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LOCAL GREEDY APPROXIMATION FOR NONLINEAR
REGRESSION AND NEURAL NETWORK TRAINING
By L. K. Jones1
University of Massachusetts, Lowell
A criterion for local estimation and approximation in nonlinear regression and neural network training is introduced and motivated. Nth-order
greedy approximation for the regression (or target) function based on the
criterion is shown to converge at rate O1/N1/2  in the nonsampling case.

1. Introduction. For many applications in regression, classiﬁcation, or
neural network training an estimate of expected response (class, output), fx,
is desired at or close to (in an appropriate sense) one ﬁxed predictor (observation, input) vector. This estimate should depend heavily on predictor vectors
in the sample which are close to the given ﬁxed predictor vector. For example,
in [2], a local technique based on a set of closest vectors in Euclidean distance
is shown to be a signiﬁcant improvement over previous methods for optical
character recognition. Restriction to a local region in the feature vector space
allows estimation to be ﬁne tuned to letters with similar structure. For such
classiﬁcation problems the images may be easily normalized in size and correctly oriented and the noise level is low. Unfortunately, in many cases where
there is low signal-to-noise ratio and/or a continuum of random predictor orientations described by many parameters, Euclidean distance is usually not
a possible measure of closeness due to the curse of dimensionality which is
exhibited in the following special case: suppose the predictor distribution is
uniform on a ball of radius one in d-dimensional space Rd . Assume we are
interested in estimating the expected response at or close to the origin 0. It
might be reasonable to use only sample vectors inside a ball of radius ρ < 1,
assuming Euclidean distance as a measure of closeness. But, since the probability of a sample vector lying in the smaller ball is ρd , it is necessary that
sample sizes are exponential in d to get enough close vectors for accurate estimation. Clearly, the curse persists for many general predictor distributions
and distances which are topologically equivalent to Euclidean distance.
To avoid the curse, one might assume fx has a ridge approximation,
fx ∼
=

(1)

N

n=1

cn gn atn x

with an ∈ A, gn ∈ G, where A is a given class of vectors in Rd and G is a
given class of real valued functions on R. Hence we assume f is nearly a linear
Received November 1998; revised November 1999.
in part by NSF Grant DMS-95-05199.
AMS 1991 subject classiﬁcations. 62H99
Key words and phrases. Greedy approximation, local training.

1 Supported

1379

1380

L. K. JONES

combination of functions of projections onto R. (More generally the a’s could be
dx m matrices and the g’s could be real functions on Rm : all results mentioned
or proved here extend straightforwardly to this case of ridge approximation
with projections onto Rm ). Greedy algorithms for ﬁnding the expansion might
then be used, that is obtain the “best” approximation of fx of the form
gat x a ∈ A g ∈ G, subtract this from fx and repeat the process with
the residual, etc. In the implementation with samples, the procedure involves
solving simple regression (one-dimensional predictor) problems. If A is the set
of d unit vectors in the coordinate directions, the predictor measure is uniform
on the unit cube and G is all functions square integrable on the unit interval,
then any fx of the form (1) (w.l.o.g. N ≤ d, gn orthogonal to 1 for n > 1) is
recovered in N greedy steps where “best” means best in L2 of the unit cube.
As we shall see below, fx can also be efﬁciently greedily recovered in more
general settings. But this greedy method seems insensitive to the need to favor
local structure. Indeed, in the previous example the gi ’s would be recovered
in the order given by the size of the integrals of their squares. The last to
be recovered might be the only one which is nonzero near the ﬁxed predictor
of interest. So in this paper we derive a greedy algorithm which is sensitive
to the need for a good local approximation and at the same time shares the
global efﬁciency of other greedy algorithms. In the next section we examine
some of the results in more general settings before deriving our modiﬁcation.
Readers familiar with recent results on greedy approximation and estimation
and complexity of neural net training may want to go immediately to Section 3.
2. Previous work on nonlocal greedy algorithms and
computational feasibility.
Example 1. If f ∈ L2 P with P the predictor measure, if A is all unit
vectors in Rd and if G is the set of all measurable functions, we might approximate in a (pure) greedy fashion: ﬁrst, ﬁnd a0  g0 such that f1 x = g0 at0 x
best approximates fx in L2 P; then determine a1  g1 such that g1 at1 x best
approximates fx−f1 x and set f2 x = f1 x+g1 at1 x · · · ﬁnd an  gn such
that gn atn x best approximates fx−fn x and set fn+1 = fn +gn atn x    .
This is the projection pursuit regression algorithm (PPR) (approximation form)
of [8]. For any a in the nth step the best g is just EY − fn X at X.
For practical implementation with a sample xi  yi  , in the nth step for
each a the best g is found using a variable bandwidth smoother applied to
the simple regression problem with predictors at xi and (residual) responses
ri = yi −fn xi . The quality of the ﬁt, the average squared error of the smooth,
is minimized over a. One such simple smoother is described as follows: for any
x select the closest 5% of at xi to x and let gx be the least squares linear
ﬁt at x based on this 5%. We now employ a global optimization algorithm to
solve (approximately)
S

min
a



ri − gat xi 2 
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Hence the objective function is at each step the same except that the residuals
are from the previous step.
There are many reﬁnements in the sampling case above: A and G may be
appropriately restricted, a more general loss function may be used. See [7].
We will treat only squared error loss and will motivate a weighted variation of
(S). The form of the variation is motivated in the same way for more general
loss functions.
Example 2. Assume that A is the set of unit vectors in Rd , the ci are real,
and G consists of all translated dilations of a ﬁxed bounded function, σt,
which is sigmoidal [i.e., σ−∞ = 0 and σ+∞ = 1]. The approximation is the
output of the single hidden layer neural network. A modiﬁed projection pursuit
algorithm could be applied: a would vary over unit vectors as in Example 1 but
gat x would be replaced by the best approximation of the form cσrat x − t.
For the sampling case a, c, r and t are determined in step n for which this
form best ﬁts the data xi  yi − fn xi  = xi  ri   in the least squares
sense.
The advantage of the greedy procedures (if they converge) is that we are
solving a sequence of N d-dimensional optimization problems as opposed to
one Nd-dimensional problem. The convergence of the procedure and its rate
of convergence are the focus of recent investigations. In [9] weak convergence
in L2 P of PPR under mild assumptions is established and in [10] strong
convergence is proved. In [15] an extension of [10] is proved which has strong
convergence for Example 2 as a corollary.
A relaxed extension of the above greedy algorithms has been investigated.
Let fx lie in the closure of the convex hull of a subset F1 of L2 P whose
elements h have norms, h, bounded by a ﬁxed constant B. Assume f0 x = 0
and at step n pick gn ∈ F2 F1 ⊂ F2  and αn ∈ 0 1 minimizing fx −
αgx − 1 − αfn x over α g. Set fn+1 x = 1 − αn fn x + αn gn x. In
[11] fx − fn x was shown to be O1/n1/2 . [In [5] it was shown to be
O1/nq−1/q  if h is (more robustly) norm in Lq P q ≤ 2] This can now
be applied to the two examples:
Example 1. (Cont.) (1) Take F2 = gat x g ∈ G a ∈ A . In [11] it was further shown that, if the Fourier transform of fx has bounded L1 Rd  norm,
then fx lies in the closure of the convex hull of multiples of sinusoidal
functions bounded in absolute value by some ﬁxed B. Taking these multiples to be F1 , one applies the relaxed greedy procedure and establishes that
PPR (relaxed approximation form) converges at rate O1/n1/2 . For the sampling case one may use a variable bandwidth smooth of the data Da α =
at xi  yi − 1 − αfn xi  , call it hα , for the term αg at step n and then
determine an and αn which solve

RS
min 1 − αri + αyi − hα at xi 2 
α a
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In [6] a modiﬁcation which is nonlinear in fn was proposed which accelerated
convergence for several practical problems.
Example 2. (Cont.) (2) if fx is in the closure of the convex hull of F1 =
cσrat x − t c ≤ B a r t arbitrary take F2 =
cσrat x − t
c a r t arbitrary and apply the relaxed algorithm. Then the output error
in L2 P norm is O1/n1/2 . In [1] it was shown that such a B exists if P has
bounded support and the Fourier transform of fx has a ﬁnite ﬁrst moment in
L1 Rd . In the sampling form, at step n, one ﬁnds the term αg = cσrat x − t
which ﬁts xi  yi − 1 − αfn xi  so that the average squared error is minimized as a function of a α r c t. If the a’s in A are restricted to have a
limited number of non-zero components and fx is in the closure of the convex hull of bounded multiples of the associated sigmoids then it follows from
[14] that for each ε > 0 we may efﬁciently construct a network whose output
is within ε of fx with probability at least 1 − ε from a sample whose size is
bounded by a polynomial in d and 1/ε. In cases where A is constrained due
to higher order smoothness assumptions on fx, some practical bounds on
expected mean squared error are computed in [12] explicitly as a function of
sample size for the ridge estimation problem.
Consider this pure version of the relaxed extension: at step n choose g ∈ F1
and real c such that f−fn −cg is minimum and set fn+1 x = fn x+cgx.
In [4] it is shown that the approximation error is O1/n1/6 . Finally, we remark
that certain regularity assumptions were necessary in the cited references for
the minima to exist. In several of these investigations, variants of the results
were given where at step n one needs only to be within τn of the inﬁmum
for some (tolerance) sequence τn. We will formulate our local approximation
results in terms of such sequences.
Another topic of current interest is the computational tractability (capability of being solved with a number of steps which is polynomial in the description length of the data set) of nearly determining the best neural network
parameters based on the sample xi  yi . When a linear combination of two
(or more) sigmoidal functions is sought which (nearly) best ﬁts a sample, some
negative results have been obtained: in [3] it is shown that the problem of
determining whether two classes of vectors can be separated by thresholding
a linear combination of two Heaviside sigmoidal functions [σx is 1 for x ≥ 0,
0 for x < 0] is intractable. In [13] it is shown that the problem of ﬁnding a
linear combination of two Lipschitzian sigmoidal functions for which the sum
of squared errors (under suitable normalization of the response data) is within
1/10 of the inﬁmum possible is intractable. Similar results were obtained in
[13] for achieving a sum of squared errors within 1/4n5  of the inﬁmum possible by convex combinations of n sigmoidal functions. In [16] the results of [13]
were improved by demonstrating that sum of squared errors could be replaced
by average squared error (but with somewhat smaller dimension dependent
distances to the inﬁmum). In particular, the techniques of [16], based on recent
results on approximation algorithms for NP-Hard problems, yielded a proof
of the intractability of ﬁtting the sample with a multiple of one sigmoid to
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within a constant of the inﬁmum in the least squares sense. Hence greedily
training one node at a time (to within the previous constant of the inﬁmum
squared error) is intractable. However these negative results are all worst
case analyses and are asymptotic in nature. “Average” complexities may be
polynomial. More research is needed in this direction. Also, with the massively parallel architectures of future machines, it may be feasible to perform
100 greedy steps for dimensions about 20 (while training a 100-node network
with its 2200 parameters might still be too time-consuming). Hence further
investigation of greedy approximation schemes is warranted.
3. A local approximation criterion and its motivation. Unfortunately, as we pointed out earlier, the above methods yield global expansions
which have the following drawbacks for the local estimation problem:
1. The ridge approximation is designed to ﬁt the data in the sense of an average and not necessarily to ﬁt well close to any particular point.
2. An expansion is assumed to exist which is approximately valid at every
x; simpler expansions may be valid locally and these may be more easily
estimated.
3. A local expansion may be easier to interpret.
We now motivate the form of our proposed method. Henceforth A consists of
a subset of unit vectors in Rd and G is a subset of real valued functions on R.
Call the ridge functions formed from A and G admissible. By sphering the
available data and shifting so that fx is desired at or close to the origin 0, we
search for ridge expansions which approximately hold in a region containing
a ball of radius ε about 0. Assume a relaxed greedy approximation in the nth
step: set f0 x = 0 and fn+1 x = 1 − αfn x + αgat x with αgat x best
ﬁtting fx−1−αfn x in this region. The right norm for this approximation
one might argue, is h = hxIxt x < ε2  where I· = indicator function
for ·. However, in the practical sampling situation there is little chance of any
sample vectors lying in the ε ball (hence little chance of estimating this norm)
unless our sample size is exponential in d.
So we need a norm which measures closeness to 0 in a weaker sense. If
closeness is characterized by nearness in a one-dimensional projection, then
appropriate norms are of the form
ha1 = hxI at x < ε
For uniform P these norms give equal weight at P-supported points in at x <
ε. If a term gat x were (nearly) linear in this region then this fact would be
consistent with the equal weighting of squared deviations at each sample predictor in the simple linear prediction problem. Before discussing how to deﬁne
the best approximation in the nth step, we make a minor modiﬁcation. Note
that a stable reconstruction from projections should require some information
from the region at x ≥ ε. Hence we further deﬁne
ha2 = hxI at x ≥ ε
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and propose that the appropriate norms for measuring closeness are given by
h2a = h2a1 + wh2a2 

(2)

where w is a regularization parameter, 0 < w < 1. In practical implementations w may be varied and optimally determined using cross validation. Here
we discuss only rates of approximation using these norms. An interesting open
question in the case w = 0 is posed in Section 3.
Although we only want an expansion near 0 we will produce an expansion
on each subset in a partition of Rd . We now motivate the criterion for the best
approximation in the nth step. Since different a’s will be used in different steps
and the norms in (2) are difﬁcult to compare, we argue that the appropriate
criterion to be minimized as a function of a is
f − fn+1 a /f − fn a 
Thus we should search for the direction vector in A which optimizes the percentage decrease in approximation error when measured relative to this direction. It seems quite plausible that, say for ε = w = 1/4, considerably more
local information will be obtained by such a procedure than by the global algorithm. Indeed for the simple preliminary example (with just the d coordinate
directions) the gi with smallest   would be chosen ﬁrst if its support were
in a band of width 1/2 and its   exceeds 0.5 of that of any other gi , provided
the other gi ’s had supports outside the 1/4-ball. Thus practical use is anticipated where neither ε nor w is very small. If we now allow α to take two
different values in the nth step (depending on whether ε exceeds at x), then
the approximation error is shown in Section 2 to be O1/n1/2  in the original
norm,  .
4. The local greedy approximation algorithm and its convergence.
The precise description of the algorithm proceeds as follows: Let f0 = 0 and
en = f − fn . Given n > 0, let
n+1 = inﬁmum
0≤α≤1 0≤β≤1
a∈A g∈G

f − 1 − αfn − αgat x2a1 + wf − 1 − βfn − βgat x2a2
f − fn 2a1 + wf − fn 2a2

Let τn = O1/n be a decreasing (tolerance) sequence of positive real numbers. Now ﬁnd any α β a and g subject to the constraints of the preceding
inﬁmum such that
Rn+1 =

f − fn+1 2a
f − fn+1 2a1 + wf − fn+1 2a2
=
< n+1 + τn
f − fn 2a
f − fn 2a1 + wf − fn 2a2

where
(3)

fn+1 x = 1 − αfn x + αgat x

(4)

= 1 − βfn x + βgat x

if at x < ε
if at x ≥ ε

(If the ratio Rn+1 can be made smaller by changing α and/or β to 0, then we
do so.)
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By the condition in parentheses Rn+1 ≤ 1; fn+1 is a ﬁxed convex combination of n + 1 ridge functions provided xt x < ε2 . Outside of this ball, fn+1 is a
different convex combination of the same ridge functions. Also in any neighborhood of the form k = x ati x < ε for i = 1 2     k , where ai is the ith
unit vector of the algorithm, fk+1 is a ﬁxed convex combination of k + 1 ridge
functions and fn+1 is a convex combination of fk+1 and ridge functions from
steps beyond k.
Consider the application to the two examples (see Section 2). In Example 1,
if a α β are chosen at step n, the inﬁmum Rn+1 is obtained using EY − 1 −
αfn X at X for αg in (3) and EY − 1 − βfn X at X for βg in (4).
Hence in the sampling case at step n use a smooth hα of Da α for αg in (3)
and a smooth hβ of Da β for βg in (4) where a α β are chosen to solve
RLS


min


2
t
2
i  +w i at xi ≥ε 1−βri+βyi−hβ a xi 


2
2
i at xi <ε ri +w i at xi ≥ε ri

i at xi <ε 1−αri+αyi−hα a

αβa

tx

A pure greedy local sampling algorithm is obtained by setting α = β = 0 in
the above. In this case the objective function is a ratio of weighted versions
of the original PPR objective function of (S). The optimization is still in d − 1
dimensions. Relaxation increases it only by 2. For Example 2 at step n set
g = cσrat x − t in (3) and (4) where a α β c r t are chosen to minimize
the objective function of (RLS) one would obtain after replacing the hα term
by αcσrat xi − t and the hβ term by βcσrat xi − t.
The rest of this article is devoted to showing the algorithm convergence in
  at the n−1/2 rate. In the remaining analysis the following simple fact will
be repeatedly used: x + c/x + d is increasing for positive x if c ≤ d and
decreasing for positive x if c ≥ d. Recall that, for any a,  · 2 =  · 2a1 +  · 2a2 .
Lemma 1.

Let M = 1 − w/w. Then for any n λ0 ≤ λ ≤ 1, h ∈ G, u ∈ A,
n+1 ≤

M + f − 1 − λfn − λhut x2 /f − fn 2

M+1

Proof. If f − 1 − λfn − λhut x ≥ f − fn , then the result is obvious;
otherwise for any α0 ≤ α ≤ 1,
n+1 ≤
1−wf−1−αfn −αhut x2u1 +wf−1−αfn −αhut x2u1 +f−1−λfn −λhut x2u2 
1−wf−fn 2u1 +wf−fn 2

Now we can ensure that
f − 1 − αfn − αhut x2u1
≤ min f − fn 2u1  f − 1 − λfn − λhut x2u1
by taking α = 0 or λ. Therefore,
n+1 ≤

1−wf−fn 2u1 +wf−1−λfn −λhut x2
1−wf−fn 2u1 +wf−fn 2
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1−wf−fn 2u1  wf−fn 2 +f−1−λfn −λhut x2 f−fn 2

=
1−wf−fn 2u1  wf−fn 2 +1

M+f−1−λfn −λhut x2 f−fn 2
≤

M+1
Lemma 2.
en+1 2
M + Rn+1
≤
en 2
M+1
where M = 1 − w/w.
Proof.

For the α β a and g deﬁning fn+1 ,

en+1 2
e 2 +1−wen+1 2a2
= n+1 a
2
en 
en 2a +1−wen 2a2


Rn+1 +1−wf−1−βfn −βgat x2a2  f−fn 2a1 +wf−fn 2a2 


=
1+1−wf−fn 2a2  f−fn 2a1 +wf−fn 2a2 

Since f − 1 − βfn − βgat x2a2 ≤ f − fn 2a2 (otherwise Rn+1 could be
reduced by changing β to 0), the above is

Rn+1 + 1 − wf − fn 2a2  f − fn 2a1 + wf − fn 2a2 

≤
1 + 1 − wf − fn 2a2  f − fn 2a1 + wf − fn 2a2 
≤

Rn+1 + 1 − w/w
M + Rn+1
=

1 + 1 − w/w
M+1

Lemma 3. Suppose f lies in the closure of the convex hull of a class Q of
admissible ridge functions with each element of Q having   ≤ B. Then
En+1 = inﬁmum
0≤λ≤1
hadmissible

f − 1 − λfn − λh2
4B2
≤

f − fn 2
4B2 + en 2

Proof (From [11]). 0 lies in the closure of the convex hull of f − Q. Hence,
inﬁmumf − fn  f − h ≤ 0
h∈Q

where (,) is the inner product in L2 P. Therefore, writing f − 1 − λfn − λh
as 1 − λf − fn  + λf − h and expanding the inﬁmum expression for En+1
in terms of (,), we get
En+1 ≤ inﬁmum
0≤λ≤1
h∈Q

≤ inﬁmum
0≤λ≤1

1 − λ2 en 2 + λ2 f − h2 + 2λ1 − λf − fn  f − h
en 2
1 − λ2 en 2 + 4λ2 B2

en 2


which is take λ = en 2 en 2 + 4B2 −1  ≤ 4B2 4B2 + en 2 .
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Theorem. Assume f lies in the closure of the convex hull of Q, a subset
of admissible ridge functions with L2 P norms bounded by B. Then en  is
O1/n1/2 . In particular, the local greedy approximation algorithm converges
at the rate O1/n1/2  for the PPR and neural network training examples. Also
fn converges at the rate O1/n1/2  in the neighborhood k , where it is a convex
combination of ridge functions with those from the ﬁrst k steps having the same
relative weights.
Proof.

By Lemma 2,
M + Rn+1
M + n+1 + τn
en+1 2
≤
≤
en 2
M+1
M+1

which is

M + M + En+1 /M + 1 + τn
M+1
by Lemma 1 and the deﬁnition of En+1 . Finally, by Lemma 3, we get


M + M + 4B2 4B2 + en 2  M + 1 + τn
en+1 2
≤
en 2
M+1
≤

=

H + 4B2 /4B2 + en 2 
τn
+
H+1
M+1

=

4B2 H + Hen 2 + 4B2
τn
+
2
2
2
2
4B H + Hen  + en  + 4B
M+1

≤

4B2 H + He0 2 + 4B2
τn
+
2
2
2
2
4B H + He0  + en  + 4B
M+1

setting H = M2 + 2M
which is

since en  is decreasing by Lemma 2
=

T + τ n
T + en 2

setting T = 4B2 H + He0 2 + 4B2 and
τ n = τnT + en 2 M + 1−1 

Note that τ n is decreasing and is O1/n. Now, rewriting the inequality and
iterating, we get

1 − τ n en 2 
1 T + τ n + en 2 − τ n
1
1
≥
+
=
en+1 2
en 2
T + τ n
en 2
T + τ n

n

1 − τ k ek 2 
1
+
≥

el 2 k=l
T + τ k
Now τ n ≤ Sn−1 for some S and all n = 1 2 3     Let us ﬁrst examine even
n’s. Suppose en 2 > 4Sn−1 . Then the numerators of the above summands are
all ≥ 1/2 for k ≥ n/2. Take l = n/2. It follows that
1
en+1

2

≥

n
4T + τ 0

or

en+1 2 ≤ 4T + τ 0n−1 
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If, on the other hand, en 2 ≤ 4Sn−1 for the even n in question then en+1 2 ≤
4Sn−1 by the monotonicity of en . Hence en 2 is O1/n for n odd. Using
this monotonicity one more time, we see that en 2 is O1/n for n even and
the proof is complete. ✷
5. Conclusions. We have derived the form of a local greedy approximation based on experiences with the curse of dimensionality. Convergence at
the 1/n1/2 rate in the L2 P norm has been established. An interesting open
question is under what conditions does 1/n1/2 convergence hold in the ε ball
for the case w = 0?
As has been noted, this same form [see (3)(4)] of relaxed greedy approximation may be motivated when f − fn 2 , f − fn 2a1 , etc. are replaced
by expected values of a more general loss function 0y δ, that is, E0Y,
fn X, E0Y fn XI at X < ε, etc. At step n in the sampling case
α β a g are chosen to minimize


i at xi <ε


0yi  1 − αfn xi  + αgat xi  + w i at xi ≥ε 0yi  1 − βfn xi  + βgat xi 


i at xi <ε 0yi  fn xi  + w i at xi ≥ε 0yi  fn xi 

w may be interpreted as a local–global trade-off parameter and should be an
important choice in implementation with data. One open question is at what
rate is the approximation form convergent for general loss functions?
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