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ON DIFFUSION PROCESSES AND THEIR SEMIGROUPS IN
HILBERT SPACES WITH AN APPLICATION TO INTERACTING
STOCHASTIC SYSTEMS

By G. LEHA AND G. RITTER

Universitdat Erlangen-Nurnberg and Universitit Passau

We study solutions to stochastic differential equations in Hilbert space.
In particular we give sufficient conditions for nonexplosion and for the
associated semigroup to be of Feller type. We also give applications to systems
of stochastic differential equations.

1. Introduction. Diffusion processes play an important role, among others,
in the following situations:

There is a well-known connection between elliptic and parabolic differential
operators of second order and diffusion processes. It is possible to construct for
certain of these operators . a diffusion process £ whose characteristic operator
is an extension of . (cf., e.g., Dynkin, 1960, for a survey). The potential theory
of . may then be studied with the aid of the associated process ¢: A function h
on the state space is (sub)harmonic if A(£) is a (sub)martingale, the solution to
the Dirichlet problem is obtained through first hitting distributions, and so on.

In statistical mechanics Gibbs measures u may often be characterized as
reversible measures with respect to a certain semigroup arising from a diffusion
process (cf., e.g., Doss-Royer, 1979, and Holley-Stroock, 1981).

Certain motions, such as physical Brownian motion, are governed by the
classical laws of particle mechanics together with a statistical perturbation. This
leads to a stochastic integral equation and a diffusion process which is under
certain simplifying assumptions in the case of physical Brownian motion the
Ornstein-Uhlenbeck process.

As in the last case all the processes mentioned above may be constructed as
solutions to stochastic integral equations. This idea goes back essentially to K.
Ito (1950, 1953), who treated the finite dimensional case. However, in view of
the second and third examples above, infinite dimensional state spaces have
drawn more attention in recent years. The case of compact state spaces as
occurring in the study of the infinite dimensional Wright-Fisher genetic model
or the infinite dimensional plane rotor model have been treated in Ethier-Kurtz
(1981) and Holley-Stroock (1981).

We deal here with a finite or infinite dimensional vector space as state space,
a situation that was already considered by Daletskii (1966a, 1966b, 1967), Doss-
Royer (1979), Shiga-Shimizu (1980), and Fritz (1982). The case of an infinite
dimensional vector space has gained additional interest due to the so-called
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lattice approximation in quantum field theory (cf. Nelson, 1973, Guerra-Rosen-
Simon, 1975).

As our results are most naturally formulated if the state space is a Hilbert
space, we start with a stochastic integral equation (see 3.2) with diffusion operator
9 and drift vector # in a separable Hilbert space H. This setup permits us to use
systematically the theory of stochastic integration in Hilbert space as developed
in Métivier (1977, 1982) and Métivier-Pellaumail (1980).

In Section 2 we review the basic facts about Brownian motion and stochastic
integration in Hilbert space needed in the sequel. In Section 3 we formulate and
sketch a proof of a theorem of existence and uniqueness that fits in our frame-
work. Contrary to other methods that yield weak solutions (cf. Doss-Royer, 1979,
and Stroock-Varadhan, 1979), we use a method familiar in the finite dimensional
case (cf. McKean, 1969), obtaining strong solutions.

Our main parts are Sections 4 and 5. In Section 4 we give a sufficient condition
for nonexplosion (Theorem 4.5) and in Section 5 we give conditions for the
associated transition kernels to be of Feller type (Theorem 5.19). These condi-
tions are mainly growth conditions on the coefficients of the stochastic equation.
Theorem 4.5 says essentially that there is no explosion if the diffusion grows at
most linearly and if the outward drift is not too strong. Roughly speaking,
Theorem 5.19 says that the transition kernels are of Feller type if the diffusion
is bounded and the inward drift is not too strong. It seems that the later result
has not been formulated before even in the finite dimensional case.

In Section 6 we compute the infinitesimal generator for sufficiently smooth
functions and mention a connection with a martingale problem. In Section 7 we
deal with applications to systems of stochastic integral equations that are, e.g.,
used to describe physical systems with a finite or infinite number of degrees of
freedom. In previous work, infinite systems were treated by approximation from
the finite dimensional case (cf. Doss-Royer, 1979, Fritz, 1982, Shiga-Shimizu,
1980). By contrast, we work in Hilbert space including the infinite dimensional
case without approximation. For our results we do not need any “symmetry”,
“finite range”, or “stationarity” conditions in the drift (interaction) part of the
stochastic equation. Also we do not need boundedness conditions on the deriva-
tive of the drift term as, e.g., the condition (H4) in Doss-Royer (loc. cit.). On the
other hand our method requires that the “one site part” in the drift term is not
too large. We will deal with large one site drifts in Leha-Ritter (1984).

The direct treatment of the infinite dimensional case was suggested to us by
Dr. T. Barth. We also thank Prof. H. Bauer and Dr. A. Wakolbinger for
stimulating conversations on the subject matter of this paper.

2. Preliminaries on stochastic integrals in Hilbert spaces. We shall
give here a brief account of Brownian motion and stochastic integrals in a real,
separable Hilbert space H with inner product (-, -) and norm || - |. The main
references are Métivier-Pellaumail (1980) and Métivier (1977, 1982). Our basic
space is a probability space (2, % P) endowed with a growing family (.%;).=0 of
sub-o-algebras of % The symbol E[ ] will stand for the expectation with respect
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to the probability P. We suppose that all processes (1;)o<:<7 (Where T is a stop-
ping time) on (Q, % P) that occur in the sequel are adapted to the family ().
This means that the random variables £, ,1;.<7) are #-measurable.

(2.1) Brownian motion on H. Let £ be a positive definite, self-adjoint,
nuclear operator on H. A continuous, H-valued process (3;):=0 on (@, &% P) is
called a Brownian motion with covariance operator Q, if

(i) for every s < t, B; — B, is independent of %;

(ii) for every s < t and y € Hi, the distribution of the real random variable
(8: — Bs, ¥) is Gaussian centered with variance (¢t — s)(Qy, y).

As all linear combinations Y, Ax(8; — Bs, yx) = (B: — Bs, >, Axy:) are Gaussian,
finitely many variables (8, — 8, y:) are jointly Gaussian.

The following example shows that Brownian motions exist. We shall need it
in Section 7. Let I be an at most countable index set. Let 3 be the product on R’
of independent, one-dimensional normal Brownian motions. Then 8 is a Brown-
ian motion on each Hilbert space H := Z%(y) := {y = (yi) € R/ Srer vry: < «},
where (y:)wer is a summable sequence of strictly positive real numbers. Its
covariance operator £ is given via multiplication with the diagonal matrix D, :=
(YrOkt I 11

Note that this example describes the most general Brownian motion. If Q is a
self-adjoint, positive definite, nuclear operator on a general real, separable Hilbert
space H with eigenvalues v; and normalized eigenvectors c., then H may be
identified in a natural way with the space #%(y):

y= () € 2%y) ~ X yrVyrcs € H.

The image of the process on #%(vy) constructed above is a Brownian motion on
H with covariance operator L.

(2.2) The isometric stochastic integral. Let % be the Borel s-algebra on the
strictly positive real line ]0, [. Let &2 be the o-algebra on Q X ]0, o[ of
predictable sets, i.e., the sub-o-algebra of & X Z generated by the predictable
rectangles, i.e., the sets of the form ]s, ¢t[ X F,where 0 = s<tand F € %,. Let u
be a continuous H-valued L2(P)-martingale. Let a, be the Doléans measure of
the real submartingale | u || 2. This is the measure a, on # such that

(1) au(]s’ t[ X F)= E[]-F" Mt — ﬂs" 2] = E[]-F( " I»"t"2 - " ﬂ's" 2)]-

There is one predictable process 2, with values in the set of positive, self-adjoint,
nuclear operators on H such that the following equality obtains for all y, z € H
and all predictable rectangles Js, t[ X F:

(2) jt[xF(Q“y’ Z) dan = E[].F(Ilrt - Ms,y)([.l.t — MUs, z)]

It is straightforward to show that for Brownian moton 8 with covariance operator



1080 G. LEHA AND G. RITTER

£ we have
(3) as=(trQ)AQP| #

where ) is Lebesgue measure on ]0, «[ and tr £ is the trace of the nuclear
operator Q. A similarly simple argument shows that

(4 (Qp)e = Q/tr Q.

Let G be another real separable Hilbert space. The set of integrands for the
stochastic integral with respect to the martingale u is denoted by A%2(H, G, & u)
(c.f. Métivier-Pellaumail, 1980, 14.5)). This is the completion of the vector space
of Z-step functions X with values in L(H, @) (the space of bounded linear
operators H — G) with respect to the norm

(5) IX (3 = f tr X, © 9, ° X da,.
10,00[XQ

Note that X* denotes the adjoint operator of X. A%(H, G, & u) has a represen-
tation in the space of (not necessarily continuous) operators from H to G.
However, we will need only L(H, G)-valued integrands. We will repeatedly use
the following sufficient condition for a process X to be an integrand (Metivier-
Pellaumail, 1980, 14.5): A%(H, G, & u) contains all predictable (e.g., left contin-
uous) L(H, G)-valued processes X such that

(6) f tr X, o Q, ° X; da, < o,
]0,00[xQ2

For a predictable step function Y = ¥/, Y1y, 1xr; (Y; € L(H, G)), the stochastic
integral of Y is the G-valued random variable on (2, %, P) defined by

) f Y dp = 3 Yiu; — )l

This definition establishes an isometry from the normed space of all %-step
functions with values in L(H, G) into IL%(P). The stochastic integral is the
unique extension of this isometry to A%2(H, G, & u). For Y € AX(H, G, & ),
Jo Ydu, is defined as [ 1j4Y du; the process (6 Y, du,)i=o is an L&(P)-
martingale. For an -H-valued process ¢ such that ¢ := (¢, .) € A2(H, R, & u)
we will write | (#,, du,) instead of [ &, dp,.

We finish this paragraph by reproducing two formulae that will be impor-
tant in the sequel (cf. Métivier-Pellaumail, 1980, 14.7.1 and 14.7.2). Let X €

AY(H, G, # B) and let
t
Mt = f xs dﬂs-
0

Then the Doléans measure o, of || u ||% is

®) g, =trXoQoX*\®P| P
and

9) Q,=XoQ o X*/tr X o Q o X*
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(2.3) It6’s formula. In order to formulate a version of Ito’s formula suiting
our purposes we need the tensor-quadratic variation of a continuous, H-valued
L?(P)-martingale u. Let X be the L(H, H)-valued process (u, -)u. Then the
tensor-quadratic variation «u» of u is the predictable process of bounded variation
such that X — «u» is a martingale. Since the process X consists of operators
whose range is one-dimensional, «u» has values in the space of nuclear operators.

When u is of the form
t
M = f Xs dﬁs’
0

X € A'(H, G, &£ B),
we have by 2.2(3), 2.2(4), and Métivier-Pellaumail (1980) 14.7.5

where

t
(1) «wy = f X, ©c Q o X* ds.
0

In particular «8»; =t Q.

Now let £ be the semi-martingale £ = u + ¢, where ¢ is a continuous, H-valued
process of bounded variation on bounded intervals. Let the function f:H — R be
twice continuously differentiable and suppose that the mapping f”:H — B(H,
H) is uniformly continuous, where B(H, H) denotes the continuous bilinear
forms on H. In this situation, the following version of Itd’s formula obtains (cf.,
e.g., Métivier, 1975, Section 7):

(2) f(ft)=f(£o)+f0f'(gs) dys+J;f’(£3) d¢s+%£f”(£,)d«p»s

for all t = 0.

The second term on the right side is not an isometric stochastic integral if f’
grows too fast. As f” is bounded on bounded sets, so is f’. Therefore, denoting by
T™ the first exit time of £ from the ball {y € H/ ||y || < n},

T™ := inf{t = 0/| &| = n},

tAT™
( J; f'(&) dm)

is an L?(P)-martingale, i.e., the expression ([§ f'(£) du,)=0 is a local L%(P)-
martingale. Thus equality (2) is to be understood in the sense that ¢ is replaced
by t A T™.

In the last term on the right side of formula 2 the continuous bilinear forms
f”(y) act on the nuclear operators 9t via the duality

3 (f"(3), ) - tr f/(y)R -, ).

we see that

t=0

3. Existence and uniqueness of solutions. For the reader’s convenience
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and for the sake of completeness we state and prove in this section a theorem of
existence and uniqueness which fits in the framework of the following sections.

(3.1) Historical remarks. To our knowledge, Chantladze (1964) and Daletskii
(1966a) were the first to construct diffusion processes in infinite dimensions,
using Itd’s device of stochastic integration. Daletskii (loc. cit.) considers a certain
Hilbert space H and two functions #: Hl X R*— H and %: H X R* — L(H, H).
Under the hypothesis that these two functions: satisfy a uniform Lipschitz
condition he asserts existence of a unique solution to the stochastic differential
equation

Ex,t =x+ L 2I(Ex,s’ S) dﬁs + £ /(Ex,s, S) ds.

In a subsequent paper, Daletskii (1966b), he also considers unbounded operators
9. A more recent reference in the continuous case is Yor (1974). The question
was pursued by Doss and Royer (1979), who had in mind an unbounded spin
model in infinite dimensions of statistical mechanics. They consider a system of
equations of the form

t
Ex,t,k = Xk + ﬁt,k + L bk(gx,s) ds (k (S Zd),

where the functions b,: R%? — R arise from a family of pair potentials that satisfy
certain conditions that we will not reproduce here. Their method is an approxi-
mation from the finite dimensional case. The function b, is supposed to be
partially differentiable, so that, at least on finite dimensional subspaces, by
satisfies a local Lipschitz condition.

We will now state a theorem on existence and uniqueness of solutions to
stochastic differential equations in Hilbert spaces that is sufficient for our
purposes. The proof below follows the lines of the well-known theorem in the
finite dimensional case. We will therefore give only a sketch of the proof.

(3.2) Notation and definition. Throughout, the letter K will stand for a real
constant that may vary from one line to another. As in Section 2, let K be a
separable Hilbert space with inner product (-, -) and norm | - ||. Let 8 be a
Brownian motion with covariance operator Q on H. We will first be interested
in solutions £, starting at x € H to the stochastic differential equation in H

0y fre=x + J(: A(Es) dBs + J; #(&xs) ds

on a stochastic interval [0, Ty[. To make this more precise, we consider two
norm-continuous mappings %:H — L(H, H) and #: H — H. We will say that a
continuous process (£, )o=:<r, On (2, & P) adapted to (#,) is a (strong) maximal
solution to the stochastic integral equation 3.2(1) starting at x € Hl, and with
explosion time T, if

(1) lim sup;_«|l &[] = % on the set {T, < x};
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(ii) there exists a sequence (T',)newn Of stopping times, growing to T., such
that
(o) A(Ero)lpr,) € AX(H, H, & B)
(B) &xenr, = x + [T A(E,,) dB, + [T £(£.s) ds for all
t =0, for all m € N, and for almost all paths.

The integral [§*"= #(£,,) ds is a Bochner (or also a weak) integral.

(3.3) THEOREM. Let 2A:H — L(H, H) and #: H — H be functions that satisfy
Lipschitz conditions on bounded sets, i.e., for each n € N there exists a constant
L,, such that

I%A(x) = A | < Lallx — |
1£Gx) = 29 || = Lallx — v

for all x, y such that | x| < n, |y | < n. Let (2, &% P, 8) be any Brownian motion
starting at zero with covariance operator Q. Then, for each x € H, there exists
exactly one strong maximal solution (&..)o=i<r, to the stochastic integral equation
3.2(1).

PROOF. As usual, we divide our proof in two steps. We first suppose that the
constants L,(=L) are independent of n (uniform Lipschitz condition) and show
that in this case £, has infinite lifetime, i.e., T, = ®. Let x € H be fixed. We
define by induction on n € Z* a sequence £7, = £ of (continuous) stochastic
processes on X R* with the property

t
1) E[f | €212 ds] <o forall t=0.
0
Let
£) = x,

=t J; A(Es) dps + J; £(§5) ds (¢ =0).

We have to show that £"** exists and that (1) holds for n + 1 if £” exists and if
(1) holds for n. We first show that the mapping
(s, w) = A3 ()0

is an element of A*(H, H, & B) (see 2.2). Since 2(£F) is continuous, our claim
will follow from 2.2(6), i.e., we have to show

2 E[J; tr(A(£7) © Q ° A*(£7)) dS] < .

However, since 2(x) = O(|| x ||) by our uniform Lipschitz condition, the quantity
on the left side of (2) is majorized by

trQE[J; ||91(£§‘)||2ds]sKtr£)E[J; (1+||£;’||2)ds]<oo.
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It follows (cf. 2.2) that the martingale ([§ 2(£7) dBs). is square integrable; we

obtain
t u 2 t u 2
EUWwawwsd4if4‘f%@wm]w
0 0 0 0
t t 2
stHf%I(f;‘) dgs ]du
0 0
t 2
=t-E’H J;%(ez) dg; ]

It remains to show finiteness of the expectation
2
du].

t u
E [ f f £(&3) ds
0 0
This follows from

u 2 u - t )
(J; (&N dS) Suj(: IIK(E;')II“’GISSth0 X+ €17 ds

by our uniform Lipschitz assumption.

We now show that the sequence (£7').=0 converges almost surely and locally
uniformly to a process (£:). We first use the isometric property of the stochastic
integral and our Lipschitz condition to estimate

g ]

= E[fo tr(f(E7) — AET} o Q o (AXE) — AX(ETHD dS]

J; (QU(E) — A(E™)) dBs

=trQ EU; Ir(Ey) — AN dS]

t
su@LﬁﬂEwa—aﬂmw.

For the term E[|| f§ #(£}) — #(£77") ds||?] one obtains a similar estimate (cf. the
finite dimensional case). Putting D7 := E[|| £7*! — £7|?] and using the inequality
lx+yll2<2x[%2+ 2| y]|l? we obtain the estimate

2]

2 t
+ H J; (&5) — £(£571)) ds

Dr < 2E[ “ fo (A(£7) — AErY)) dB,

t
< 2L%(tr Q + t) f D11 ds.
0
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On the other hand we have again by isometry

t 2 t 2
f A(x) dB, ] + 2[ f Z(x) ds ]
0 0
= 2E[J; tr A(x) o Q o A*(x) ds] + 2[ ” j‘: £(x) ds

]
<=2tr Q|| Alx) |% + 2] #(x) || %% =: Ko(t).

Using monotonicity of Ko(t) and K(t) := 2L3(tr Q + t) we now see by induction
that the quantity D} satisfies the inequality

D? = Ko(t)(K(t)t)"/n!.

The proof of existence (in the uniform Lipschitz case) now continues as in
McKean (1969, page 53). A similar reasoning shows that the solution is unique
(cf. McKean, 1969, page 54).

We now turn to the proof of the general case. We extend the restriction of A
and #to the ball {||y| = n} C H to functions %, and 4, that satisfy Lipschitz
constants uniformly on H, e.g.,

- J%4(y) iflyl =n
Un(y) = {%[ (ny/llyll)  elsewhere.

D? = 2E[

According to our first step, we obtain stochastic processes (£{™)o<i<- for the
modified data %, and #4,. Let

T™ := inf{t = 0/|| £ = n}
be the first exit time of £{™ from the ball {| y| < n} C H. By uniqueness,
gErtY = ¢ forall t=< T™.

By continuity of £™, the sequence T'™ of stopping times is eventually strictly
ascending and eventually strictly positive. Let

T, := sup,T™.
If T, (w) < o, then

lim supo<i<r, || £&(w) || = lim sup, || Ereyw) () | = .

(3.4) Remark. The proof shows that in the uniform Lipschitz case we may
use the constant time m for the stopping time T, in 3.2.ii.

4. Nonexplosion. The main question of this section is: What conditions
on the data 9 and # ensure infinity of the lifetime T'?

(4.1) Historical remarks. It is well-known that the solution to 3.2(1) has
almost surely infinite life time T, if the functions 2 and / satisfy uniform
Lipschitz conditions (see, e.g., It0, 1961, and McKean, 1969, in the finite dimen-



1086 G. LEHA AND G. RITTER

sional case, and Daletskii, 1966a, in the infinite dimensional case). Several
authors have weakened this condition. In the finite dimensional case, Stroock-
Varadhan (cf. Stroock-Varadhan, 1979, 10.2.2) prove infinity of the life time T
if [A(y) | =0y ) and if (y, #(y)) < K(1 + | y||?). Their theorem is couched
in terms of the martingale problem. A fairly general condition is due to Hasmin-
skii (1960). In some instances, however, his condition is not easy to verify. In the
infinite dimensional case, if % is identity, Doss and Royer (1979) give some kind
of an upper boundedness condition on # Métivier-Pellaumail (1980, 7.2) use the
condition ||| (¥) || = O(]|¥||), although in a somewhat different context.

We will use a boundedness condition on 2 and the same upper boundedness
condition on (y, #(y)) as in Stroock-Varadhan (loc. cit.). We first prove two
lemmas. The first lemma is a A%-version of (Métivier-Pellaumail, 1980, 4.2).

(4.2) LEMMA. Let (X,):=0 be a left-continuous process in A2(H, G, & B) and
let (Y,):=0 be a left-continuous process in L(G, KK), where G and K are Hilbert
spaces. Suppose that the expectation

(1) E[f tr(Yy o X, 0 Q o X¥ o YY) ds]
0

is finite. Define . := [§ X,dB;. Then the two stochastic integrals

t t
f Y, du, and f Y, o X, dgB,
0 )

exist and are P-equivalent.

ProOF. We apply 2.2(6) to the process Y. Because of 2.2(8) and 2.2(9), 2.2(6)
is nothing else than finiteness of the expectation (1), so that the first integral
exists. This finiteness together with 2.2(6), 2.2(3), and 2.2(4) shows that also the
second integral exists. At the same time we see that the mapping

A2(G’ K, % ﬂ) - AZ(H’ K, % ﬂ)
Z - Z-°X

is an isometry. The two stochastic integrals are P-equivalent when Z is a &-step
function. The rest of the lemma now follows from the isometric property of the
stochastic integral.

(4.3) REMARKS. (1). Suppose that 7, is a left-continuous process in H. Then

Y: ;= (g, -) is a left-continuous process in H’' = L(H, R). If G = H, the
expectation 4.2(1) is in this case

(1) E[J; (X; © Qo X, n5) dS]-
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If this quantity is finite, then the stochastic integrals

t t
L (ns, dﬂs) and L (x;k Ns) dﬂs)

exist and are P-equivalent.
(2) The expectation 4.2(1) is finite, if Y is uniformly bounded.

Our next lemma is an application of It6’s formula.

(4.4) LEMMA. Let t > 0, let (X,)s=0 be a process in L(H, H) s.th. X1, €
AY(H, H, & B) and let (P,),=0be a process that is locally integrable with respect to
Lebesque measure and s.th. E[[§ | ¢l ds] < . Define n, := x + [ X.dB., +
[& ®. du and suppose that the expectation E[[§ (X, ° Q ° X¥ n,, 1) ds] is finite.
Then we have

t t
" 77t||2 = "x"2 + 2 J(: (x:ﬂs’ dﬁs) + 2 J(: (773, ¢s) ds
t
+ f tr(X, o Q o X¥) ds,
0
where the second term on the right is an isometric integral.

PrROOF. We apply Ito’s formula 2.3(2) to the function y — || y ||> on H and to

the process
sAt sAt
&= =x+ f X, dg, + f ¢, du.
0 0

sAt
By hypothesis on X the process u; := f X, dg, is an L? (P)-martingale and
0

(JsM @, du),=o is of bounded variation. Therefore we have fors <t

‘ IIE.«II2=IIxII2+2J; (Eu,duu)+2J; (¢4, ©u) du+J; d «uru.

By Remark 4.3.1 and by hypothesis, we have for these values of s

[ e = [ xze, s
0 (4

This equality together with 2.3(1) implies the lemma.
Our theorem reads as follows.

(4.5) THEOREM. Let notation be as explained in paragraph 3.2 and let # be
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bounded on bounded sets. Suppose that
(D) tr (A(y)oQA*(y)) = KA + |y l*) (g, 1AW = Ol yl))

I (v, Ay) = KA + |y 1®

for ally € H. Let (&,:)ose<1, be a maximal solution of equation 3.2(1), starting at
x. Then, for any x € H, the explosion time T, is infinite (a.s.).

PrOOF. We denote by T'™ the first exit time of &, from the ball around the
origin of radius n € N in H. Let (T',,) be a sequence of stopping times as in 3.2.
Let

Xs = %(gx,s)I[O,T(")] and ¢s = /(Ex,s)l[O,T(")]-

We show that we may apply Lemma 4.4 in the present situation. Since, by
Condition I,

t tAT™
1) E[f trXoQoX* ds] < KE[f 1+ &1 ds] < o,
0 0

we have
(2) X 1[0,t] € Az(]}{[’ ]H[’ Q ﬁ)

for all ¢ = 0. By the boundedness condition on # the process ¥, satisfies
E[[§ || ®s |l ds] < oo for all ¢ = 0. The process 7, := £.:arm is bounded. Therefore

t t
E[f (Xs°@°xfﬂs, 77s) ds] = El:f " Ns "2 tr X,oQoX¥ ds] < oo,
0 0

for all t = 0 because of (2). From (1) we infer that 1joa 1, A7 (£x,s) converges
to Lo, aren (£5,5) in A*(H, H, &, ) as m — o, It follows that

AT, AT tAT™
fo A(t,,) dBs — fo A (&s,5) dBs

in L%(P) as m — . A standard argument now shows that, without loss of
generality, we may suppose T, = T for all n € N. In particular, we have

¢ ¢
77t=x+fxsdl33+f¢sds.
0 0

Il = Ul + 2 | @0)n d8) +2 [ (et ds

Lemma 4.4 yields

t
+f tr A(,)° Qe A*(n,) ds.
(4
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Hence we have

E[ln1?1= ||x||2+2E[£ (ns, Ps) ds] + E[J; tr (X;0Q°X¥) ds]
tAT™
= " x "2 + 2E|;£ (778; /(773)) dS]

tAT(™
+E[J; tr (A(ns) Qo A*(n,)) dS]-

Using Hypotheses I and II we obtain

tAT ()
E[ll711"] = ||x||2+3KE[J; L+ 717 ds]

t
= =)+ 3KEU @+ Il ds]

t
= ||x|?+ 3Kt + 3Kfo E[ll 7% ds.

As in Doss-Royer (1979), we now use Gronwall’s lemma (cf. Dieudonné, 1969) in
order to obtain the following estimate:

()  Elll tuenro 1 = E[lIn: 17 = (=12 + 1) (¥ = 1) + [ x % =: g(x, t).

Note that g is independent of n. Since the set {T™ < t} is contained in the set
{Il £;,en7 || = n} we have, using Tchebyshev’s inequality,

(4)  P[T™ = t] < Pl {&renroll 2 n] < n72E[ | £rearw %] = n7%g(x, ¢).
Therefore P[T, < t]=0for all £ >0, i.e., T, = © a.s.

(4.6) REMARKS. (1) Letting n — o we deduce from 4.5(3) that || £, | has
finite variance:

E[]l £, 117] = lim infpwE[|| £enre0|1?] < g(x, t).

(2) In the situation of Theorem 4.5, localization in the definition of a solution
to equation 3.2(1) is not necessary, i.e., we have

QI(Eac,s)llo,t] € Az(H’ H’ % ﬁ)

and

Ex,t =x+ J(: QI(E,:,S) dﬂs + L /(Sx,s) ds
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for all ¢ = 0. Indeed, by Condition I and Remark 1,
t t
E[f tr A(&,,) o QoA* (&, ) dSJ = KJ; E[1 + || &.,17 ds
0

t
sKt+KJ;g(x,s)ds

< Kt(1 + g(x, t)).

Therefore, the function 2 (£, ,)10,ca7,) On R* X Q converges in A%(H, H, £ 8)
to the function A (£,,,) 1,,,) as m — . By isometry, the process [T A (£, ) dB,
converges to the process [ A (£,,s) dB; in L% (P) as m — o for all t = 0. From
here it is plain that we can go to the limit in 3.2.ii. 3.

(3) In the proof of Theorem 4.5 we have shown the equality
tAT™

tAT™
" gx,tAT(") "2 = " X "2 + 2 L (u*(sx,s)sx,s’ dﬁs) + 2 L (Ex,s’ /(Ex,s)) ds

tAT™
+ f tr A(Ex,s) o QoA*(£s,s) ds.
0

We will need this equality in Section 5. Under an additional hypothesis on 2
(Condition IIT) we may go to the limit as n — o (cf. 5.10).

(4.7) Counterexample. The following deterministic example shows that Con-
dition IT is sharp. We put H = R, % = 0, #(y) = sgn y | y | “ for & > 1. The solution
to 3.2(1) is

£ = x[1 — (@ — 1)| x|~ 1]V D
forO0<t<T,:=1/[(a—1)|x|*], x#0.

5. Semigroups and Feller semigroups.

(5.1) Notation. We are interested here in three spaces of continuous functions
on H where £, . induces semigroups of operators (under certain conditions on %
and #). The first one is the space C,(H) of bounded functions on H that are
uniformly continuous on bounded sets, the second one is the subspace C,,(H) C
Cy(H) of bounded, uniformly continuous functions on H and the third one is the
subspace Co(H) C C,,(H) of uniformly continuous functions on H that are small
outside of bounded sets. These spaces are Banach spaces with the norm of
uniform convergence.

(5.2) Historical remarks. Dynkin (1965, 5.25), showed that to each partial
differential operator

& = Bhies anl®) e + By ba()

. k=1 Q| Oxkf)xl k=1 Uk 6xk

on R" with bounded, Holder continuous coefficients there exists a continuous
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Markov process £ whose generator is an extension of . and whose transition
kernels k.(x, A) = E[14(£,:)] (A a Borel subset of R") induce a semigroup (P;)
of operators on Co(RR"). By Lebesgue’s convergence theorem this semigroup is
weakly continuous and hence strongly continuous (Yosida, 1965) (for a direct
proof see also Meyer, 1967, page 25); i.e., the transition kernels k, form a Feller
semigroup on R". '

The question under what conditions on the generator of a diffusion process
on a finite dimensional manifold its transition kernels form a Feller semigroup,
was pursued by Azencott (1974). His method and conditions are inspired by
Has’minskii’s work (1960) on nonexplosion. As in the latter case, Azencott’s
conditions have the disadvantage of not being easy to verify in some instances.
We will instead use an estimate that goes back to Paley and Wiener (cf. Kahane,
1968, page 6). We first prove a result on stability of the solutions to Equation
3.2(1).

(5.3) PROPOSITION. Suppose that the functions 2 and # satisfy Lipschitz
conditions on bounded sets (cf. Theorem 3.3) and the conditions

(I) tr (A(y)eQoA*(y)) = KA + |yl?)

(I (5, 2(y)) = K1 + |y11®

for all y € H (cf. Theorem 4.5). Let (&,.)¢=0 be the maximal solution (with
infinite lifetime according to Theorem 4.5) to equation 3.2(1). Then for all
bounded sets B C H and for all real numbers ¢t = 0, ¢ > 0, and 5 > 0 there exists
a real number 6 > 0 such that

Pllée— el =29 <e
for all x, x” € Bsuch that |x —x’ || = 6.

ProOF. By 4.5(4) we have forallx E Handn €N
P[T™ = t] = n7%g(x, t).
Let n € N be chosen in such a way that
P[T" = t] < ¢/4

for all x € B. Let L be a Lipschitz constant for 2 and # on the ball {||y| = n} C
HL. Put

8% := (en*/6) exp(— 3 + L3(tr Q + t)).
Now let x, x’ € B such that | x — x’ || < 4. Define
T:min{T™, T®} and A :={T =t}.

Note that, as T is a predictable stopping time, A is predictable. Hence 1,X €
A’(H, H, & B) for every process X € A%(H, H, & 8). We obtain the equality

t t
]-A J(: Xs dBe = f ]-Axs dﬂs-
0
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Applying this remark to the process X, := (A(£,,) — (&) 10,77 We may
estimate as follows: .

2

;A]

t

E[ 'J;Xsdﬁs
t 2 t

=E[“ L lAX,,dﬁs ]=E[£ trlAXs°Q°le:dS:|

t t
(1) =E[f 1Atrxs°£>ox;"ds]str£>fE[IIXSII“’;A]ds
0 0

=trQ L E[MQI(EJ:,S) - QI(Ex',s)”z; A] ds

t
<L? tr Q J; E[" Ex,s - Ex’,s "2; A] ds.

On the other hand we have

2
;A]

(2) = tEl;f; " /(Ex,s) - /(Ex',s) "2 ds; A]

tAT
E[ “ ’I; (/(Ex,s) - /(Ex',s)) ds

t
= th L E[" Sx,s - Ex',s "2; A] ds.

Using (1) and (2) we now obtain
E[]l 2 — &0 1% A]
= E[| Exint — fx',z/\T” 2; A]

2
;A]
2
;A]

t
= 3"x - x,"2 + 3L2(tl' Q + t) J; E[" Ex,s - gx',s"2; A] ds.

t
=3x—x"|? +3E[” J; X, dg,

- tAT
+ 3E[ ” L (/(Ex,s) - /(Ex',s)) ds

Gronwall’s lemma yields
E[ll &c — Exc % A]l = 8| x — x'||2 exp(3tL2(tr Q + t)).
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By Tchebyshev’s inequality, we have
Pl{ll & — &xill = 0} N A] < 97°E[ || &2 — £x2 ]| A]
= 3972 x — x’ ||? exp(3tL3(tr Q + t)) < ¢/2.

As P[A€] = P[T™ < t] + P[T® < t] < ¢/2, the proof is finished.
~ An even simpler argument (which also uses Gronwall’s lemma) shows the
following proposition. We omit its proof.

(5.4) PROPOSITION. Suppose that the functions U and # satisfy uniform
Lipschitz conditions. Let (£.,:):=0 be the solution to equation 3.2(1). Then, for all
real numbers t = 0, e > 0, and n > 0 there exists a real number 6 > 0 such that

Pllée—Exell =] < e
for all x, x’ € H such that | x — x’ || < 6.

(5.5) PROPOSITION. Hypotheses are as in Proposition 5.3. Then P.f(x) :=
E[f(&,.)] defines a semigroup of continuous, linear operators on C,(H).

PROOF. The semigroup property follows from the Markov property of the
process (£.,.), which itself is a consequence of uniqueness in Theorem 3.3 (cf.
McKean, 1969, page 56). We have to show that P,f € Cy(H) if f € Cp(H). Let
B C Hi be bounded, ¢t = 0, ¢ > 0. Choose n € N so large that

(1) P[TP <t]<e
for all x € B (4.5(4)). Let n > 0 be so small that
[fy) —fy)l=e

forall y, y’ such that |y|| =n, |y’ || =n, |y —y’ || =%. Choose § > 0 according
to Proposition 5.3 so that

Plll & — Exell =]l < e

for all x, x’ € Bsuch that |[x — x’|| = 4. Forx,x’ €B, |x — x’ | < § we may
then use (1)

| Pif(x) — Pef(x')]
< E[f(£) — f(Ee) 1]
S E[|f(&) = flEe) s TV < 8]
+ E[If(kn) — flEe)|; T = t]
+ E[f(Ene) — G ]; 1 Exe = Exrell = 0]
+ E[f(£re) — fEe) | T, T > 8, £ = Earel < 1)
=6 fllue+e.
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(5.6) Explanation. Proposition (5.5) together with the monotone class theo-
rem implies that the mapping

H X Z(H) — R
(x, F) — E[15(&,,)]

is a kernel k, if the hypotheses of Proposition 5.3 are satisfied. (Here #(H) is
the g-algebra of Borel subsets of H with respect to the norm topology). If
moreover (£,) has infinite lifetime for all x, then (k;):=o is a semigroup of
Markovian transition kernels. Proposition 5.5 says that (k) induces a semi-
group on C,(H). We now give conditions which ensure that these kernels induce
strongly continuous semigroups on the spaces C,;, () and Co(H).

(5.7) PROPOSITION. Suppose that the functions % and # are bounded and
satisfy uniform Lipschitz conditions. Then P,f(x) := E[f(£..)] defines a strongly
continuous semigroup of continuous, linear operators on C,,(H).

PrOOF. The fact that P, operates on C,(H) follows from Proposition
5.4. Let us prove strong continuity of (P,).-o as t | 0. For the expectation of

| £x.c — x | > we have by isometry
2 t 2
] + 2E[ “ f Ates) ds ]
0

E[| & — x|?]
t t 2

=2trQ j; E[| A(£.:) %] ds + 2E[<J; | #(£20) | ds)]

< 2K?% tr Q + 2K?t?,

where the constant K is independent of x.
Let ¢ > 0 and choose 6 > 0 so that | f(x) — f(y)| <ewhen || x — y|| <é. Using
Tchebyshev’s inequality we may estimate

| Pef(x) — f(x)]
S E[lf(¢) = f@) 5 [ £xe — x|l < 8]
+ E[f (&) = F@) 15 N 6ee — 2] = 6]
se+2|flu Pl & — x| = 8]
< e+ 4K%|fll. 67%tr Q + ¢).

(5.8) Counterexample. The semigroup (P,) is in general not strongly contin-
uous if the coefficients A and # are not bounded. It is sufficient to consider
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Counterexample 4.7 with 0 < a < 1. Here
.. =sgn x[(1 — a)t + | x| o]/,

It is plain that P.f(x) = f(£.,.) does not converge uniformly to fas ¢ | 0 if, e.g., f
is the sine function.

We now deal with the question: Under what conditions on % and # does £, ;
induce a “Feller semigroup”, i.e., a strongly continuous semigroup of operators
on Co(H)?

(5.9) Hypotheses. For the rest of this section we suppose that the diffusion
operators 2(y) and the drift vectors #(y) satisfy the conditions of Theorem 4.5.
Furthermore we suppose that, for each x € H, we are given a solution (£,;);=0 to
equation 3.2(1) (according to Theorem 4.5, this solution has infinite lifetime).

In the sequel we wish to control the size of || £, || and | &, || . To this end we
will from now on use two more growth conditions on the diffusion operators 2 (y)
and the drift vectors #(y):

(IIT) (A(y)eQoA*(y)y, y) = K(L + ly]?)
(IV) [, 2N = KA + |lyl?
for all y € HL.

Note that Condition III is trivially satisfied when the function y — A(y)°
Q%2 js norm-bounded. Heuristically, if P, is to map C, into C,, then the drift
towards the origin must not be too strong. This is part of Condition IV.

(5.10) Notations and explanations. First consider the martingale part on the
right side of 4.6.3, namely

tAT™
J; (A*(£x,5) €5 dBs).

As

E[fo (U (Ex,5) 0 Q0 A*(Ex5) £y £xs) dS]

t t
= KE[f (1 + || £ l1® ds] =Kt + Kf g(x, 8) ds <
0 0

by Condition III and Remark 4.6.1, a similar reasoning as in Remark 4.6.2 shows
that the above martingale converges in IL%(P) to the IL?(P)-martingale

/‘x,t = L (91*(£x,s)£x,sy dﬁs)-

For abbreviation we put

Vs 1= 2(Exs, Abss)) + tr U(Eys) 0 Qo A*(Es).
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Going to the limit as n — o in 4.6.3 we have

t
(1) " Ex,t "2 = " X "2 + 2ﬂx,t + j ¢x,s dS

for all ¢ = 0. It6’s formula in the one dimensional case, applied to the process
| £, I? and the function a — a?, yields by equality (1)

tAT™
I £xenrem]|* =l x[|* + 4 J; I £ 11? dats
(2) tAT(n)
+2 £ " Ex,s " 2¢x.s ds + 4<ﬂx)tAT"",

where (pu,) stands for the quadratic variation of the real martingale u..
According to 2.3(1),

(3) (ﬂx)t = J; (m(sx,s)°9°@[*($x,s)$x,s, Sx,s) ds

for all ¢ = 0. Taking expectations in (2) we obtain

tAT™
4)  E[ll &eenrm 4] = I x]* + 2E[ j; [ €5 1 *¥,s dSJ + 4E[{ps) arw]
foralln € N.

(56.11) Consequences. From Hypotheses 5.9 III and IV we infer two growth
properties of ( u,) and ¥, that are essential in what follows. Formula 5.10(3) and
Condition III together imply

(1) (Me)e = KJ.: 1+ " Exs "2) ds,

whereas Conditions I and IV imply
(2) [Vas| = KA + [ £617).

We break up the proof of the main theorem (5.19) of this section in several
steps which we formulate as lemmas.

(5.12) LEMMA. There exists a constant K such that
[E[l & 17 = 1 x17]] = Ke(1 + [ x[|?)

forallt =1andall x € H.
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ProoFr. Using 5.10(1), 5.11(2), and Remark 4.6.1 we estimate

IE[IIEx,tII"’—IItz]ISEU; Ilﬁx,sIdS]SKE[_L (1+II£x,sI|2)dS]

t
5Kt+f g(x,8)ds < Kt + tg(x, t) = Kt + Kt| x|
0
fort<1.

(5.13) LEMMA. For all x € H and t = 0 we have

E[ll £ 1°1 = (1= ]* + 5/4) (e — 1) + || x|*.

PROOF. Going to the limit in 5.10(4) as n — % and using 5.11 we estimate

, .
E[ll & 1*1 =< lx]* + ZKJ; E[l £ 1171 + || £ 11%)] ds
t
+ 4Kt + 4K J; E[|l £.511%] ds
t
= |x|*+ 4Kt + 6KJ; E[|l &1 ds

t
+2KJ; E[] £.:1*) ds

t
< |x]|*+ 10Kt + SKJ; E[| &, 1*] ds.
The lemma now follows from Gronwall’s lemma.

(5.14) LEMMA. There exists a constant K such that
() |E[ll &ell* = Nx01]] = Ke(1 + [[x]*)
(8 E[(| &% = 1 21%%] = Ke(1 + | x[*)

forallt =1 andall x € H.

PROOF. Lemma 5.13 shows that equality holds in 5.10(4) in the limit as
n — o (use 5.11(2) and Lebesgue’s theorem). Using 5.11 and 5.13 we then
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estimate

[E &xel* = N lT0

= 2EU; I s 121 ¥ass | dS] + 4E[(ps).)
= 2KJ; E[) &5 17 + [ €05 19)] ds + 4KJ; E[l + | £&.51%) ds

t t
< 4Kt + 6Kf g(x, s) ds + 2Kf h(x, s) ds
0 0

where g is as in 4.5(3) and h is the right side of 5.13. For s < 1 we have
glx,s) = K1 + | x|*)

and
h(x,s) = K(1 + || x|*).

The estimate a now follows.
In order to derive estimate 3 we again use It6’s formula and 5.10(1):

(& ? = N ]1%)?

t
= 4£ (" Ex,s"2 - ”x”2) d”’x,s

+ 2 J; (&1 = N2 1®)ss ds + 4(p2)e

Localizing and taking expectations we obtain
E[(| £ enro® = 11 x11%)7]

t AT
=2 L (" Ex,s ”2 - " X " 2)¢x,s ds + 4<ﬂx>tAT(")-

Going to the limit and using 5.11, we have

EL() &ucl® = 1212
< 2F U (I £a” + ux||2)|¢x,s|] ds + 4E[(u:) ]

t
< 2K||x||*t + 4Kt + (6K + 2K | x||?) J; E[l &.517 ds

t
w2k | BlI&14 0
0
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We now use 5.12 and « to obtain for t < 1
E[( £ 17 = 2153
< 2K|x|% + 4Kt + K6K + 2K | 2|1 + | x ||t + 2K2(1 + || x |*)t.

(5.15) LEMMA. Forallt <1 and all x € H we have
E[l & 11*] = (B[N &2 17D? = K@ + 21462 + K1 + | x||?).

PrROOF. According to 5.10(1) we have

t 2 t
(B[] &, 1°%D)% = <|Ix||2 + EU; Vi ds]) = x|t + 2EU; Il 2%,3] ds.

Together with 5.10(4) we obtain
E[ll £ 141 = (E[Il £, 1%)
= 2EU; (&1 = 1212, dS] + 413[(;ux)t]~

=: 2A + 4E[{(p:):].
We now estimate the number A using 5.14.8, 5.11(2), and 5.13:

A =j(: E[(I &5 11* = 12 11))¥s,] ds
= J; E[( 5 1* — 1 2 |1*TE[YZ,]/ ds
Sj; {Ks(L + | x |*)KE[L + || £, 1“1} ds

t
=K@+ |x|* J; s2ds=2% K1+ |x||*)¢?

for t < 1. Using 5.11(1) and Lemma 5.12 we obtain
E[{p:) ] = KA + |x]?

for t = 1. The lemma now follows.

(5.16) PROPOSITION. There exist constants K, to > 0 such that
P& > < =] = K2 + 1/) x )
forallt<tyandall x, | x| = 3.

PROOF. A well-known inequality in analysis (cf. Kahane, 1968, page 6) says
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that for a random variable X = 0 with finite variance we have

(E[X] —a)®

P[X=ad] = E[X7]

for all real numbers a such that 0 < a < E[X]. From Lemma 5.12 we derive

E[ll £ 171 = lxl* — Ke(1 + 2] = || x|

for t < t; and || x| = 3. For these ¢t and x we may apply the above mentioned
inequality to the random variable X = | £,,.[|*> and the real number a = | x||
obtaining

Plll &% < Il =]

< Ell e ll®] = Bl £e D) + 20 2 I ELI &2 1% = N2
a ET) & 1] '

For sufficiently small ¢ and for || x | = 1 the denominator exceeds || x || */2 (Lemma
5.14.c). Applying Lemma 5.15 and 4.6.1 we see that, for ¢t = 1, the numerator is
majorized by the number

KA+ ="+ K1+ llx|? + 2K | (1 + || x]?.

Collecting these estimates we obtain the proposition.
Our following lemma states a general condition for a contraction semigroup
(P¢)¢=0 on Cp(H) to map Co(H) into itself.

(6.17) LEMMA. Let (P;):=0 be a contraction semigroup on C,(H). Suppose that
there exist constants K = 0, a > 1, and t, > 0 with the property that for all
functions f € Co(H), || fll. < 1, and all ¢ > O there exists a real number r;> 0 such
that

| Pif(x)| < Kt* + ¢

for all x such that || x| = r; and all t < to. Then (P.) induces a contraction semi-
group on Cy(H).

PROOF. Let f be in the unit ball of Cy(H), and let ¢ > 0 be given. For || x| =
ryand for ¢t < t, we have

| Pof (x)| <= Kt*/2% + ¢/2.
We write
Pyf=g+h

with g € Co(H), |l gll =1 and h € Co(H), | k| = Kt*/2* + ¢/2. Applying our
hypotheses to the function g, we see that

| Pi2g(x)| = Kt*/2% + ¢/2
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for | x| = r; and ¢ < t,. Using the semigroup property, we now estimate
| Pef (x) | = | Pea(Prsof ) (2) | < | Pipog(x) | + | Poh(x) | < Kt*/2* ' + ¢

for || x|| = max {r;, r,} and t < ¢, Hence our hypotheses are satisfied with the
smaller constant K/2°! instead of K. Finite iteration of this procedure shows
that P,f is small outside of bounded sets for ¢t < t,. Another application of the
semigroup property finishes the proof.

(5.18) PROPOSITION. Suppose that % and # satisfy the hypotheses of Theorem
4.5 and Conditions III and IV of 5.9. Let for all x € H (£,,:):=0 be a maximal
solution to equation 3.2(1) starting at x and let f € Co(H). Then

E[f(£x,:)] = f(x)
as t | 0, uniformly for x € H.
PrOOF. Without loss of generality we suppose ||f|l.<1.Let e>0. Let r = 2
be so large that |f(y)| < ¢ for all y, |¥|| = r. By Proposition 5.16 there are

constants k > 0 and ¢, > 0 such that for all x EH, || x| = r;:=r? and t < t, we
have

[Elf(£011 < E[If(£:,015 I Exell = 11 + E[f(Eee) |5 1 £xell <7]
(1) Se+ Pl &l <rl=e+ Pl & )*<l=l]
<e+ Kt + 1/|x|).
It follows that for large x, || x | = m say, and for small ¢t we have

| E[f (8x,)] = f(x)] = 3e.

For | x || = m we proceed as follows. According to 4.5(4) there exists n € N such
that

P[TP <1]=e¢

for all such x. (Recall that T is the first exit time of £, from the ball of radius
n.) Let A be the subset

A:={T">1}Cq

Note that tr A(£,,) o Qo A*(£,,s) and AE,s) are bounded on A for 0 < s < 1 since
| €25 || = n there. As in the proof of Proposition 5.3 we have

]-Ax[o,l]gl(gx,s) € AZ(H’ IHI’ -Q ﬁ)
and

]-A .I; QI(E.x,s) dﬂs = J‘; ]-AQI(E:,S) dﬁs

forallt<1.
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We now estimate the quantity E[| £, — x||%; A

El|l &, — x|% A]
2 t 2
Aeae]| [ e [4]

2 t 2
oo | [/ tcoras 4]

=2F J; tr A(&,s) o QoA*(&s,) ds; A] + 2tEU; I #(&::) 1% ds; A]

< 2Kt + 2K*2.

To conclude the proof in the case || x| < m choose 6 > 0 so that |f(y) — f(2)|
=e¢for |y —z| = 6. Then

| Blf (£.0)] — F(x)] *
< E[lf(&0) — f@); I £ne — x| <01+ E[]---|; A°]
+ E[| -+ |; {Il& — x| = 8} N A]
<e+2|fllue + 2fI P[{Il & — x|l = 6} N A]
<e+ 2| fllue + 2fI072E[ll &xe — 1% A]
<e+3|fll.e

<2F ” J(: ?I(Ex,s) dﬁs

= 2E ” J; IAQI(Ex,s) dﬁs

for ¢ sufficiently small. The proof is finished.

(5.19) THEOREM. Let the functions ¥ and # and the process (£.:)i=0 (x €
H) be as in Theorem 4.5. Suppose that % and # satisfy Conditions III and IV of
5.9. Furthermore suppose that the process &, is Markovian and that the semigroup
k.(x, F) = E[1;(£,,)] defined by (£,,.) operates on C,(H). Then (k) is a “Feller
semigroup” i.e., (k:) induces a strongly continuous semigroup of operators on
Co(H).

PROOF. Strong continuity is proved in Proposition 5.18. We use 5.17 to show
that P, operates on Co(Hl). In 5.18(1) we have shown that there exist constants
K > 0 and ¢, > 0 such that

|Pf(x)| < e+ K@t + 1/ x)
for all f € Co(Hl), all t < to, and | x| = ry, i.e., (P;) satisfies the hypotheses of
Lemma 5.17.

(5.20) Counterexample. An example similar to Counterexample 5.8 shows
that Condition IV is sharp. To illustrate this let us again consider the case H =
R, A = 0, and choose Ay) = —sgn y|y|* where o > 0. Here, the solution to
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equation 3.2(1) is

I'sgntx[lx | l_a—'(l - a)t]l/(l_a)].[o"ﬂl-a/(l_a)[(t) (0 <a< 1)
Ext =\ xe” (a=1)
2[1 4 (a = 1) x| =]/ (a>1).

For a > 1, at time ¢ = 1, the position is in the ball of radius [1/(a — 1)]*/“"?, no
matter where the starting point is. Therefore the associated semigroup of oper-
ators does not operate on Co(R).

(5.21) REMARK. A process (£,) that satisfies the conditions of Theorem 5.19
has the strong Markov property with respect to the family (%), of sub-o-
algebras of % Here

%_,, = Nyt %-

This is a consequence of the Feller property of (k;) (cf. Blumenthal-Getoor, 1968,
Theorem 8.11). However, the strong Markov property may also be proved in
more general situations (cf. McKean, 1969, page 56).

6. Generators. A usual way to reconstruct the original data % and # from
a solution £ of equation 3.2(1) is to compute the generator of its transition semi-
group. We show that for sufficiently smooth functions the generator coincides
with the operator .& below.

(6.1) Historical Remarks. A first treatment of the above problem in the case
of finite dimensional manifolds appears in Itd (1950, 1953), cf. also McKean
(1969). The infinite dimensional case was treated by Daletskii (1966b) for twice
continuously differentiable data % and £ The connection with the martingale
problem goes back to Stroock and Varadhan (1969); cf. also Stroock-Varadhan
(1979) and Varadhan (1980, pages 92, 103, and 230 ff).

(6.2) Explanation. Let the function f: H — R be twice differentiable at a
point y € Hi, so that f”(y) is a continuous bilinear form H X H — R. For a
nuclear operator % on H, the bilinear form f”(y)(R-, -) on H X H is nuclear.
Again, let U and # be continuous mappings from H to L(H, H) and H — Hi,
respectively. We define f”(y) % :=tr f”(y)(R -, -) and

ZLf(y) =% f"(y)Ay)eQeA*(y) + f'(y)Ay).

We first show that a process (£.,.) that satisfies our stochastic integral equation
3.2(1) solves a certain martingale problem. Let for this section f be a twice
continuously differentiable function H — R. B(H, H) stands for the set of
continuous bilinear forms on H X HI.

(6.3) PROPOSITION.  Suppose that the functions % and # satisfy the hypotheses
of Theorem 4.5 and let (£..):=0 be a maximal solution to equation 3.2(1) starting
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at x € H. Further suppose that f”: Hl — B(H, H) is uniformly continuous.

(a) Then the process f(£.,:) — f(x) — [§ Lf(£xs) ds is equivalent to the local
L2(P)-martingale [ f'(£,,5) o (£xs) dBs.

(b) If moreover f’ is bounded then the two processes in (a) are P-equivalent
L2(P)-martingales.

PROOF. By Remark 4.6.2, the process u; := [§ U(£.s) dBs is an Li(P)-
martingale. We may therefore apply It6’s formula 2.3(2) to the process £, and
the function f, obtaining the formal equality

f(Ex,t) - f(x) - .I; f/(éx,s)/(gx,s) ds

(1) —%waagwagﬁhaﬂ&oa

=ff%9@“
(]

where the right side is a local IL%(P)-martingale. To finish the proof of Part a we
use Lemma 4.2 to show that this local martingale is P-equivalent to the local
martingale [{ f’(£.)°%(£.,s) dB,. Again, let T™ be the first exit time from the
centered n-ball in H and let p, be the vector of H such that (p;, -) = f’(£,,;). We
have

tAT™
E[L (ps, QI(E:c,.s)oEJOQI*(EJc,s)ps) ds]

< suppyy=n [ £ (D) ZE[J; tr A(&x,s) 0 QoA*(£s,) dS].

The sup on the right side is finite as f” is uniformly continuous and the
expectation is finite by Remark 4.6.2.

The same estimate shows that [} f’(£.,s)°U(£,,s) dB; is an L?(P)-martingale
if f/ is bounded. As in Remark 4.6.2, the process [i"T” f’(£,,)oU(£xs) dBs
converges in LL2(P) to this martingale as n — . This proves Part b of this
proposition.

(6.4) COROLLARY. Let hypotheses be as in Proposition 6.3b and suppose that
f is bounded. We then have for all t = 0

E[f(§)] = f(x) + E U; Zf (£xs) dS]

PrOOF. The expectation of the martingale [§ f’(£,,) U (£.,) dB; is zero.
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Our next proposition deals with one of the properties of the weak generator of

(£x,0)-

(6.5) PROPOSITION. Suppose that the functions ¥ and £ satisfy the hypothe-
ses of Theorem 4.5 and Conditions III and IV (cf. 5.9), and that |#(y)| =
K@+ ||y|l? for all y € H. Let (£.,:):=0 be a maximal solution to equation 3.2(1).
Suppose that f: H — R is a twice continuously differentiable function such that f,
f’, and f” are bounded and f” is uniformly continuous. Then (E[f (&..)] — f(x))/t
converges to <f(x) ast ) 0 for all x € H.

PROOF. According to Corollary 6.4 we have to show

1 t
E [; J; Zf (£x5) dS] - Zf(x).

In order to apply Lebesgue’s convergence theorem, we need bounds for

(1) ’ %L tr f”(sx,s)(g[(éx,s)ODOQI*(&:,S)’, ') dS
and
@ E I et asl.

0

By condition I, quantity (1) is majorized by

1 [ 1 [
IIf”IIu;J; tr A(£,,s) 0 QoA*(E,,) dssKIIf”Hu;f0 (1 + [ &40 ds

1 t
< Klf” uu(l W1 uex,suzds)

whereas, by hypothesis on 4 Quantity (2) is dominated by

i1k | uﬂsx,s)ndssxnf'uu(l f1 usx,suzds).
0 0

It is therefore sufficient to find an upper bound for | £.,[|> (0 =s <1, x fixed).
By 5.10(1) it is sufficient to find upper bounds for |u.,| and | [§ V.. du|
(0 =s=1). As to u,,, we have

I Mx,s l = maxo=u=1 I Mx,u I € Lz(P)
according to Doob’s inequality. On the other hand, by 5.11(2),

s 1 1
fo Ve du | f wx,uudusK(H f ||zx,uu2du)

which is integrable by 4.6.1. The proof is finished.
We now reformulate Proposition 6.3 under slightly modified hypotheses: We
replace boundedness of f’ by boundedness of .~F.
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(6.6) LEMMA. Suppose that the functions 9 and # satisfy the hypotheses of
Theorem 4.5 and let (£..):=0 be @ maximal solution to equation 3.2(1), starting at
x € H. Further suppose that f and f are uniformly bounded and that f”: H —
B(H, H) is uniformly continuous. Then the process

f(&e) — f(x) — J; Zf (§5) ds
is a P-martingale.

PrROOF. By 6.3(1), the process

t AT
fExenrm) — f(x) — J; Zf(&s) ds

is an L*(P)-martingale. Boundedness of f and .~/ allows us to go to the limit as
n— oo,
Our following proposition deals with the strong generator of (£,,.).

(6.7) PROPOSITION. Suppose that % and # satisfy the hypotheses of Theorem
4.5 and Conditions III and IV. Let for all x € H (£,.):=0 be a maximal solution to
equation 3.2(1) starting at x. Further let f € Co(H) be twice continuously differ-
entiable such that <f € Co(H) and f”: H — B(H, H) is uniformly continuous.
Then

B =10) oy
as t | 0 uniformly in x € H.
PrOOF. By Lemma 6.6 we have to show that
E [% f (L) - L) ds] 0

uniformly for x € H. By Fubini’s theorem and Proposition 5.18 we have

B[} [ e - o1 o

S%J; |E[ZLf(§x:)] — Zf(x)| ds

< supos,=t| E[Lf(£.)] = ZLfllu—0 as t]0.

As a resumé we collect our main theorems in one result. It is self-contained in as
much as it only uses conditions on the diffusion operators (y) and the drift
vectors #(y) rather than on the diffusion process £, and the semigroup (P;).

(6.8) THEOREM. Let % and # satisfy Lipschitz conditions on bounded sets and

~
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Conditions I, II, and IV (cf. 5.3 and 5.9). Then:

(a) For each x € H there exists exactly one maximal solution &, to equation
3.2(1).

(b) The lifetime of . is infinite.

(c) The family (£.).em Of processes is Markovian and strongly Markovian with
respect to ( Z.+).

(d) The semigroup (k.) of transition kernels defined by the family (£.).en
operates on C,(H) and induces a strongly continuous semigroup (P,) of operators
on Co(H).

(e) Let ® be the (strong) infinitesimal generator of the semi-group (P;);=o. All
twice continuously differentiable functions f € Co(H) such that < f € Co(H) and
such that f”: H — B(Hl, H) is uniformly continuous are contained in its domain
and we have for these functions

®f = <.

PrROOF. Combine Theorem 3.3, Theorem 4.5, Proposition 5.6, Theorem 5.19,
and Proposition 6.7. The Markov property of £, follows from uniqueness in
Theorem 3.3. For the strong Markov property cf. Remark 5.21.

7. Systems of stochastic differential equations.

(7.1) Explanation. In the preceding sections we dealt with diffusions on
Hilbert spaces. We now describe how this theory can be applied in situations
where systems of stochastic differential equations indexed by an at most count-
able set I are given. We shall indicate how one can construct a Hilbert space H
adapted to the system in one instance in 7.4-7.6. Natural candidates for H are
spaces 7 %(), where v = (yx)res is a summable sequence of strictly positive real
numbers, as the product of independent one-dimensional normal Brownian
motions on R’ induces a Brownian motion with covariance matrix D, =
(’Ykak[ )k’151 on each /2(’7) (Cf Section 2)

We start with the following system of stochastic integral equations

(1) Ex,t,k = Xk + Zjel J; akj(gx,s) dﬁs + ‘I; bk(Ex,s) dS, k € I

and we suppose first that we are given a sequence v as described above such that
ay and by, are real functions on # 2(y).
In order to apply our theory we suppose that

(@) (xx) €2%(y),
(B) Ay) = be(Y)rer €E2%y) (yEZ%(v))

and that the matrix A(y): (aw(¥))rier induces via multiplication (z;) —
(X ier au(y)z1)x a continuous linear operator % (y) on #%(y). According to Schur’s
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test (cf. Schur, 1911) this is the case, e.g., if
(y) for all y € 7%(v) there exists a constant M, such that
Yilau(y)| = M, (kED

2elauyve =My (EI)
In this case, the norm of the induced operator % (y) defined by

(AY)2)e = X1 an(y)z

is less than or equal to M,. -
Note that 2*(y) is multiplication by the matrix D;'A*(y)D,. In fact, since
(2, y) = 2'D,y, we have

(D7*A'D,x, y) = x'D,AD;'D.,y = x'D,Ay = (x, Ay) = (A*x, y).

The trace of a nuclear operator & on #%(vy) induced by multiplication with a
matrix B = (by,;) is tr (B) = Yrer bux- Hence

tr A(y)eQoA*(y) = Trer Vi Tier abu(y).

(7.2) The notion of a solution to 7.1(1). We now suppose that the functions
A: Ay) - L(Z(v), 72(v)) and #: /*(y) — /*(y) are norm-continuous and
that we have a solution (£,,)o=¢<r, to equation 3.2(1) (cf. 8.2). From £, a1, =
x+ [T A(ELs) dBs + [61T #(£.,5) ds we obtain, putting ey := (6u)ier (R € I),

1 tAT, AT,
(1) Exint o p = Xp + — (ek, f A (&) dﬂ;) + f br(£.,s) ds.
Ye 0 0

Writing u, := [{*™ A (£.,) dB,s and applying Remark 4.3.1 we have

tAT,
<ek, f QI(E:c.s) dﬁs)
(2) 0

¢ AT,
= (ex, #t) = L (ek’ dﬂs) = L (m*(gx,s)ek, dﬁs)~

(Note that, by 3.2. ii.«, 4.3.1(1) is finite for X, = A (£,5)1j0,7,) and 5, = ey).
Now

tAT, tAT,
L (?I*(gx,s)ek, dﬁs) = ‘I; (D;lAt(Ex,s)D‘yek’ dﬁs)

tAT,
= Yk £ (D;lAt(gx,s)ek, dﬁs)

tAT,
= Yk f <Zz ods) e, dﬁs)
0 Y

tAT,
= Y 2 f (M e, dﬁs)
0 Y

(3
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where the sum in the last term converges in IL%(P), if we can show that
a(£ss)
Zl < kl Sx e, .)1[0,7,”]
Y

converges in A%2(H, R, &, 8). But by 2.2(5) we have
2

2 ' (ak I(Ex s) N ')1[0,7',,]
AYH,R, 2,6)
- (tAT,
- E f (akl(fx,s) e, an (£, s) D,e l) ds]
4) | Y0 Yi Yi
- (AT,
= 2! E ‘J; a%l(e:c,s) dS]
1 - tAT,
= ;; E L tr QI('E:A:,s)‘."‘s:)ogl*('gx,s) dS] <o

Again applying Remark 4.3.1 we see that

tAT, ¢AT,
(5) J; (ari(&x5)er, dBs) = vi J; ari(Exs) dBs,.

Collecting (1) — (5) we obtain

¢AT, ¢AT,
Exento e =Xk + X J; ar(€r,s) dBs,y + J{: br(£.,s) ds

where the sum converges in L2%(P). This makes it precise what we mean by a
solution to the system 7.1(1) of equations.

(7.3) Reformulation of conditions. Condition I reads in this context
a) Sk ve iak(y) = KA+ X veyi).
This is the case, e.g., if
Yiak(y) = KQ + y7)
for all k € I. Conditions II and IV read in this context
(I1") Tk veyebe(y) < K1 + 3 vayi)
(Iv’) | 2k veyrbe()| = KQ + T vay3),

respectively. Reformulation of Condition III is not very instructive and we omit
it. Of course this condition is satisfied if the constants M, in 7.1.y may be chosen

independent of y.
The operator .& (cf. 6.2) takes the form
2
90,
Zfly) =+ Zkz %t(y) f(y) + 2k brly) —— f(y)

where (. (y))w = A(y)A‘(y).
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(7.4) Explanation. We now indicate in one particular case how one can find
a sequence v if a system 7.1(1) of stochastic integral equations is given. We
restrict matters to the case an(y) = o, ie., A(y) is the identity operator.
Moreover we suppose that all coefficients b, (y) are linear in y (for configurations
y € R with finite supports, say), that the index set I is an at most countable
group (e.g., I = Z°), and that the sequence (b;)xe; is stationary with respect to
I In this situation, # is given on R by convolution with a sequence h € R’;

£(y) =hxy.
Finally we suppose that h € #(I).

(7.5) LEMMA. For each sequence h € /'(I) there exists a sequence v € /'(I),
Y& > 0 for all k, such that h induces by convolution a continuous, linear operator
on Z2(y).

Proor. Without loss of generality || h || /*(I) < 1. Let p, be stnctly positive
real numbers = g := | h_, |, such that ¥ p, < 1. Put
v = Xn=1 P
Then v * p =~ — p < v. (This trick was already used in Doss-Royer, 1979, page
109). Since Y, | hx—i | = | h || 2ty < % and since
e lhe—t lve=(@*v)i=(p*v) <,

we see by Schur’s test that convolution with the sequence h is a continuous
(linear) operation on #%(y).

(7.6) REMARK. Suppose that there exists a real constant ¢ and a sequence
h € Z(I) of positive numbers h; such that

[oe) | =c+ (h* |y

for all X € I and all y € R"). Then we may choose v as in Lemma 7.5 for h. The
correspondence y — (bx(y)), defines a mapping from the dense subset R of
/*(y) into #*(y) which may be extended to #%(y) if it is uniformly continuous
with respect to the norm in #%(y).

(7.7) REMARK. In statistical mechanics the coefficients b, are usually given
via a family ® = (Pv) viinitesubsetof 1 Of interaction potentials Py: RV — R. To this
family ® one associates the energy function at site k

Hi(y) = Yvar Pv(yv) (RE),

where yy is the restriction of the “configuration” y to the subset V C I. The drift
coefficient by is then obtained by differentiation

br(y) = — (8/dyr) Hr(y).
Typical examples of interaction potentials are the following pair potentials ¢ ;;:
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RS R
Pun(u, ) = =Jp juv (k#1)

where J;; is small if k£ and [ are “far away” from each other, together with a
family of “one site energy functions” ¢,: R — R. Here

Hi(y) = Pr(yr) — Zier Jriyeyi
and

br(y) = —i(ye) + Xk I,y

Particular examples occur with continuous spin models which serve as lattice
approximations of Euclidean quantum field theory (cf., e.g., Nelson, 1973, page
117). Here I = Z“. In Nelson (1973),

Or(u) = (d + m?¥/2)u®> + P(u)
and

Jkl=

3!

1 for Y |k-L]=1
0 else,

where P(u) = a,u™ + @,—ou™ 2+ - - - + asu® + ao is an even, real polynomial with
a, > 0. Here our theory is applicable only in the case n < 2, as otherwise there
exists no sequence v as above such that b, is defined on all of #%(y).
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