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OPTIMUM ROBUST TESTING IN LINEAR MODELS

BY CHRISTINE MULLER
Georg-August-University of Gottingen

Robust tests for linear models are derived via Wald-type tests that
are based on asymptotically linear estimators. For a robustness criterion,
the maximum asymptotic bias of the level of the test for distributions in
a shrinking contamination neighborhood is used. By also regarding the
asymptotic power of the test, admissible robust tests and most-efficient
robust tests are derived. For the greatest efficiency, the determinant of the
covariance matrix of the underlying estimator is minimized. Also, most-
robust tests are derived. It is shown that at the classical D-optimal designs,
the most-robust tests and the most-efficient robust tests have a very simple
form. Moreover, the D-optimal designs provide the highest robustness and
the highest efficiency under robustness constraints across all designs. So,
D-optimal designs are also the optimal designs for robust testing. Two
examples are considered for which the most-robust tests and the most-
efficient robust tests are given.

1. Introduction. A general linear model
(1.1) Yy=A(dN)B+Zy

is considered, where Y = (Y n, ..., Y nn) is the vector of real-valued ob-
servations, Zy = (Z1y,--., Zyy) the vector of error variables, B8 € R" an
unknown parameter vector, dy = (¢1y,...,tny) € 7V the vector of known
experimental conditions, that is, the design, A(dy) = (a(t1x), ..., a(tyn)) €
RY*" the design matrix and a: 7 — R’ the vector of known “regression”
functions. Realizations of the N-dimensional random vectors Y ,; and Z  are
denoted by yx = (y1n55---> ¥yn) and zy = (21y, - - -» 2nn)’, respectively. For
this linear model, a hypothesis of the general form H: LB = [ should be tested
against the alternative Hy: LB # [, where [l € R® and L € R**" is of rank s. For
these hypotheses, it is known that the classical F-tests are very sensitive to
outliers and to other deviations from normality. Therefore other tests, which
are robust against these violations of the model assumptions, should be used.

For testing a hypothesis of the form H,: 8 = 0 or Hy: B; = 0, where
B1 is a subvector of B, there exist several attempts to derive tests that
are robust against outliers. Many such tests were derived by transferring
the robustness criteria for estimators to the tests. See, for example, Ham-
pel, Ronchetti, Rousseeuw and Stahel (1986), Staudte and Sheather (1990),
Markatou and Hettmansperger (1990), Akritas (1991), Markatou, Stahel and
Ronchetti (1991), Silvapulle (1992a, b), Coakley and Hettmansperger (1992,
1994), Rieder (1994), Markatou and He (1994), Heritier and Ronchetti (1994),
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Markatou and Manos (1996). Up to now, only Ronchetti (1982) and Rieder
(1994), Section 5.4, considered the question of how to derive robust tests to
be as efficient as possible. Ronchetti (1982) derived most-efficient robust tests
within the class of 7-tests. These 7-tests have a complicated asymptotic dis-
tribution, and so only an implicit characterization of the tests is possible. See
also Chapter 7 of Hampel, Ronchetti, Rousseeuw and Stahel (1986). Rieder
(1994) defined most-efficient robust tests within the Wald-type tests that are
based on asymptotically linear estimators of 8. However, a representation
of the tests that can be used in practice was not given. Moreover, an open
problem is how to derive most-robust tests, that is, tests with maximum
robustness.

The purpose of this paper is to characterize explicitly most-efficient robust
tests and most-robust tests in order that they can easily be used in practice.
To do this, we use Wald-type tests that are based on asymptotically linear es-
timators for LB. For a robustness concept, we make use of the concept already
proposed in Miiller (1992a, c), which is similar to that of Rieder (1994). This
concept expresses robustness in terms of the asymptotic bias of the level of the
test for distributions in a shrinking contamination neighborhood. This robust-
ness concept is closely related to that of Heritier and Ronchetti (1994), which
is based on the influence function of the test statistic. However, Heritier and
Ronchetti need the strong assumption that the test statistic is Fréchet differ-
entiable. This excludes important tests such as the most-robust tests covered
here.

Using either our robustness concept or that of Heritier and Ronchetti to
derive most-efficient robust tests and most-robust tests leads to optimization
problems for influence functions. In these optimization problems, the efficiency
criterion and the robustness criterion are not convex functions of the influence
function. This differs from robust estimation, where, for every design, methods
of convex analysis can be used to characterize most-efficient robust estimators
and most-robust estimators [see Hampel (1978), Krasker (1980), Bickel (1981,
1984), Rieder (1985, 1987, 1994), Kurotschka and Miiller (1992)]. Although
convex analysis can not be applied to the Wald-type tests considered here,
optimal tests can still be derived. To do this, we combine the efficiency of the
test with the efficiency of the design.

The paper is organized as follows. In Section 2, the Wald-type tests based
on asymptotically linear estimators, called ALE-tests, are defined and their
asymptotic behavior in contaminated linear models is investigated. From this
asymptotic behavior, the robustness measure and the efficiency measure for
ALE-tests are derived in Section 3. In Section 4, the most-robust tests and
their corresponding designs are given. In particular, it is shown that the clas-
sical D-optimal designs provide the highest robustness. In Section 5, most-
efficient tests and designs are derived under robustness constraints. At first,
admissible tests are characterized by generalizing a result of Krasker and
Welsch (1982). Then most-efficient robust tests are derived by reducing the
power (the efficiency) of the test to the determinant of the asymptotic covari-
ance matrix of the underlying estimator. It turns out that for most-efficient



1128 C. MULLER

robust tests, the D-optimal designs are again optimal. In Section 6, two ex-
amples are given that show the applicability of the results for models with
qualitative factors and for models with quantitative factors. In the first ex-
ample, optimal robust tests for testing the equality of the effects in a one-way
lay-out model are presented. The second example deals with a testing problem
in the quadratic regression model. All proofs are given in Section 7.

2. Definition and asymptotic behavior of ALE-tests. Recall that the
test statistic of the classical F-test for testing Hy: LB = [ in the model (1.1) is

Tks(ym dy) = N(@%vs(ym dy) - l)/Cﬁ,S(yN, dN)_l(Ga‘szs(yN, dy)—1),

where gﬁf\,s is the Gauss—Markov estimator for ¢(8) = LB and CkS(yy, dy)
converges in probability to the asymptotic covariance matrix of the Gauss—
Markov estimator [see, e.g., Christensen (1987), page 40 ff.]. This test
statistic can be generalized by replacing the Gauss—Markov estimator gBZLVS
by an asymptotically linear estimator. Many well-known estimators such as
R-estimators, M-estimators and one-step M-estimators are asymptotically
linear. Moreover, they are usually asymptotically linear for contiguous alter-
natives of H,: L = [, that is, for alternatives of the form gy = g8+ N~1/28
with LB = [. To define the asymptotic linearity of an estimator for contiguous
alternatives, we assume that the sequence of designs (dy)yey converges to
an asymptotic design measure & with finite support in the following sense:

1 N
lim — 2 e, ({t}) = 6({t})

Nooo N
n=

for all ¢ € supp(d), where supp(8) is the support of 6 and e, is the Dirac
measure on ¢ € 7. The measure 6 is also called a design. Moreover, we assume
that the error variables Zy,..., Zyy have unknown variance o2 so that
Z1in/0Os ..., Zyy/o are independent and identically distributed according to
a symmetric distribution P = PZ%.8/? with mean 0, variance 1, and bounded
Lebesgue density f(z). Here Pév denotes the distribution of Y .

DEFINITION 2.1. An estimator ¢, for ¢(B8) = LB is asymptotically linear
for contiguous alternatives of H,: LB = [ with influence function ¢ if ¢: R x
7 — R® satisfies the conditions

2.1) / W(z, t)P(dz) =0 forallte .7,
(2.2) / W(z, t)a(t) zP(dz) 8(dt) = L,

(2.3) / (2, £)|2P(dz) 8(dt) < oo,
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and

¢(yn>dn) —e(Bn)

N _ ’
_%rlzl(!,(ynN aitnN) ’BNstnN> >8}>=0

foralle > 0,0 cR" and By =B+ N/28 with B, B e R” and LB = L.

lim P]BVN<{yN eRV; VN
(2.4)

For example, one-step M-estimators for L 8 are asymptotically linear. These
estimators generalize the M-estimators and have the form

on(yn.dy) = LB?\J(&’N, dy)

+ 1 % ¢<ynN — a(tuy) By (yns dy)
Nn_l an(yn,>dy)

) tnN)&N(er dy)s

where B?\, is an initial estimator for B. In particular, (2.4) holds for one-step
M -estimators if the score functions iy satisfy condition (2.2), (2.3) and

U(z,t)=1o(z, t) + h(t) sgn(z), where, for all £ € T, (-, ¢) is
antisymmetric, continuous and there exists A;(%),..., A, (%)
so that (-, ¢) has bounded and continuous derivatives on

R\ A{A1(8), ..., A0 (0)}.
This can be seen by considering the results of Miiller (1994b), who shows (2.4)
for By = B, that is, B = 0. Miiller’s proof, however, provides that (2.4) also
holds for all By = B+ N~-1/28 if P.]BVN is contiguous to P}. This, for example,
is the case for the normal distribution P = n(y ;). Hence, for the rest of the

(2.5)

paper we will assume that PNN is contiguous to PY.

We frequently have ¢ of the form ¢(z,t) = Ma(t)p(z, t), where M € R*"
and p: R x 7 — R. In this case, (2.5) concerns only p. In particular, this is the
case for M-estimators for 8, where L = E, , (E,,, denotes the identity ma-
trix) and M~ = [a(t)a(t) p(z, t)zP(dz) 6(dt). Note that score functions p sat-
isfying (2.5) can be discontinuous and thus the corresponding M -functionals
are not Fréchet differentiable.

The asymptotic covariance matrix of an asymptotically linear estimator is
a?C(, 8), where

C(y, 8) = / W(z, (2, t) P(dz) 8(dt).

Hence, in addition to the Gauss—Markov estimator, the matrix C@S in the F-
test statistic should be replaced by o2C (s, 8) or by any C: RY x 7N — RS*¢
such that C (Y y,dy) converges in probability to ¢2C(y, 8). The resulting
generalized F-test statistic for testing H,: L3 = [ is then of Wald-type [cf. Wald
(1943), Markatou, Stahel and Ronchetti (1991), Silvapulle (1992a), Heritier
and Ronchetti (1994)]. Such tests are called ALE-tests and their corresponding
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test statistics are called ALE-test statistics because they are based on asymp-
totically (A) linear (L) estimators (E) [cf. Rieder (1994), page 153]. For testing
subparameters, that is, hypotheses of the form H: (0,,,_, | E,.;)B = 0, Wald-
type tests and thus ALE-tests are asymptotically equivalent to the score-type
tests [see Heritier and Ronchetti (1994), Markatou and Manos (1996)].

DEFINITION 2.2. A test statistic 7y: RY x 7V — R is called an ALE-test
statistic with influence function ¢ for testing H,: LB = [ if

(N, dy) = N(én(yn,dy) — l)/CN(yNa dN)_l@N(yN, dy)—1),

where ¢, is asymptotically linear for contiguous alternatives of Hy,: LB =
! with influence function ¢ and limy_ . Cy = 0?C(¢, 8) in probability for
(P]BV)NGN with LB = [. A test based on an ALE-test statistic is called an
ALE-test.

To derive the robustness and efficiency properties of ALE-tests, we study
the asymptotic behavior of ALE-test statistics in contaminated linear models,
where the contamination models the occurence of outliers. In contaminated
linear models, the errors Z,y/0, ..., Z yy/o are independent but distributed
according to a contaminated distribution of the form

Q.n(dz) == P#w/7(dz)
= (1= N V2s0(t, ) P(d2) + N~ V2sc(t, ) (2, L) P(d2),
where ¢ > 0, ¢(¢) > 0, g(z,¢) > 0, [ c(¢)6(dt) <1 and [ g(z,t)P(dz) =1 for

all t € 7 and z € R [compare with Bickel (1981, 1984) and Rieder (1985, 1987,

1994)]. The set of all sequences (QF, ,)yen = (@Y )yen = (RN, Q.n)Nen
defines the shrinking contamination neighborhood %, around the ideal (cen-

tral) model (PY)y.y. If @V is the distribution of Z , then Qfgv denotes the
distribution of Y 5. To derive power properties, we regard not only fixed B
with LB = [ but also sequences (B, )ycy Of contiguous alternatives.

THEOREM 2.1. If 7)y is an ALE-test statistic for testing H,: LB = | with in-
fluence function i, then Ty has an asymptotic chi-squared distribution, that is,

A (rnlQY,) — x*(s, [y + ob(w, (@ )wer) | [ C(w, 5)]
x [y + b, (@V)yer)])  as N — o

for all (QN)yeny = (QY . Inen € %, and all By = B+ N7V2B € R” with
LBy =1+ N~Y2y, where

b(s (QYe ) yew) = [ (2, D)e()g(z, 1) P(dz) 8(dt)
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and x?(s, \) is the chi-squared distribution with s degrees of freedom and
noncentrality parameter A.

3. Efficiency and robustness of ALE-tests. Because b(¢/, (@Y )yey) =
0 if (@) neny = (PY)yen, Theorem 2.1 provides the asymptotic level and the
asymptotic power for ideal distributions PN. In particular, the rejection set
should be chosen to be (x}_, ; o, 00) in order to obtain an asymptotic a-level
test for the ideal distribution. Here X%—a, 5.0 refers to the (1—a)-quantile of the
chi-squared distribution y2(s, 0). The asymptotic power for contiguous ideal
alternatives (P} )yey with LBy =1+ N~Y2y # L is thus given by

. N 2 2 2
(3.1) 1\1,1_{20 Pg, (tw > X1-a, s,O) =1-2 y’[O'ZC(l//,B)]—ly(Xl—a, s, 0)s

where Z; , is the distribution function of the chi-squared distribution y2(s, A).
We will regard this asymptotic power (3.1) as a measure for the efficiency of
an ALE-test. This power is maximized when y'[¢?C(¢, §)] 'y is maximized
for all y € R®.

As a measure for the robustness of an ALE-test, we regard its maximum
bias of the asymptotic level for contaminated distributions Qf;v with LB =1,
that is,

b.(9) == max| lim (@} (v > X}s,00) = @) (QV)wen € %,

and B € R” with LB = l].

The bias b,(i) is bounded if and only if 'C(, 8)~ ¢ is bounded. This is
shown in the following theorem.

THEOREM 3.1. For an ALE-test for testing H,: LB = [l with influence func-
tion i, the following inequalities are equivalent:

(i) bo(¥) =1 =224 (X1_a5,0) — @

(ii) W C(, &) "ulls < b,
where [|¢/'C(, 8) ™'l := MaX(, )erxsupp(s) ¥(2: 1) C(W, ) 1(2, t).

Theorem 3.1 shows that the asymptotic bias of a test based on a M-
estimator for B is bounded if the self-standardized gross-error-sensitivity of
the M-estimator is bounded [for the definition of the self-standardized gross-
error-sensitivity see Krasker and Welsch (1982), Ronchetti and Rousseeuw
(1985), Hampel, Ronchetti, Rousseeuw and Stahel (1986)]. This result corre-
sponds to a result of Heritier and Ronchetti (1994), who derived the robustness
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of tests via influence functions by assuming Fréchet differentiability of the
test statistic.

In Sections 4 and 5, we consider the problem of deriving tests and designs
which maximize the asymptotic power and minimize the maximum asymp-
totic bias. This problem results in optimization problems within the set of
influence functions because the maximum asymptotic bias of the level and
the asymptotic power depend on the ALE-test only via its influence function.
The influence functions are typically of the form (z,¢) = Ma(¢)p(z,t) (see
Section 2). Therefore, we will look at optimization problems for

W*(5, L) :={¢y: R x J — R°; ¢ satisfies conditions (2.1)~(2.3) and
U(z,t) = Ma(t)p(z, t) for all (z,¢) € R x I for some
M e R™" and p: R x  — R}.

It is not clear if every ¢ lying in ¥*(8, L) is the influence function of an ALE-
test. But if we find an optimal solution ¢, in ¥*(8, L) which satisfies the
conditions (2.2),(2.3) and (2.5), then we know from the remarks above that
a one-step M-estimator with score function ¢, is asymptotically linear with
influence function ¢; that is, ¢, is also an influence function of an ALE-test.
We will see that this is always the case.

In order to find the optimal design, we will regard the set of all designs,
such that the linear aspect ¢(8) = LB is identifiable; that is,

A(L) :={8; there exists K € R with L = K 1(8)}.

We will occasionally consider the set of designs with fixed support 2 Cc 7 as
well; that is,

A, :={8; supp(8) = Z}.

4. Most-robust tests and designs. In Theorem 3.1, it was shown that
the asymptotic bias of the level of an « level ALE-test for testing Hy,: LB =1
is a strictly increasing function of ||s'C(¢, 8)'¢||s, so that most-robust tests
and designs should minimize ||y'C(y, §)~1¢/||5. Thereby, let

b (8, L) := min|{|¢/C(y, 8) 'y

5 e ¥ (5, L)}
be the minimum asymptotic bias for testing LB at é.

DEFINITION 4.1. (a) An ALE-test with influence function ¢ is most-robust
for testing LB at 6 € A(L) if

Yo € argmin{||¢'C(y, 8) 'y ¥ € ¥¥(8, L)}
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(b) A design §, is most-robust for testing LB in A C A(L) if
8y € argmin{b] (8, L); 8 € A}.

Note that the optimization criterion ||'C(#, §)1¢||5 is not convex in ¢, but
it is invariant with respect to nonsingular transformations of LS.

The following theorem shows that the highest robustness is achieved at the
classical D-optimal designs. Recall that the classical D-optimal design is a
design for which the determinant of the covariance matrix of the nonrobust
Gauss—Markov estimator and the volume of the ellipsoid given by a fixed
power value of the nonrobust F-test are minimized. When we generalize the
designs dp to design measures §, this means that a design &5 is D-optimal
for LB in a set A of designs if and only if

8p € argmin{det(LI(8)"L'); 6 € A},

where det(M) is the determinant of a matrix M, M~ is the g-inverse of a
matrix M; that is, MM~ M = M, and I(8) := [ a(¢)a(¢)'8(d¢) is the informa-
tion matrix of the design & [see, e.g., Pazman (1986), page 100 or Pukelsheim
(1993), page 135].

THEOREM 4.1. (i) We have bl (8, L) > s for all § € A(L).

(ii) If 8p is D-optimal for LB in A, C A(L), then b} (8p, L) = s; that
is, 6p Is most-robust for testing LB in A(L), and iy, given by Yo1(2, t) :=
LI(é6p) a(?) sgn(z)\/w_/Z is the influence function of a most-robust ALE-test
for testing LB at ép.

Note that ¢y; is the influence function of the L; estimator and that the
M-functional of this estimator is not Fréchet differentiable. Hence #; cannot
be treated using the approach of Heritier and Ronchetti (1994).

Theorem 4.1 holds also for designs which are D-optimal in a modified model.
In this case, we define for a function 4: .7 — R™ \ {0}

a,(t) == h(t)la(t), Lj, := LJ; 1,(5),

where

J, ::/ah(t)a(t)/é(dt), 1,(8) ::fah(t)ah(t)' 8(dt).

COROLLARY 4.2.  If there exists some function h:  — RT \ {0} so that
8 is D-optimal in Agypyisy C A(L) for ¢,(B) = LB in the modified model
Y,(¢) = a,(t) B+ Z, then bl (8, L) = s; that is, 8 is most-robust for testing L3
in A(L), and i given by §1o(z, t) = L,1,(8)"a,(t)sgn(z)y/m/2 is the influence
function of a most-robust ALE-test for testing L at 6.

Note that Theorem 4.1 and Corollary 4.2 are analogous to Lemma 1(a)
in Miiller (1994a) and Theorem 2 in Miiller (1992b), respectively, which show
that for estimation, the minimum bias is attained at A-optimal designs. Using
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h(t) = |a(t)|, Theorem 4.1(i) and Corollary 4.2 yield Theorem 2’ of Ronchetti
and Rousseeuw (1985) [or Proposition 1(ii) in Hampel, Ronchetti, Rousseeuw
and Stahel (1986), page 318] which concerns estimators with minimum self-
standardized gross-error-sensitivity.

5. Most-efficient robust tests and designs. A good test should not only
have a small bias of the level but also a high efficiency, that is, a high power at
least for the ideal model. Because small bias and high power are contrary prop-
erties, we use the usual approach of maximizing the power at the ideal model
under the side condition that the bias is bounded by some bias bound. Because
the asymptotic power at the ideal model and the maximum asymptotic bias
of an ALE-test are given by y'C(#, §)'y with y € R® and ||'C(¢, 8) 1|5,
respectively, we will maximize y'C(s, 8)~!y for all y € R® under the side con-
dition that ||s'C(y, 8) " ¢l5 < b. If we have no bias bound, that is, b = oo,
then the influence function of the Gauss—Markov estimator, that is, ¢, given
by Yz, t) := LI(8)~a(t)z, maximizes y'C(#, §)~ 1y within ¥*(8, L) for all
v € R®. But for b < oo, it is not possible in general to find an influence func-
tion which maximizes y'C(i, §)"'y uniformly for all y € R¥, that is, which
minimizes C(, 6) in the positive-semidefinite sense. We can characterize ad-
missible solutions, but in order to find optimal solutions, we have to consider
a real-valued function of C(y, 8). For this real-valued function, we will use
the determinant, since the minimization of det(C(¢, §)) is invariant with re-
spect to nonsingular transformations of the linear aspect ¢(B8) = LB. Then,
det(C (¢, 8)) is not convex in . However, the side condition is not convex in
as well. Therefore, the optimization results from convex analysis are not appli-
cable in any case. As in classical design theory, the solutions which minimize
det(C (¢, 8)) are called “D-optimal.”

DEFINITION 5.1. (a) An ALE-test with influence function #; ; is admis-
sible for testing LB at & with bias bound b if [|¢;, sC( 5, ) My slls < b
and C(y,8) = C(¢y, 5, 8) for all ¢ € ¥*(5, L) with ||¢/C(¢, 8)'¢||s < b and

C(¥, 8) = C(yy, 5, 9).
(b) An ALE-test with influence function ¢, ;5 is D-optimal for testing L3
at 6 with bias bound b if

5 € argmin {det(C(y, 8)): ¢ € ¥*(8, L) with |¢'C(s, 8) 'y, < b}.
(c) A design 6, is D-optimal in A for testing LB with bias bound b if
8, € argmin{min{det(C(¢, 8)); ¢ € ¥*(5, L)
with [|¢/'C(¢, 8) gl <b }; 8 €A}
In deriving admissible and D-optimal tests, we will assume that the ideal
distribution P is the standard normal distribution, that is, P = n ). The
distribution function of n_ ;) will be denoted by ®.

We first characterize the influence function of an admissible ALE-test by
generalizing a result of Krasker and Welsch (1982) concerning admissible
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estimators for estimating B8 with a self-standardized gross-error-sensitivity
bounded by b. For this we use the following matrices:

My(B) = / a(t)a(t) [2@(%) - 1} 5(dt),

Qu(B) = | a(t)a(t)’g(%) a(d),

M, o(B) = / a(t)a(ty \/2/77 8(dt),

[Ba
2
@.0(B) = [ a0 (pu B“(iﬂ) ().

THEOREM 5.1. Let 6 € A(L), B, € R*" and

- o N
(5.1) Wy, 5(2,t) := LM y(By) a(t) m1n{|z|, m} sgn(z),
where
(5.2) a(t) B,Bya(t) = a(t)/Mb(Bb)iL,[LMb(Bb)iQb(Bb)Mb(Bb)iL/]il
' x LMy(By)"a(t) for all t € supp(d)
or
(5.3) Uy, 5(2, 1) == LM, o(By)~alt )|B\/E(t)|sgn(2),
where
a(t) By Bya(t)
(5.4) = a(t)/Mb,O(Bb)_L/[LMb,O(Bb)_Qb,O(Bb)Mb,O(Bb)_L/]71

x LMy o(Bp) a(t) for all t € supp(9).
Then the ALE-test with influence function s, 5 is admissible for testing LB at
8 with bias bound b.

Theorem 5.1 can be used to show that at a D-optimal design 65, the influ-
ence functions of admissible ALE-tests for testing LB with bias bound b have
a very simple form. These influence functions are given by

LI(8p) a(t)sgn(z)y/7/2, for b = s,

(5.5) iy 5,(2,t) = _ min{|z|, vy}
LI(6p) a(?) sgn(z)W,

where

(5.6) %=— (Vby,) >



1136 C. MULLER
with
g(y) = [min{|zl, y}* P(dz).

This is stated in the following lemma. This lemma is analogous to Lemma
1(b) in Miiller (1994a), which shows that for estimation with bias bound at
A-optimal designs, the influence functions of A-optimal A L-estimators have
a simple form. Thereby, instead of a formula for the trace of the asymptotic
covariance matrix, we have a simple formula for the asymptotic covariance
matrix of the underlying A L-estimator. For this purpose, we define W: (0, co) x
(0,00) = R by W(c, y) = g(y)/c — y* and w: (0,1) — (0, 00) implicitely by
W (e, w(c)) = 0. Note that y, of (5.6) satisfies y, = (1/v/b)w(s/b). Set also

(20(@(c)) — 1)
o - o ’

— for c =1.
a

forec < 1,

Note also that a solution of (5.6) always exists and can be easily calculated.
This is because the function @: (0, c0) — (0, 00) given by @(y) = g(y)/c — y?
for ¢ > 0 has at most one positive root which exists if and only if ¢ < 1.
The root lies in S := {y € [0, 00); 2®(—y) < c}, where @ is concave on S.
Hence, the root can be calculated by Newton’s method starting with an interior
point of S.

LEMMA 5.2. If 6p is D-optimal for LB in A, C A(L) and b > s, then the
ALE-test with influence function s, 5 given by (5.5) is admissible for testing
LB with bias bound b at 8 and its asymptotic covariance matrix satisfies

C 6p)=—-—-LI(8p) L'
(wb,5D7 D) E(S/b) ( D)
If a(ry),...,a(r;) are linearly independent and &6 is not D-optimal in
Agupp(s)> then we have a modification of Lemma 5.2 which gives at least a lower

bound for the asymptotic covariance matrix. For  with (2, t) = Ma(¢)p(z, t),
set

(f p(z, t)zP(dz))2
T oz 0P P(dz)

v,(t) ==
and

5,({t}) =

LreaV (17)5({7}) 0p(D)2(L1}).

LEMMA 5.3. Ifé e Ay, C A(L), Z ={ry,...,71}, a(7q), ..., a(r}) are lin-
early independent and € V*(8, L) with |¢/C(¢, 8) |5 < b and ¢(z,t) =
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Ma(t)p(z, t), then

1 -7/
C(y,8) > le(ap) L.

Using Lemmas 5.2 and 5.3, we can show that at a D-optimal design 6, we
have D-optimality of an ALE-test with influence function i, ;5 given by (5.5).
Moreover, the D-optimal design is also D-optimal for testing with bias bound
bin A, . Furthermore, this holds not only within A, with linearly independent
regressors but also for any D-optimal design within designs of A(L) with finite
support. Therefore, we have a theorem which is analogous to the theorem in
Miiller (1994a), which shows that the A-optimal designs are also optimal for
robust estimation.

THEOREM 5.4. If Ay = {8 € A(L);supp(6) is finite}, b > s and 8y is D-
optimal for LB in Ay, then 8y is D-optimal in A, for testing LB with bias bound
b and an ALE-test with influence function s, 5 given by (5.5) is asymptotically
D-optimal for testing LB at &5 with bias bound b.

6. Examples.

EXAMPLE 6.1 (One-way layout). In a one-way layout model with four lev-
els, the observation at ¢,y = i is given by

Y, n=B8i+Z,y=a(t,n)B+Z.n
forn=1,..., N, where
B = (B1, B2, B3, Bs) € RY,
a(t) = (11(2), 15(2), 15(2), 14(¢)) € R*
and
T =1{1,2,3,4).

The hypothesis Hy: LB := (B3 — B1, Bs — B1, B4 — B1) = 0, or equivalently

Hy: By = By = B3 = By, versus Hy: LB = (By — B1,Bs — B1, Bs — B1) # 0 is
usually tested in this model. The D-optimal design for L3 in A(L) is, according
to Lemma 7.1,

6D = %(91 +€2 +e3 +e4).

According to Theorem 4.1, this design 8 is most-robust for testing H,: LB =
0, that is,

b (8p. L) =3 =min{b{ (8, L); 5 € A(L)},
and the influence function of a most-robust ALE-test at 6, has the form
(-1, -1, —1) sgn(2) 4,/7/2, for ¢ =1,

6.1 s 1) = 9
D Y0 (15(£), 15(t), 14(t)) sgn(z) 4y/m/2, for ¢ # 1.
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According to Theorem 5.4, for every b > bg (6p, L) = 3, the D-optimal design
8p is also D-optimal for testing with bias bound b, where the influence function
of a D-optimal ALE-test for testing at 6, with bias bound b is given by (5.5).
For b = bl(8p, L) = 3, it coincides with #,; given by (6.1), and for b >
bl(8p, L) = 3, it has the form

min{|2], vBvs}

20(v/buy) — 1

min{|z|, \/va}

20(Vbvy) —1°

with v? = (1/3) g(vbv,) > 0; that is, v, = (1/v/b)w (3/b). For example, for
b = 4 we have v, = 0.240.

(-1,-1,-1) sgn(2)4 fort=1,
ll/b,aD(Z’ t) =

(12)(2), 13)(2), 1141(?)) sgn(z) 4 for ¢ # 1,

EXAMPLE 6.2 (Quadratic regression). In a quadratic regression model, the

observation at ¢, is given by
YnN = 30 + BltnN + B2t?1,N + ZnN = a(tnN)/B + ZnN
for n = 1,..., N, where B = (B, B1,B2) € R? and a(t) = (1,¢,¢2) e R3.
Assume that = [0, 1] and that the interesting aspect is LB := (By, B1 +
Bs) € RZ. In particular, testing the hypothesis Hy: LB = (I;,0) means that
we test the hypothesis that the quadratic function is symmetric on [0, 1] and
is equal to /; at the end points ¢ = 0 and ¢t = 1. The D-optimal design for Lg3
in A, with 2 = {0, 1} is, according to Lemma 7.1,
6D = %(@0 + 91)-
Hence, according to Theorem 4.1, & is most-robust for testing Hy,: LB =0 in
A(L) with
b3 (8p, L) =2 =min{b (5, L); 8 € A(L)},
and the influence function of a most-robust ALE-test at 6 has the form
(1, -1) sgn(z)2y/m/2, fort=0,

(6.2) boi(z, t) = -
(0, 1) sgn(z) 2,/ 7/2, for ¢t = 1.

According to Theorem 5.4, for every b > bg (6p, L) = 2, the D-optimal design
8 p is also D-optimal for testing with bias bound b, where the influence function
of a D-optimal ALE-test statistic for testing at 6, with bias bound b is given
by (5.5). For b = bl (8p, L) = 2, this influence function coincides with i,
given by (6.2), and for b > bl'(5p, L) = 2, it has the form
min{|z|, V5 v,}
20(Vbuy) — 1
min{|z|, \/E Ub}
20(vbv,) —1

(1, —1) sgn(z) 2 for t =0,
ll’b,éD(Z’ t) =

(0,1) sgn(z)2 for t =1,
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with v? = (1/2)g(v/bv,) > 0, that is, v, = (1/vb)w(2/b). For example, for
b =3 we have v, = 0.377.

7. Proofs.

ProOF OF THEOREM 2.1. Consider the following part of 7y:
VNCY(en —1) = VNCY*(éx — 0(B)) + Cx'?y.

Because (PIBVN) Nen 18 contiguous to (PfgV )nen, the covariance estimator
Cy converges to o2C(i, 8) in probability (Pfng) ~Nen- Thus, because ¢y is
weakly asymptotically linear for contiguous alternatives, the distribution
Z (VN C;/ 2(¢> N —o(B N))|Pf3vN) behaves asymptotically like

N ’
j<N1/2[0'2C(1p, Sy O_lp<ynN —a(t,n) BN, tnN)‘P]BVN>

n=1 o

N
_ J(NW S C(, ) Y2z, tnm'PN).

n=1
The third lemma of LeCam [see Hajek and Siddk (1967), page 208] states
that Z(N"Y2YN C(y, 8) 24 (z,5 tan)|@Y) is asymptotically normally
distributed with mean C(i, 8)~V2b(i, (") yon) and covariance matrix E .,
and in particular, that (@")ycy is contiguous to (PY)yy for all (@Y )yey €

% .. Then (QS’N) ~Nen 18 also contiguous to (PéVN) ~en Such that C;\,l/ 2y converges
to [2C(, 8)]"/2y in probability for (@5 )nen, and

2 (VN[e*C(w, )] ey - )|QY,)

is asymptotically normally distributed with mean [c2C(y, 8)]"Y2(y + ob(¥,
(@™)noy) and covariance matrix E,, .. O

PROOF OF THEOREM 3.1. From Theorem 2.1 and the fact that Z; ,(k) is
decreasing in b for all £ > 0 we get at once that (i) is equivalent to

max{b(, (Q")yew) C(¥, 8)1b(¥, (@Y ) yen);
(QY)New € %, } <b.

The equivalence of (7.1) and (ii) follows from the results in Rieder (1985, 1994)
and Kurotschka and Miiller (1992) concerning the maximum asymptotic bias
of asymptotically linear estimators in shrinking contamination neighborhoods
by interpreting the function C(#, §)"/2y as influence function. O

(7.1)

To derive the assertions for D-optimal designs, we need a modification of the
equivalence theorem for D-optimality of Kiefer and Wolfowitz (1960), which
was shown in Miiller [(1997), page 15].
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LEMMA 7.1. Let A, C A(L). Then &y is D-optimal for LB in A, if and
only if

a(t)1(8p) L'[LI(6p) L' 'LI(8) a(t)=s forallte 9.

PROOF OF THEOREM 4.1. Assertion (i) follows from a straightforward gen-
eralization of the proof of Theorem 2’ in Ronchetti and Rousseeuw (1985) [or
Proposition 1(ii) in Hampel et al. (1986), page 318], and assertion (ii) follows
from using Lemma 7.1. O

PROOF OF THEOREM 5.1. Because L = KM,(B,) and L = KoM, ((B,) for
some K, K, € R*, it is easy to see that ¢, 5 is an element of ¥*(8, L) with
[y, sC(bp, 5 8) 'y 5lls < b. In order to show the admissibility of i 5, the
proof of Krasker and Welsch (1982) is generalized.

At first assume

JB
Bya(0) } sgn(2).

Set V = LMb(Bb)in(Bb)Mb(Bb)iL/, Q = Vﬁl/zLMb(Bb)i, D = V71/2L
and (2, t) := V-1/2¢ 5. Because of (5.2), one obtains |B,a(t)| = |Qa(¢)| for
all ¢t € supp(8) and

Uo.5(2 1) = LMy(By) a(t) min{ 2,

52,0 = Qa(t)min] 2|, %} sen(2).

Because of [ ¢p(z, t)a(t)zP(dz)6(dt) = D, Theorem 1 in Kurotschka and
Muiller (1992) provides

(7.2) ¥ p € argmin{tr(C(y, 8)); ¥ € ¥*(5, D) with |4/ s < b}.
Assume that there exists ¢, € ¥*(8, L) with

(7.3) C(10,6) < C(,5, 9)
and
(7.4) | 46C (o, &) Mo 5 < b

Then [ V-12y(z, t)a(t)zP(dz) 8(dt) = V-Y2L = D and
V2 C (g, )VV2 < VV2C (4 5, 8) VT2 = E,,s
which, with (7.4), implies
[0V 22V 12y < VYRV RC(, )V )TV | <.
Hence, property (7.2) provides for V=24,
tr(V2C (g, 8)VY2) > tr(V-12C (¢ 5, 5) V2,

which is a contradiction of (7.3).
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For

P, 5(2, 1) := LM o(By) " a(?) sgn(z),

_Vo
|Bya(2)

the assertion follows as above. We have only to replace M,(B,) and Q,(B;)
by M o(Bp) and @ o(Bp). O

PRrROOF OF LEMMA 5.2. Set

_ 1
LI(5,)" L) Y2LI(6,) ——, forb>s,
(L1Gp) L) P LIop) =

b =

(LI(35) L) ?LI(sp), for b =s.
Then the equivalence theorem for D-optimality (Lemma 7.1) provides
|Bpa(t)] = 1/y;, for b > s and |Bya(t)| = /s for b = s for all t € Z so
that the admissibility of ¢, 5, follows from Theorem 5.1. Moreover, because

of /by, = W (s/b), we obtain for b > s,

1
C(¢y,5,,0p) = /llfb,a,)l/fb, 5, d(P ® 8p) = MLI(SD)_L/
and for b = s,
1
C(¥p,5,59p) =/ by, 5, b, 5, A(PRSp) = WLI(‘SDYL/- O

For s = 1, the admissible solution for a bias bound b is also universally
optimal for the bias bound b. In particular, we get the following corollary of
Theorem 5.1, which is useful in proving Lemma 5.3.

COROLLARY 7.2. If
sgn(z), for b=1,
oulz) = !sgn(z)min{|z|, Voyl, forb>1,
where y?> = g(v/by) > 0, then we have
[ po(20?P(dz) _ [ p(2)*P(dz)
(/ po(2)2P(d2))* ~ ([ p(2)zP(dz))’

for all p: R — R with max,z(p(2)%/[ p(y)>P(dy)) < b, [ p(z)P(dz) = 0 and
[ p(2)*P(dz) < oc.

ProOF. The assertion follows from Theorem 5.1 by setting a(¢) = 1 for all
t €  and L = 1 and by using B, = 1/y for b > 1 and B, # 0 arbitrarily
for b = 1 [see also Corollary 9.8 in Miiller (1995) or Corollary 8.2 in Miiller
(1997)]. O

LEMMA 7.3. ©U: (0,1] — R is decreasing and concave.
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PROOF. Define
- _(1 (1
w(b) := w<g> and u(d):= U(E) for b>1,

(y)=20(y) —1-2yP'(y) and h(y):=yP(—y)—-P'(y) foryeR,
and

w:=w(b) for a fixed b > 1.

Then g(y) = I(y) + 2y2®(~y), I(y) > 0 and A(y) < O for y > 0. Using the
implicit function theorem we get for fixed b > 1,

2y 8w
w'(b) = 2bi(w) 0.

This implies

—(2d(w) — 1)2h(w)
w >

(7.5) u'(b) = 0

and

' (b)2
w2

u'(b) = [A(w)l(w) — (20(w) — 1) wP(—w)] < 0.

In particular, we have

1
w l(w)

because f(y) := y®(—y)g(y) +4h(y)l(y) > 0 for y > 0. See also Lemma 12.7
in Miiller (1995) or Lemma A.11 in Miiller (1997). Because of (7.5) and (7.6)

we get
-, (1Y -1

—// 1 " 1 2 / 1
PROOF OF LEMMA 5.3. Set

A.‘] = (a(Tl)’ s a(TI))/7

M(p) = / a(t)a(t) p(z, t)zP(dz) §(dt),

(7.6) bu'(b) + 2u'(b) = [h(w)l(w)g(w) — (20(w) — 1) F(w)] < 0

and

Q(p) = [ a()a(t) p(z,1)*P(d2) 8(d2),

D := diag(8({r1}), ..., 8({r/})),
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Di(p) = diag( [ o(z.m)2P@2). ... [ plz. Tz)zP(dZ)),

Dy(p) = diag( [ oz, 7 P(d2). ... [ oz, Tz)zP(d2)>,

and

D, = diag(5,({r1}), ..., 6,({71})),
where diag(Aq,...,A;) is the diagonal matrix with diagonal elements
Ays...,A;. Because a(ry),...,a(7;) are linearly independent, we have

A,(A,BA,)" A, = B! for all regular B € R’*!. Note that if y € ¥*(5, L)
exists, then LB is identifiable at 6 so that L = KA, for some K ¢ R**!
[see Lemma 1 in Kurotschka and Miiller (1992)]. Then condition (2.2) in
the definition of € ¥*(8, L) provides ¢(z,t) = LM(p)~a(t)p(z,t) for all
(z,t) € R x 2. This implies

C(#, 8) = KD;(p) ' Da(p)Dy(p) *D'K’

(7.7) B 1 KD-K' — 1 LIG,) L
Yieg U (H)0({e}) ° Yteg U ()8({2}) SO
Moreover, for all ze Rand alli =1,..., 1, we have

b> (z,7,)C(P, 8) ' P(z, 7))

= bl 7 PuiDa(p) DK (T w,(00((0) ) [L13,) L) KDy(p) D
teg

__ pm) 1 - -

= Toly. 7 Py 5, (o) (IO H]H
7.)2 o ({7 -

- /p<§(i’.)£}(dy) aé{i)) a(7;) 1(3,)" L'[LI(3,)" L' " LI(3,) a(r,).

Setting

b. — bs({’TL})
Y8, ({mY)a(n) I(8,)"L'[LI(5,)L'] 'LI(5,)~a(r;)

we havefori =1,...,1,

p(z, Ti)2
max <b;
<k [ p(y, 7;)?P(dy) ~

so that Theorem 4.1(i) applied to the one-dimensional case provides b; > 1.
Defining

sgn(z), for b; =1,

PolZ, T; = -
oz 73) {sgn(z)min{|z|, Vbiyi}, forbd; >1,
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where ylz = g(\/ b;y;) > 0, we obtain according to Corollary 7.2,

7)< 00 (7) = ()

fori =1,..., 1. Note that \/b,y; = w(1/b;). Because according to Lemma 7.3
U is concave we therefore have

évp(ﬂ‘)ﬁ({ﬂ})
o
I
o3 5,00
(5t (i [L166,) L) 'LIG,) a(r)a(r) 16,)L'a, (7)) )

- v(% tr(Esxs)) - v(%).

Then (7.7) implies the assertion. O

A

@‘lp_a

)a(n)

~.

| /\

Il
<
O‘I -

PrOOF OF THEOREM 5.4. Consider any 6 € A with supp(8) = {r,..., 77}
and any ¢ € ¥*(§, L) with [|¢/C(, 8) 1|5 < b. If a(ry),...,a(r;) are not
linearly independent, then we can extend the regressors by d(¢) so that
a(ry), ..., a(ry) are linearly independent, where a(¢) = (a(¢)’, @(t)’)’. Then we
have ¢ € @*(S,Z) for some L, where L = (L, L) and ¥ (8, L) is defined for
the extended model given by Y = @(¢)'8+ Z. Denoting I(8) = [a(¢)a(t) 8(dt),
Lemma 5.3 provides

1 y — = —
det(C(y, 8)) = (5(%)) det(Z 1(5,) T

1y .
(7.8) > (v(s/b)) det(LI(5,) L)

1 s
> =——= ) det(LI(6p) L’
> (smy) det(Lion) L)
[see also Lemma A.15 in Miller (1987) for the property L Y(SP)*Z/ >
LI(5,)"L’]l. According to Lemma 5.2, the lower bound in (7.8) is attained by
an ALE-test with influence function i, 5 at 6p. O
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