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A COUNTEREXAMPLE TO A CONJECTURE CONCERNING
THE HALL–WELLNER BAND

BY KANI CHEN AND ZHILIANG YING1

Hong Kong University of Science and Technology
and Rutgers University

Hall and Wellner proposed a natural extension of the Kolmo-
gorov]Smirnov simultaneous confidence band for survival curve using the
Kaplan]Meier estimator. They and Gill conjectured that the confidence
band holds for all t up to the last observed failure time. A counterexample
is given herein, showing that this may not always be true.

1. Introduction. Let X , . . . , X be independent and identically dis-1 n
Ž .tributed i.i.d. positive random variables with a continuous distribution F. A

Û'w Ž . x Ž .theorem of Donsker Billingsley 1968 , Theorem 16.4 states that n F y Fn
Û y1 nw x Ž .converges in DD 0, ` to B ( F, where F t s n Ý I is the usual0 n is1 �X F t4iw xempirical distribution, DD 0, ` is the space, equipped with the Skorohod

topology, of functions which are left-continuous with right limits and B is0
the Brownian bridge process, and where ( denotes functional composition. It,
among other things, yields a very important result for the Kolmo-

Û'< Ž Ž . Ž .. <gorov]Smirnov statistic; that is, sup n F t y F t converges tot n
< Ž . <sup B u , the distribution of which is well known and has been1F uF1 0

tabulated.
In survival analysis, the X are often subject to independent right-censor-i

˜ � 4ing so that the observed data are X s min X , U and d s I , i si i i i �X FU 4i i

1, . . . , n, where the U are i.i.d. positive censoring variables that are indepen-i
dent of the X and have, possibly discontinuous, distribution G. In this case,i

Ûthe analogue of F is the Kaplan]Meier estimator defined byn

D N sŽ .nˆ1.1 F t s 1 y 1 y ,Ž . Ž . Łn Y sŽ .sFt n

Ž . Ž . Ž .where D N t s N t y N t y andn n n
n n

1.2 N t s d I , Y t s I .Ž . Ž . Ž .˜ ˜Ý Ýn i �X F t4 n �X G t4i i
is1 is1

Ž . Ž . Ž . Ž . Ž . Ž .Let H t s 1 y H t and H t s F t G t . Here and in the sequel, F t s
Ž . Ž . Ž . � Ž . 41 y F t and G t s 1 y G t . Let t s sup t: H t - 1 . Breslow and Crow-H t

ˆ'Ž . Ž .ley 1974 showed that, for any t - t , n F y F converges weakly inH n
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w xDD 0, t to a Gaussian process B , which in general is not a time-rescaledbc
Brownian bridge process. Based on Doob’s transformation which relates the

Ž .Brownian bridge to the Brownian motion, Hall and Wellner 1980 argued
that a natural analogue of the classical Kolmogorov]Smirnov statistic for the

U ˜< Ž . < � 4Ucensored data should be sup W t , where X s max d X is the lastt F X n n iF n i in

observed failure time and

ˆ1 y K tŽ .n ˆ'1.3 W t s n F t y F tŽ . Ž . Ž . Ž .n nˆ1 y F tŽ .n

with

Ĉ n dN sŽ .tn nˆ ˆ1.4 K s and C t s .Ž . Ž . Hn nˆ Y s Y s y 1Ž . Ž .Ž .1 q C 0 n nn

Ž . U Ž . Ž Ž U ..Following Gill 1983 , define the stopped process W t s W min X , t .n n n
ˆ ˆClearly, K and C are estimators ofn n

C t dF sŽ . Ž .t
K t s and C t s .Ž . Ž . H1 q C tŽ . H s y F sŽ . Ž .0

The reason that W is asymptotically distribution-free is that, from the weakn
convergence result of Breslow and Crowley,

1.5 W ª B ( K ,Ž . n DDw0, t x 0

w Ž .xfor any t - t Hall and Wellner 1980 . However, in order to justify the useH
< Ž . < Ž .Uof sup W t , one needs to show that the weak convergence 1.5 can bet F X nn

extended to the last observed failure time XU. This was proved to be true byn
Ž .Gill 1983 under the condition

t dF tŽ .H
1.6 - `.Ž . H 1 y G t yŽ .0

Ž .This condition appears to be more than necessary since Gill 1983 and Ying
Ž .1989 showed that

1 y K ˆ'1.7 n F y F ª B ( KŽ . Ž .n DDw0, t x 0H1 y F

Ž . Ž .without 1.6 . In view of 1.7 , it is natural to speculate that the weak
Ž .convergence may hold for W up to the last point without imposing 1.6 ; seen

wŽ . x Ž .Hall and Wellner 1980 , page 137 and Gill 1983, 1994 .
Recently, Kaplan]Meier analysts have made significant progress, includ-

Ž . Ž .ing the elegant results of Gill 1983 , Wang 1987 and Stute and Wang
Ž .1993 , on th endpoint behavior of the product-limit estimator for censored

U w Ž .xdata. Yet the convergence of W remains open Gill 1994 . This openn
‘‘problem is rather important since so far there is no theorem justifying
‘common practice,’ which is to compute a confidence band on a large interval

Ž . w Ž . xwhose endpoint s is such that Y s is rather small’’ Gill 1994 , page 162 .n
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In this note, we present a counterexample to show that W U does not inn
general converge weakly on the whole interval.

2. A counterexample. Our construction of the counterexample is con-
ceptually rather simple: we find an integer subsequence n ` and ank
increasing sequence a t such that, for some « ) 0 and any L ) 0,k H

U Uy12.1 lim inf P W 2 a q a y W a G L G « ,Ž . Ž . Ž .Ž .½ 5n k ky1 n ky1k kkª`

U w Ž .violating a necessary condition for the tightness of W Billingsley 1968 ,n
x UTheorem 15.3 . This shows that W is not tight and therefore does notn

w x w Ž . xconverge weakly in DD 0, t Billingsley 1968 , Theorem 15.3 . Furthermore,H
Ž . < U <by the triangle inequality, 2.1 implies that sup W does not converge ton

< <sup B ( K and thus the validity of the Hall]Wellner band cannot be ex-0
tended to the last failure time.

w xWithout loss of generality, we may assume that F is uniform on 0, 1 . For
definiteness, define

k kkn s k q 1 , r s k q 1 ,Ž . Ž .k k

y1k y1 `Ý r r ris1 i k i
a s t , p s ,Ýk k` y1 ž /n nÝ r k ijs1 j is1

2.2Ž .

Ž xwhere t is any number in 0, 1 . It follows that a t and Ý p s 1. Define thek j
Ž .censoring distribution by P U s a s p , k s 1, 2, . . . . Clearly, t s t . In1 k k H

addition, it can be verified easily that, as k ª `,

2.3 ny« r 2 n ª 0 for any « ) 0,Ž . k k ky1

pk
2.4 ª 1,Ž . `Ý pjsk j

ny1
k

2.5 ª 1.Ž . ` y1Ý njsk j

Now let A be the event that, among the n observations, the largestk k
Ž y1Ž . .uncensored failure time falls into the interval 2 a q a , a and allk ky1 k

w .other uncensored failure times are in 0, a . By symmetry,ky1

P A s n P A , X is the largest uncensored failure timeŽ . Ž .k k k 1

s n P 2y1 a q a - X - a , X F UŽ .Ž .k k ky1 1 k 1 1

=
n y1k1 y P a F X F UŽ .ky1 2 2

n y1k` ` `a y ak ky1s n p 1 y a y a pŽ .Ý Ý Ýk j l ly1 i2 jsk lsk isl
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n y1ky1 y1`n t r t r pk k l ls 1 q o 1 p 1 y 1 q o 1Ž . Ž .Ž . Ž . Ýk` y1 ` y12Ý r Ý rjs1 j is1 ilsk2.6Ž .
by 2.4Ž .

n y1k`j
y1s 1 q o 1 1 y 1 q o 1 j nŽ . Ž .Ž . Ž . Ý l2 lsk

n y1kj j
s 1 q o 1 1 y 1 q o 1 by 2.5Ž . Ž . Ž .Ž . Ž .

2 nk

j
s 1 q o 1 exp yj ,Ž . Ž .Ž .

2

Ž ` y1 ` .where j s tr Ý r Ý r rn .js1 j ls1 l l
< U Ž y1Ž .. U Ž . <Next we show that W 2 a q a y W a tends to ` on A ,n k ky1 n ky1 kk k

Ž .thus proving 2.1 . Since on A the largest uncensored observation is nok
Ž .smaller than a q a r2 and there is no uncensored observation ink ky1

Ž Ž . .a , a q a r2 , it follows that, again on A ,ky1 k ky1 k

ˆ1 y K aa q a Ž .n ky1k ky1 kU U 1r2W y W a s nŽ .n n ky1 kž /k k ˆ2 1 y F aŽ .n ky1k

=
a q ak ky1

F y F aŽ .ky1ž /22.7Ž .
1r2 y1ˆG 1 y K a n 2 a y aŽ . Ž .n ky1 k k ky1k

n1r2tks ,
` y1ˆ2r 1 q C a Ý rŽ .k n ky1 js1 jk

ˆ tŽ . Ž . w Ž .Ž Ž . .xrecalling that C t s H n dN u r Y u Y u y 1 . On A , t F a andn 0 n n n k ky1

ˆŽ . Ž . Ž . Ž . Ž .D N t / 0 imply that Y t G 2, or Y t y 1 G Y t r2, so C t Fn n n n nk k k k k
t 2 1r2 ˆŽ . Ž . w Ž Ž ..x2H n dN u rY u . Thus, to show n r r 1 q C a ª ` on A , it0 k n n k k n ky1 P kk k k

suffices to show that

n dN t dN ta ar Ž . Ž .ky1 ky1k n nk k k1r22.8 1 q 2 ª 0, or r n ª 0.Ž . H HP k k P1r2 2 2n Y t Y tŽ . Ž .0 0k n nk k

Ž . t Ž .Ž .y1Since N t has compensator H Y s 1 y s ds, we haven 0 nk k

IdN ta a dtŽ . ŽY Ž t .G1.ky1 ky1n nk kE s EH H2 Y t 1 y tY t Ž .Ž .0 0 nn kk

nka 1 dtky1 nk i n yiks H t y H t yŽ . Ž .ÝH ž /i 1 y ti0 is1
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nka 2 dtky1 nk i n yikF H t y H t yŽ . Ž .ÝH ž /i q 1 1 y ti0 is1
nka2 ky1 n q 1k iq1s H t yŽ .ÝH ž /n q 1 i q 10k is1

=
dt

n q1yŽ iq1.kH t yŽ .
H t y 1 y tŽ . Ž .

a2 dtky1
F Hn q 1 H t y 1 y tŽ . Ž .0k

2
F

n q 1 G a y 1 y aŽ . Ž . Ž .k ky1 ky1

2
F

n q 1 p a y aŽ . Ž .k ky1 k ky1

2r nk ky1s .
j n q 1 rŽ .k ky1

Therefore,
2dN ta 2r nŽ .ky1 n k ky1k1r2E r n F ,Hk k 2 'Y tŽ . j n r0 kn ky1k

Ž . Ž . Ž . Ž .which converges to 0 by 2.3 . Hence 2.8 holds. From 2.7 and 2.8 we
Ž . Uconclude 2.1 , proving that W cannot be tight.n

3. Remarks. By taking a monotone transformation, the failure-time dis-
tribution F in the counterexample can be any continuous distribution func-
tion. The censoring distribution G should be changed accordingly.

A similar counterexample may be produced with a continuous censoring
distribution. This can be done by spreading mass p at a evenly to intervalk k
w xa y « rn , a q « rn , with « being sufficiently small. It is easy to seek 0 k k 0 k 0

Ž .that 2.1 still holds.
Ž .If we regard the left-hand side of 1.7 as a normalized Kaplan]Meier

process, then W may be viewed as a Studentized Kaplan]Meier process.n
Thus our counterexample reveals that the Studentized Kaplan]Meier process
does not in general converge on the whole interval, even though the normal-
ized process does.
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