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RISK BOUNDS IN ISOTONIC REGRESSION

BY CUN-HUI ZHANG
Rutgers University

Nonasymptotic risk bounds are provided for maximum likelihood-type
isotonic estimators of an unknown nondecreasing regression function, with
general average loss at design points. These bounds are optimal up to scale
constants, and they imply uniform n~l/ 3-consistency of the £, risk for
unknown regression functions of uniformly bounded variation, under mild
assumptions on the joint probability distribution of the data, with possibly
dependent observations.

1. Introduction. In this paper, we provide nonasymptotic risk bounds for
maximum likelihood-type isotonic estimators of an unknown nondecreasing
regression function, with general average loss at design points, for possibly
dependent observations.

In the simplest model under consideration here, the relationship between the
response variables y; and covariates ¢; is specified by

(1.1) vi= ft)+ e, 1 <i<n,

where ¢; are 1.i.d. errors with Eg; = 0 and E siz = 02, 1; are deterministic
design points and f(¢) is a nondecreasing regression function. The least squares
estimator (LSE) of the unknown f is a left-continuous step function fn with jumps
only at #;, defined by

n

(1.2) fn = argmin{Z(yi — f(t,-))2 i fis nondecreasing}.
i=1

Let V(f) be the total variation of f. In Sections 2 and 3, we develop uniform

upper bounds, in terms of (n, V(f), o), for the £, risk

1/p
1 & A~
(1.3) Rn,p<f>z(;ZElfnm)—f(n)V’) .
i=1

Our risk bounds are quite sharp. For 1 < p < 3, they imply the uniform cube-root
convergence with tight constants:

L1/3

(1.4) 0.64+0(1) < sup Ry ,(f) =M, +o(1),

o2/3y1/3 V(f)<v
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where M, depending on p only, are the constants in Theorem 2.3, for example,
M, <2.75.

The LSE (1.2) and related methods for estimating a monotone regression
or density function f(-) were proposed by Ayer, Brunk, Ewing, Reid and
Silverman (1955), van Eeden (1956) and Grenander (1956). The convergence of
nl/3{ fn (x0) — f(xo)} in distribution at a fixed xo was established by Prakasa Rao
(1969) and Brunk (1970). Groeneboom (1985) obtained asymptotic distributions
of the L loss and f,(xg) for the Grenander estimator. van de Geer (1990,
1993) obtained rates of convergence in probability for the LSE and median
regression estimators, including the n~!/3-consistency in probability of the £ loss
of (1.2) for independent errors with max; <, £ exp(bosiz) = 0(1) for some by > 0.
Donoho (1991) obtained n'/3 SUPy (fy<v R, 2(f) = O(1) for i.i.d. normal errors.
Birgé and Massart (1993) weakened Donoho’s assumption on i.i.d. errors to the
finiteness of some exponential moment. Wang (1996) considered nonasymptotic
bounds of R, 2(f) and the boundedness of (n/logn)l/3 SUPy (fy<v Ry 2(f) for
i.i.d. errors with finite second moment. Recently, Meyer and Woodroofe (2000)
obtained bounds for R,ZL’Z( f) for i.i.d. normal errors based on Stein’s (1981)
unbiased estimation of mean squared errors. For estimating monotone densities,
Birgé (1987, 1989) obtained nonasymptotic bounds for the L; risk of the
Grenander estimator which imply the n~!/3-consistency. For a general discussion
of statistical methods with order restrictions, see Barlow, Bartholomew, Bremner
and Brunk (1972), Grenander (1980), Robertson, Wright and Dykstra (1988) and
Groeneboom and Wellner (1992).

Our risk bounds are derived through an inequality for the number of terms
greater than {o2/m}P/? in the sum in (1.3). As a result, we use relatively
“light” probabilistic tools, for example, Doob’s inequality for martingales and
“good-A inequality,” instead of entropy-type arguments, as used, for example,
in van de Geer (1990). Our methods are applicable to general loss functions
and dependent observations and allow model misspecification for nonmonotone
regression functions. These extensions are given in Sections 4 and 5. In Sections 6—
8, we consider general isotonic estimators of the form

n

fu = arg max{Zqﬁi (F); yi): fis nondecreasing},
i=1

for example, log-likelihood ¢;(0; y) = log{g;(y|0)} for certain densities g;. To

simplify the notation, we assume throughout that ) <, <.-- <t,.Letx; =x V0

and x_ = (—x)+.

2. Risk bounds for the LSE. For p > 1, define

14 b4
. i—k €i
ryp(m,v) = max E<v+ min  max 2’7]‘) ,
ni<j<ny—m jst<j4mi<k<jl—k+1/4
¢ 14
. Zi:k&'
r—pimuv)= max E(—-v+ min max ————| ,
ni+m<j<np j<t<nj-m<k<jl—k—+1)_
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O<m<ny<n,m=0,1,2,...,v >0, and define
2.1 rp(m,v) =rpp n,(m,v) =ry p,(m,v) +r_ p(m,v).
THEOREM 2.1. Let fn be the LSE in (1.2) based on observations (v, t;),i =

1,...,n, from the regression model (1.1) with a nondecreasing f (t) and arbitrary
errors {€;}. Let p>1,0 <nj; <np <nandry(m,v) be as in (2.1). Then

QR A
— 2 Elfap—rapl’
(2.2) *j=nitl

*

= v/()<x<oo rp(L)CJ, U(LXJ))dHU <X; Ny, V?)

for all nonincreasing, nonnegative continuous functions v(x), where V, =
f(tny) — f(ty,41), s =no — ny, |x] is the integer part of x and Hy(x;n, V)
is a continuous increasing function of x with

Hy(x;n,V)=min[l, x{1+ V/v(x)}/n].

Theorem 2.1, proved in Section 3, imposes no assumption on the stochastic
structure of the errors {g;}. Since (2.1) depends only on moment-type properties of
the familiar partial-sum processes of the errors, £, risk bounds for the LSE can be
easily derived from (2.2); cf. (3.5) and (3.7) below. The risk bound in (2.2) can be
viewed as a weighted sum of r, (m, v(m)) with total weight H,(c0; ny, Vi /2) = 1;
that is, Elfn(tj) — f@)IP <rp(mj,v(m;j)) for certain m;, with the worst di-
stribution of {m;:n; < j < ny} being dominated by the discrete version of
H,(dx;ny, Vi/2). The power of (2.2) rests in its validity for all nonincreasing
functions v(-), for example, allowing optimization over a parametric family of such
functions. Moreover, (2.2) is localized since the bound for the interval {j:n; <
J <n3} depends only on the total variation of f in the interval [#,, 41, s, ].

In the rest of this section, we shall focus on independent errors with zero mean
and bounded variance. Since the order of r,(m, v) is VP + m~P/% in the i.i.d. case,
it is natural to consider v(m) = c/+/m + 1. We shall provide risk bounds for (1.3)
only, as their local versions can be generated from Theorem 2.1 in the same manner
with n — n, and V(f) — V.. Let

Jy(n, V)
= (x v 1)_p/2dmin[1,n_1 /Ox{1 +(3/2)Vtv l}dt]

O<x<o0

(2.3)

By calculus, J,(n, V) ~ n= I3 logn) =3} for fixed V > 0 and p > 1;
cf. (3.7) and Lemma A.1. Let rp 5, n, (m, v) be as in (2.1) and define

_ rpon(m,c/s/m+1)

K _{su
re= ot D

1/p
(2.4) } . p>le=0.
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For nonnegative random variables X, ¢ > 0 and 1 < p < 3, define

6E(c + X)P

1/p
W} y MP(X)E;I;g Mp’C(X).

25 M, (X)= {

THEOREM 2.2. (i) Let R, ,(f), J,(n,V) and K;;’C be as in (1.3), 2.3)
and (2.4), respectively, and let V () be the total variation of f. Then

26)  Rup(N) <if K} {1 VN/QNT pzL.

(ii) If &; are independent with Ee; =0 and E|¢; |PV2 < aﬁvz, p > 1, then

Ry p(f)
<27, inf[(e/2+ Cp) Tyl V() (o)} "]

<2Yrg,C min[l é{ & (V(f) )p/3+1/nd7x}l/p]
- pep 213 - p)s \no,Cp nJo (xv1)r? ’

where C, are constants depending on p only in general, and C), = V2 foriid. €;
with p <2.

(iii) If & are i.id. N(0,02) with o < op, then (2.7) holds with C,, =1 for
l1<p<2,andfor1 <p<3

2.7)

1% p/3 1 rn 1/p
(2.8) Rn,p(f)ngp(Zo){<£) +_/ (x\/l)—p/de}
no nJo
where Zoy ~ |N(0, 1)| and M, (X) is as in (2.5). In particular, M»(Zp) ~ 3.50.

For1 < p <2 with crl% =02=E 81.2, the statistical content of the right-hand side
of (2.7) is clear: (a) the lower bound a{fé’ (xv1)~P/2 dx/n}l/f’ is due to the spikes
of the LSE near the large jumps of f and the endpoints #; and ¢, [cf. (2.11)]; (b) the
upper bound o represents the minimax error for estimating f(#;) by y; for each i
when V (f) is of larger order than n and f (¢;) are widely spread; (c) between these
two extreme cases, o {V(f)/ (no)}'/3 provides the cube-root consistency of the
LSE when V (f) = O(1). None of these three factors can be removed from (2.7).
In this sense, (2.7) is sharp up to a scale constant, and the conditions cannot be
weakened.

For i.i.d. normal errors and p = 2, Meyer and Woodroofe (2000) proved that

R,Z,,z(f) < GZiDn < %Z[Ko{ V((Tf) +logn} +K1{@}Z/3n1/3],
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where D, ={1 < j < n:fn(tj) > fn(tj_l)}. Since D,, < n, their results imply
(2.7) up to a constant factor in this special case. The constants ,/ko and /k1,
comparable to our M>(Zp) ~ 3.50 in (2.8), were not explicitly given.

Next, we consider asymptotic bounds. Let ¢1(x) = 4{p(x) — x fxootp(y) dy}
x I=0), with @(x) = e_xz/z/\/ﬂ. By calculus, we have fooox”(pl (xX)dx =
4 [7° xPo(x)dx/(p+2) for p > —1; for example, (4/3)/+/27 for p=1and 1/2
for p = 2. Groeneboom (1983) identified ¢ as the density of the slope, att = 1, of
the concave majorant of the standard Brownian motion. We shall consider a double
array of errors &; = ¢,;, 1 <i <mn,in (1.1).

THEOREM 2.3. Let Z; be a variable with density ¢| and let Z be the location
of the maximum of W(t) — t> for a two-sided standard Brownian motion W.
Suppose {e; = €,,;, i < n} are independent variables with E¢, ; =0 and Esﬁ’i =
o2, {82@’ i <n, n> 1} is uniformly integrable and sup, max;<, E|e, ;|P < oo.

Let 1 < p <3.Then, for V > 0 and large n,

223(E|Z|PYVP + o(1)

(2.9) n'/3

SMn’pEm Sllp Rn,p(f)EMp-"_O(l)a

V(H=v
where M, = M,(Zy) are as in (2.5); for example, My < 2.775. If the empirical
"1 I{t; <t}/n converges in distribution to a continuous G(t), then

1/p
(2.10) n1/3R,,,,,(f)5M,,az/3[/{df(z)/dc;(z)}p/3dG(z)] +o(l),

where df/dG is the Radon—Nikodym derivative of the absolutely continuous part
of f with respect to G. If f(-) is a constant and 1 < p < 2, then R,’,’,p(f) <
Y m—o"p(m,0)/n and
= 7p(m, 0)
REp(f) = (1+o(D) Y L=
2.1 m=0

=1 +o<1>)%p{2/xpso1<x>dx}/0"<xv P2 dx.

REMARK 2.1. By Groeneboom (1985), E|Z| ~ 0.41, so that the lower bound
on the left-hand side of (2.9) is no less than 2>/3E|Z| > 0.64 and (1.4) holds. The
proof of Theorem 2.3 indicates that the lower bound in (2.9) is sharp and that (2.10)
should hold with equality for M, = 2%/3{E|Z|P}/P.

REMARK 2.2. [If df is singular to dG, then n1/3Rn’p(f) — 0 by (2.10) for
p <3.



RISK BOUNDS IN ISOTONIC REGRESSION 533

3. Proofs of Theorems 2.1-2.3. We provide a mathematical description of
our basic ideas here by proving our risk bounds in the simplest model (1.1).

PROOF OF THEOREM 2.1. Let fi = f(1;) and fro = Y0, fi/(€ —k + 1).
The proof is based on the well-known minimax formula for (1.2):

Ao ik Vi .
3.1 fn(l‘])—fenzli,1 I]?Sajxm,
cf. page 23 of Robertson, Wright and Dykstra (1988) and Proposition 6.1. Define
mj =max{m > 0: fj j1m < fj +v(m), j+ m < ny}. The minimax formula
implies

f(t;) < min max
Jnttj) = jEb<j+m) k<]

Zfzké‘i = )
(z e
¥4

. i—k €i
< fi+vm;)+ min max —=
Ji I j<e<jtmi k<) £ —k+1

(3.2)

as fr.¢ is nondecreasing in both k and £. Thus, by the definition of r, p(m,v)
above (2.1), E(fn(tj) — fj)i <rypmj,vim;)).Setl(m)=#j:m; <m, n <
Jj <ny}. We have

no 00
B3) Y E(f@) = [ < Y replm vm){om + 1) — £(m)}.
j=n1+1 m=0
Since fj,Jurm is nondecreasinginm, mj <mandn; +1=<j <n, —(m+1)
imply f; j4m+1— fj = v(m+1), sothat £(m + 1) is bounded by the sum of m + 1
and

n2_§:+1) fj,j+m+1 - fj _ nz—%—i—l)j%—i-l Z;c_:l](fk—i-l - fk)
iem vim+1) il = (m+2)vim+1)
ny—1 k j+m+l
Jet1 = Ji
(3.4) <> > X
k=ni+1 j=k—m i=k+1 (m +2)v(m +1)
__%? fir1— i (mED(m+2)
P (m+2)v(m+1) 2

Thus,
€(m + 1) <min(ny, (m + D1+ Vi/{2v(m + D}]) =nHy(m + 1; ny, Vi /2).

Since rp, y(m, v(m)) is nonincreasing in m, we are allowed to replace £(m) by its
upper bound n, H,(m; ny, Vi/2) in (3.3). The proof is completed by applying the
same method to the negative part and then summing the two parts together. [
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PROOF OF THEOREM 2.2. (i) Set v(x) =c/+/x + 1. By (1.2), Theorem 2.1
and (2.4),

RE (N = [ (K 07 (A Loy PR d ol n, V(£)/Q0).
where Ho(x;n, V) =min{l, x(1 + V+/x 4+ 1)/n}. Thus, (2.6) follows from
(3.5) foo(l + lx)PPdHy(x;n, V) < Jp(n, V).

0

Inequality (3.5) is part of Lemma A.1.
(i) Let h(¢) = {v + ¢/ (PVD}P and

j+m 14

L, & s &)
Y, jm = max —_(Z’_k l)+ , Y_ jm =max —(Zl_.] ~ 2 .

o I<k<j j+m—k+1 e =jb—j+m+1
Since h,(¢) is concave for ¢ > 0, by (2.1) and the Jensen inequality,

rp(m,v) <sup Ehp(vavj’zm) + sup Ehp(vajzm)
j j

1
< 2hp<§(sup EY!Y? + sup EYf’Vj,zm))
J J

Since &; are independent, it follows from (A.7) of Lemma A.2, with b; =

max(i,m + 1), that sup; EY’N2 < Cgvzalfvz/(m + 1)(1”\/2)/2 for certain uni-

+,j,m
versal constants C,. Thus,

(3.6) (K% P < sup 22 VIAD ot Cpop.

m>0 (m+ 1)=r/2
Fori.i.d. ¢; and 1 < p < 2, the exchangeability of ¢; and an application of Doob’s
inequality for the reverse submartingales (Zle & /€)+ yield
. 2 . 2
34) re e (29).
<4E<N§:1 fi )2 +4E<H§ i )2
- m+1 n m+1)

i=1 i=1

supEYijm—i-supEYEjm <FE sup
J ” J h £>m+1

_ 402
T m+1
so that (3.6) holds with C), = /2. Thus, in either the general or the i.i.d.

cases, (2.6) and (3.6) imply the first inequality of (2.7), with the C,, stated, after
a change of variable ¢ — co), /2.
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The second inequality of (2.7) follows from

3 ANCEINS B
; O _ -p/2
(3.7 Jp(n,V)fmln{l, (3—p)+<n) +n/(.) (xwvl) dx},

which is part of Lemma A.1. Note that ¢ = 0 and ¢ = C), are used in the infimum
in (2.7) respectively for the first and second bounds in the minimum.

(iii) For normal &;, ¢! Zle gjo = W(Z)/Z = W(1/£) for some Brownian
motion processes W(-) and W (.), so that

L
\/ﬁsupﬂ_l Zai /(7 < /m max {(£W ()} ~ Zo.
Thus, (K )7 < 2E(c + 0Zo)” by (2.1) and (2.4). This implies (Kp P <
2(c + o) for p <2 by the concavity of (1 + 4/x)?, so that (2.7) holds with Cp=1.

Finally, let us prove (2.8). Assume o = 1 by scale invariance. By (2.6) and (3.7),

6E(c+Zo)" (V" /3 Ly 1-r
Bips ool (5) +learPe-mls [fav R

since (K;’C)” <2E(c+ Zp)?. By (2.5), the rest follows from (2cp)”/3(3 - p)/
3 <1, proved in Lemma A.3, where ¢, = argmin{M .(Zp):c > 0}. [

PROOF OF THEOREM 2.3. By the uniform integrability of €2 ., the Lindeberg

n,i’
condition holds uniformly for {¢, ;,k <i < £} as £ — k — oo. Thus, by the
invariance principle,
vm+1 Zf:k En.i

. . Wi(s) — W(z)
min max —— ~Xp mmn max—————~~
o j<t<j+mi<k<j € —k+1 O0<s<l t>1 t—s

@1,

where t ~ (j+m —k+1)/m+ 1), s=(j+m—2L)/(m+ 1) and W(-) is
a standard Brownian motion. Let v(x) = c¢/+/x 4+ 1. By (2.1) and as in the proof
of Theorem 2.2,

, .2 ,
im T ) 2 pm vem) ) p g
m—o00 (m + 1)—17/2 m—oo  (m + 1)—17/2

Since Hy(x;n,V/2)= 0O(1/n) forall x > 0and V > 0, by (2.2),
o0
sup R, (F) = (1+o(D)2EC+aZ)” [ (14 L)) " Hyxin, v/2),
V<V 0
with ¢ being the minimizer of M, .(Z). Thus, M, , < M, + o(1) by the proof
of (2.8). If G is continuous and f(t) = VG(t), then, by Brunk (1970),

nllp,olo n1/3Rn,p(f) — {E|22|p}1/po_2/32—1/3vl/3
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This gives the lower bound for M, , and so (2.9) holds. The proof of (2.11) is
simpler and omitted.

Finally, we prove (2.10) by dividing the real line into several intervals and using
local versions of (2.9). Lets={—0c0o =50 <851 <--- < S§_1 < S = o0}. The local
version of (2.9) implies

k
i : 3 1-p/3
Jim nPPRE L (f) fllcl}sf;Mgo@”A;’/ (HALPR©6)
J:

= MPgP)3 /(df/dG)P/3dG,

where Aj(h) = Ajs(h) = h(s;j) — h(sj—1) for all h. Note that the infimum in-
volves only the absolutely continuous part of f with respect to G, since the sum of
APP(H)ATPE(G) over {j: Aj(f) > MA;(G)} is bounded by MP/3-1V (f) =
o(1l) for large M. U

4. Nonmonotone regression functions and general loss. Let
“4.1) yi = u(t) + &, l<iz<n,

where p is an arbitrary function and the errors ¢; are possibly dependent.
Although (1.2) is derived for the purpose of estimating nondecreasing regression
functions, the true w(-) may not be monotone. Most results in the literature concern
the case of monotone w(-). Birgé (1989) showed that the Grenander estimator
performs reasonably well when the true density is nearly monotone.

Define the population version of (1.2) by

n

4.2) S = argmin Z(M(ti) — f(t,~))2 : f is nondecreasing ¢.

i=1

If u(t)) <--- < u(ty), then f(,) = p at design points. If fn is an isotonic estimator,
then (4.2) implies, without condition on w(-),

(4.3) I oy = tlln < I fw = 12lln < Nl oy = sl + 1 f = Fiy llns

where ||h], = {31, h2 () / Y2, We argue that isotonic estimators should be
used when we have reason to believe that p.(-) is isotonic or nearly so, and by (4.3)
we should look for estimators close to f(,). We may also view || f, — fin) I as the
estimation error and || f(,) — it|l,, the model approximation error. Thus, we consider
in this section risks of the form Z:’an 1 ELC fn (t;) — f) (1)) for a general loss
function L(x) and the f(,) in (4.2) without assuming the monotonicity of j(-).
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Let L (x) = L(x)I{x>0) and L_(x) = L(x)I{x <0y and define

rr(m,v) = max FEI <U+ max #)
4.4 I<j<n—-m I<k<j j+m—k+1
( . ) —_— Z

Y OF
+ max EL_<—v+minM>.
j< =jl—j+m+1

THEOREM 4.1. Let fn be the LSE in (1.2) based on {(y;,t;),i < n} from
the regression model (4.1) with arbitrary pu(-) and {g;}. Let L(x) > 0 be a loss
function that is nonincreasing in (—oo, 0) and nondecreasing in [0, 00). Then, for
0<n;<ny=<n,

1 & N
— 2. EL(fat) = fo @)
(4.5) * j=ni+l

5/ r(Lx), v(Lx))) d Hy(x: n, Vi)
O<x<o0

for all nonincreasing, nonnegative continuous v(x), where Vi (fn)) = fn)(tn,) —
foytn,+1)s fo) s as in (4.2) and ny and Hy(x;n, V) are as in Theorem 2.1.

REMARK 4.1. By (4.2), Vi(f)) <V (f(n)) S maxi<i<j<p{n(tj) — u(t)}.

REMARK 4.2. For L(x) = |x|?, the differences between (4.5) and (2.2) are
the replacement of r, by the slightly larger (4.4) and the loss of factor 1/2 in V, /2.
Thus, Theorems 2.2 and 2.3 can be easily extended, for the £, risk of fAn — fn), t0
the case of general nonmonotone w in (4.1).

PROOF OF THEOREM 4.1. Let f(,),j = f(n)(t;). Define
mj = max{m >0: f(n),j+m < f(n),j +v(m), j+m< nz}.

Let £(j) be the largest £ < n satisfying f(,;) ¢ = fn),; and let E’; =L(j +mj).
By 3.1),

* *

0% 0%

; . >ik Vi YiliEi Yoilen(t)
t;) = < == =

LAy T T e T

o
and Maxy < Zijzku(ti)/(ﬂjf —k+1) = f(n),zj = fw),j+m; = fw),j + vimj).
Thus,
e;f

A i—k &
A6 L) = fing) <L (vim) + max =)
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holds almost surely, and certainly in expectation, by simple algebra and the mono-
tonicity of L. This leads to a slightly different version of (3.3). Since (3.2) is no
longer valid for the current m ;, the upper bound for £(m + 1) — (m + 1) in (3.4) is
replaced by

—(m+1 —(m+1) yJ+m
I Fogamir = fong s sy Skt = f k)

j=§+1 om+ 1 j=§+1 vm + 1)
V*(f(n))
vim+1)

The rest of the proof is identical to the parallel parts of the proof of Theorem 2.1
and is omitted. [

<@m+1)

5. Dependent errors. In this section, we apply Theorem 4.1 to the £, risk

| 1/p
(5.1) R: = (;ZE!fnm) —f<n><ti>\”) ,
i=1
with dependent errors in (4.1) satisfying the moment condition
) . P\ 1/ .
5.2 E — <— Vk<{,
(5:2) ( igkf—k—kl ) T (—k+ 1) -

forsome 0 <a <1, p’ > 1/(1 —a) and o < 0o. Consider the case of E¢; = 0. For
p' =2, (5.2) holds for « = 1/2 if the errors are uncorrelated with E siZ < o2, or for
a < 1/2 if the errors are stationary with Ee e, = O(k‘z"‘). For independent ¢; and
p' > 1, (5.2) for any & implies max; <, E|si|p/ = 0(1), which then implies (5.2)
fora =1—1/(2A p'); cf. Lemma A.2.

THEOREM 5.1. Let O <a <1 <p<ooand c =cy, = ael/*=1 Let fn,
fm) and R,T’p be as in (1.2), (4.2) and (5.1). Suppose that (5.2) holds for p’ >
max{p, 1/(1 —«a)}. Then

o logﬂ”(x +1+4c¢)
max(x%, xP%)

I/p
(53) Ry, < M*o{/o dHy p.c(x;n, V(f(n))/O’)} )
where Hy g (x;n,V) = min[l, (x/n){l + Vx“/logﬁ(x + 1+ 0}, B =
Iy =1/(1—a)} and M* < oo depending on (p, p', &) only. Consequently,
pno/(1+a) M*O.l/(1+ot)va/(l+a)

5.4 limsup—  su R <
CH - ERP Gogmpie Vimpey P T 1= paj( ta)

forp<1l+1ja.
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REMARK 5.1. Under (5.2), Theorem 5.1 describes the connection between
the convergence rate n~“ for the estimation of a common mean by the sample
mean of {y;} and the convergence rate n—/ (4@ for (1.2); for example, o/(1 +
a)=1/3fora=1/2.

REMARK 5.2. The LSE fn is a local average of {y;} over a data-driven
partition of {1,...,n}. For u(-)1 and B = 0, the order of |fn(ti) — u()|? is
(o/m*)? under (5.2) if ﬁ,(ti) is roughly the average of a block of m of the y;’s
and p(¢;) does not change much in the block. As in Theorem 2.1, (5.3) is obtained
by finding upper bounds on the number of such blocks of size m, and thus the pth
power of its right-hand side is a weighted average of (o/m*)?.

PROOF OF THEOREM 5.1. Let v(x) = o{log(x + 1 + co)}f/(x + D Tt
follows from Lemma A.2(i) and condition (5.2) that, for the loss L(x) = |x|?,

jm B’ p/p
/T {1 )
21_pEL+<v+ max M)fv’j+[l(p/ Mo’j}
I<k<j j+m—k+1 Poe (m 4 2)p
so that rp (m, v(m)) < (M;, o) vP (m) by (4.4). Thus, by Theorem 4.1,

’

(R,T,p)p < (M;/’a)po*p/o v{D(LxJ)dHU1 (x;n, V(fmy)/o),

with v1(x) = v(x)/o, and (5.3) follows from (A.1) of Lemma A.1 with A(x) =
{log(x + ca)}?. Note that x%/log(x + ¢) is increasing in [0, co) iff ¢ > cy. The
asymptotic bound (5.4) follows from (5.3) by straightforward calculus. [J

6. General isotonic regression methods. Let —0o < a, < a* < oo and let
¢;(0; y;) be observable continuous functions of 6 from [a,, a™] into [—o0, 00],
given the response variables y;. Here, the topology in the extended real line allows
X, — o0 in the usual sense. In this section, we consider restricted MLE-type
general isotonic estimators

n
©6.1) f,= arg max Z¢i (f(#); yi): f is nondecreasing and a, < f <a™ {.
i=1
Estimators of the form (6.1) have been considered by van Eeden (1957a, b),
Robertson and Waltman (1968), Brunk and Johansen (1970) and Barlow and
Ubhaya (1971), among others. van de Geer (1990, 1993) obtained the n—1/3.
consistency in probability of the £, loss functions for the median regression with
®i(0; yi) = lyil — lyi — 0| ~
The estimator (6.1) is quite general. In location models, ¢; (0; y;) = w;¢p({y; —
g(@)}/o;) is often used, where w; and o; are constants, g(6) is a link function
and q~5(-) is areward function or a log-likelihood function. For example, ¢; (9; y;) =
log{¢o((y; — 6)/0;)/0;} for some known density function ¢y. For weighted
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£, regression, (6.1) is used with ¢;(0; y;) = w;{|y;|? — |y; — 0|”}/p for certain
p > 1. The LSE (1.2) is a special case of (6.1) with ¢; (8; y;) = {y? — (yi —0)?}/2.
For estimators based on quasi-likelihood, ¢; (0; y;) = {g(©@)y; — ¥ (g(0))} /cri2 for
a convex function . For example, ¢; (0; y;) = 0y; — log(1 + ¢?) for Bernoulli y;
and ¢; (0; y;) = y;i log(6) — 0 for Poisson y;. In Section 8, we shall consider median
regression with ¢; (0; y;) = |y;| — |yi — 0.

Suppose there exist a, < é,fz <a* for 1 <k < < n such that

, , <0, ifa,<60 <0" <0,
62) Y ¢i®:y)—Y ¢i(0";y){=0, if6,, <0 <0" <},
i=k =k >0, ifé&fe/<6”§a*.

This unimodality condition implies that for the estimation of a common para-
meter 6 based on yg, ..., y¢, the “MLE,” that is, the set of maximizers of the
“log-likelihood” f:k ¢i(0; yi), s a closed interval [ék_ o 9Ak+ 1. The estimator (6.1)
can be easily computed using the pool-adjacent-violators algorithm under (6.2),
as both families of modes {BA,:r ¢} and {ék_ ¢} satisfy the Cauchy-mean condition;
cf. (6.6) and Robertson and Waltman (1968).

Let L(-) be a loss function, with L(0) = 0, such that L1 in [0, o0] and L
in [—o0, 0] [limy_, 1+ L(x) = oo allowed]. Let fp be a nondecreasing function.
We consider upper bounds for sums of £ L( f (ti) — fo(t;)). Define, via integrating
by parts if necessary,

o
ry(m,v; fo) = max / P[minmax@,jZ — foltjim) > x — v] dL(x),
ni<j<ny—mJQ =j k<j ™

r—(m,v; fop) = max
ni+m<j<np

0 n
/ P[minmax@,;Z — foltj—m) <x+ v]dL(x)

—oco k=] k=j

forv>0,m=0,1,...and integers 0 <n; <n, <n, and define

(6.3) r(t,v; fo) =ry(m,v; fo) +r_(m,v; fo).

THEOREM 6.1. Let fo? and let r(t, v; fo) be as in (6.3). Then, for 0 <n; <
ny =n,

" EL(fu(t)) — folt)))

6.4) e jeni
o0
< [ Pl oL dys fo) duGxim, V)
for all nonincreasing, nonnegative continuous v(x), where Vi = fo(tn,) —

fo(tn,+1) and ny = ny — ny, Hy(x;n, V) =min[l, x{1 + V/v(x)}/n] and |x]
are as in Theorem 2.1.
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A remarkable aspect of Theorem 6.1 is that (6.4) holds for all nondecreasing
continuous functions v. This is probably related to the insensitivity of the norm
that is used to find the isotonic estimator; cf. Section 1.5 of Robertson, Wright and
Dykstra (1988). If r(m, v(m); fo) < {Mv(m)}? for v(im) = h(m + 1)/(m + 1)*
and a suitable &, then (6.4) and Lemma A.1 can be used to derive risk bounds as in
Theorem 5.1. Explicit risk bounds for more specific loss functions will be derived
from (6.4) in Sections 7 and 8.

The proof of Theorem 6.1 is based on the minimax bounds in the following
proposition. Minimax formulas of slightly different form were obtained by van
Eeden (19574, b) and Robertson and Waltman (1968), among others.

PROPOSITION 6.1. Let élfe be as in (6.2) and let fAn be a solution of (6.1).
Then

6.5 minmax 6, < t <m1nrnax9 , 1<j<n.
(6.5) ij]ke fn(]) ey k¢ =] =

In particular, fn (tj) = ming> ; maxy<; Zf:k vi/(€ —k 4+ 1) for the LSE (1.2).

PROOF OF THEOREM 6.1. Set m; =max{m >0: fj 1, < fj +v(m), j+
m < nz} as in the proof of Theorem 4.1, where f; = fo(t;). Then, by (6.5)
and (6.3),

| PUG) = £ 3 L) < [ P = Sy, > ¥ = vm}LEo)

is bounded by r; (m;,v(m;); fo). The rest of the proof is the same as that of
Theorem 4.1 and is omitted. [

PROOF OF PROPOSITION 6.1.  First, let us verify the Cauchy-mean property
for Q,j P

6.6)  min(d;;,0F

A+ A+ A+ -
[y €)<0k’€§max(9k’],91+lz) k<j<d.

Since both S1(8) =)/, ¢i;(0; y;) and $>(0) = Zl —jtl ¢i(0; y;) are nondecreas-

ingin 6 < min(é,:fj, j+1,£)’ the sum S(0) = Zf:k ¢i (0; y;) is nondecreasing in 6
in the same interval, which implies the first inequality of (6.6) by (6.2). Likewise,
the second 1nequa11ty of (6 6) holds, since both S;(6) and $>(0) are strictly de-
creasing in 6 > max(@k I 9]+1 0

By symmetry, we shall only prove the second inequality of (6.5) for a fixed
j = jo. Since the minimax formula is nondecreasing in j, we assume fn (¢t; JO <
fn (tj,), with the convention fn (t9) = —oo. It suffices to show fn () < oF 0.6
every fixed £o > jo.

Let jo < j1 <+ < ji be the jump pomts of fn in [jo, £o] and let j,, 41 =n+1.
Letkbefixed, 1 <k <m+1, andsetf(tl) = fn(t,) afori € [jr—1, oA (Jr—1)]

for
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and f (1) = ﬁ,(ti) otherwise. Since fn (tj_ -1 < fn (tjey)s f (t;) is nondecreasing
in i for sufficiently small a > 0, so that, by the optimality of fn,

Lon(k—1) R Lon(jk—1) )
Yo i) = Dl i) —aiy)
I=jk—1 I=jk—1

= Z¢i(fn(ti); yi) = > i(f(t:); yi) =0

i=1 i=1
This and the unimodality (6.2) imply fn (tj_y) < ]k L EoAGr—1)° Since fn is
nondecreasing and 1 < k <m + 1 is arbitrary, by the Cauchy-mean property (6.6),

A~

H+ +
< <
fn (tJO) 1< mln fn(tjk 1) <l'lllrrnl+1 9]/( 1.LoA(jk—1) — 6]0 Lo*

This completes the proof. U

7. Truncated £, and zero-one losses. We shall apply Theorem 6.1 to loss
functions L(x) = (|x| A 80)? and L(x) = I{jx|>5,)- Let ¥i(0) = E¢;(0; y;). As in
Section 4, we consider (6.4) with fy = f(,), the population version of (6.1), given
by

n
(7.1) fn) = argmax Zwi(f(ti)) : f is nondecreasing and a, < f < a*}.
i=1

Assume throughout this section that
(7.2) i (0: yi) = $i(8(0); i)

for certain random concave functions q~5,~(-; yi) and an increasing continuous g.
Define
$i(2(0) + & v;) — ¢i(2(0); yi)

7. + =1
(7.3) p;(0) Jm, . ,

that is, the right- and left-continuous versions of <1~>i(g(t9) + dx; y;)/dx. For
[as, a*] # [—o0, oo], the domain of g is assumed to be [—o0, co], through natural
extension of g if necessary, so that (7.3) is meaningful for all —o0 < 6 < oo.

For (4.1) with ¢ (8; y;) = {y? — (vi — 0)%}/2, pi*(6) = yi — 6 = (3/86) i (0; y).
Define

k(j) =minfk: fi) (@) = fon) (1))},

€(j) = max{l: fi)(te) = fon ()}

By the concavity of (f&i(-; yi) and the monotonicity of g, ,oijE (6; y;) are nonincreas-
ing in 6. Since é,ffg are modes of Zf:k 0; (0; yi), (6 — é,fg) Zf:k ,oii(Q; yi) <0

7.4)
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forall a, <6 < a™*. Thus, for k < £ < £(j1m), é,:fe > f(n)(tj+m) + x implies

14 4

0 <> 0" (fomy Wjgm) + x5 %) < > o7 (fomy (1) + x5 ¥i)
i=k i=k

by the monotonicity of ,017L (-; ¥;) and (7.4). Consequently,

: A+
minmax®6, , — t; > x}
[Ezj =y k¢ f(n)(]+m)

(7.5) {

-

l
i +
min  max ) ) +x:y;) >0l
J=E<E(j+m) k< igk'ol (f(n)(z) )’z) =

Let 8i+ (x) be nonincreasing [e; (x) nondecreasing] random functions of x such
that

£y €
> o (fon () +x) < D& (o),
(7.6) IZ:k l_if
Do () —x)= > & (x)
i=k(j) i=k(j)

for all 1 <k < j <{ <n, for example, 8ii(x) = ,oii(f(n)(ti) + x), where k(j)
and £(j) are as in (7.4). We shall derive risk bounds based on moment conditions
on eii (x) and the relationship

: A+
minmax9, , — ti > x]
{Ezj oy k0 f(n)( ]+m)

(7.7) Gitm)
= {II?EEIJX ; 81'+(x) ZO’ f(n)(tj—l-m) +x <a*

from (7.5) and its counterpart for &;” (x), in view of (6.3). Note that a, < é,ffg <a*.
LetO<a<1<p<oo,p' >1/(1—a),x >0anddy > 0. Consider conditions

20 + ¢ -

(7.8) E L(X) < —dpx, E 7E8" ) > dox Vk<j<t
— ljy—k+1 = b=k +1
i=k ~U i=kj) /

for 0 < x < a* — fu(t;) in the first inequality and 0 < x < f(,)(¢;) — a4 in the
second,

1
p}/p odo

¢ 8ii(x) — Eaii(x) -
T U—=k+1)

Z £—k+1

i=k

(7.9) HE Yk <,
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cf. the discussion after (5.2), and forall j > 1 and m > 1,
3o
(7.10) / P{x{e7 (x) — Eej (x)} = mdox/2}dx? < (o/m)",
0

where 8ii(x) are as in (7.6) and k() and £y are as in (7.4).

Let ¥;(0) = E¢;(0; y;) as in (7.1) and {p,.i(e) be their left and right deriv-
atives. If the limit in (7.3) is exchangeable with the expectation and eii x) =
,oijE (f(t;) £ x) is chosen for (7.6), then Esii(x) = 1.pii (fn)(ti) £ x). In this case,

£ £ [ ¢
(7.11) Y E&f(x) <) E&f(0) <0, 0< ) E&g(0)< > Ee (x)

i=k i=k i=k(j) i=k(j)

for all the (x, j, k, £) considered in (7.8), by the monotonicity of eii (x) and the
. . Li Ci
optimality of f(,). Note that, by (7.1), 3,23 ¥i (fon (1) +x) < 352 Wi (finy (1))
for x > 0 and k(j) <k < £(j). Consequently, (7.8) holds if wii O +x)— W,’i ©0) >
dox foralla, <6 <6 +x <a*.
In the location model (4.1) with ¢ (0; y;) = {yi2 — (yi — 0)%}/2,

¢ ¢
Zp,‘i(f(n)(ti) +x) = Z{yi — f () F x}
i—k i—k
¢ ¢
= Z(si Fx)+ Z{M(ti) — fm (@)}
i—k i—k

Since Zle fn) (t;) is the convex minorant of Zf:k w(t), by (7.4),

L0 ¢
D) = fon@} <0< Y {u@) — f@}.  k<j<t
i=k i=k(j)

Thus, (7.6) holds for sf:(x) = ¢; F x. Furthermore, for either choices sf:(x) =

& Fx and 8ii(x) = ,oii(f(n)(ti) + x), (7.8) holds with dy = 1 and (7.9) and (7.10)

follow from (5.2). In fact, rz,(m, v) < r(m,v; f,)) by (4.4), (7.7) and (6.3). It is

clear that (7.8) may not hold if k() and £ ;) are replaced by general 1 <k </{ <n.
With fn and f(;) in (6.1) and (7.1), respectively, let

1/p
1 Z A
(7.12) R, ,= (;ZEminﬂfn(ti) - f(n)(ti)|l7,8p}) :
i=1
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THEOREM 7.1. LetO<a <1<p<o00,0<8 <00 and p' > max{p,1/
(1 — a)}. Suppose (7.8) and (7.9) hold for all 0 < x < 8g. Suppose that either (a)
8o < oo for p’ = p or (b) condition (7.10) holds and & < min(1/2,1 — 1/p) and
both sequences {8[7L (x), i <n} and {¢; (x), i < n} are independent for each x.
Let B = I{p—1/(1-a)) + p_ll{p —p) under (a) and B =0 under (b). Then (5.3)
holds with the R;f’ in(7.12), M* = M;‘; v and ¢ = (a/B)eP/*~. Consequently,
(5.4) holds.

THEOREM 7.2.  Suppose (1.8) and (7.9) hold for x = 89/2 and p’ > 1/(1 —a).
Then

Y P{lfa(t) = fon ()] > 8o}
(7.13) =

/

=My o

P log’3 n+1) ( V(f(n)))

5P —(1=pla)s )

where B’ = p/I{p/:l/(l—a)fl/a} + I{p/=1/a) without additional conditions, B =
I{p=1/a) if both {8:_(50/2), J < n} and {¢; (80/2), j < n} are independent
sequencesand B’ =0ifa=1—1/p'>0and 1 < p’ <2 and {8?(50/2), Jj <n}
are both i.i.d. sequences.

The proofs of Theorems 7.1 and 7.2 are based on the moment and tail
probability inequalities provided in Lemma A.2.

PROOF OF THEOREM 7.1. First, consider the case p’ > max{p, 1/(1 — a)}.
It follows from the definition of ry(m, v; dg) in (6.3), (7.7), the monotonicity
of & (-) and (7.8) that

2=y (m, v; fn))

V4
8o ()
< max21_”/ Pi max Zsfr(x —v) > 0} dx?
0 .

(7.14) J k<j—m: =
5 0 + Eet
<v? +max/ P! max Z ) — Ee %) > dox ; dx?.
j Jo k<j—m: = Liy—k+1

By the Markov inequality, Lemma A.2(i) and (7.9), the integration on the right-
hand side is bounded by

5 K (odo)? K7,
/ min{l, P2 ,}dxpfi/. min{l, x p}dxp
0 (m 4+ )P (dyx)? (m 4 1)op
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These and the same for r_(m, v; f(,)) imply r(m, v(m); fin)) < K*vP(m) for
v(m) =o/(m + 1)*. Thus, with 8 = 0, (5.3) follows from Lemma A.1 as in the
proof of Theorem 5.1.

For p’ = 1/(1 — «), the probability inside the integration is bounded by the
smaller of one and Kg//,a(ado)lj/ log? (m + 1+ ¢)/{(m + 1)”*(dyx)?} by Lem-
ma A.2(i). For p’ = p, J5° min(1, x~P") dxP should be replaced by

So(m+1)*/(Ko) ,
'/0 min{l,x ? }dx? =alog(m + 1+ c¢)+ O(1).
These two modifications of the calculation yield r(m, v(m); f,)) < K*v?(m)
for v(m) = alogﬂ(l 4+ c+ m)/(m + 1)*. Again, Lemma A.l can be used to
prove (5.3).

Now, consider the independence case. Set £ = £(;) and X; = 82__1- Jrl(x) —
Es;_iH(x). By (A.6) of Lemma A.2 with (kg,c,t) = (2,2/3, (3/4)dox) and
b; = (m + 1) Vv i, the integration on the right-hand side of (7.14) is bounded by

8o S:
/ P{ max ———— >xd0}dxp
0 I<i<t (m+1) Vi
do X; d
5/ P{max7l_>x—0}dxp
0 I<i<te(m+1)Vvi 2

8o . 4]7 S: 2
—|—/ <m1n{1, —— F max
0 (xdo)P 1=i=<t

p}) da.

By (7.10), the first integral above is on the order of Zle{(m + 1) Vi P~
(m+ D'=P < (m + 1)~*P, while the second one is on the order of (m + 1)~%"
by (A.7) of Lemma A.2 and (7.9). The rest is the same as the proof of Theorem 5.1.

O

]
< m4+1vVvi

PROOF OF THEOREM 7.2. Let v(x) = vy = §p/2 (a constant). By Theo-
rem 6.1 with L(x) = I{jx|>5,) and Lemma A.2, the left-hand side of (7.13) is
bounded by
= V(fm)
> r(m, vo; f(n>)<1 + %)

m=0
C20\” V() < loght? (m + 1)
< K;,’/O[(—) (1 + ) >

Z W JaZ (mt D

as in the proof of Theorem 7.1, where 81 = I{,/—1/(1—a)} in general and B; = 0 for
independent aii(vo). Thus, (7.13) holds for B’ = ﬁlpll{p’afl} + I{pa=1}-
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In the i.id. case with 1 < p’ <2, (7.9) implies E|X;|” < (ody)” , where
X, = s;r(vo) — Esl*(vo). Let Sy = Zf:l X;. By Chow and Lai (1978),

" nop2r Sk
Z r(m, V0, f(n)) < Z WP{ sup ? > d()U()}

m=0 m=0 k=m+1
L
Kllj’nz g P’
= oy .

8. Rates of convergence in probability. Although Theorems 7.1 and 7.2 deal
with truncated £, and zero—one losses, they imply convergence in probability of
the £, losses without truncation under a mild additional condition (8.1). We shall
also consider here median regression as an example.

THEOREM 8.1. Suppose (5.4) and (7.13) hold for certain (a, p, p’, B, B, 80),
with p <1+ 1/a, p' > p and 0 < 8y < o0 as in Theorems 7.1 and 7.2. Let

y=1/p—a/(l+a)— (- pa)y/pand B’ = B/(1 +a) — B'/p. Define
na/(l-‘rot) nl/p/bn

= = _ y ﬂ//
bn - (10gn)ﬂ/(1+0[) ’ -xn - {n(l_p/a)+(10gn)ﬂ/}1/p =n (lOgn) .

Let ékj’:e be as in (6.2) and let k, . = Ln(l_f’,“”(log n)ﬁ//sj. Suppose that, for all
e >0,
P[ max Hn ko = > foy(tn) + Mxn}

0<k<kn,s
(8.1)

+P{ min 01k<f(n)(t1)—Mxn}—>0

1<k<kp,

as n — oo and then M — oo, where f(,) are as in (7.1). Then, for fn in (6.1),

1/p
82)  lim hmsupP{ { Z|f,,(t, f(n)(ti)|p} zM}:O.

M—0 n—oo

REMARK 8.1. Since p <1+ 1/a and p’ > p, y >0 and x, — oo in (8.1).
If p’ > 1/a and B’ =0, then k,, = | 1/€] does not depend on n.

EXAMPLE 8.1 (Median regression). For median regression,

n
fn = arg min{z |yi — f(#)]: f is nondecreasing and a, < f < a*},
i=1
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which is a special case of (6.1) with ¢;(0; y;) = |yi| — |yi — 0|. Let f,) be as
in (7.1) and assume f(,)(t,) — f)(t1) = V(fn)) < Vo for some fixed Vj < oo.
Suppose that y; are independent variables.

By (7.3), ,oi+(9) =2I{6 <y;}—1and p; (0) =2I{0 < y;} — 1, and (7.6) holds
for

& (1) =21{yi = fo () +x} = 1, g () =21{yi > fn(t) —x} — L.

Let 5y be a (small) positive number. Since |8ijE (x)] <1, (7.11) holds, so that (7.8)
holds if

QU

P{fon(t) < yi < foy(ti) +x} > %x
d
P{fuy(t) —x <yi < fay(t)} = %x

8.3)

for 0 < x < §p. Since Isf(x)l <1, (7.9) holds for (a, p',0) = (1/2,4,4/dp),
and (7.10) holds for o = 469/dp. Let 2 < p < 3. By Theorems 7.1 and 7.2,
(5.4) and (7.13) hold with («, p’, B, B/) = (1/2,4,0,0) under (8.3), so that y =
1/p—1/3>0,8"=0, b, =n'/3, x, =n" and k, . = | 1/e] in Theorem 8.1.
Furthermore, since k, . do not depend on n and éki’e are the medians of
{Vk, ..., ye}, (8.1) holds if either a* — a, < o0 or
(8.4) hm limsup sup P{|yi — fu(t:)| > Mn'/P~1/3} =0,

M—00 p—oo 1<i<n
Consequently, by Theorem 8.1, if (8.3) holds with a* — a, < oo or (8.3) and (8.4)
both hold, then

M—00 n—oo

1/p
1 & A
(8.5) hm hmsupPi |:; ;\fn(ti) — f(n)(ti)‘p:| > M} =0.

In the special case where the medians of y; are nondecreasing, that is,
median(y;) = f»)(#;), van de Geer (1990) obtained (8.5) under condition (8.3)
for the estimator

n
(8.6) fn = argmin{z lyi — f(t)|: f is nondecreasing and V (f) < Vo}.
i=1
The estimator (8.6) is similar to (7.1) for a* — a, < 00, so that our results are
comparable to hers in this case. We also allow here [a,, a*] = [—00, 00] with the
extra condition (8.4) to control the contribution of the spikes of f; at #; and ¢,
to the £, loss. Condition (8.4) holds if the errors y; — f(,)(#;) are uniformly
stochastically bounded.

PROOF OF THEOREM 8.1. Let I,(x) = Y7, I{| fu(ti) — f(t)] > x} and
Ly p@) =0~V S0 1 fa(6) = fant)IP A xP. By (5.4) and (7.13),
b,’fELn,p(ZMxn) < b,’,’EL,,,p((So) +b,’f((2M)px,{’/n)EI,,(50) =0(1)
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for each fixed 0 < M < oo. Since L, ,(c0) = L, ,(2Mx,) in the event of
I,(2Mx,) =0 and E1,(80)/ kn.c = 0(1) as n — oo and then ¢ — 0+, it suffices
to show

limsup limsup P{I, 2Mx,) > 0, 1,(80) <knc} =0, e >0.

M—o0 n—>00
By the monotonicity of both fn and f(,), 1,(2Mx,) > 0 implies either fn (th) —
S (t1) = 2Mx, or fn (t1) — fn)(ty) < —2Mx,. By (8.1) and symmetry, we shall
only prove

[ fltn) = foy (1) = 2M X, 1,(80) < kn.e)
(8.7) {

C

02?3])(( 92__]{’” = f(n) (ty) + Mxn]'

Let M > 1 and let n be large enough such that x, > V(f)) + 8o. Suppose
]fn(tn) = f(n)(tl) + 2Mx, and 1,(8p) < kn,s- Since f(n)(tj) = f(n)(tl) + V(f(n))’
fan) = fw(tj) + Mx, + 8o for all j. Moreover, since there exist at most k;, ¢
of j <n for which fo(tj) = fiu)(t;) + 80, fa(tn) = falta—i) > fultn—g—1) for

some random k < kj ¢, so that, for small x > 0, > " . (l)i(f,,(tn) —x;y) <
ok ¢,~(fn (th); yi). It follows that é;r_k’n > fn(tn) for certain k < k,, ; in view

of (6.2) and (7.2). This completes the proof of (8.7) and therefore the theorem. [
APPENDIX
We provide three lemmas here.

LEMMA A.1. LetO<a <1< p < oo andlet h(x) be a continuous function
such that x*/h(x)1 for x > 0 and xl_"‘h(x)T for x > 1. Let v(m) = h(m +
1)/(m + 1)* and let Hy(x;n, V) =min[1,x{l + V/v(x)}/n] be as in (2.2). If
h(x)?, then, with § = 1,

| vrepaan vy
O<x<oo0
(A.1) /‘ h?(x +6) X x!tey }

<

dminil, — +
0<x<oco Max(x%, xP%) n h(x +6)n

If h(1) < h(x) for 0 < x < 1 and xh'(x)/ h(x)1 for x > 0, then (A.1) holds with
8=0.Ifh(x) =1 and a = 1/2, then (3.5) holds for p > 1 and (3.7) holds for
1<p<3.

PROOF. Let H(x) = x{1 + V/v(x)}/n. By definition, the left-hand side of
(A.1) equals

mo—1

(A2) vP (mo){H (1) — H(mo)} + Z vP(m){H(m+ 1) — H(m)},

m=0
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where mg <t9 <mg+ 1 and H (f9) = 1. Since h(x)/x*] for 0 <m < my,

nv(m){H(m +c) — H(m)}
_h(m+ 1) (m+1+0°V (m+1)"V]
~m+ 1) hm+1+0) " him+1)

m+c | h 1 m+1+c o
5/ (x)dx+V 7(m+ )1 dx +cy,
m x* (m+ D> Jmt1 h(x)

[c+(m+c)

where ¢ = 1 for m < mg and ¢ = ty — m for m = my. Since h(x)xl_“T for x > 1,
h(m+1) m+1+cd x“
(m+ el g h(x)

</m+1+c h(x) x¥ _/m+l+c h(x) don-l
“Jmrr o x271 T h(x) €= m+1 X% " h(x)’

+c

Now, the above two inequalities imply

nv(m){H(m + c¢) — H(m)}
(A.3) 5 /-m—i-c h(x) /-m+1+c h(x) dxa—i-l

—dx+V
o

m X m+1 x® " h(x)

If h(x)?1, then fnTJer_“h(x) dx < ff“x‘“h(x +1)dx and

/m+1+c h(x) dxa-i-l
m+1 x%  h(x)

m—+-c 1
< h Hd——— 1
_/m xh(x +1) h(x+1)+0( +a)

_/‘m+f h(x+1)d x1te
In x@ h(x+1)

Thus, (A.3) is bounded by ["*x~%h(x 4+ 1)d{x + Vx'**/h(x + 1)}, and,
by (A.2),
(A4) (Lx)) dHy(x: n, V) /l‘) ~ape g ayalt 4 Y }
. v(|x x;n,V) < x X —+—1,
O<x<oo Y 0 n h(x +&)n
with § = 1. This implies (A.1) with 6 = 1, since v~ m) < {h(x+1)/(x Vv
1)}~ form <x <m+ 1 and to/n + 15TV /{h(to + Dn} < H(10) = 1.
If xh'(x)/h(x)?, then the second integration in (A.3) is decreasing in m,
so (A.3) leads to (A.4) with § = 0 and then to (A.1) with § = 0. We omit the
details here.
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Now consider 4(x) = 1 and @ = 1/2. The difference between the proofs of (3.5)
and (A.1) is the treatment of the first term in (A.2). Similar to (A.4), we obtain

[ wanatosn v < | v )2 dH, ()
O<x <00 0

for 9 > 1, where Hl’(x) = max{(l + V«/E)/n, 1/n + (3/2)V./x/n} and
H{(0) =0. This implies (3.5) for #y > 1, since H;(#p) < 1 and the measure in the
integration in (2.3) puts more mass in [0, 1) than H;(dx) does. Inequality (3.5) for
the case of 7y < 1 is trivial.

Finally, let us prove (3.7). Let t > 1 satisfy fé{l + 3/2)Vi/x Vv 1}dx =n.
By (2.3),

Jp(n, V) = 1/0 (x v DTP1+3/2)VVx v 1}dx

n

L -p/2 3Vt 1-p)/2
:—/(x\/l) r/ dx-l——/(x\/l)( P2 qdx.
nJo 2n Jo

Iftr>1,thent+V/2+ V13/2 = n, so that (3.7) follows from ¢ < min{n, (n/V)2/3}
for p>1.If t <1, then n/(1 +3V/2) =t <1 <n and, for 1 < p < 3,
(3.7) follows from

3V gt
—/ (x v HU=P2 gy
2n Jo
3V /2 (3V/2 )P/3 (3V>P/3 3 <V>P/3
= < < | — < —| — .
1+3v2 = \1+43v/2) ~—\n ~3-p\n O

LEMMA A.2. Let {X;} be a sequence of random variables and let {b,} be
a nondecreasing sequence of positive constants. Set S, =Y 7| X; with So = 0.
Let0 <o < 1.

(i) Let p>1/(1 — ). Then, for B = I{p—1/(1-a)) and all m > 1,

p

‘Sg—Sk

supE sup
L—k
(AS) k L>k+m

» llog(m + 1)}175 E[S¢ — Si|?
- pa pa Sup (1-a)’
(m+1) >k (E—=FK)P

where K, , < 00 are universal constants depending on (p, a) only.
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(1) Suppose {X;} are independent variables. Then, for 0 < ¢ < 1 and ko =
2,3,...,

P{ max i > (ko—c)t}

1<i<n b;

=l 3y -]
(A6) = max b >C

1<i<n b;

S;i—8; X
+ max Pk‘)|: U {% > (1 — ¢)t, max —cht”,
i

0<j<n i<i<n J<t<i by

and under the additional condition EX; = 0 there exist universal K, < 0o such

that
2
P (& EXE
+| 2 L2 Iip>2y (-
l

i=1

(A.7) E max

1<i<n

Si‘p - ‘Xi
—| <KP E|l—

PROOF. (i) Let k = 0. By Serfling (1970), we have Emax,_yj,, [S¢|” <
K{:’a (27 m)(1=)P for p > 1/(1 —w). This implies (A.5) after dividing sup,-.,,, into
2021 MaXyj—1,y<p<2jpy- The proof for p =1/(1 — ) is the same, using Radema-
cher—Mensov [cf. Serfling (1970)].

(i1) Inequality (A.6) is a version of the good-A inequality [cf., e.g., Hoffmann-
Jorgensen (1974) and Chow and Lai (1975, 1978)]. Set 7(j) = inf{i > j:(S; —
Sip)/bi=1 -0}, Tixy=t(T)), To=0and A, ={X;/b; <ct, j <i <m}.
Since the left-hand side of (A.6) is bounded by P{Ag’n} + P{Ty, < n,Aon},
(A.6) follows from induction via

P{Tm—l-l <n, Aj,T,,1+1|Tm =j’ AO,J}

S;—S; X
SP[ U {lTJ > (1 —¢)t, max b—efct”.

max.
j<i<n J<tsi by

For E X; =0, we find, with truncation at level x > 0,

2 n i
(A.8) P[maX(Si—Sj)>x}§{1+<§> } Z E|Xl|p’

i <i p
Jj<i<n 2 i=j+1 X

1 < p <2, by the Kolmogorov inequality, since |Zf:j+1 EX;I{|X;]| < x}|
x!=p Z;’:J.H E|X;|? <x/3 for £ <n and Z;’:Hl E|X;|P/xP <4/13. Let by,

2K < by 41. By (A.8),

4, Si—S; v s EIXGP 3 arE X
TP S| s SO sy TS
Jj<i<n i X bnk—l‘H i=j+1 bix (2 1)
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This and (A.7) provide, with ¢ = 1/2 and kg > max(1, p/2),

p .
b 0 I<i<n b; 2
ko
E|X;|PM2
K/ P/ 1 dx”
+(K,) A [mln{ Z(bx)f’“ X
/2
EN:DIRY
+ _ I, t.
(Z » ) =20

i=1

(ko —1/2)"PE max

1<i<n

LD'¢
l
SK{,’{E:E’])—
i=1

LEMMA A.3. Let ¢, = argmin{E(c + X)?/cP/3 ¢ > 0} for a nonnegative
random variable X with EXP < oo. Then c), is increasing in p for p > 1.
Moreover, for X ~ |N(0,1)], c3 < 2/3, so that (2¢,)P/*(3 — p)+/3 < 8/9 for
1<p<3.

PROOF. Let h(a; p) = E(a® + X/a)? and a(p) = argmin{h(a; p):a > 0}.
Then ¢, = a3(p) is the minimizer of A(c'/3; p). Define hi(a; p) = (8/8a)kh(a;
p). Since h(a; p) is strictly convex in a, hi(a(p); p) = 0 and ha(a(p); p) > 0.
Moreover,

3
gm(a(p); p) =d (p)ha(a(p); p) + hi(a(p); p)/p

+ pE(a@® 4 X/a)?'(2a — X /a*)log(a® + X /a)| =0,

a=a(p)
with the expectation being negative, since log(a®> 4+ X/a) is increasing and
2a — X /a? is decreasing in X. Thus, a’(p) > 0.

If X ~ |N(0, 1)[, then h(a; 3) = a® +3a> /27 + 3 +2/2/7 /a? is minimized
at a(3) ~ 0.87, so that c3 = a>(3) <2/3 and (2c,)?3(3 — p)4+/3 < (4/3)(3 —
1)/3=8/9. O
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