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A NOTE ON THE ASYMPTOTIC INDEPENDENCE OF
HIGH LEVEL CROSSINGS FOR DEPENDENT
GAUSSIAN PROCESSES

BY GEOrRG LINDGREN
University of Lund

It is shown that the numbers of high level crossings by p dependent
stationary Gaussian processes have asymptotically independent Poisson
distributions if the observation interval and the height of the level increase
inacoordinated way. The processes may be highly correlated, even linearly
dependent.

Let {X(7), t = 0} be a separable, stationary, zero mean, Gaussian process with
unit variance, and with a covariance function r which satisfies

1 — r(t) ~ 2,222 as t—0.
If
M(T) = the number of upcrossings of the level # by X(r)
for 0T,
then

E(M(T)) = 2% 2 exp(—12[2) .

It is well known that, if # — oo and 7' — oo in such a way that E(M(T')) remains
fixed and.equal to ¢, then M(T) has an asymptotic Poisson distribution with mean
0. This has been shown by several authors, most recently by Berman (1971),
who shows that either one of the following two conditions is sufficient for the
Poisson result to hold:

(a) r(t)logt—0ast— oo
(b) & ri(t) dt < oo.

Berman also shows that M(T) is asymptotically independent of N(T) = the num-
ber of downcrossings of the level —u.

The purpose of this note is to show how Berman’s methods can be generalized
to deal with the joint asymptotic distribution of upcrossings by two or more
dependent stationary Gaussian processes, {X,(?), - - -, X,(f), ¢ = 0}. Let the cross-
covariance functions be r,,

ra(t) = Cov (X (s), Xy(s + 1)),

and denote the auto-covariance functions by r,,
rk(t) = rkk(t) .
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Suppose
() 1 — ryt) ~ 2,22 as t—0(k=1,.--,p)
() ra(f)logt—>0 as t—>oo (k,I=1,.--,p).

To exclude the possibility of two processes being identical, we also assume that

3) max,, sup, |r, ()] < 1.
Let M(T) be the number of upcrossings of the level u by the process X,(¢) for
0<t<T(k=1,---,p).
THEOREM. If u — oo and T — oo so that
E(M(T)) = 6,

then the conditions (1), (2), and (3) imply that the joint asymptotic distribution of
M(T), - --, M(T) consists of p independent Poisson distributions with means
0y, -+, 0,. Inparticular

lim,_,, P(Max, gz, SUPs<i<r Xi(t) < u) = 12, lim,_,, P(SUPyg,cr Xi(t) < )
= IIk-1exp(—0,) -
REMARK 1. The condition (3) does not mean that the processes are necessarily
linearly independent. For example, if Y(f) and Z(r) are two independent processes

whose covariance functions fulfill (1) and (2), then, for any finite set of constants
feis |l < 1, k=1, -- -, p}, the processes

X,(1) = e,Y(1) + (1 — ¢)*Z(1)
fulfill the condition (3). Therefore, although the processes X, are completely
linearly dependent, the numbers of upcrossings of u in [0, 7] are asymptotically

independent. This surprising fact illustrates the quite extraordinary character of
crossings of high levels.

I'a

REMARK 2. Condition (3) can be weakened to

3) max,.., sup, r,,(f) < 1,
which means that we allow inf, r,,(f) = —1 for some k = [. If, say, inf, ry(f) =
—1, then there actually is a ¢, such that r,(#) = —1. This in turn implies that

the process X, is the process — X, translated the distance t,:
X() = =Xt — t,).
An upcrossing of u by X, is therefore a downcrossing of —u by X, and, by

Berman’s results, upcrossings of # and downcrossings of —u by X; are asymp-
totically independent.

REMARK 3. In the theorem, the constants 6, are not chosen independently of
each other. Since

E(M(T)) = 5| 2t exp(—w[2)
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once one of the 6, is fixed, the others are determined. An alternative is to take
different levels u, for each one of the processes, which gives us a free choice
for the ¢,-values.

Proor or THE THEOREM. We follow the main lines in Berman’s paper (1971)
about the asymptotic independence of the numbers of high and low level crossings,
to which the reader is primarily referred. We will here only indicate what changes
have to be made in Berman’s proof in order to cover the present situation.

Let 1, - - -, I,, be m subintervals of the interval [0, T],

L =[(j — 1)T|m, (j — BTm],
separated by 8T/m, where 8 (0 < 8 < 1) is a number to be chosen later. Also
let G be the set of numbers {t, = iT/n,i = 0,1, ..., n}. Here m and n are inte-
gers, which for the moment are fixed, but which will be permitted to tend to
+co at a later stage.
Now define

Uj,czmax{Xk(ti),t,.eI,-n G}, ]: 1, ..,mk=1, e, P

The point in the proof is that all the variables U, are asymptotically independent.
We start with a lemma.

LemMA 1. Let ¢(x, y; p) be the standardized, bivariate normal density function
with the correlation coefficient p. Ifu;, (j=1, ..., myk =1, ..., p) assume only
the values u or +co, then

PUp Sug, j=1,--,mpk=1, .-, p) — TT2 TI7 P(Uji < )l
“4) =1 3o Diranm |Te()] §5 @(us w5 A (t)) dA
+ 21 Ficicisy 2t |Talt)] §6 S, uy Ary,(t))) d2 .

Proor or THE LEMMA. The lemma is a variant of a well-known inequality,
frequently used in this context. It is based on the following inequality (5).

Let Y,, ---, Y, be ¢ normally distributed random variables with mean zero
and unit variance, and let 4 = (a,,).and B = (b,,) be two alternatives for the
covariance matrix of Y;, ---, Y. If ¢, and ¢, are the corresponding g-variate
normal densities, then

() I S pu(xs oo X)) — Gp(Xs - o e, X,) dxy - - dx|
é Zu<p Iau/t - bv,u] S(%I ¢(y»’ y,u’ zav,u + (1 - Z)b»,u) dz *

The proof of (5) can be found in a variety of places, e.g., in Berman’s paper
(1971).

Now let the variables X,(,), k =1, ---, p; t,e G n U, I;, play the role of the
q variables Y, - .-, Y. (Since the I-intervals take the proportion 1 — 3 of the
interval [0, T'], ¢ is approximately pn(1 — f).) The covariance matrix A is de-
fined as the actual covariance matrix of the g variables, computed by means of
the auto- and cross-covariance functions r, and r,;, while B is the covariance
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matrix they would have had, provided X,(z,) and X,(7,,) had been independent
as soon as k # [ or t, and ¢, belong to different /-intervals. This means that
b,,=0 if Y, and Y, are obtained from different X-processes
or from different I-intervals
=a,, otherwise.
Since U, = max {X,(t,), t,e I, n G} we then have
PUyysup,j=1,---,myk=1,...,p)
= s’ilje Cee S’_"_’:‘el’qSA(xl, .. .,xq)dxl . dxq .
Under the covariance matrix B the variables U,, are all independent, so that
I H;'n=1 P(Ujk = ujk) = S‘—‘—lolo s S‘(i':/op ¢B(xn ceey xq) dx, « - dxq .
Thus the left-hand sides of (4) and (5) coincide.

On the right-hand side of (5) there will be a contribution from those pairs (v, z)
which correspond to different X-processes or to different /-intervals. Otherwise
a,, = b,,and the term is 0. Since the variables y, (= u;,) assume only the values
u or co we have

Zu<p Iav,u - bv/tl Sé ¢(yv’ y/,:; 'zav,u + (1 - R)bv,u) da
(6) S 2k=1 Dosi<isn, j—ispnm [Tty — )| §5 @, u; Ary(t; — 1)) dA
+ Disk<isy 2ri=o [Tty — )| §5 ¢u, w5 Ary(t; — 1)) dA.
The first sum in the right-hand side in (6) is extended to include all values of i
and j for which ¢, and ¢; belong to different I-intervals: |¢; — #,| > BT/m implies
|j — i| > Bn/m. By stationarity, the sums in (6) are less than or equal to
2k 200y 18] 5 B, w3 2ri(2;)) A2
+ Zisk<asy 21 Do [Fult)] §5 d(us u; Ay (1)) dA,
which is the content of the lemma.

We can now follow Berman (1971) for the rest of the proof of the theorem.
First, we notice that condition (2), i.e., r,,(f) = o(1/log t), implies that the right-
hand side of (5) tends to 0 if » — co sufficiently slowly with » and T, while m
and 8 remain fixed. This follows exactly as in Berman’s Lemma 5.1 as far as
the first sum in (5) is concerned. The second sum is even simpler, since we
always have sup, |r,(7) < 1.

Next, define

=1 if max{X, (), t,el; NG} >u
=0 otherwise.
Then, our Lemma 1 and its implications show that the £-variables are asymp-
totically independent: if x;, equals O or 1, then
limg o |P(Ej = Xp0j = 1, -,y k=1, -+, p)
= k= 7= P(E5e = x| = O,
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and

(7) limy ., (X706 =2 k=1, -+, p) = lim,_ JTf. (X706 = 20) -
As f—0and m — oo, the right-hand side in (7) tends to the product [[7_, P(Z,=2z,)
where Z,, k = 1, .., p are Poisson variables with means 6, respectively. This
follows from Berman’s proof of the univariate theorem, which also shows that
M(T) and };; §;, are asymptotically equal:

limm_,w,ﬁ_,o lim inf,_, P(Mk(T) = Z;-”=1 Sjka k=1, ... ,P) = 1.

This concludes the proof of the theorem.
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