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MULTIVALUED STATE COMPONENT SYSTEMS!

By SHELDON M. Ross
University of California, Berkeley

Consider a system that is composed of n components, each of which is
operating at some performance level. We suppose that there exists a nonde-
creasing function ¢ such that ¢(x,, - - - , x,) denotes the performance level of
the system when the ith component’s performance level is x;, i = 1, - - - , n. We
allow both x; and ¢(x,,- - -, x,) to be arbitrary nonnegative numbers and
extend many of the important results of the usual binary model to this more
general framework. In particular, we obtain a fundamental inequality for
E[¢(Xy, - - -, X,)] when ¢ is binary, which can, among other things, be used to
generate a host of inequalities concerning increasing failure rate average distrib-
utions including, as a special case, the convolution and system closure theorem.
We also define the concept of an increasing failure rate average stochastic
process and prove the analog of the closure theorem; and then also do the same
for new better than used stochastic processes.

0. Introduction and summary. Consider a system that is composed of » compo-
nents each of which is operating at some performance level. We suppose that there
exists a nondecreasing function ¢, called the structure function, such that

¢(x, -+ -, x,) denotes the performance level of the system when the ith com-
ponent’s performance level is x;, i = 1,- - - , n. .
Whereas almost all previous work has assumed that both x; and ¢(x,, - - -, x,)

were binary variables we shall allow both to be arbitrary nonnegative numbers. In
the next few sections, we extend many of the important results of the usual binary
~ model to this more general framework. In particular, we obtain, in Section 1, a
fundamental inequality for E[¢(X, - - - , X,,)] when ¢ is binary which can, among
other things, be used to generate a host of inequalities concerning increasing failure
rate average distributions including as special cases the convolution and the system
closure theorem. In Section 2, we define the concept of an increasing failure rate
average stochastic process and prove the analog of the closure theorem; and in
Section 3 we do the same for new better than used stochastic processes.

1. The structure function. Suppose now the performance level of component i is
a random variable X; having distribution F; where Fi(x) = P{X, > x}, and
suppose that the X; are independent. We define the function 7(F, - - - , F,) by

r(fl, o ,F,,) = E[o(X,, - - - ’)_(n)]
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and call r the reliability function of the system. It immediately follows from the
monotonicity of ¢ that

PROPOSITION 1. If F, and G, are distributions such that F(x) > G(x) for all x,
then

,(1?1,. .. ,Fn) >,(51,. .. ,(‘;;)
We shall need the following lemma which is a slight variation of a lemma used
by Block and Savits [2].

LemMA 1. Let r(s) be a nonnegative nondecreasing function of s, s > 0 and let G
be a distribution function with G(0) = 1. Then, for 0 < a < 1,

[E(r(9))d(1 = G*(s)) > [ f&r(s)d(1 - G(s))]"

ProOF. Lemma 4.1 (page 217) of Ross [3] (also given as Lemma 2.3 (page 84) of
Barlow and Proschan [1]) generalizes to give that for 0 < x;, < x, < - -+ < x,,
i 20,27y,>0

(Zir(x)y)" < 2'1'("(":‘))“[(2';@:')’1:)“ - (27«:=i+lyk)a]'
From this, the conclusion follows from a standard limiting argument (as in [2]). ]

The following theorem is of fundamental importance.

THEOREM 1. If ¢ is a binary function, then
(*) r(Ff‘,’",F:)>[’(Fv“',}7;,)]“
Jorall0 <a < 1.

ProoF. The proof is by induction. When »n = 1, it follows from the monotonic-
ity of ¢ that it must be of the form
o(x)=1 x>c¢
= 0, x<c
for some c. Hence, E[¢(X,)] = F(c), and so both sides of the inequality (*) are
equal. So assume (*) for all binary structures of n — 1 components, and consider
the n component case. Conditioning on X,, yields

(1) (oo By) = grfFps - o Fiy)d(1 = Fi(s)
where
r(Fe, - F2y) = E[¢(Xy, -+, Xy, 9)]
withv.X,- having distribution F. By the induction hypothesis, we see that
" WPt F) 2[R B)]

and so from (1)

W(Fr o ) > S(n[ P oo By ]) d(1 = F(9))-
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As it follows from the monotonicity of ¢ that r, is nondecreasing in s, we can apply
Lemma 1 to the above to obtain that

H(Fe - B2 > [gen(Fy - - - Fo)d(1 = F(9)]" = (o(F - - -, )™

DEFINITION. The distribution function F, Xvith F(Ol= 1, is said to be an
increasing failure rate average distribution if F(ax) > F%(x), for all 0 < a < 1,
x> 0.

CoroLLARY 1. If X}, - - -, X, are independent random variables, each having an
increasing failure rate average distribution, then
(i) for all nondecreasing binary functions ¢,

E[¢(X,/a," -+, X,/a)] > (E[¢(X}, - - -, X,)])*  for 0<a<];
(ii) for all nondecreasing functions t(x) = t(x,, - - - , x,) such that t(x) > at(x/a) for
0<a<1,uX,,---,X,) has an increasing failure rate average distribution.

ProoOF. Part (i) follows immediately from Proposition 1 and Theorem 1. Part
(ii) follows from part (i) by letting
(x)=1 if #(x)>a
=0  otherwise . 0

ReMARrks. The increasing failure rate average convolution and system closure
theorems are both special cases of Corollary 1 (ii). Corollary 1 (i) is an n-variate
version of Lemma 2.1 of Block and Savits [2].

2. The generalized increasing failure rate average closure theorem. In this sec-
- tion, we suppose that the component performance levels vary with time and we let
X(t) denote the level of component i at time ¢. Thus, for instance, ¢(X(¢)) =
(X (1), - - -, X,(?)) denotes the systems performance level at time ¢.

DEerINITION.  The real-valued stochastic process {X(?), ¢ > 0} is said to be an
increasing failure rate average process if 7, is an increasing failure rate average
random variable for every a, where

T, = inf{z: X(t) < a}
is the first time the process reaches or goes below a.
THEOREM 2. If {X(¥)}, i =1,- - -, n, are nonincreasing independent increasing

failure rate average processes, then {qb(X(t))} is also zncreasmg Jailure rate average
whenever ¢ is nondecreasing.

PrOOF. Let F,-’s(x) = P{X,(s) > x}, and suppose first that ¢ is a binary func-
tion. Let T denote the first time ¢ that ¢(X(¢)) = 0. Now
(2) P{T > at} = P{¢(X(ar)) = 1} by monotonicity
= E[¢(X(at))]

= r(F_l,av te ’F;t,at)'
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Now
F, o (b) = P{X/(at) > b}
= P{T,, > at}

where T, , denotes the first time that X (¢) hits or goes below b. Hence, from the
hypothesis on {X(#)}, we see that

P{T,, >at} > (P{T,, >1})"
= F}?t(b)'
Thus,
F, o(b) > F£,(b)
and so from (2) and Proposition 1
P{T >at} > r(Fg, - ,F)
> (r(FL FERRN ,))a by Theorem 1
= (P{T > 1))"

which proves the result when ¢ is binary. For an arbitrary nondecreasing ¢, we can
show that the time to go below b has an increasing failure rate average distribution
by using the result in the binary case on the binary function defined by

S =1 if ¢(x)>b
=0 if ¢(x)<b. 0

3. A new better than used closure theorem. We start with a definition.

DEerINITION.  The nonincreasing stochastic process { X(¢), ¢ > 0} is said to be a
new better than used process if, with probability 1,

P{T,>s+ t|X(u),0 <u<s} <P{T,>t}
for all s, ¢, a > 0, where T, denotes the first time the process hits or goes below a.

THEOREM 3. If the component processes are independent new better than used
Dprocesses, then {¢(X(?))} is a new better than used process.

PrOOF. Suppose first that ¢ is binary and let T denote the first time the process
¢(X(?)) hits 0. Now consider

P{T>s+ t|X(u),0<u<si=1---,n}
= E[¢(X(s + ))|Xi(u), 0 <u <s,i=1,-+,n].

Now it follows from the definition of a new better than used process that the
conditional distribution of X(s + 7), given X,(u), 0 <u <s, is stochastically
smaller than the distribution of X;(¢). Hence, from Proposition 1, we see that

E[6(X(s + D)|X,(u),0<u<s,t=1,- - - ,n] < E[¢(X(1))] = P{T >1}
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which proves the result when ¢ is binary. As before, we can reduce the nonbinary
case to the above by defining

o,(x) =1 if ¢(x) >a
=0 if ¢(x)<a 0
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