two-
dimensional signals.

In image processing, a major difficulty is to find relevant image models. For
complex images such as satellite images, it is very difficult to find a stochastic
model which is consistent with the observed data. This would not be true for more
specialized images such as certain types of textures. As a result, it is difficult to
compute a Bayes risk for complex images such as satellite images. Recently, the
minimax approach has been quite successful to obtain analytical computations
of the risk of thresholding estimators which is consistent with numerical results
on real images. For image estimation in the presence of white noise, bounded
variation image models have been used because they allow the presence of
discontinuities, which is the case in most images. Yet, we shall see that this model
needs to be refined for deconvolution problems.

—2pi —2p>

5.1) szl’kz =

5.1. Separable mirror wavelet basis. As in one-dimension, it is tempting to
use a wavelet basis to implement a thresholding estimator because large classes
of images can be modeled as elements of a set ® that is nearly orthosymmetric
in a wavelet basis. This is the case for bounded variation images. However,
a thresholding algorithm in a wavelet basis gives poor results for a hyperbolic
deconvolution because the covariance of the noise is not nearly diagonalized in
this basis. We thus modify this basis at high frequencies with separable mirror
wavelets.

A separable wavelet basis of CV ? is constructed from the one-dimensional
discrete wavelets ¥; and scaling signals ¢; defined in (4.15). Let L = —log, N.
At each scale 2L < 2/ < 1 there are three wavelets defined by

Yl nl=¢;lmlyjlna),  Yilninol=v;lnile,lnal,
(5.2)

Yilny, nal = ¥l lnal.
These wavelets are uniformly translated to define ‘/’?‘t,ml,mz [ny,ny] = 1//}’.‘ [n —
2/"Emy,ny — 2/"Emy] for a = 1,2, 3. The constant wavelet ¥ [n1,n,] = 1/N
is included so that the separable wavelet family

0 1 2 3
{‘/’1 ’ wj,ml,mz’ wj,ml,mz’ wj,ml,mz}L<j§0,0§m1,m2<2_j
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is an orthonormal basis of CV’. Fast wavelet decomposition and reconstruction
algorithms are implemented with O (N?) operations, with a separable filter bank
algorithm [20]. The asymptotic properties of this wavelet basis for N large depends
upon the asymptotic properties of the corresponding one-dimensional wavelet
basis, which is governed by the analog wavelet ¥“(¢) € L2(R).

To nearly diagonalize the noise covariance K, each vector of the basis should
have a Fourier transform whose energy is concentrated in a frequency domain
where the eigenvalues

-2
2 2
Tleky ™ ‘——1‘ — =1

2lky | “2’72
N

vary at most by a constant factor. At low frequencies (|k1], |kz]) € [0, N /4]2 the
variance is nearly constant szl b ™ o?. At scales 2/ > 2L+1 | the lower frequency
wavelets of the family

_ 0 1 2 3
(5.3) Bo = {Wl > Wj,ml,mzv lpj,ml,mz’ lpj,mhmz}L—&-1<j§0,0§rnl,mz<2’j
have a Fourier transform mostly concentrated in the lower frequency square

[—N /4, N/4]* and hence are approximate eigenvectors of K. However, this is
not the case for the 3N?/4 finer scale wavelets

1 2 3
(54) {WL—i-l,ml,mz’ WL—i-l,ml,mz’ wL+1,m1,m2}0§m1,m2<N/2
whose Fourier transform has energy concentrated over high frequency squares
where either |ki| € [N/4, N/2] or |ka| € [N/4, N/2]. In these domains szl ky
varies by a huge factor. Observe that szl b = szl o*kz2 with

and o*kz2 =0 N 1

This suggests constructing a separable basis which segments the horizontal and
vertical frequency axes into intervals where both oy, and oy, vary by a bounded
factor. This is precisely obtained with one-dimensional mirror wavelets. The one-
dimensional results of Section 4.3 imply that the space Wy generated by the
3N?/4 fine scale wavelets (5.4) also admits a separable basis of mirror wavelets

(5.5) B1 =V, m, 011V j, m, (2]}

2k |77
Ok, =

2 —2pi
ST g
N

L+1<j1.jp<L.(j1 )AL+ LD,
0<m <21 ,0<my <2

where ¥ jmlnl is the one-dimensional mirror wavelet defined in (4.24). The union
B = By U By of low frequency wavelets and high frequency mirror wavelets
is therefore an orthonormal basis of CV>. This two-dimensional mirror wavelet
basis segments the Fourier plane into rectangles illustrated in Figure 4. It is an
anisotropic wavelet packet basis as defined in [28], because these mirror wavelets
have a rectangular support that is generally not square. The decomposition
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/
/
/,/
2
Gk]/ d
0 N/4
~n ~
Y Ny
N ~
3
v j \yj
1Ty
~
2
Yi

0

FI1G. 4. The separable mirror wavelet basis segments the frequency plane (k1, ko) into rectangles

over which the noise variance o2 , = 0% o2 varies by a bounded factor. The lower frequencies
ky,kz ki ko

are covered by separable wavelets 1#7, and the higher frequencies are covered by separable mirror

wavelets fﬁ i IZ jo- The grey rectangles correspond to critical scales beyond which the thresholding
sets all coefficients to zero.

of images in a separable mirror wavelet basis is computed with a filter bank
algorithm described in [17], which requires O(N?) operations. The following
theorem formally proves that the covariance K of the deconvolved noise is
“nearly” diagonalized in this separable mirror wavelet basis if the analog wavelet
Y4(t) is sufficiently regular and has enough vanishing moments. The proof is in
Appendix H.

THEOREM 4. Suppose that ¥ is a compactly supported CH wavelet with
q vanishing moments, and that g > max(py, p2). There exists A such that for all
N > 0, the covariance K in the separable mirror wavelet basis 8B satisfies

1/2 ., — 1/2
1K, 2K K s < 2

5.2. Thresholding estimation of bounded variation images. The co-area for-
mula [29] proves that a bounded function f has a bounded total variation

11
(5.6) £l = /0 /0 ¥ £ (r1. )| iy doca

if and only if the average length of its level set is finite. This class includes
functions that are discontinuous along curves of finite length. As a result, image
models with a bounded total variation have been used in image processing [2].
As in one dimension, the discretization of a bounded variation function f(xy, x2)
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leads to a bounded variation discrete image 6[n,n»], where O[ny,n»] is a
local average of f in the neighborhood of (n;/N,nz/N). A Riemann sum
approximation of the integral (5.6) and a finite difference approximation of partial
derivatives leads to the following definition of the discrete total variation:

10l =~ > (16In1, n2] = 0lny — 1, o]

ny,ny=0
5.7
1/2
+10[n1, n2] — Olny. ny — 11112

To incorporate the fact that images have a bounded amplitude, the following set
can be used as an image model:

O ={0:10llv = C1, [10llc = Ca}.

Such models have been used to compute the risk of estimators in the presence of
white noise.

A bounded variation image model was proposed in [16] for a hyperbolic
deconvolution, but this model leads to a minimax risk which is much too large
compared to what is obtained with typical images. Consider images whose total
variation is concentrated along a single row or column, with high frequency
oscillations. A typical example is 6;[n1, N/2] = eC(—1)"! with ¢ = 1 and
O:[n1,n2] =0 if ny £ N/2. Clearly 6, € ®©y. However, U6, = 0 so one can
verify that the minimax risk to estimate 6, € {61,0_1} C O from ¥ = U8, + v
is ||6:]> = CN?. As a result r,(®n) > CN?2. In fact, one can verify [15] that
rn(Ow) ~ CN?.

The two-dimensional total variation norm (5.7) is equivalent to averaging the
one-dimensional total variation of the image along its rows and columns.
The images 6, have their total variation concentrated along a single column. This
is not the case for natural images or satellite images, which have a total variation
that is nearly uniformly spread across all lines and columns. To incorporate this
information, a more precise model is defined with an upper bound of the one-
dimensional total variation along each row and column. The resulting directional
total variation is defined by

N-1 N—1

0llev = sup (Z 6ln1, pl—60ln1, p— 111, Y 10[p.na] —6[p —1, nz]l)-
0<ni,ny<N p=0 p=0

Satellite images as well as piece-wise regular images have a bounded directional

total variation norm. We thus study the minimax deconvolution over the image set

2
Oay={f eC :|0]lay < C}.

For a thresholding estimator in a separable mirror wavelet basis, the thresholds
are chosen according to (3.19). The variance of the noise in the direction of the
low frequency wavelet coefficients satisfies

2 2
(5.8) Ojg= (Ktp;?"ml’mz, W?,ml,mz) ~0o”.
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Since the noise variance is nearly constant for these N2 /4 wavelet coefficients, the
thresholds are chosen to be

(5.9) Tjw = 0j.ay210g,(N2/4).

In the direction of the high frequency mirror wavelets, the noise has a variance

2 . =|KY A A I ~ 5292P1G1=L)92p2(j2—L)
(5.10) i = <ij1,m1wjz,m2’ wjl,mlez,'rlz) o "2V
It remains constant for the 27/17/2 mirror wavelets

{wjl ,m 1pjz,mz }O§m1 <2771,0<my <2702

but it varies greatly with the scales 2/1 and 2/2. The thresholds also depend upon
the maximum amplitude of mirror wavelet coefficients in ®gy:

Sjijh = Gselg)wKe’ Ejl,rnlez,m”‘

According to (3.19) the thresholds are defined by

GID - Tjjp= {511,12\/210& 270k, T, jpy2l0g, 2707 <5, s
o,

otherwise.

For each scale 2/! we define a critical scale 2°2 which is the smallest scale
such that if 2/2 > 2 then T j, j, = co. Similarly, for each scale 272 we define a
critical scale 2¢! which is the smallest scale such that if 2/1 > 2¢! then T ;, j, = 0.
These critical scales, illustrated in Figure 4, correspond to cut-off frequencies
beyond which the thresholding estimator sets all coefficients to zero. The following
theorem proves that the resulting maximum thresholding risk r;(®g4y) is equivalent
to the nonlinear minimax risk and is smaller than the linear minimax risk. The
proof is in Appendix I. As in one dimension, the range of noise N'/? < C/o <
NP1TP2 s chosen so that the risk is not dominated by the noise at low frequencies
but so that there is enough noise to insure that the problem is indeed unstable.

THEOREM 5. Suppose that ¥ is a compactly supported C1+1 wavelet with
g vanishing moments, and that ¢ > max(p1, p2). If min(p1, p2) > 1 and N'/? <
C/o < NPIFP2 then

O,ZN)1/(21!71-5-21!72—1)

(5.12) r1(Ogy) ~ zch(7

and

NP1+P2gN\ 1/ 2P1+2p2)
=)

2
o
(5.13)  1(Ogqy) ~ rn(Ogy) ~ CZN(E log,
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Observe that the computed risk r;(®qy) and r,(Bqy) is much smaller than
the minimax risk r,(®y) > CN? over a bounded variation set which has no
directional condition. As in one dimension, since ®gy, is translation invariant,
the linear minimax risk is achieved with translation invariant operators, hence
convolutions. A translation invariant thresholding algorithm is also implemented
with a straightforward extension of the algorithm described in Section 4.4. With
the fast filter bank algorithm, the thresholding estimation requires O(N?log, N)
operations.

Figure 3(a) shows a small part of an airplane image, selected by the CNES for its
tests because it includes edges, oscillatory structures and regions with a uniform
grey level. The simulated satellite image is in Figure 3(b). It was calculated by
the CNES with a low-pass filter having a zero of order p; = p» =1 in both
horizontal and vertical directions. The level of electronic noise in the satellite
camera corresponds to 1 < o < 2 for image grey levels between 0 and 255.
Figure 3(c) gives the results of a deconvolution estimator calculated with a
thresholding in the mirror wavelet basis. This can be compared with the linear
estimation in Figure 3(d), calculated with a circular convolution estimator, and
optimized to minimize the risk over satellite images. This type of algorithm was
benchmarked as superior to all competing algorithms by photo-interpreters of the
French spatial agency (CNES) for the deconvolution of satellite images.

APPENDIX A

Proof of Theorem 1. The proof considers first the particular case where K is
diagonal. If K is diagonal in B then the coefficients zg[m] are independent
Gaussian random variables of variance o2. Estimating § € © from X =0 + z

is equivalent to estimating 0° from X° = £0 4 70 where

N—-1 N—1
0 zglm] 0 X g[m]
7= &m> X' = &m>
| 0 S Olm]
= Z 8m-
m=0 Om

The signal #° belongs to an orthosymmetric set ©° and the renormalized noise z°

is a Gaussian white noise of variance 1. The oracle risk associated with the
estimation problem X° = £ + 70 is

01,0112
0 |9;3[m]|

ea@) =3 — B
inf.d = 14109 [m] [

Since OV is orthosymmetric in B, and the noise is Gaussian white, Donoho, Liu
and Gibbon [11] prove that

1
(A.2) r,?(@)zﬁrgﬂd@) and r)(®) =rp: ,(QH[O"]).
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- 68[m]1*0m L :
Since rinr 4 (0) =3, o2t 0mimIE’ from (A.1) and (A.2), we derive with a rescaling
that !

1
(A.3) m(®) = Erinf,d(®) and  77(®) = ring,a (QH[O]).
The general case is proved using inequalities over symmetric matrices. If
A and B are two symmetric matrices, we write A > B if the eigenvalues of A — B
are positive, which means that (Af, f) > (Bf, f) for all # € CV. Since A g is the

largest eigenvalue of K ;/ k1K é/ 2, the inverse )»4731 is the smallest eigenvalue of

the inverse Kd_l/ZKKd_l/z. It follows that (Kd_l/zKKd_l/zf, f)y> )»4731 0, f). By

setting g = Kd_l/ze, we get (Kg, g) > A;(Ké/zg, K;/zg). Since this is valid for

all g € CV, we derive that
(A.4) K >3 Kq.

Observe that Ag > 1 because (Kgn, gn) = (Kigm, &m). Lower bounds for the
minimax risks are proved as a consequence of the following lemma.

LEMMA 1 (Noise augmentation). Consider the two estimation problems X; =
0+ z; fori = 1,2, where K; is the covariance of the Gaussian noise z;. We denote
by ri n(©) and r; ;(©) the nonlinear and linear minimax risks for each estimation
problemi =1,2.If K1 > K> then

(A.5) rn(©®) 2, (®) and r1 () =1r,(0).

Since K1 > K> one can write z; = z» + z3 where z, and z3 are two independent
Gaussian random vectors and the covariance of z3 is K3 = K; — K, > 0. Both
estimation problems may thus be written X = 6 + z» + z3 where z3 is known,
and equal to zero, if i = 2. The decision rule takes the form 6 =5 (X) and
éz = §(X, z3). The set of decision rules for i = 1 is a subset of the set of decision
rules for i = 2 and hence the minimax risk cannot be smaller.

Since K > Aa%l K4, Lemma 1 proves that the estimation problem with the noise z
of covariance K has a minimax risk that is larger than the minimax risk of the
estimation problem with a noise of covariance )»531 K. But since this covariance
is diagonal we can apply (A.3). The definition of riyf 4 (®) is the same for a noise
of covariance K and for a noise of covariance K, because o*,%l = (Kgm, gm) =
(Kagm» &m)- When multiplying K4 by a constant )»4731 < 1, the value riyf 4(®) that
appears in (A.3) is modified into ri’nf’ 4(©®) with r{nf’ 4(©) > )LJg,l rinf.d(©). We thus
derive (3.25) and (3.26).
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APPENDIX B

Proof of (4.2) and (4.5). The Fourier transform of b[n] = Gf(n/N) = f *
g(n/N)is
b(w)=N Z S(Nw+2pNn)f(Nw+2pN)
p=—00

(B.1)
+o00

= V(w) Z ¢*(Nw+2pN7) f(Nw+2pN)

p=—00

with V(w) 27 periodic which satisfies

+o0
D)= Y 1§(Nw+2pNm)
p=—00
and
~ (o)
PO = TN Ty

We verify that v € L2[0, 2] because g € L2(R) and hence g e L2(R), so
v € 1>(Z). Since

+00 N
N Y lgp@+2pNm)P =1,
p=—00
one can derive [20] that {¢(t — n/N)},cz is an orthonormal family. Computing

the inverse Fourier transform or (B.1) proves (4.2).
If 6[n] is N periodic then

+o00 N—1
Oxvlnl= Y O[plln—pl= ) 6lpluln— pl,
p=—00 p=0

where u[n] = X7 __v[n — pN]is N periodic. Inserting this in (4.4) proves

p=—00

i[k] = V(%X which implies (4.5).
APPENDIX C

Proof of Proposition 1. Since 6 =3, (6, ¥j m) ¥ m we have

1 277-1
Ol < > > 1O Vi m) IVl

j=L+1 m=0
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When N increases, we saw in (4.18) that v/; ,,[n] converges to 2L/2wPer(t —2/m)
evaluated at t = n/N so one can derive that there exists By such that || Ity <
B2 2y . But () = T2 w0 + k) so fy WiT@lde <
SIS Wi @0ldt = |1y lly. Moreover, 4(1) = 277/2y“Q2 1) so |[y¢ly =
277/2||4%||. Hence, for any N > 0 and for all j ||¥; mllw < B1 |9 [l52' L=/,
from which we derive (4.19).

To prove (4.20) we write b[n] = 6[n] — 6[n — 1]. Since v ;[n] has at least one
vanishing moment it can be rewritten v/ ,,[n] = ®jmln] — ¢jmln+ 1]. Using the
periodicity of 6 and of ¥ ,,[n] = ¥j[n — 2L=im] we get (0, Vjm) = (b, Pjm).
Hence

2771 2771

Z 0, ¥ jm)| = Z |b¢]m|<Z|b[n1| sup

0<n<N

2771

Z ¢j mlnll].

Since v ;, has a support of size A;2/ '—L and is bounded by A,2E=/2 it follows
that

S'ip|¢j,m[n]| <1¥jmlli =) 1¥jmlnl|

(C.1)
< A12I L A LD Z g o=D)/2,

But . also has a support of size 412/~ and 0] = X3 Ibin]], hence for
all j

2771 |

> 10 )] < 161l A A2297 D2,

m=0
which proves (4.20).

APPENDIX D

Proof of (4.22). Since |u[k]| ~ |2|k|/N — 1|P, we derive from (4.21) that

2 _ 2 2a2ptl
Oftim =0[41 ~ 0N

because [;4+1[N/2]| = v/2 and v/2 > [/, +1[k]| = 1 for [k| € [N /4, N/2].
If 6 € O, then (4.20) proves that
27kl
ATle= Y 270, Yrgm)]
m=0
s0 {0, ¥r+1.m)| < C2'2A=1 If C/o? < N?P*! then for N large the maximum
amplitude of wavelet coefficients [(6, Yr+1.m)| is below ori+1+/2logN so
according to (3.16) the thresholding sets all coefficients to zero. The deconvolution



THRESHOLDING FOR INVERSE PROBLEMS 91

thus does not recover any high frequency data. The discrete total variation of
the finest scale wavelet |[¥r 1|ty = B is a constant independent of N. Hence
0 = (C/B)¥L+1 € O and since the thresholding estimator sets to zero all finest
scale coefficients the resulting thresholding risk satisfies

C2
11 (Ow) >r(0) > F

which proves (4.22) for B =1/82.
APPENDIX E

Proof of Theorem 2. The operator K = o2U U is a circular convolution
whose eigenvalues are crzlﬁ_l[k]l2 ~ 02|2|k|/N — 11727, We study separately
the restriction of K over the space V1 generated by the N/2 lower frequency
wavelets {/; n}j>1+1,m and over the orthogonal complement Wy | generated by
the N /2 higher frequency mirror wavelets {y/; ,,}j>r+1,m-

Over V41 we show that there exists A; > 0 and A, such that

(E.1) riolld < K < Ao’ld.

There exists A; > O such that the eigenvalues of K are above X102 which
proves the first inequality. The second inequality means that over V4 the norm
of K satisfies | K ||y = O(c?). The theorem supposes that the asymptotic wavelet
¥4(t) which defines the discrete wavelet basis has ¢ > p vanishing moments.
So h%(w + ) = O(|w|?) and hence h[k] = h*(2nk/N) = O(|]2|k|/N — 1|9). It
results that |E[k]ﬁ_1[k]l = O0(1). For j > L 4+ 1 we derive from (4.15) that

(E2) VK] = hTk1E; k]
with
. j—L—1
(E.3) Elk=g12 "t k1 ] A12'&.

=1

If £ mInl = &;[n — 2/~Lm] then &; u[n] = ¥ m x hn]. From (E.3) and the fact
that s[n] and g[n] are conjugate mirror filters, we know that {&; ,,}; is an
orthonormal family [20]. Let R be the convolution operator defined by RO =
KO % h x h* with h*[n] = h[—n]. Its eigenvalues are o3[ ' [kJA[k]? = O(c'?)
s0 ||R|ls = O(c%). Moreover,

(E4) (REjms&jrm') = KV jms Vjrm')

so the norm of K over the space V11 generated by {/; ;n} j>1+1,m 18 equal to the
norm of R over the space generated by {§; ,}>r+1,m and it is therefore 0(c?).
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This proves that there exists A, such that ro2ld < K < Ayo2ld over Vii1.Asa
result, for any j > L 4 1 the diagonal entries of K satisfy

(E.5) (KYjm ¥ jm) ~ 02,

and there exists A3 such that ||K$/2K_1K$/2||S <Ai3over Vpii.

_ Over the space Wy generated by the high frequency mirror wavelets
{vr j’m} j>L+1,m, the proof proceeds in two steps. It first shows that the matrix

of K~! in the mirror wavelet basis of W41 is identical to the matrix of a
circular convolution operator K| over low frequency wavelets in CV. To obtain
an asymptotic result as N increases, this matrix is related to the restriction in an
N-dimensional space of a homogeneous convolution operator K in L2(R).

Let us first verify that forall 0> j > L+ 1and 0 <m <27/

(E.6) (K™ W jrr) = (KA s W)
where
(E.7) Ki0lnl=0xci[n]  with &Gk] = o 2|k + N /212

To verify (E.6), we use the relation (4.24) between wavelets and mirror wavelets
Vimlnl = (=D"""; u[1 —nl,

The operator K~! is a convolution with a real and symmetric kernel ¢~ ![n]
SO (K_le’m,ﬁj,’m/) is not modified if ¥ ; ,, and ¥, ,, are transformed by a
symmetry and a translation. Multiplying these vectors by (—1)" translates their
discrete Fourier transform by N /2. This is compensated by translating the Fourier
transform ¢~ '[k] = o ~2Jii[k]|> of ¢~ ![n] by N/2, which proves (E.7). Since
|i[k]| ~ |1 — 2|k|/N|? it implies that | [k]| ~ o ~2|2k/N|*".

We are now going to relate K| to a continuous variable convolution operator K»
defined by K> f(t) = f % c2(t) with ¢2(w) = |w|?P. Since ¥ is a compactly
supported wavelet which is C4*! and which has ¢ > p vanishing moments, we
know that K, is preconditioned by its diagonal in the wavelet basis of L?(R)
generated by ¢¥“, and this result remains valid in the corresponding periodic

wavelet basis of L?[0, 1]. Let K, [1/ ? be the diagonal operator in the periodic
wavelet basis, whose diagonal entries are the inverse square roots of the non-
zero diagonal entries of K, and are equal to zero otherwise. This means that there
exists A4 such that over L2[0, 1]

-1/2 —1/2
(E.8) 1K 2 KKy 2 lls < .
Moreover, the diagonal entries satisfy for j <0 [21],
(E.9) (KZ‘/’?,enz’ er,;) ~D720]

per

Let us show that the matrix of K3 on the subspace V; | of L2[0, 1] generated by
the periodic wavelets { 1//5.’;2}02 j>L+1,0<m<2-i 18 equal to the matrix of a discrete
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circular convolution operator in the discrete wavelet basis (Y m}o> j= 1. +1,0<m<2-J
of V1. The discrete circular convolution operator is computed in two steps. First,
we find the corresponding discrete convolution operator and then its periodized
version.

We saw in (4.17) that

+o0
(E.10) Y = Y vjlnlgit —n/N).

n=—oo

Let c3[n] be the discrete kernel obtained by sampling the continuous variable
convolutions:

(E.11) c3[n]l=cy*x @7 7" (n/N)
with ¢7*(t) = ¢7*(—t). Let K30[n] = c3  6[n] be the corresponding discrete
convolution operator. One can derive from (E.10) that for all j, j/, m, m’,
per per
(E~12) (KZI//j’m, wj/’m/>: <K3wj,m, wj/,m/>'
Moreover, (E.11) shows that Fourier transform of ¢3 is

+00
G@ =N Y &(No+2Nin)|¢i (No +2Nin)[.

[=—0

Since ¢f (1) = N'2¢4(Nt), we have q~bz(a)) = N_l/zaa(N_lw) and since
& () = |ol*?,

+00
(E.13) GH@) =N 3 (04 270)% |+ 2m)|.
[=—00

Because /¢ is a C¢T! compactly supported function with ¢ vanishing moments,
we know [5] that for any / # 0,

Vo e [—m, 1], 0% (w + 2I7)| = O(lw|DHO (1777 1).

Since |h%(w)| > 1/2 for |w| < /2 there exists n > 0 such that 1 > [¢p%(w)|> > 1
for |w| < . Since g > p, (E.13) gives

Voel-mnl,  [&@)|~N?Pw?.

Let us now consider the circular convolution operator K46[n] = c4 * 6[n] where
cqln] = f;ofoo c3[n +IN]. If 6 is N periodic then K36 = K40 so (E.12) implies
that

(E.14) (Ka¥ s W) = (KW s W)
The discrete Fourier transform of ¢4 is

Culk] = &2kt /N) ~ |k|*P ~ > N2PE|[k].
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This means that there exists a convolution operator Ks with constants A > 0
and B such that Ald < K5 < BId such that KsK| = 0 >N ~2PKy. Since all
convolution operators commute, (E.9) and (E.14) imply that

(K1Wjm, Wjm) ~ 0 2NT2P272P) = g =202P(L=)),
With (E.6) it yields
(E.15) (K™ s U ) ~ 0222020,
Moreover, (E.14) proves that the operator 6>N?? K5 K is represented by a matrix
in a discrete wavelet basis of V1 which is the same as the matrix of K7 in the

continuous variable periodic wavelet basis of Vliefrl . We thus derive from (E.8) that
over Vi 41

—1,2 —1,2 B
1K o KK s <

Finally, (E.6) shows that K ~! is represented by a matrix in a mirror wavelet basis
of Wy 1 which is the same as the matrix of K| in a wavelet basis of Vy 4 so
over W 1,

12 -1 ,1)2 B
1Ky KT K < da
which finishes the proof.
APPENDIX F

Proof of Proposition 2. Proposition 2 is proved by verifying that there exist
A, By > 0 such that

2-L-1_3 1 2771
(F.1) Yo O AL < By Y 2UTD N 0,9 )01
m=0 Jj=L+2 m=0
and
27kl ' 2771 -
(F2) > 0. Yrtim)l = Az sup (20‘”/2 > |<9,wj,m>|).
m=0 12j>L+2 m—0

Inserting these inequalities in Proposition 1 implies (4.29) and (4.30). These
inequalities are derived from upper and lower bounds for the 1' norm [|6]; =

Y N= 16[n]] provided by the following lemma.

LEMMA 2. There exist Ay, B1 > 0 such that

1 277 -1
(F.3) Il <By > 2U7D2 N [0, m)

j=L+1 m=0
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and

2771
(F4) I6]l; = A sup (2(1‘“/2 > |<e,wj,m>|).

1>j>L+1 0

This lemma is proved with similar calculations as in the proof of Proposition 1,
by using the fact that || |1 = 0QU=D/2y which is provedin (C.1). Let us now
consider b[p] = (0, V¥ +1,p) and w;"m[n] = ¥ jml—n]. As a consequence of the
Fourier transform expressions (4.15) and (4.23) we verify that

N/2—1

Vimlnl= 3" Wiy ulplYrsiln —2pl.
p=0

It follows that
with b*[n] = b[—n]. Lemma 2 applied to b* gives (F.1) and (F.2), which finishes
the proof.

APPENDIX G

Proof of Theorem 3. The proof constructs two sets ®; and ©®;, that are
orthosymmetric in the mirror wavelet basis and such that ®; C ®, C ©,. Clearly

(G.D rn(©1) < rp(On) <11 (On) < r(O2)

and (3.27) together with Theorem 2 proves that there exists A > 0 such that

1
(G.2) X’”inf,d(QH[@l]) <r(0©1) <r(BOn) <r(02) <rint,a (QH[O2]).

The set ®; is derived from Proposition 2. If 6 € ®y, then ||0||y < C and (4.30)

proves that it belongs to the set ®; of all 8 such thatfor 1 > j > L + 1

277 -1
(G.3) > N0V m)l <A"lc2Ubr2
m=0
and
2771 - '
(G.4) Y U0V < AT C2ETD,
m=0

So Oy C 03 and O, is orthosymmetric in the mirror wavelet basis.
Let us now compute an upper bound for riyf 4 (QH[®2]). The quadratic envelope
of an 1! ball of sequences a[m] such that Z%:_ol lalm]| < B is the 12 ball defined
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by M= !lalm]> < B2. 1t follows from (G.3) and (G.4) that QH[®,] is the set
of 6 such that

2771

(G.5) > N0y P = AT E
m=0

and
2771

(G.6) > 0P ATt

Let us compute rinf ¢ (QH[®2]). The general expression of rin 4(6) in a basis 8B
is given in (3.7). Using the fact that ab/(a + b) < min(a, b) for a, b > 0, in the
mirror wavelet basis we get

27i—1
rint.d (QH[®2]) < sup Z Y~ min(|(0, jm) > 07)
0€QHI®2] j=1 42 m=0
1 2771
+ sup > Y min((0,;,)1%5) =1+
0€QH[O2] j=1+2 m=0
Since 0 ~ 0o,
1 277-1
(G.7) I~ sup 37 7 min(|(6, ¥m)l* o).

0EQHI®] j—1 12 m=0

For a fixed o the function min(a, o) is a concave function of a. Using this
concavity we verify that
M1
(G.8) sup > min(la[m]|*, 0*) = min(B*, Mc*?).
YoZg lalml><B2 m=0
Applying (G.8) to (G.7) for B> = A=2C?2/~L gives
1
I~ Y min(A~2C*2/7L 27 o2
j=L+2
Since C/o > N 1./ Z it follows that I ~ No2. The second sum is computed similarly,
with o ; ~ o2rU-b:;
1 o= .
(G.9) oI~ sup Z min(|(0, ¥ ,,)|*, 022270~ 1))
QEQH[OQ]] =L+2 m=0

(G.10) ~ Z min(C?2577,27722PU 12y,
j=L+2
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Let 2! be the critical scale of this linear estimation, where [ is the closest integer
to y such that

(G.11) C?2L—y =27v22P0=1)52,

Since N'/?2 < C/o < NP*1/2 we verify that 1 > 2! > 2L, A direct calculation
shows that

C

Since C/o > N /2 the sum I is smaller than I and hence

1
I~ C22L=l ~ C2<ﬂ) /p‘

o N1/2\1/P
C ) '

To compute a | lower bound of r;(®,) we now construct an orthosymmetric set
©1 C O . Let W, be the space generated by the mirror wavelets {{; ,, }o<, <o at

the critical scale 2! defined by (G.11). We define ®; as the set of all 8 € W, such
that

G.12) ot a (QH[®2]) ~ cz(

2711

S 10, ¥yl < BT C2ETD2,

m=0
Since ®; C W, if § € ©; then (G,Wj’m) = 0 if j # [. Proposition 2 proves
in (4.29) that there exists an appropri_ate B such that ®; C ©,. The quadratic
envelope QH[®1] is the set of all & € W; such that

—l_
m:O
and

P
(G.13)  rintg(QHIOID ~ sup Y min([(6, ¥, )% 0227070
0€QH[O1] ,,_¢

o N2\ 1/P
)

It follows from (G.2) and (G.12) that r;(®n) ~ C*((c N'/?)/C)!/P, which
proves (4.33).

Let us now compute the thresholding risk r,(®3). The thresholds 7; for the
wavelets ¥/ , and T ; for the mirror wavelets jm are defined by (4.31) and
(4.32). We derive from (4.30) in Proposition 2 that

5j=sup [(6, %) ~C2"I2,
QGOW
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Let 2€ be the critical scale which is the smallest scale such that 7 j = oc and hence
Gjy/2log, 27/ >75; for 2/ > 2¢. Since 5~ C2E=1/2 which decreases when 2/

increases whereas o j,/2log, 27/ ~ 02PU~L) /210g, 2~/ which increases when

2J increases, it follows that

(G.15) ey/210g,2¢ ~ 5,

and hence

(G.16) C2E=O/2  gorte=D) [log,2—¢,

which implies that

o\ (+1/2) o NPHL/2y 1/@p+D)
(G.17) pl—e~ <E) (1og2 T) .

We have 2F < 2¢ < 1 because N'/?> < C/o < NP*1/2. An upper bound of r;(®>)
is calculated with (3.21):

(G.18) r(®2) <2log,(N/2) sup (7 + Z (142log,2™ f)a

L+2<]<1 J =142
1 -
(G.19) - sup( > Z 0, ¥ j.m)] ,a}(zlogeNH)))
9602 ] =L+2 m=0
c 277-1
(G.20) + sup( Yo > min([(0. Y ;,,)% 55 (2log, 2~ J+1))>
0€02 j=L+2 m=0

2771
(G.21) +sup<2 Y KOV )

0€®s j=c+1 m=0

which we write r,(®2) < I + I +1II +1V. Since 6; ~ o0 and 7 ; ~ o2PU=L) the
calculation of 7 in (G.18) gives

I ~2log, No? + |c|o 2P ~ |c|g?2?P(c~ 1)

(G.22)
o NP+1/2\1/@Cp+D)
~ C2<—10g2 T) .

The second sum in (G.19) satisfies

1 2771
(G.23) I~ sup( Yo > min((0, ¥jm) I, log, NJZ))

0€02 j=L+2 m=0
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and we saw in (G.3) that 6 € ©, if

27/—1
(G24)  VL+2<j<1, DO Yjm) < ATIC2U TR,
m=0
One can verify that
M-1
(G.25) sup Y min(lan|*, B%) ~min(MB?, AB, A%).

M-1
Zm:() |am|<A m=0

Applying (G.25) to each scale 2/ of (G.23) for M =27, a,, = (0, Vim) A=
C2U=D/2 and B> =52 log, N, and using the fact that C /o > 1, we get

1
I~ Y min2/o*log, N,C2Y " 25/log,N)

j=L+2

1 1/25j/2

. CN'/°2
2 . —
~ao“log, N m1n<2 J,7>
¢ j:ZL;rz o/log, N
Setting a = CNl/Z/(o*,/loge N), we get

I

— = ~maxmin(2~/,a2//?) ~ a*?
o2log, N j<I

and hence
C:N )1/3 . C2<a4(loge N)2N>1/3

(G26)  II~log, N<72< =

o2log, N
The third sum in (G.20) satisfies

c 277-1
11 ~ sup( oy min(l(@,wj’mﬂz,22”(1_“|j|62)>

0€02 \j=14+2 m=0
and we saw in (G.3) that 6 € ®, if

2771
VL+2<j<1, Y KOV < AT C2ETDR,

m=0
Let us apply (G.25) to each scale 2/ for M =27/, a,, = (6, Wj’m), A=C2UL=D/2
and B2 = 02| j|22PU~L) The property (G.16) of the critical scale 2¢ implies that

if L +2 < j <c then A multiplied by a constant factor is larger than 8 so
min(MpB2, AB, A%) ~ min(MpB>, AB). At the critical 2° we have A ~ . Writing
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the sum we obtain a geometric series whose value is dominated by the final term
at j =c where 8 ~ A ~ C2(L=9/2 Tt follows that

e Nz 1/(p+1/2) o NP+1/2\ 1/@p+D)
(G27) HI~C2" “~C—= 0g) ————— .
C C
Finally we compute the upper bound
1 277-1 - 1 .
(G28) IV~sup Y Y [0 ¥, )P<A Y c2F<ATIcb e
0€02 j—ct1 m=0 j=c+1
Moreover, (G.4) shows that the signal proportional to the mirror wavelet 6 =
2(L_C_1)/2A_1C1pc+1,0 belongs to ®;,. Hence
1 2771 .
IV ~ sup Z Z 10, wj,mﬂz >272A" 2ol
96@2]’:0—&-1 m=0
so IV ~ C22Lk=<.
Since p>1 and C/o > N1/2, (G.26) and (G.27) imply that /I is smaller
than /I and hence that
o NPT1/2\ 1/2p+D)
C ) '
We now compute a lower bound of r,(®y) by finding an appropriate

orthosymmetric set ®; C ®, and by _Computing ra(®1). Let W, be the space
generated by the 27 mirror wavelets {{.. ,,, }o<p <2 at the critical scale 2¢ which

satisfies (G.17). We define ® as the set of all signals 6 € W, such that

2
(G.29)  r(©2) <I+II+HI +1V ~ C? (% log,

27—
(G.30) Z O, Vem)] < B~lc2t-9/2,

m=0

Since ®; C W, if § € ©; then (Q,Wj,m) = 0 if j # c. The upper bound (4.29)
in Proposition 2 proves that there exists a constant B such that ®; C ®. We
need a lower bound of the minimax risk r,(®1) when estimating 6 € ®; from
X=0+4z.

Theorem 2 proves that there exists A such that over W, the covariance K of z
satisfies K > )ﬁgld. Since ®; C W, the noise augmentation Lemma 1 implies
that r,(®1) > r,? (®1) where 72(@1) is the minimax risk to estimate 6 € ®; from
X =6 + 7%, where z” is a Gaussian white noise of variance A5? in the space W..
Let 8[m] be a discrete Dirac. A lower bound of this minimax risk is calculated
from the Bayes risk corresponding to a random vector F € W,. such that

(G.31) (F, ¥epm) =AC2E"O28[m — P

where P is a random variable uniformly distributed over {0, ...,27¢ — 1}. The
following lemma proved by Donoho, Johnstone, Kerkyacharian and Picard [10]
computes a lower bound of the Bayes risk r (i) to estimate F from X = F + z°.
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LEMMA 3. Let P bea random variable uniformly distributed over {0, .

— 1} and G[m] = K8[m — P] for 0 <m < M. Let vim] be a Gausszan
whlte noise of variance B*. If K < B+/log, M then the Bayes estimator G of G
calculated from Y = G + v has a risk which satisfies for M > 4,

(G.32) r(m) =E{IG - G|*} > K?/2.

This lemma is applied to the process F with A < B~! sufficiently small so that
A2C?2l¢ < )\%5 log,27¢.
The lower bound (G.32) proves that
rn(©1) = 1) (01) 2 r (1) = A2 C?2F

(G.33) ) o2 o NP+1/27\ 1/@p+1)
(G

lo
c2 8¢
Since
rm(©1) <r(O) <1 (Ow) <1 (02),
(G.29) and (G.33) imply that

’

o2 NP2\ /@D
Fa(Ow) ~ 11(O) ~ C ( ol T)

which completes the proof.
APPENDIX H

Proof of Theorem 4. Theorem 4 is a separable extension of Theorem 2. In
two dimensions, the covariance operator K of z is a circular convolution

KO[ny,n2]l =0 xc[ny,na]

with a separable kernel c[n1, ny] = cq[n1]cz[nz]. The Fourier transforms satisfy
|E1[k]| ~ [1—2]k|/N|72P" and |&[k]| ~ |1 —2|k|/N|7P2. Let K16[n] = 0 xc1[n]
and K»0[n] = 6 x cp[n]. As in the proof of Theorem E in Appendix E the
preconditioning of K by its diagonal is separated into two parts. We consider
the space V1 generated by the lower frequency wavelets By in (5.3) and its
orthogonal complement Wy, in CV ? generated by the higher frequency mirror
wavelets B in (5.5).

There exists A1 such that all eigenvalues of K are above X102 and hence
K > Ao2ld. We must prove that there exists Ay > O such that over V4
|K]|ls = O(c?). Although B is not a separable product of two one-dimensional
wavelet bases, we saw in (5.2) that each of the wavelets of By can be separated
as a product of one-dimensional wavelets ¥; and scaling signals ¢ ;. Moreover, as
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in (E.2) we verify that /; =hx&; and ¢; = h x y;. Let h2[ny, n2] = hlni1hnal.
Let RO =6 xcxh?. As in Appendix E we verify that | R||; = O(c?). Let B, be the
family constructed like By from translated separable vectors obtained by replacing
V; and ¢; respectively by &; and y;. The properties of conjugate mirror filters
imply that $B; is still an orthonormal family and the matrix of K in the basis B
of V741 is the same as the matrix of R in B,. Since ||R|; = O(c?) we derive
that || K ||y = O(c%) over V1.

Over Wy the family of two-dimensional mirror wavelets &1 in (5.5) is a
separable product of two one-dimensional mirror wavelet families. The operator
norm of K in this space can thus be written as a product of the operator norms for
K; and K, in one-dimensional mirror wavelet bases:

1K KK s = 1K KT KIS K G K K s

Theorem 2 proves that there exist lower bounds Ay > 0 and A > 0 of the two
norms on the right and hence that ||K1/2K 1/2||g > A1),

APPENDIX I

Proof of Theorem 5. The proof proceeds like that of Theorem 3, by finding
two appropriate sets ® and ®; that are orthosymmetric in the separable mirror
wavelet basis B and such that ®; C Ogy C ®5. It follows from Theorem 1 and
Theorem 4 that there exists A > 0 such that

1
(LD X”inf,d(QH[@l]) <r(Ogy) < rinf,a (QH[O2])
and
(L2) rm(01) <1 (Bdy) < 14(Ody) < 11(02).

The set ®; is defined with the following lemma.

LEMMA 4. There exists A > 0 such that if N > 0 and 6 € CN? then for all
L<j,ji,p<landl <a <3,

2-j—1 2-J—1
A~M0llay = sup (2L 73 e, 25 0 Y )

0§m<2_1 m1=0 mp=0
27

(1.3) > sup (2<J1‘J2>/2 > !(9,wjl,m1wj2,m>\>
0<m<2"72 m1=0

27021
> sup (2(]2_]1)/2 Z ’(6’Wj1,mwj2,m2>‘>'

0<m<2~J1 my=0
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Since ||0]|qy is computed from the one-dimensional total variation of the rows
and columns of 6, these inequalities are derived from (4.30), using the fact that
two-dimensional wavelets (5.2) are separable and the 1! norm of one-dimensional
wavelets and mirror wavelets satisfies || ll1 ~ ¥ l1 ~ 2U-0)/2,

Since Ogy = {6 : ||0|lav < C}, O3 is defined as the set of all § such that

2-i 1 2771
A7'C> sup <2Lf Z\ )|, 2577 Z’ ]mm2>

0<m<2-J m1=0 mo=0

2771—1
> sup (2(11—J2)/2 Z ‘(G,Ejl,mlez,m)o

0<m<2"72 m1=0

272—1
> sup (2(12_]1)/2 Z ‘(eijl,ijz,mzH)'

0<m<2~J1 my=0
Lemma 4 implies that ®4, C ®,, and ®, is clearly orthosymmetric in the
separable mirror wavelet basis.
Let us first compute riyr,¢4 (QH[®2]) to obtain an upper bound of r1(®g4y). The
quadratic envelope of an 1' ball of sequences a[m] such that ZZI o lalm]| < B is

the 12 ball defined by Zm: Ia[m]l2 < B2. Hence QH[®,] is the set of all 6 such
that

2—i 1 277 -1
A—zczZ sup (22(L J) Z | 22(L ) Z | ]mmz )

0<m<27J m1=0 mp=0

2771—1
> sup (211_]2 Z ’«9’%]'1,"11%]2,"1)‘2)

0<m<272 m1=0

272—1
L — — 2
> sup (2]2 /1 Z ’(0’ le,m‘pjz,mzﬂ )

0<m<2~J1 my=0

Since 1/2min(a, b) <ab/(a+b) <min (a, b), we rewrite rinr 4 (QH[O2]) ~ [+ 11
with

3 277-1

I= > TN min6 b

QGQH[OZ]] =L+2a=1m1,my=0

and
! 2
II= sup Z Z mln(KG’wjl,MIlpjz,mz) ’
0eQH[O2] | jr,=L+1 0<m <271
i1, )AL +LL+]) .
(1.J)#(LA+1,L+1) 0<my <22

o222p2(2=L)52p1(Jh —L))_
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These two sums are computed by applying (G.8):
1 1
Il ~ Z Z min(CZZ_j' , 2_j1_j20-222172(j2_L)22171(jl_L))
h2=L+1j1=j2
1 1
+ Z Z min(CZZ_jz, 2—11—j20-222P2(j2—L)22P1(jl—L))'
J1=L+1 p=ji+1
A dominating term appears in II at a critical scale 2! = 2/1 =272 where [ is the
closest integer to y such that
C227Y =22y 5292n2(y=L)2p1(y=L)
and hence
c \V@i+n-1/2)
0’2_L/2) :

We verify that I ~ C227!. Since N/?2 < C/o < NP'TP2 we are guaranteed that
2L < 2! < 1. A direct calculation shows that I is smaller than II so that

N1/2>1/(171+172_1/2)

2’~2Y:2L<

C

We now compute a lower bound of r,(®qy) by finding an appropriate
orthosymmetric set ®1 C gy and computigg Finf.d (QH[®1]). Let W; be the space
generated by the 272/ mirror wavelets (W 1m YimyYo<m,.my<2—t at the critical

scale 2/. We define ©; as the set of all signals 0 € W, such that
(L5) O W1, W1mp)| < BT'C

and for any m there is at most one m, for which (0, Wl,mIWl,m) # 0 and for
any m there is at most one m; for which (6, ¥, ¥, ,,) # 0. Since 1 C W, if
0 €Oy then (0, Y Vs m,) =0if j #Lor J' # 1. This set is orthosymmetric and
® C B4y for an appropriate B, because ||Wl,m1 Vim, llav ~ 1 and the coefficients
are distributed so that the total variation does not add up along each row and
column. The quadratic convex envelope QH[®] is the set of all  such that

(14) Fng.a (QH[©2]) ~ ch<

2711
- - 2 _ _
> 1OVt i) < BT2CP27
my,mp=0
Over W, the noise z has a variance 512 ~ €227 50 a direct calculation shows that
Tinf.d (QH[®1]) ~ C%2-!. We saw in (1.4) that Tinf.d (QH[®2]) ~ C22~! and (I.1)
thus implies that

GNI/Z)I/(P1+P2—1/2)

r(Ogy) ~ C*27 ~ NC2< c

’

which proves (5.12).
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Let us now concentrate on the nonlinear thresholding and minimax risks
over ®gy. The thresholds T ,, and T j1,j» are chosen according to (5.9) and (5.11).
Two critical scales 2201 and 2¢1(72) are respectively defined as the smallest scales
such that le,jz = o0 if j1 > c1(jo) or jo > c2(j1). They satisfy

1.6) OciLjpy 2log, 2=~ Scij

and

(1.7) T jepy/2l0g, 2712 ~ 5 .

The diagonal critical scale 2¢ is defined as the smallest scale such that T j, j, = 00
if ji > ¢ and j, > ¢ and thus satisfies

(1.8) Teoy/2l0g, 272 ~Fe e

If 271 > 2¢ and 272 > 2¢ then le,jz = 00. Using (1.4) one can verify thats. . ~ C
and since o, . ~ g 2P1(e=L)ppale=L) e get

o2(P1t+p2)(c=L) |C|1/2 ~C

and hence
o2 NP1+P2gN\ 1/ 2P1+2p2)

1.9 27¢ ~N<C21 0g, T) .

An upper bound of the thresholding risk r;(®>) is computed with (3.21):

1(®y) < I+ 11+ 1T + I, + IV

with
c U
I~log,(N*/4)0%+ S Y log, 271 2g202nUi=1)p2p2(=1)
Ji=L+1 p=j
c c(j)
+ Z Z loge2-]1—j20222171(J'l—L)22p2(j2—L)’
=L+l j1=j>

2771
II’VSUP<Z Z > min([0, ¥, ) z,ozlogeN)>,

0€02 \ 1 j=L+1my,my=0

¢ 2771—1 yea(j) 272 -1 o _ 2

I, ~ sup( Z Z (Z Z min(|<9,‘ﬂj1,m1‘//jz,m2> ’
0€02\ji=L+1 m =0 \jr=j; my=0

loge 2=i1=j25292P1(j1 —L)22172(j2—L))

2721
+ Z Z | 0, 1/fjl mlez m2>| >>’

Jo=c2(j1)+1 ma=0
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c  27h2—1y/ ci(jo) 2771-1 - _ 2

I, ~ sup( >y ( o > min([(0, Y pmy) |
0€O2\j)=L+1 my=0 \ji=jr+1 m =0

log, 2=i1=j25292P1(j1 —L)22P2(j2—L))

1 2-i1—1
+ Z Z ‘vaj],m]sz,mz)’z))

J1=c1(j2)+1 m;=0
and

2-72—12701—1

IV ~ sup Z Z Z |<9,Wj1,mle'2,m2>|2~

002 j>c mo=0 m=0
Jjp>c

The sum 7 is a geometrical series which is of the order of the dominating term for
h=jp=c
I ~log,2 ¢ 22Pitr)e=L) 2,

The sum 11 is calculated with (G.25),

1
I ~ Z 277 min(2_j(7210ge N,C27Ls [log, N) ~log, N,/log, NNCo.
j=L+1

The sum /11 is also computed with (G.25):

c /el o
o~ Y 2—Jl< > min(C*2/ 72,
J1=L+1 J2=J1
Cc2Ur=i2)/2 log, y—ji=i2goP1(N1 —L)zpz(jz—L))
1
+ ) c22f1—12>.

J2=c2(ji)+1

Again the dominating term corresponds to j; = j» = ¢ and hence IIl| ~ C?27°.
We verify similarly that III; ~ C?27¢. The sum IV also satisfies

IV~ 3 2 maxUni) ~ e
]:l>"'
Ja>c

Inserting (1.9) gives

r(®) <I+04+11+1,+1V

1.10
( ) 2 Np1+p20-)1/(2l71+2172)

~ C2N<U— log,
C? C
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We now compute a lower bound of r, (®qy) with an appropriate orthosymmetric
set @1_C Ogy. Let W, be the space generated by the 272¢ mirror wavelets
(¥ em ¥emyto<my,my<2—c. The set Oy is defined as in the linear case as the set

of all signals & € W, such that
(L1D) (0. Ve Wemy)| < BT'C

and for any m there is at most one m; for which (6, Wc,mﬂc,m) # 0 and for
any m there is at most one m for which (6, Wl,mlwl,m) # 0. Since ®1 C W, if
0 € Oy then (6, ,, ¥ jr.m,) =0 if j #c or j' % c. We have @1 C ©gy for an
appropriate B > 0.

Let us compute a lower bound of the minimax risk r,(®1) to estimate 6 € ©
from X = @ + z. Theorem 4 proves that there exists A such that over W, the
covariance K of z satisfies for all N > 0

K >M\o.ld.

Since ®; C W, the noise augmentation Lemma 1 implies that r,(®) > r,? (®1)
where r,?(@l) is the minimax risk to estimate 6 € ®; from X =6 + Z0, with a
Gaussian white noise z° of variance ﬁz = )»Eg’ . in the space W,. Let 6[m] be

a discrete Dirac. A lower bound of r,? (®1) is obtained by calculating the Bayes
risk for a random process F € W, defined by

— - ACS[my — P[my]],  forO<mp <2771,
A Vim) = {0, for 27~ <my <27€.
To make sure that F' € ®, two nonzero coefficients should not be on the same
row. This is done by letting P[0] be a random variable uniformly distributed over
{0,..., M — 1} and the probability distribution of P[m5;] given P[k] for k < m,
is uniformly distributed over {0, ..., M — 1} — {P[kl}o<k<m,. If A < B! then
F € ©1. The constant A is chosen small enough so that

AC < AT y/log, 271,

Using Lemma 3 we verify that the Bayes risk  (7) to estimate F from X = F +z°
satisfies
2—e-lq
(1.12) r(my= Y. AC*2~C?27C
mp=0
Since r,(®1) > r%(®;) > r(xr) and
r(©1) =1 (Ody) < ri(Ogy) <11 (02)

we derive from (I.10) and (I.12) that

5 o2 o NP1+p2y\ 1/ 2p1+2p2)

rn(Ody) ~ 11 (BOgy) ~ C N(a 10g2 C )

which completes the proof.
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