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LOCALLY LATTICE SAMPLING DESIGNS FOR ISOTROPIC
RANDOM FIELDS!

By MICHAEL L. STEIN
University of Chicago

For predicting [qv(x)Z(x) dx, where v is a fixed known function and
Z is a stationary random field, a good sampling design should have a
greater density of observations where v is relatively large in absolute
value. Designs using this idea when G = [0, 1] have been studied for some
time. For G a region in two dimensions, very little is known about the
statistical properties of cubature rules based on designs with varying
density. This work proposes a class of designs that are locally parallelo-
gram lattices but whose densities can vary. The asymptotic variance of the
cubature error for these designs is obtained for a class of isotropic random
fields and an asymptotically optimal sequence of cubature rules within
this class is found. I conjecture that this sequence of cubature rules is
asymptotically optimal with respect to all cubature rules.

1. Introduction. This work studies sampling designs for predicting inte-
grals of a stationary, isotropic random field Z in two dimensions. Specifically,
consider predicting [;v(x)Z(x) dx for v a fixed known smooth function and G
a bounded region of integration. Lattice-based designs have certain desirable
properties, not the least of which is that their properties can be studied using
spectral means. However, designs using a fixed lattice throughout G are
inefficient when v is not constant, since it is better to have a greater density
of observations where |v(x)| is relatively large. Here, I introduce designs and
corresponding cubature rules that are locally parallelogram lattices but
whose densities vary with x. By a parallelogram lattice I mean any lattice
that can be obtained by linearly transforming a square lattice. The equilat-
eral triangular lattice is a special case of a parallelogram lattice and will be of
particular importance here. For Z with spectral density f satisfying g(|o)) =
f(w), where g is regularly varying with exponent —p, 2 < p < 4, I obtain the
asymptotic mean squared error for these cubature rules and give asymptoti-
cally optimal cubature rules within this class of locally lattice designs.
Furthermore, I conjecture that these rules, which are based on designs that
are locally an equilateral triangular lattice, are asymptotically optimal with
respect to all cubature rules based on point evaluations of Z.
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Since useful finite sample results are difficult to obtain, nearly all theoreti-
cal work on stochastic evaluation of cubature errors is asymptotic. Some early
work on this problem was done by Quenouille (1949), Matérn (1960) and
Dalenius, Hajek and Zubrzycki (1961). All of these authors considered pre-
dicting [;Z(x) dx and letting G grow with the number of observations, what
Cressie (1993) calls increasing-domain asymptotics. Matérn (1960) found that
equilateral triangular lattice designs work well for many isotropic processes.
Dalenius, Hajek and Zubrzycki (1961) showed that there are isotropic pro-
cesses for which other lattices perform better asymptotically than the equilat-
eral triangular lattice.

A different asymptotic approach and the one used here is to fix the region
of integration G and to increase the density of observations as their number
increases. Cressie (1993) calls this infill asymptotics, although fixed-domain
asymptotics is perhaps a good alternative name to highlight the contrast with
increasing-domain asymptotics. Note that while statisticians first studied
increasing-domain asymptotics, this approach is quite unnatural for a numer-
ical analyst who thinks in terms of some fixed integral to approximate.
Indeed, I am unaware of any work in the numerical analysis literature that
uses increasing-domain asymptotics. Tubilla (1975) appears to be the first to
have studied the error variance of various sampling designs for predicting
JaZ(x) dx using fixed-domain asymptotics. Schoenfelder and Cambanis (1982)
and Schoenfelder (1982) considered the more general problem of predicting
[gu(x)Z(x) dx. These works show that in two or more dimensions, stratified
designs can yield better predictions than systematic designs if Z is suffi-
ciently smooth. Stein (1993, 1995a) showed that the problem with centered
systematic sampling designs for Z smooth and G the unit cube is that the
coefficients used in simple integration rules do not handle boundary effects
well and that by adjusting the coefficients near the boundary, systematic
designs do at least as well as stratified designs.

Section 2 provides some background on deterministic and stochastic ap-
proaches to evaluating cubature rules. Section 3 defines a class of cubature
rules based on locally lattice designs and obtains their asymptotic mean
squared error. Section 4 gives an asymptotically optimal sequence of rules
within this class and discusses the evidence for believing this sequence is
asymptotically optimal with respect to all rules. Section 5 discusses some
alternative systematic designs.

2. Background. This section reviews some basic concepts of determinis-
tic and stochastic approaches to defining optimal and asymptotically optimal
cubature formulae. The standard deterministic approach [Levin and
Girshovich (1979)] is to choose some class of functions H on some set G and
then consider for A~ € H, an n-point cubature rule of the form

L(h;X,C) = Xn: c,h(xy),

k=1
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where X = (x,..., x,), each x;, € G and C = (¢4, ..., ¢,,). The cubature error
is

e(h; X,C) = th(x) dx — L(h; X,C).

Note that X and C are not allowed to depend on the particular A in H
selected. The quality of a cubature rule is measured by

e(H; X,C) = suple(h; X,C)|.
heH

An n-point cubature rule (X*, C*) is called optimal among all n-point rules if

e(H; X*,C*)= inf e(H;X,C),
(X,0)eA,
where A, = G" X R". In some circumstances, it may be desirable to allow
observations outside of G, in which case, we would take A, = F" X R",
where F is some set containing G. We can also consider optimizing just over
C, the coefficients, taking X as fixed. Following Davis and Rabinowitz (1984),
I will call C* relatively optimal if, for given X € G",

e(H;X,C*) = inf e(H;X,C).
CeR™

To define asymptotic optimality of cubature rules, we need to consider
sequences of rules. In some constructions of sequences of rules, it may be
difficult to obtain rules based on exactly n points for any given n. Thus, I will
consider a sequence of rules {(X,,C,)}, n=1,2,..., such that N,, the
number of points in rule n, tends to infinity as n — . This sequence of rules
is called asymptotically optimal if

I e(H;X,,C,) 1
woe infiy oo e(H; X,C)

For a fixed sequence of designs X, X,,... with N, points in X,, I will call
C,,C,,... asymptotically relatively optimal if

e(H;X,,C,)
inf - =1
n—w info cgn, e(H; X, C)

In comparing the asymptotic performance of different sampling designs, it is
important to keep in mind whether or not the corresponding coefficients are
asymptotically relatively optimal. For example, consider a sequence of parti-
tions of G where the largest diameter of the elements of the nth partition
tends to 0 as n tends to infinity. Define the nth in a sequence of systematic
designs by placing an observation at the center of mass of each element of the
nth partition. Define the corresponding nth stratified design by placing one
observation randomly in each element of the nth partition. Tubilla (1975) and
Schoenfelder (1982) show that for partitions of the unit square into a lattice
of squares (Schoenfelder also considers more general partitions) and using
naively chosen coefficients, systematic designs can have a slower rate of
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convergence than the corresponding stratified designs. Stein (1993, 1995a)
demonstrates that this apparent superiority of stratified designs disappears if
asymptotically relatively optimal coefficients are used with the systematic
designs. More generally, I conjecture that under mild conditions on Z and the
sequence of partitions, systematic designs will do at least as well asymptoti-
cally as the corresponding stratified designs if asymptotically relatively opti-
mal coefficients are used.

The choice of H has a profound effect on which cubature rules are judged
good; see Section 5 for some further discussion. Because the focus in this
paper is on isotropic processes, I will only mention here classes H that have
some sort of invariance under rotations. For example, Babenko (1977) ob-
tained asymptotically optimal cubature rules for two-dimensional integrals
with H the class of functions & satisfying |A(x) — A(y)| < ¢(|x — y|), where ¢
is a modulus of continuity and |x — y|indicates Euclidean distance between x
and y. Due to their close relationship to the stochastic measures of good
rules, classes of functions defined by bounds on Sobolev norms have a closer
connection to this work [Wahba (1990)]. An example of such a space for
G c R? is all functions satisfying

q 1/q
dx] <1,

(2.1) [fGél(’Z)

where x = (x, x,). In statistical settings, only the case ¢ = 2 has been
considered. A generalization of particular relevance here is classes of func-
tions of the form v(x)h(x), where v is fixed and known everywhere on G and
h satisfies a constraint such as (2.1). Polovinkin (1989) studies classes of
functions of this form and derives certain properties that asymptotically
optimal rules must possess without actually finding such rules.

The stochastic approach used here considers the function being integrated
a random field with finite second moments. The quality of a cubature rule
(X,C) is measured by its mean squared error and (relative) optimality and
asymptotic (relative) optimality are defined using obvious analogs to their
definitions in the deterministic case. Sacks and Ylvisaker (1971) note the
close connection between the stochastic and deterministic approaches when
the space of deterministic functions is a Hilbert space with a reproducing
kernel [Wahba (1990)]. Specifically, if Z has mean identically 0,

0')m

a m
dx{ dxg

—ah(xl’ x2)

(2.2) Ele(Z;X,C)*] = e(H; X,C)’,

where H is made up of the elements of a Hilbert space whose norms are at
most 1 and the reproducing kernel of the Hilbert space is the covariance
function of Z. For example, if G =[0,1] and H is the set of absolutely
continuous functions 2 on [0, 1] for which [{[#'(#)]>dt < 1, then the repro-
ducing kernel is proportional to min(s, ¢) so that Z in (2.2) can be taken to be
Brownian motion. For the space of functions given by (2.1) with g = 2, the
corresponding reproducing kernel has spectral “density” proportional to
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|w| ™. Note that this function is not integrable in a neighborhood of the
origin, which is related to the fact that (2.1) only defines a seminorm and not
a norm [see Wahba (1990) for further details]. For our purposes, only the high
frequency behavior of the spectral density matters, so I will ignore this point
here. Since m is an integer, we see that there is no overlap between (2.1) and
the class of spectral densities studied here, for which g(|w|) = f(w) is regu-
larly varying with exponent —p, 2 < p < 4. Even if the restriction to m an
integer is removed in (2.1), which is most conveniently done by considering
the reproducing kernel or its spectral density directly, the classes of functions
one obtains is still in some ways more narrow than I consider here. In
particular, only requiring g, as in Stein (1993), to be regularly varying allows
consideration of many processes (or, equivalently, many reproducing kernel
Hilbert spaces) that have not, to my knowledge, been studied in the cubature
literature using deterministic error bounds.

3. Main results. Consider predicting [;v(x)Z(x)dx for v and G suffi-
ciently well behaved and Z a stationary isotropic random field. It is plausible
that a good design should place more observations in areas of G for which
|lv(x)| is relatively large. Sacks and Ylvisaker (1971), Eubank, Smith and
Smith (1981), Cambanis (1985), Benhenni and Cambanis (1992), Stein (1995b)
and Pitt, Robeva and Wang (1995) studied this problem for one-dimensional
integrals. In particular, Sacks and Ylvisaker (1971) and Eubank, Smith and
Smith (1981) showed that systematic designs of varying density yield asymp-
totically optimal quadrature rules in some circumstances. Thus, one might
expect an appropriate systematic design of varying density to provide asymp-
totically optimal cubature rules for multidimensional integrals. Other than
some work by Schoenfelder (1982) extending results of Tubilla (1975), there
does not appear to be any theoretical work on the mean squared error of
cubature rules based on systematic designs of varying density for isotropic
processes. Ylvisaker (1975) obtained some intriguing results on systematic
designs for a class of anisotropic processes, but I will argue in Section 5 that
these results depend critically on the nature of the anisotropy and so are not
helpful for studying isotropic processes. Using deterministic error bounds,
Babenko (1976) obtained asymptotically optimal cubature formulae for inte-
grals of the form [;v(x)h(x)dx, where v is a fixed function and 4 is in a
class of functions defined using a modulus of continuity constraint. While
Babenko’s results cannot be applied here, the basic approach can be. Specifi-
cally, partition G into regions on which v is nearly constant and then use a
lattice design within each of these regions, the density of the lattice depend-
ing on the value of v in the region. The basic obstacle to obtaining an analog
to Babenko’s results here is that an asymptotically optimal design in the case
v(x) = 1 is not known. Still, a reasonable conjecture is that for a large class
of isotropic processes cubature formulae based on equilateral triangular
lattices are asymptotically optimal for the constant v case, which, combined
with Babenko’s (1976) approach, yields in turn a reasonable conjecture for
asymptotically optimal procedures for v not constant.
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To describe these cubature formulae, I will first consider the case where
the design is locally a square lattice; results for other parallelogram lattices
follow by a linear transformation of the coordinates. Let ¢ be a continuous
positive function bounded away from 0 on G with [;¢(x) dx = 1; this func-
tion will give the local density of observations. Define a sequence of designs
indexed by n as follows. Let w, be a sequence of positive reals satisfying
w, — 0 and w,n'/? - © as n - «. For design n, partition R* into a lattice of
squares of side w, with corners at w,J, J € Z2. Define S, to be the square
with upper right corner at w,J, R; =S; NG and r; = [ dx. For r; >0,
place points in R ; by dividing S; into an m; X m; lattice of squares, where

1/2
r;n

Wy —————— .

{ fRJ¢(x) dx} ‘
Note that m; > 0, for all n sufficiently large, since w,n'/? —> =. Let R ;» be
the intersection of G with the square of side w,m;' in R; with upper right
corner at w,{J — (1,1) + m;'P}, for P € {1,..., m ;}*. Furthermore, let c;p
be the center of mass of R ;, and r;p its area. Then design n is the set of

c;p’s for which the corresponding r;,’s are positive. See Figure 1 for an
example of such a design. Consider the cubature formula

(3.2) Z,=YZ,J),
J

(3.1) m; =

where

Zn(J) = ;U(CJP)rJPZ(cJP)'

The number of points in design n, denoted by N,, satisfies n !N, — 1. Note
that some design points may not be in GG, which could be undesirable in some
circumstances. However, if G is convex, then all design points are always
in G.

Next consider conditions on the random field Z. If v and the mean function
of Z have bounded second partial derivatives on R2, then it is easy to show
that the squared bias of Z, is O(n~2). Under the conditions of Theorem 1, the
squared bias will then be asymptotically negligible relative to the variance.
Thus, from now on I will only consider the variance of the cubature error and
ignore the bias. Assume Z is isotropic with spectral density f of the form
f(w) = g(Jw)). The covariance function for Z is C(|x|), where C is given by the
Bessel transform

C(t) = 27Tf0°°J0(ty)ug(v) dv.

The critical condition needed here to obtain the asymptotic variance of the
cubature error is

(3.3) g is regularly varying at « with exponent —p, 2 < p < 4.
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Fic. 1. Example of locally square lattice design with G a trapezoid with vertices at [0, 0],
[15,0],[0,1] and [1,1], w, = 5 and m 1) = 2, mg 1) = 3, mg 1) = 4, My = 3, My 5 = 4 and
me 9 = 3.

It follows [see Theorem 1 of Bingham (1972), where his o = p — 2] that

(3.4) C(0) —C(t) =0(¢t?g(t™")) astlo0.

THEOREM 1. For G a compact Jordan-measurable subset of R?, ¢ continu-
ous and bounded away from 0 on G and [;¢d(x)dx = 1, v having bounded
partial derivatives through order 3 on R? and Z a stationary random field on
R? with covariance structure satisfying (3.3),

g(an/Z)lvar(f v(x)Z(x)dx — 2,
G
> 2m) 7 [o(2)*¢(x) " dx LIKI",
G K
where Y means to sum over all elements of 7? except the origin.

Proor. The following result, proven in Appendix A, is helpful:

LEMMA 1. For g regularly varying with exponent —p, 2 <p < 4, there
exists a function g that is ultimately monotone with §(t)/g(t) > 1 as t —> =
and that, for any given positive integer q and finite T, there exists a constant
B with

(3.5) IC@(¢) < Bt~279g(¢t™Y) for0<t<T,

where C(t) = 2[5 (tv)vg(v) dv.
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For now, assume we can take ¢ = g in (3.5). Define
oV, = cov(] v(x)Z(x) dx = Z,(J), [ v(x)Z(x) dx - Z,(K)|.
R, Ry

The basic outline of the proof is to show

(3.6) g(n'?) Y cov;x >0 asn —>
J+K

and then to handle Y var; where var; = cov;;, using methods in Stein
(1995a). The following result will be helpful: for any two Jordan-measurable
subsets A and B of G with centers of mass a and b, ¢ = max(diam(A),
diam(B)) and 8§ = d(A, B) = inf{|lx — y|: x € A, y € B} as defined, there ex-
ists a constant y independent of A and B such that

cov(/A{v(x)Z(x) —v(a)Z(a)} dx,

(3.7)

[ (0(x)2(x) ~ v(5)2(b)) dx)
< ye¥{max(e, 8)} 76g({max(s, 8)) 71),

Appendix B outlines a proof of (3.7). To establish (3.6), first consider |J — K|
> 2. Then for all possible P and @, d(Rp, Rgo) = 5 'w,|J — K|, where
the lower bound can be achieved if, for example, J — K = (2,1). Since
diam(R ;») = O(n~'/?) uniformly in J and P, using (3.7 and m, =
O(n*?w,) uniformly in J,

covyg = ) > COV(/ {v(x)Z(x) - U(CJP)Z(CJP)}dx’

P:ryp>0 Q:rgg>0 JP
| {o(2)Z(x) = v(ckq)Z(cxq)) dx
< nzw,f(nl/z)_s{wnlJ - KI}ng({wnIJ - Kl}fl),

where a < 8 means |a| < ¢ for some constant ¢ independent of n and any
other index such as J or K that can implicitly depend on n. Thus,

Y covp<niw; 2 ), |J-— K|76g({wn|J - Kl}fl)
|J-K|>2 |J-K|>2

<nfwyt Y 1% ({wl) Y

0<|Jl<w, !



LATTICE SAMPLING DESIGNS FOR RANDOM FIELDS 1999
L B
(3.8) <n 2w 4" t’5g((wnt) 1) dt
1

=n2 fw'flsSg(s) ds
1

<n?w,*g(w,")

=o(g(n'?))

using Karamata’s theorem [Bingham, Goldie and Teugels (1987), page 28] to
obtain the penultimate step and p < 4 and n'/?w, — « for the last step.
Next, consider those cases for which 0 < |J — K| < 2, such as J — K =(1,0)
or (1,1). There are O(w, ?) such cases. Suppose J — K = (1,0); other cases
are similar. Then using (3.7),

my
covg<nt Y Y
Jok=11,m=1

mE (=14 (k+m)’\
n

X8

nl/2
(=D + (& +m)?) "
1 N2 21”3
<n f[l,wnnl/214{(s t)" + (u +v) }
nl/2

{(s — zf)2 + (u + v)2

dsdtdu dv

X8

1/2
}

-3
< n /2 2 4 + )2
n~ 12w, [l,wnn1/2]3{s (u+v)°}

nl/2

ds du dv

X8

{s2 + (u + 11)2}1/2

1/2 1/2

— w,n w,n —

<<n1/2wnf” /” r2g
1 r

S

nl/2
( ) drds

1/2 nl/z
-1/2 N s |
<n w, s g ds
1 s
< n 2?w, g(n'?),

so that

(3.9) Y covye <P tg(n'/?) = o(g(n'/?)).
0<|J—K|<2

Then (3.6) follows from (3.8) and (3.9).
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Now consider var;. By an argument similar to the one leading to (3.9),

{(s — t)2 + (u — v)z}_6

var; < n_lf
[

l,wnn1/2]4
nl/2
Xg Y dsdtdudv
{(s=t)"+ (u—-v)?
1/2
o (wan'? 5 |7
<<wn/1 rog|l— dr

<w;g(n'?).

Since G is Jordan measurable, the number of S’s partially in G is o(w, ?),
so that

(3.10) Y. var; =o(g(n'?)).
R,#S,

The terms for which S; € G can be handled by extending results in Stein
(1993, 1995a) to yield (see Appendix C)

VarJ=(277')27’7'/A’gv(x)2 dx r_lJ/R d(x) dx)

X LIKI Pg(n'/?) + o(w;g(n'?)),
K

(3.11)

where the remainder is small uniformly in /. Then (3.10), (3.11), w,, — 0 and
the conditions on ¢ imply

g(n'/?) " Yvar, - (2m)* " /Gv(x)2¢(x)7p dx%’IKrp

as n — ©, which in conjunction with (8.6) and n !N, — 1 yields the theorem
when we can take & = g in (3.5).

The proof for more general g follows using an idea of Pitt, Robeva and
Wang (1995). Specifically, given & > 0, we can choose T such that g(¢)(1 — &)
<g(t) <g(t)1 + &), for t > T. Define g,(¢) to be g(¢t) on 0 <t < T and 0
otherwise. Define g, similarly. Then g(#)(1 — &) —g,(#) <g(®) <A +
£)g(t) + gr(¢), for all ¢. Using a subscript on a variance to indicate the
isotropic spectral density under which the variance is computed and setting
e, = [qu(x)Z(x)dx — Z,,

(1 — e)varg(e,) — var, (e,) < var,(e,) < (1 + &)vars(e,) + var, (e,).

Because g, has bounded support, its Bessel transform is analytic on [0, ©)
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and it follows by a straightforward argument using Taylor series that

var [ [ 10(0)2(2) = vlesn) Besn) di | = 0 ),
JP

which implies var,, (e,) = O(n~?), which is o(g(n'/?)) since p < 4. Similarly,
var, (e,) = O(n"?). Thus,

var,(e,) var,(e,)

1 - ¢ < liminf < lim sup <1+ e.

n—w varg(e,) now varg(e,)

Since ¢ is arbitrary Theorem 1 holds for all g satisfying (3.3). O

We can obtain a similar result for nonsquare lattices by linear transforma-
tion. For a 2 X 2 matrix B with determinant 1, let the rows of B determine
the lattice structure. Specifically, let the corners of a lattice of parallelograms
be given by w, BJ, J € 7. Call S the parallelogram with upper right corner
at w,BJ and set R; =S, N G and r; = [z dx as before. For r; > 0, divide
S, into an m; X m; lattice of parallelograms, where m; is defined as in
(3.1). Place observations at the centers of mass of the nonempty intersections
of these parallelograms with G and define Z, as in (3.2). Under the same
conditions on g, G, v, ¢ and w, as in Theorem 1, a straightforward extension
of that result gives

(3.12) g(NY?) 'var(e,) - (2m)° " [Gu(x)2¢(x)“’ dx%ﬂ(B')‘lKl*P.

4. Possibly asymptotically optimal cubature formulae. The three
elements of the cubature formulae described in Section 3 that we need to
choose are w,, ¢ and B. Equation (3.12) provides no guidance on choosing
w, ; any sequence satisfying w, — 0 and w,n'/? - « yields the same asymp-
totic result. Regarding ¢ and B, note that (3.12) factors into two terms: one
depending only on ¢; the other only on B. Thus, to minimize the right-hand
side of (3.12), it suffices to minimize each of these two terms separately. The
minimizer of [;v(x)%b(x) P dx subject to [;p(x) dx = 1 is given by Holder’s
inequality:

(4.1) bo(x) = |v(x)|2/(p+1)/[G|v(y)|2/(p+1) dy.

If we want Theorem 1 to hold for ¢,, we need to require that v is bounded
away from 0 on G. Now consider Y/|(B’) K| ”. The function

Z,(s) = Y IJAJ|F,

where A is a symmetric nonsingular 2 X 2 matrix, is known as the Epstein
zeta-function [Rankin (1953)]. This sum converges for all s > 1. For any
s > 1, the global minimum of Z,(s) with respect to symmetric A with
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determinant 1 is achieved by

2 [1 1
A=—1 /2|
312|172 1

which was proven for s > 1.035 by Rankin (1953) and by Cassels (1959),
Ennola (1964a) and Diananda (1964) for 1 < s < 1.035. It follows that for
p > 2, to minimize Y[(B') " 'K|? with respect to B with determinant 1, we
can use an equilateral triangular lattice

2V (1/(2-3V2) —1/2
(4.2) Bo=w( (0 ) 1 )

or any orthogonal rotation of this. Sobolev (1974, 1992) was the first to
recognize the relevance of the Epstein zeta-function to the error analysis of
cubature formulae based on lattice designs, although he did not consider
lattices of varying density. I conjecture that the sequence of cubature rules
Z, defined as in Section 3 with ¢, given by (4.1) and B, given by (4.2) is
asymptotlcally optimal in the following sense. Suppose {Z } is a sequence of
cubature rules where rule n is based on N observations with N <N, for
all n sufficiently large. Furthermore, suppose v, g¢ and G satisfy the condl—
tions of Theorem 1 and v is bounded away from 0. Then I conjecture

var(va(x)Z(x) dx — Z )
4.3 lim inf =
(4.3) nos var(fou(2) Z(x) dv — Z,)

What I have proven is that among all rules of the form described in Section 3,
¢, and B, yield an asymptotically optimal sequence of rules. Furthermore,
considering Proposition 4.2 of Stein (1995a), I would expect the coefficients for
this sequence of rules to be asymptotically relatively optimal, although I
cannot prove this.

The fact that the asymptotic variance factors into a term depending on the
density and another on the lattice makes it easy to study each term’s impact.
From Theorem 1 and (4.1) we have that the ratio of the asymptotic variances
using constant ¢ to the optimal ¢ is

va(ac)2 dx
{fG|v(x)|2/(p+l) dx

}p+1 :

Thus, the improvement in using the optimal ¢ increases with, roughly
speaking, increasing variation in v and decreases with increasing p. Similar
results hold for one-dimensional integrals [Pitt, Robeva and Wang (1995) and
Stein (1995b)]. The asymptotic improvement using the optimal triangular
lattice rather than the square lattice is quite small. For example, if p = 3,
which holds if C(¢) = e !, then the reduction in the asymptotic variance due
to using a triangular lattice rather than a square lattice is less than 2%.
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Thus, the advantage to using triangular rather than square lattices is mainly
of theoretical interest.

As noted in Section 3, the main obstacle to proving the asymptotic optimal-
ity of Z, is that in the case v(x) = 1, it is only known that the equilateral
triangular lattice is asymptotically optimal with respect to parallelogram
lattice designs and may not be asymptotically optimal with respect to all
possible designs. Babenko (1977) showed that if the class of functions being
considered is those A satisfying |hA(x) — h(y)| < ¢(|x — y|), where ¢ is a
modulus of continuity, then a sequence of rules based on equilateral triangu-
lar lattices is asymptotically optimal with respect to all possible rules.
However, this result does not appear to be of any help here. The basic
problem is that bounds on cubature errors for classes of functions satisfying a
modulus of continuity constraint can be obtained by bounding the difference
between hA(x) and h at its nearest observed location to x, which roughly
speaking, eliminates the difficult problem of computing covariances between
interpolation errors at different points.

5. Discussion. Even if the conjecture given in (4.3) is true, there is still
something unsatisfying about the sequence of proposed quadrature rules.
First, there is the issue of how to choose w,. However, even if a sharper
analysis yielded information on this question, there is still a problem. What
we would like to do is to vary the density of the lattice continuously, without
having to make sharp breaks in the lattice structure as I have done at the
boundaries of the S’s. Indeed, in one dimension with G = [0, 1], this is easily
accomplished using regular sequences of designs [Sacks and Ylvisaker (1971)]:
to obtain the design of size n, place points at F(i/n), for i = 1,..., n, where
F is a smooth cumulative distribution function with F(0) = 0 and F(1) = 1.

It is possible in limited circumstances to do something similar in two
dimensions. Think of G as a set of points in the complex plane and suppose ¥
is a conformal mapping from some set B onto G. If we place an equilateral
triangular lattice on B and map it into G using ¥, the resulting set of points
will look locally like an equilateral triangular lattice. Since every smooth
conformal mapping (or its conjugate) is holomorphic in G [Hille (1959), page
95], we can restrict attention to holomorphic V. As the density of the lattice
on B increases, the density of points in a neighborhood of z in G becomes
proportional to |n'(z)|?, where n = ¥~ !, which is well defined and holomor-
phic on G. Thus, for a given real-valued positive function ¢(s, ¢), where s and
¢ are real, we want to find holomorphic n such that |[n'(2)|* = ¢(Re(z), Im(2)).
This will be possible if and only if u = log ¢ is harmonic on G, where the
only if part is noted by Titchmarsh [(1939), page 120] and the if part follows
by defining n'(x — iy) = exp(ulx, y) + iA(x, y)), where A is the harmonic
function conjugate to u [Carrier, Krook and Pearson (1966), page 45]. For
example, for G the unit square and ¢(s, ¢) = e®/(e — 1), we can take ¥(z) =
log((e — 1)z2/4), where log takes its principal value. Figure 2 shows an
example of such a design where the distance between neighbors in the
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Fia. 2. Locally equilateral triangular lattice on the unit square with local density proportional

to ¢(s,t) =e/(e — D).

equilateral triangular lattice in B, the inverse image of G, is 0.05. To use this
design as a basis of a good cubature rule would require adjusting the
locations or the coefficients of the points near the boundary. Since the class of
harmonic functions is quite limited, this method will not be broadly applica-
ble. Furthermore, in three or higher dimensions, the class of conformal
mappings is extremely limited [Carman (1974), page 20], so that unlike the
designs defined in Section 3, extensions to higher dimensions are not in
general possible.

An important limitation of Theorem 1 is the restriction to two dimensions
and to p < 4. The results in Stein [(1995a), Section 4] suggest that Theorem
1 can be extended to p > 4 if the coefficients used in the cubature rule are
modified, although how to do this explicitly for irregular G is not so obvious.
As far as extensions to three or more dimensions, Theorem 1 does easily
extend to three dimensions if we make the restriction w, — 0 and w,n'/?
However, we still need p < 4, but since we must also have p > 3 to have a
density, the class of models covered by such a result is not very interesting. If
we go to four or higher dimensions, then requiring p < 4 leaves us with
nothing, as p must be greater than the number of dimensions. Thus, to
obtain a meaningful extensions to more than two dimensions, we need to be
able to weaken the restriction on p.

—> 00,
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There is also an obstacle to extending the optimality result in Section 4 on
the Epstein zeta-function to more than two dimensions. Specifically, while the
Epstein zeta-function extends in the obvious way to higher dimensions, the
minimizing lattice is not known. Even in three dimensions, while Ennola
(1964b) shows that the well-known body-centered cubic lattice gives a local
minimum for all s, whether it gives a global minimum is not known.
Shushbaev (1989) studied the Epstein zeta-function in higher dimensions and
shows there can be more than one local minimum, but gives no results for
global minima.

Finally, it is important to note that parallelogram lattice designs will not
work well for all stationary random fields. For example, Ylvisaker (1975)
showed that if x = (x;, x,) and cov(Z(0), Z(x)) = C,(x,)Cy(x,), then lattice
designs can be highly inefficient relative to tensor product designs. Delvos
(1989) considered related designs from a deterministic perspective. Quasiran-
dom numbers and good lattice points [Niederreiter (1992)] can also be much
more efficient than parallelogram lattice designs for certain classes of func-
tions. However, the classes of functions considered in all of these works share
the common feature that their behavior depends crucially on the choice of
coordinate axes, a fact that perhaps has not been adequately appreciated. For
classes of functions that are isotropic in some sense, or whose anisotropy can
be removed by a linear transformation of coordinates, I suspect it will be hard
to improve on the locally lattice designs studied in Section 3. For spatial data,
where the choice of coordinate axes is often somewhat or completely arbi-
trary, models whose behavior depends strongly on such a choice, as in
Ylvisaker (1975), Delvos (1989) or Levin and Girshovich [(1979), Chapter 4],
are difficult to justify.

APPENDIX A

ProorF oF LEMMA 1. If g(¢)t? > a as t —> o, we can take g(¢) =
a(1 + ¢t2)7?/2 and obtain the result. The more general case can be handled
using smoothly varying functions [Bingham, Goldie and Teugels (1987),
Section 1.8]. A positive function f defined on some neighborhood of infinity
varies smoothly with index o if A(x) =log f(e*) is C* and as x — o,
W(x) = a, h"™(x) - 0, for n > 2. We will write f € SR, for such a function.
By the smooth variation theorem [Bingham, Goldie and Teugels (1987),
Theorem 1.8.2], there exists § € SR_, such that §(¢)/g(t) > 1as t - « and
&(t) is monotone for ¢ sufficiently large [see the remark before Theorem 1.8.3
of Bingham, Goldie and Teugels (1987)]. So, it suffices to show & satisfies
(3.5).

Let r(v) = 27vg(v). Then it is trivial to show r € SR_, .. Formally,
we have C'(¢) = [{vJ (¢v)r(v) dv. To justify differentiating inside the inte-
gral, let f,(¢) = [J'd(¢v)r(v) dv, so that f(t) > C(#) and f.(¢) =
[¢J(tv)vr(v)dv, for all ¢t > 0. For any given 0 < a < b < «, it suffices to
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show that f)(¢) converges uniformly to [jJ,(¢v)vr(v)dv on [a, b]. This is
obvious for p > 5/2, but we need to be more careful for 2 < p < 5/2, since
[5J(¢v)vr(v) dv does not converge absolutely. However, for n > m, using
(9.2.1) of Abramowitz and Stegun (1964),

F0) = £l =| [ ey v ()
f:(%)l/z{cos(tv - %) + 0(%)}1”@) dv

HEA RN e

t
1 n 3 1
—7/msin(tv— %){Evl/zr(v) + r’(v)} dv

+ o(t%f:r(u)dv),

which tends to 0 uniformly for ¢ € [a, b] as m,n — «, since |[r'(v)| € SR_,
by Proposition 1.8.1 of Bingham, Goldie and Teugels (1987).
Next, integrating by parts,

C(t) = f:Jl(ty)w(y) dv

1 =
= 7]() Jo(tv){r(v) + vr'(v)} dv.

Since r(v) and »r'(v) are in SR_, ., and hence regularly varying with
exponent —p + 1, (3.5) holds for ¢ = 1 by applying (3.4) to tC’'(¢). Now we can
essentially repeat the argument to get the result for larger g. For example,

C'(¢)

1 .«
—t—zfo Jo(tv){r(v) + vr'(v)} dv

L o= ’
+?f0 J(tv)v{r(v) + vr'(v)} dv

1 ,
—t—zfo Jo(tv){r(v) + vr'(v)} dv

1 =
+t—2f0 Jo(tv){r(v) + 3vr'(v) + v2r"(v)} dv,

so that we can again apply (3.4) to ¢2C"(¢) since r(v), vr'(v) and v2r"(v) are
allin SR_, ;. O
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APPENDIX B

ProoF oF (3.7). Define D(x) = C(|x|) and use subscripts to indicate par-
tial differentiation, so that, for example,

PE
D. .. = D
J1J2J3(x) ale asz &xjg (x)’
where x = (x, x,). It follows from (3.5) that
(B.1) D;..,;(x) <lxI"®"g(lx)),

for all « and all 0 < |x| < T. For now, assume & > ¢. Then
cov| [ (0(2)2(x) = o(@)2(0)) d, [ (0(0)2(x) — 0(b)2(b) d

- fAXB{v(x)v(y)D(x —y) —v(x)v(b)D(x — b)
(B.2) —v(a)v(y)D(a —y) + v(a)v(b)D(a — b)} dxdy
= D(a = b) [ {v(x) = v(a)} dx {v(x) — v(b)} dx
A B

3 2
+Y Y D(a-b)E(....J.) + 0(%5 %g(57Y)),

a=1jy,...,j,=1

where
F,(Jis--sda) = /AXB{U(x)U(y)lnl(xn ~ YT, b))

—v(x)v(b)lljl(sz —-a;) — v(a)v(y)l]__ll(bjl — yjl)} dxdy.
Now, since a and b are centers of mass of A and B,

(B.3) /A{v(x) —v(a)}dx/B{v(x) —v(b)} dx = O(&%).
Furthermore, for 6 > &,

(B.4) F,(jis--+»Ja) = O(%),

for 1 < a < 3. For example, using the convention that any index appearing
twice in a product is summed over,

Fi(j)) = [ [{v(@v(b) +v(a)vi(b)(by = y4) + vi(@)v(B)(x; — az)

AxB
+up(a@)v,(b) (%), — @) (b, — ;)

+30,(a)v(b)(x), — ay)(x;, — @)
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+30(a) v (0) (b — y1) (b —y) (%, — ¥, — a; + b))
—v(a){v(b) + v, (b)(by — ;)
+50,(0) (b, — y) (b _yz)}(bj -y;)
—v(b){v(a) + vy(a)(x;, — ay;)
+3vu(a)(x, — ay)(x, — y)}(x; — a;) + O(&*)| dydx
= [, (o(@wi(8)(b =y (x; — a))
+u,(a)v(d)(x;, — a;)(b; — ;)
+v,(a)v () (x, — ay) (b, — ) (%, — ¥, — a; + b;)
+304(a)v(b)(x), — @) (%, — a;)(b; — )
+50(@) vy (B)(by = ¥,)(by = ¥) (%, — a;)} dy dx
+ 0(&%)
= 0(&%),

again using that a and b are centers of mass. For § > &, (3.7) follows from
(B.1)-(B.4). For § < &, (3.7) follows directly from (3.4) using

cov(fA{u(x)Z(x) —v(a)Z(a)) dx, [B{v(x)Z(x) — v(b)Z(b)} dx)

—D(O)/A{v(x) —v(a)} dxfB{v(x) — u(b)} dx

< sup |D(x-y) - D(O)I/ dy dx
(x,y)€EAXB AXB

< e ?g(et)el,

since the exponent of regular variation —p satisfies p > 2. O

APPENDIX C

PROOF OF (3.11). Consider S; C G. Define a; =w,'m;, p;=(—ma,,
ma;)? and, for a function v,
F;(w;v) =f v(x)e'®* dx,
S
(C.1) !
75(w;v) =

2
Fi(w;v) —az® Yv(eplexp(io’csp)|,
P

so that var; = [f(w)7;(w;v) dw. Define u(x) = v(x) — v(w, J), suppressing
the dependence of u on <J. Then

(C.2) 75 (w;0) < 20(w,J)’ 7 (w;1) + 27, (w;u),
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where 7;(w;1) means to take v(x) = 1 in (C.1). By direct calculation,

4 2

I {1 + (wn“’j)z}il

Jj=1

n

(C.3) 7 (w;1) <

ay

on p;. A slight sharpening of Lemma 3.1 of Stein (1995a) provides a bound
for the second term on the right-hand side of (C.2). Specifically, by inspecting
the proof of this lemma we have the following: if a function v on R¢ has
partial derivatives through order d + 1 on [0,1]¢ and D is a bound on the
absolute value of v and these partial derivatives on [0, 1]¢, then there exists a
constant C independent of v and m such that

f[o,l]dv(x)exp(iw’x) de—md Y }dv( J;L h )exp( fw(J — h) )‘

{,...,m m

CD (log m)**(1 + |wl?)
< — )
m’ I3 (1 + wyl)
for o € (—mm, mm)?, where h = (3,...,1). By a linear transformation of

coordinates, we get

2w,CD log m ;)* 1+ |w, |2
(C4)  Zy(w;u)? < —75 ( gz")( of)

on p;. Then (C.2)-(C.4) imply

w?  (logm,)*(1+ lw,wl*)
C.5 7 (w;v0) < — + .
(C.5) s ) as ae‘}n?:l(l + |wnwj|2)

on p;, from which it follows

w? log m )"
(C.6) fp f(0)7;(w;v) do < 75+ %{g(wn‘l) +m%g(a,))

= o(w;g(n'?)),

using g regularly varying at « with exponent —p, 2 <p <4 and ayn"
uniformly bounded away from 0, for all n sufficiently large. Next, by Parseval’s
relation,

1/2

[ 1F(0;0)P do < [ 155(0; DI do + [ |7 (w;0) de
PS5 S R?
(C.7)

wn 4 2
<<—+wn+f u(x)” dx
OZJ S

= o(wy)

J
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and
f|%(w;v)|2dw=fRdl%(w;v)Ide—fcl%(w;v)IZdw
(08) Pg PJ
=@2m)*[ v(x)®dx + o(w?2).
(@m)* [ v(=) (w?)
Using (C.7),
fZ’f(w—i—Zﬂ'aJK)IZ,(w-i-27TaJK;v)|2dw
Ps K
(C.9)

< Y'g(a,IK)) [ 175(w;0)]° do
K (2

= o(wlg(n)).

Straightforward calculations and (C.5) yield

(C.10) jp%’f(aw2mJK)7J(w;U)dwzo(wfg(nl/g)).

Similar to the proofs of (2.5) and (3.1) in Stein (1995a), (C.9) and (C.10) imply

(C.11) var, = f Y flo+ 2ma,;K)F;(0;0))* dw + o(w2g(n'?)).
Py K

Finally, (3.11) follows from (C.6), (C.8), (C.11) and

[p %’| f(o+27a,K) - f(27a,K)||F(w;v) [ do = o(wig(n)),

where this last bound is proven using a similar argument to the proof of (2.5)
of Stein (1993). O
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