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EDGEWORTH EXPANSIONS IN FUNCTIONAL
LIMIT THEOREMS

By F. GoTzE
University of Bielefeld

Expansions for the distribution of differentiable functionals of normalized
sums of ii.d. random vectors taking values in a separable Banach space are
derived. Assuming that an (r + 2)th absolute moment exist, the CLT holds
and the distribution of the rth derivative r > 2 of the functionals under the
limiting Gaussian law admits‘a Lebesgue density which is sufficiently many
times differentiable, expansions up to an order O(n~"/2+¢) hold.

Applications to goodness-of-fit statistics, likelihood ratio statistics for
discrete distribution families, bootstrapped confidence regions and function-
als of the uniform empirical process are investigated.

1. Introduction and results. Let X,..., X, denote a sequence of ii.d.
observations taken from a measurable space (£, &/). We are interested in special
sequences of statistics T, (X,,..., X,,) which are symmetric in (X,..., X,,) and
have a nonnormal limit distribution. Hence, for these statistics the “linear” term

i=1(E(T,|X;, j # k) — ET,) of the Hoeffding expansion of T, [see Hoeffding
(1947)] with its limiting normal distribution does not dominate the higher order
terms asymptotically.

Consider the following special sequence of statistics T),. Let (E, || - ||) denote a
separable Banach space endowed with Borel o-field #. Let g denote a measur-
able transformation g: (%, &) — E. For functionals F,: E - R define

o S, 2 n %(g(X,) + - +&(X,),
e T(X,..., X,) & F(S,).

Assume that Eg(X;) =0 and E||g(X,)||> < . For examples of such statistics
see Section 2.

The model (1.1) allows us to formulate rather precise moment conditions by
using truncation techniques for the norm ||g(X;)||- A drawback of this approach
compared to considering the general type of symmetric statistics 7, as in
van Zwet (1984) and Friedrich (1989) for normal limit laws and the Berry—
Esseen result is that the conditions refer to a rather arbitrary intermediate
Banach space E and not directly to T, itself. Asymptotic expansions up to the
order o(n~!) for U-statistics of degree 2 are proved in Bickel, Gotze and van
Zwet (1987).

For the nonnormal limit and finite order von Mises functionals (i.e., Hoeffding
expansions of 7T, of finite order) approximations by expansions have been
obtained in Gotze (1979, 1984) for the second and higher order functionals.
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According the formulation in (1.1) let X,, X,,... denote from now on a
sequence of i.i.d. random vectors taking values in a separable Banach space
(E, || - |)- Assume that X are measurable with respect to the Borel sets & of E.
Furthermore, assume that for some integer s € N, s > 3 the moment condition

(M,) E|X))|® <o, EX =0
holds.

Define S, £ (X; + -+ +X,)n"'/? and assume that the CLT holds in E, i.e.,
(E) S, = G weakly,

where G denotes a random vector in E with Gaussian distribution.

The condition (E) always holds for Banach spaces of type 2 [see, e.g.,
Hoffman-Jergensen and Pisier (1976)]. This includes for example the L? function
spaces with 2 < p < 0.

Let F: E — R denote a Frechét differentiable functional independent of n.
The rate of convergence has been investigated for F(x) = ||x + a||? in Hilbert
space in Yurinskii (1982), Zalesskii (1982), Nagaev (1985) and Sazonov and
Zalesskii (1985) who relaxed the moment and variance conditions of the
Berry-Esseen result of Gotze (1979) and extended it to the non-i.i.d. case. For a
counterexample concerning the necessary minimal number of eigenvalues see
Senatov (1986).

Expansions for this special functional have been investigated in Gotze (1979),
Bentkus (1984a) and Bentkus and Zalesskii (1985). For general differentiable
functionals there are Berry-Esseen results of order O(n~'/2) in Gotze (1981a)
(using Fourier inversion) and Gotze (1986) (improved results without using
Fourier inversion).

Let us call F: E—> R a polynomial function of degree r>1 if F=
Fy+ .-+ +F, where F(x) = Fjfx,...,x] (j arguments) and (x,,...,x;) =
Flx,,...,x;] denotes a j-linear symmetric continuous functional on E J. For
such functionals expansions have been derived in Gotze (1984).

The formal approximations of distribution functions of F(S,) as well as
expansions of expectations of the type Ef(S,) have been studied in a general
framework in Gotze (1985) and in more special contexts in Go6tze (1981b) and
Bentkus (1984b, 1986).

We shall assume that F is Fréchet differentiable in the following sense. There
exist constants ¢, > 0 and K > 0 such that

(Dys-2) IDF(x)| < cp(1 + |lx)%)

holds for every x € E and 0 <j < 3(s — 2), s > 4.

Here D’F(x) denotes a j-linear continuous symmetric functional D’F(x):
E/ - R written as (v,,...,v;) = D/F(x)[v,,..., v;] and the supremum norm of
DJF(x) is defined as usual by ||D’F(x)| £ sup{|D/F(x)[vy,...,v]]|: |lvJl <1,
I'=1,..., j}. Furthermore, let E* denote the dual space of E endowed with the
supremum norm for continuous linear functionals.

The condition (Dj,_5) does not guarantee a limit distribution of F(S,) with
differentiable densities and a Berry—Esseen result. See Rhee and Talagrand
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(1984). The essential condition which achieves this and also determines the order
of approximation for discrete distributions of X, is the following one.

Let G,,G,,...,G,, r > 2, denote ii.d. Gaussian random vectors in E with
covariance operator ( f, 8) — Ef(G;)g(G),), f, 8 € E* proportional to that of X;.
Define the conditional variance

(12)  0X(Go; Gy, G,oy) 2 E(DF(G)[Grs..., G TGy, G, ).
Assume that the condition
(V) P(6¥(Gy; G, ...,G,_)) < 8) = 0(8%), 810,

holds.

These conditions were first used in Gotze (1981a) for r = 1. Later Vinogradova
(1985) proved under such conditions for r = 1,2 a Berry—Esseen result of order
O(n~1%¢) for the distribution of symmetric differentiable functions F.

The following theorem is the main result of this paper.

THEOREM 1.3. Assume conditions (E), (M,), (Dy,_5) and (V, ;) hold
where r>2, s=r+2, k=¢2"/e, 0<e<21i with c,245r% r>7, and
c,/r? 2 21,2.18,2.55,2.85,3.1 for 2 <r <86, respectively. Then there exist
3(r — j) — 2 times differentiable functions x j(a), 0 < j < s — 3, depending on F
and the moments of X, only such that

(1.4) sup P(F(Sn) < a) _ rgoxj(a)n—j/2 = O(n—r/2+'e)'

REMARK 1.5. The functions x (a) are determined by means of Fourier
inversion of derivatives of the functions

(e1,-+., &) = EexplitF(Gy + &, X, + -+ +ex,)].

Compare (3.9). Unfortunately explicit formulae for x ;(a) are available in very
special cases only. Therefore the bootstrap approach is studied in Section 2.

REMARK 1.6. Assuming that conditions (E), (M;,s), (D;,s) and con-
dition (V) ,) is satisfied with & sufficiently large, the Berry-Esseen result
|P(F(S,) < a) — xo(a)| = O(n~'2) holds. [See Gétze (1986).]

REMARK 1.7. For smooth distributions of X, in E = R* in the sense of
Cramér (i.e, |[Eexplit- X;]| < 8, <1, ||t]| > 8, > 0, t € E*) Edgeworth approxi-
mations hold up to the error o(n~(*~?/2), [See Bhattacharya and Ranga Rao
(1986).]

REMARK 1.8. Concerning the continuity of the distribution of X, the lattice
distribution of X, in E = R*, say, seems to be the “worst” case. For a homo-
geneous polynomial F of degree r, the rate of approximation given by Theo-
rem 1.3 is given by at most O(n~"/2+*¢), This result is certainly not best possible
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but it cannot be substantially improved, since in this case P(F(S,) =a) =
p(a)n~/% + o(n~"/2~%), where p(a) is number theoretic function (independent
of n) such that in typical examples p(a) > 0 for arbitrary many a [Gotze
(1987)].

REMARK 1.9. Whenever F(x) = F(—x) for every x € E it follows from the
fact that P,(D) is a differential operator of odd order if / is odd and

P(F(G + 81X1 + .- +81X1) < a) = P(F(_G - £1X1 —_ = ele) < a)
that x,(a) = 0 for odd integers /.

REMARK 1.10. When the moments of || X,|| of order s > r + 2 exist then the
condition on the covariance structure in condition (V, ,) can be relaxed. In this
case one can replace c(r)/e by a smaller constant. Furthermore, for small r the
constant c¢(r) is not optimal and can certainly be improved.

REMARK 1.11. When F(x) = (Ax, x) is a quadratic polynomial on a Hilbert
space E condition (V;, ;) holds provided that Cov(Go)A has at least & nonzero
eigenvalues. [See Gotze (1979).]

In statistical applications the functional F in (1.1) often does depend on n in
the following way:

F~n(sn) 2 ‘F:/(Sn) + n_1/2E+1(Sn)

+ .- +n""?F(S,) + A, ,n” D2
where A, , denotes a stochastically bounded r.v. and Fy(x) denotes a homo-
geneous polynomial of degree j in x defined on E. Here S, is defined as in
(1.1). In many cases the stochastic expansion arises as the expansion of
n*/%(F(n~'/2S,) — F(0)), provided that D'F(0) = 0 for /= 1,...,» — 1. Here we
shall consider the case of nonnormal limit distributions, i.e., » > 2 only.

For functionals of the type (1.12), we prove the following result.

(1.12)

THEOREM 1.13. Assume that conditions (E), (M,) and (V; kj) .for F, j=

Y,...,v + h,withv > 2, h > 1ands > r + 2 hold, where k; ¢ 2/ /e, ,2¢

(as in Theorem 1.3), c; , 2 2 forj > v and 0 < & < }. Furthermore assume
P(lAr, n| > n1/2+s) — O(n—r/2+e)-

Then there exist differentiable functions x (a) € C*"~~? different from those
in Theorem 1.3 such that

r—1
(1.14) sup [P(Fi(S,) < a) — X x(a)n 2| = O(n"7/2*%),
a Jj=0

wherer = v + 2h.
REMARK 1.15. The functions x; are obtained by means of the expansion

(1.4) for F(G,) = F(G,) + n"*?F,,(G,) + - -+ +n""/?F(G,) and an additional
asymptotic expansion of these terms in powers of n~'/%
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REMARK 1.16. The conditions allow for arbitrary discrete distributions of
X,. For v = 2 the limiting distributions is of weighted x2-type and the result of
Theorem 1.13 extends the results of Chandra and Ghosh (1979) for E = R* and
“smooth” distributions of X, to discrete distributions of X, in infinite dimen-
sional spaces E. For the classical x2-limit distribution the paper of Chandra and
Ghosh provides rather explicit formulae for the expansion terms x Aa) -

Expansions for stochastic expansions with normal limit, i.e., » = 1 have been
studied by Bhattacharya and Ghosh (1978).

REMARK 1.17. Assume that the conditions of Theorem 1.3 (resp. those of
Theorem 1.13) hold. Define ¢, £ xy'(a) and assume x{(q,) > 0 for 0 < a < 1.
Then we have for T, = F(S,), respectively T, = F(S,), and § > 0,

r-1
P(Tn <q,+ ) n_j/zz,bj(a)) - a
j=1

(1.18) sup = 0(n~"7?%*¢),

d<ax<1-§6

where

vila) 2 —(xx67)(ga),  ale) 2 (xixaxs™2 = x2x67! = x3x8x672)(qa)
and the other ¢ functions are defined similarly by inverting the expansion (1.4)
[resp. (1.14)]. Notice that for symmetric F we have similar as in Remark 1.9:

‘P2l+l = 0’ l= O’ 1’“" and 4’2(“) = —X2X(’)_1’
2. Applications.

2.1. Goodness-of-fit statistics in R*. Let f: R > R,U{0} denote a function
with 3r > 6 derivatives which are bounded by some polynomial functions in |x|
-such that

(2.2) P(f ™(G) <€) = O(e*), &0 for some a > 0 holds,

where G denotes a r.v. with distribution N(0, A), A > 0.
Assuming (2.2), X, € E £ R*, EX, =0 and E||X,||"*? < oo, it follows from
Theorem 1.3 that the distribution function of

k
(2.3) F(s,) & glf(snj)’

where S, 2 n VXX, +... +X,) 2 (S, .-+ Syz), admits an Edgeworth expan-
sion up to an error of O(n~"/2%¢) provided that
(24) k=(a'+r-1)c2/t and Cov(X;) >0 (c, asin Theorem 1.3).
For an example where (2.2) holds one might consider goodness-of-fit statistics by
choosing f equal to
fi(x) = x%exp[ —8x2], &6>0
or

fo(x) = x2/(1 + 8x2), 8> 0.
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Expansions of the statistic (2.3) for a given dimension % holds up to an error of
O(n=®/2%¢), where R £ max{r: k> (¢~ + r — 1)c,2"/¢, 1> ¢ > 0}. Thus R ~
log k.

The first statistic based on f,(x) has been used, e.g., in robust (weighted) least
square methods. The goodness-of-fit statistics based on f(x) # cx? are of course
no longer asymptotically minimax. On the other hand it is well known for the x?
statistic f(x) = x2 [see Esseen (1945)] that in general the error cannot be smaller
than O(n~1*%), where ¢ = 1/(k + 1). This discontinuity of the x2 distribution
for lattice valued random vectors X; has been investigated by Yarnold (1972),
who demonstrated the unsatlsfactory level asymptotics propertles for small n
unless one takes the number of lattice observation points on the x? ellipsoid into
account.

2.5. Bootstrapped confidence regions. Let X,,..., X, € (%, &) denote an
i.i.d. sample from the distribution P and let g (%, &) > R? denote a measur-
able function with Covp(g(Xl)) >0. Let S, 2 n V2%(g(X,)) + --- +&(X,)) and
standardize S, like S(P) £ = (S EPSn) where 2 is a symmetric positive
definite d X d matrix such that 22 Covp(g( X)) ! Assume

(2.6)(i) Ep|g(X))|* < oo for s > r(r + 2).

(2.6)(ii)) Covy(g(X;)) > 0.

(2.6)(iii) Condition (V;, ) holds for r > 2 and k as in Theorem 1.3.
(2.6)(iv) F: R? - R is differentiable and satisfies condition (D).

Let P denote the emplrlcal distribution for a fixed sample X £ - (X, .05 X))
Let X1 s-++5 X, denote an iid. sample drawn from X. Let S*(P ) denote the
sum based on g(X*) and P An apphcatlon of Theorem 1.3 yields
P(F(S*(P)) < a) = x(a) +n 1/2)(1(a|P) + +++ +0x(n"/2**), where the
constant in the error bound is uniform in a and is a polynomial function of

Ep ||g(X*)||"*? which is bounded by K + E,|lg(Xy|I"** with probability
1 - O(n"72K"7). As in Remark 1.17 we may "invert this expansion with a
similar stochastic error term Oy(n~"/27¢), since xq(a) does not depend on P
Then the following result holds.

COROLLARY 2.7. Assume that conditions (i)-(iii) hold for r > 3. Let gx &
inf{q: P(F(S, *(ﬁ )) < q) > a} denote the exact a-quantile of the distribution of
F(S,( Pn)) under P,,. Then we have for every 8§ > 0,

(2.8) \ sup s|P( *(B,)) < q:) - a| =0(n1).

<ax<l-
The error term is O(n~2) [resp. O(n~%%%)] provided that r = 5 (resp. r = 4)
and F is symmetric. (Compare Remark 1.9 and Remark 1.17.)

For results on confidence regions for statistics with normal limit distributions,
see Hall (1986).
Similar results like (2.8) hold for stochastic expansions of the type (1.12).
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2.9. Applications to likelihood ratio statistics. Let I(6; x) denote the log-
likelihood function for an i.i.d. sample x = (x,,..., x,,) from a parametric family
P, with (dPy/dp)(y) = p(8; ¥), y € Z, p being a o-finite measure on a measur-
able space (%, &/) and parameter § € @, open in R**1. Assume that log p(9, y)
admits at least four derivatives which have absolute moments of order s, s > 5,
under P, such that the maximum likelihood estimator 8, for § exists and the
likelihood ratio statistic has a stochastic expansion of the type (1.14):

w(g) £ 2{l(§n; x) — 1(6; x)}
(2.10) = Fy(Su) + n7?Fy(S,15 Sa2)
+ 17 F(Sy; Sazs S) + O, (n_3/2).

Here the random vectors S, ; denote the components of the likelihood derivatives
(DL(8; x) — Eo(D’l(o x)))/ \/_ J =123 We identify S, in (1.14) with
(S5 S,0s Sn3) € R¢, d sufficiently large Assummg that the Flsher information
matrix 1(8) is pos1t1ve definite, let k%! 2 (I(0) 1)8 ;. Using Einstein’s summa-
tion convention define x*** £ «* Pk %“*(8°/8, 36, 30,)log p(#). Then

(2.11)  Fy(x) = «*xx,,  Fyx, y) & e x,x, + €% %5 %, x,5,,

and F, denotes a fourth order polynomial. [See Lawley (1956) and Hayakawa
(1977).] From Ew(ﬂ) = k(1 + b(0)n"' + O(n~%?)) one obtains the Bartlett
correction w'(8) £ w(8)/(1 + b(6)n"") [see Bartlett (1937)]. Chandra and Ghosh
(1979), Barndorff-Nielsen and Cox (1984) and Jensen (1987) proved that w’'(f)
has x2 distribution with error O(n~3/2) for continuous and partly continuous
families of distributions. Extending these results Barndorff-Nielsen and Hall
- (1988) and Bickel and Ghosh (1987) proved an error O(n~2) for continuous
families. Applying Theorem 1.13 with » = 2 and h = 1 the following results hold
for discrete families as well.

COROLLARY 2.12. Under the condition mentioned above we have for 0 <

1
€<y,

sup [P(«'(0) < a) - x(a; k)| = O(n~%*%)

provided that k > 40.8/¢ and that F3(x, y) satisfies condition (V; , ), where
ky > 128/¢ and x(a; k) denotes the x’-distribution function with k degrees of
freedom

The number of dimensions & required is rather large for practical applica-
tions, but although it may be reduced somewhat for this particular case, finding
the minimum number of dimensions & in Theorem 1.3 and 1.13 (which certainly
has to be smaller) is connected to unsolved problems about the asymptotic
number of solutions of diophantine equations [Gé6tze (1987)].



FUNCTIONAL LIMIT THEOREMS 1609

ExaMpLE 2.13 (Multinomial families). Let 1(6; x) 2 log(n! n!™" -
n,.. M --- 0py), where 6,>0, 6, + --+ +0,,, =1 and n=n, + - +
n,.,. Define ¥ 2 (n,,...,n,,)n " and ¥ £ (¥ — 6)V/n . Then we have by (2.10)

r—1
o(8) = T F(£)n"0972 + 0(n"72),
=2
where
k+1
F(%) & Y £g7 ¢
g (-1 577

and the Bartlett correction is w'(8) = w(8)/(1 + n~'b(8)),
kb(6) £ E(n'/*F(%) + Fi(%)).

Similar as in Example 2.1, condition (V; ;) can be checked for F;. (See section 4.)
Hence, «’(#) admits an asymptotic expansion of the type

P(w'(0) < a) = x*(a; k) + xy(a)n 7 + -+ +0(n77%7)
provided that & > c(r — 1)r?27, ie,, r ~ log, k.

2.14. Applications to empirical processes. Let x,(t) denote the uniform
empirical process on [0,1] pertaining to i.i.d. observations x,,..., x,. Let V(¢, x)
denote a function defined on [0,1] X R such that for some K > 0:

2.15)0)  [(9Y/3x")V(t, x)| < e + |x|¥) for every ¢, x and I < 3r, r > 2.
(2.15)(11) |V(¢t, x) — V(t, x)| < c|t — ¢'|"2(1 + |x|%). >

@15)(ii) P(Jq [(37/3x"WV(E, w(t)wy(t) - - - w,_(8)|* dt < &) = O(8"),

where 810, k=5.1c,2"/e and w(t), 0 <j<r—1, denote iid. Brownian
bridges.

REMARK 2.16. Condition (2.15)(iii) holds provided that

r

T V(a,x)|zeq #0, fora=0o0ra=1.

COROLLARY 2.17. Assume that conditions (2.15)(1)—(iii) are satisfied. Define
F(x(+)) 2 [§ V(t, x(¢)) dt. Then P(F(x,(-)) < a) has an expansion of type (1.4)
up to an error O(n~"/2*¢) uniformly in a.

3. Lemmas. Let us introduce some notation which is frequently used
throughout this paper.

NoTaTioN. We shall use the convention that ¢ denotes a generic constant,
eventually depending on the absolute moments of the r.v. X; but not on n.
Furthermore, let 7 > 0 (resp. L > 0) denote arbitrarily small (resp. large) fixed
constants.
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In order to estimate various remainder terms of our expansion under accept-
able moment conditions we have to introduce a truncation scheme for the
random vectors X. In the following assume that m > n denote integers. Let
¢: R — [0,1] denote a strictly monotone C*® function such that ¢(x) = 1 when
|x| < 3 and @(x) = 0 when |x| > 1. Let Z¥, ¢; > 0, denote a random vector in E
with distribution given by

(3.1) P(Zy € A) = Eg;(I1 X/le;n2)1x 0 c ay»

where 0 £ 2¢/s with 0 < & < 1 as defined in (1.4), q),(x) = o(x)/Eo(]| Xille; n°?)
and Z; 9 denotes the random vecbor which is identically zero a.s.
Deﬁne

—-1/2

(3.2) Z zr
This r.v. is truncated such that
(3.3) I1Z)) < n=°/2.

In estimating some error terms we even need a further truncation of Z; which we
denote by V; and which is defined by

(3.4) P(V,e A) £ P(Z;€ A||1Z)| < 7),
where

(3.5) 72 (Nm™)"* for0 <N < m.
Hence,

IVIl<7 as.

Definition of the expansion terms. Let Py(D), [ =0,...,r, denote differen-
tial operators with respect to variables ¢,...,¢, 2/ <3(s—3) at g = --- =
g, = 0 which are defined as follows. Let D¥ £ 3?/deP. Define formal cumulant
operators k, by means of the formal power series

o0 o0
(3.6) Y k,p! 'uP £ log(l + ) D"p!“lu")
p=2 p=2

using the following convention: D?: --. DP: always denotes partial derivatives
with respect to % different variables ¢,,...,¢, at ¢ = --- = ¢, = 0. This con-
vention is unambiguous when applied to symmetric functions of ¢,,...,¢,. We
have ko = k; = 0, k, = D%, k3 = D3, x, = D* — 3D?D?, etc. Finally define P,(D)
by

o0
(3.7) Z P (D)u" & exp( Yy npp!“lu"“z).
@ p=0 p=3

In particular, P(D) = 1, P(D) = k3/6 and Py(D) = /24 + k3/72. Let
(3.8) x(a; e,...,6) 2 P(F(G+ X, + -+ +¢X;) < a)
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and define
(3'9) Xj(a)éPj(D)x(a;O’,..,O), j=0”"’s—3’

where, e.g.,

3
xi(a) = gﬁx(a; €)

e=0
and
1[04 % 9?2 1 43 a8
Al | — - 83— — | 4+ ——— s g,
xa(@) (24(3£f 36£f Bsg) 72 98? asQ)X(a’ &, &) o
Define
(3.10) TméZl + o +Z,,

where m € N and Z, is defined in (3.2). In order to expand the characteristic
function of F(T,,) define for e,,..., ¢, € [-m™ /% m~1/2),

(3.11) h,(t; &,...,8) 2 EexplitF(Zp + -+ +Zf + Z) + -+ +Z,)].

Then we have the following expansion result.

LEMMA 3.12. (i) Let G denote the Gaussian r.v. in condition (E) and let ¢ be
as in Theorem 1.3. Let |a| = o, + - -+ +a;, a; € N, and 1 = [3(s — 3)/2]. Then

3
Zon-f/"’Pj(D)Eexp[itF(G +Zp+ o +Z7)] oo
-

E exp[itF(T,)] -

s—

lel

< n-¢-2/2 sup{

s?lhm(t; Elyeees &)

aeixl oo 8
m>n,la|=s,lg <m~V? j= 1,...,1}
glel
+ —— Eexp|itF(G + Z& + -+ + 2}
SUP| | S e exp|itF( ; )] »
: zj(aj—z)Ss—a,ajzz}.

Notice that the terms in the expansion are just the Fourier transforms X (t) of
x j(@) defined in (3.9).
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(i) Let h(ey,...,¢,) 2 ER(Za + -+ +Ztn), h € CXE). Then
|Eh(Z, + --- +Z,) — Eh(G))
33

- 1/2
aeixl oo aega

h(sl, €, 85, m 7%, .., m’l/z)

.

<m~12 sup{

-1/2 =
mzn,lel <m /,a1+a2+a3—3}.

ProOF. (i) We have (3/d¢)h, (¢ ¢,..., &m)lg;=0 =0 which follows from

EX, = 0 and the fact that

9P
3—;E(1 + 1 X)) o (el X In?) = O(e¢~4PnPo/?) forp <s — L.

€
Furthermore, h,(t;0, €,,...,¢,,) = h,,_(¢; &,..., ¢,). Therefore Theorem 2.11
of Gotze (1985), page 5 applies to this sequence of symmetric functions 4,
m > n, (n fixed!) and proves (i). The proof of (ii) follows similarly from an
application of Proposition 2.1 in Gétze (1985), page 3. O

(3.13)

LEmMA 3.14. (i) Assume that X;, j=1,..., m, satisfy conditions (E) and
(M,). Let V; denote the truncation of Z; at the norm v = (N/m)"* as defined in
(3.5). Then we have for every N < m and q > 2,

(3.15) E|[V, + -+ + V|9 < Cr9,

where C depends on E||G||2.
(ii) Assume that G has a Gaussian distribution on (E, #). Then

Eexp[a|G|]] < o0 for every a > 0.

PROOF. (i) Let U £ ||V, + --- + V|| and decompose U into martingale dif-
ferences U, 2 E(U — EU|X;, j # 1)|X;, j <) with respect to the o-fields
o(X,,..., X;), 1 <1< N, such that

N
U-EU= ) U,.
=1
From (a + b)? < 297 Ya? + b9) for a,b >0, ¢ > 2 and well-known estimates

for martingale moments by Dharmadhikari, Fabian and Jogdeo (1968) we have
1 N
EU? < C; (EU)? + N Y E|UJ9IN9%|.
I=1

Since by the triangle inequality and definition

Ul <Vl + E|IVJl and V<7 as.,
we have

(3.16) EU? < C)[(EU)" + (E|X)1%)re"?]
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for some constant C; > 0. According to definitions (3.2) and (3.4) it follows that

-1
IEVil = IEZ1 2 < I P(I1Z,l < 7)

(3.17) ~1/2,0/2 -1/2)7! -1
= I E@(I1X,llm™2n°2) X1 xy < o N(m™2) " P(IZ)f < 7).

Since for some constant ¢ > 0,

(3.18) IZ,]| < ell X;im™*? as.,
Chebyshev’s inequality shows

(3.19) P(|1Z,| > 7) = O(m~*/*1=*) = O(N~*/?),
(3.20) N(m—1/2) =1+ O(m—s/2nsa/2).

Hence by definition of ¢, Chebyshev’s inequality and EX; = 0 we obtain from
(3.17)-(3.20)

IEV]l = O(N~¢=D75),
IEZ)| = O(m~ (= 1/2p(=Der2),
Furthermore, by virtue of (3.20) we have
P(z,...,2,) €A,)=P(X,....,X,) €4A,)
(3.22) X (1 + o(m=(=2/2p%9/2) 4 o(m~(~2/2p%9/2)),
P((V,,...,Vy) €A,) = o( N~¢-2/2),

Hence 77'Z;, j=1,..., N, are infinitesimal and Wy & 7=%(V, + - -+ + V) con-
verges to the same Gaussian limit distribution as S, = n" %X, + --- +X,) by
condition (E). By a result of de Acosta and Giné (1979) we therefore obtain

Jim E|Wyl| = E|G| < E?|G|* < co.
— 00

(3.21)

Hence, part (ii) is a consequence of (3.16).
(ii) Part (ii) of the lemma follows from a well-known result of Fernique (1970).
O

The key inequality which enables us to prove the rate of approximation in
Theorem 1.3 is the following result.

LEmMA 3.23. Let S=U, + --- +U,, where U,,...,U, denote independent
random vectors in E. Let g: E — C denote a measurable function such that
E|g(8)|?? < . Define for a; € {0,1}, j=1,..., p,

S2U +alUy+(1-a)Uy+ -+ +a,U, + (1 —a,)U,,
where I7j, J =1,..., p, denote independent copies of U;. Then
E( H ga(Sa)lUZ’ ﬁz,...,Up, (71;)

as{0,1}P!

(3.24) |Eg(8)* ' < E

b

where g, = g whenever £¥_, a; is odd and g, = g otherwise.
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ProoF. Write Eg(S) = EE(g(S)|%,), where s, £ o(U,,U,...,U,). Let

B=(@,1,1,...,1)and B = (1,0,1,...,1). Then
|Eg(S)I” < E|E(8(s)|,)”
(3.25) = EE(g(S;)8(S5)14)
= Eg(5)(S)-

Iteration of this argument with (3.25) and

;2 0(U, U, 0,y,..., U, U_, U, Uy, UG, j=3,..,p
yields the result (3.24). O

COROLLARY 3.26. Let F* E — R denote a pth order polynomial as defined in
the introduction with p > 1. Then we have with the notation of Lemma 3.23

(3.27)  |Eexp[itF(S)] |2p—l < E|E(exp(itDPF\[U1, 0,..., Up])|lj2, ooy ij) |,
where U} & U, - 171 and DPF is constant and a p-linear functional.

This probabilistic inequality is due to Gotze (1979) for the case p = 2. The
immediate extension to p > 2 has been mentioned in Yurinskii (1981). A related
1nequa11ty where U,,...,U,_; and S are uniformly distributed on the lattice
pomts in d-dimensional rectangles is known as the generahzed Weyl inequality
in analytic number theory. [See Weyl (1916) for a special version of it.]

Proor. Use Lemma 3.23 with g(x) = exp[itF(x)] and the fact that the pth
order difference and the pth order derivative coincide for polynomials. O

LEmMA 3.28. Let V, j=1,..., N, denote the random vectors defined in
(84), put U, 2V, + --- +Vy and write f - x for f(x), f € E*.

(i) Let h(Uy) = h[Uy,...,Uy] denote a symmetric continuous d-linear form.
For f € E* we have for d > 2,

| E exp[if - Uy 1h(Uy)|

< cllRlI74(1 + 1 f711?) (B, + BE)| E explif - V,

where B, 2 E|| X, "
(ii) Furthermore,

(3.29) e
1l

(3,30) |Eexplif - V;]1|" % < cexp| —r?E(f - X,)*/4] + O(N-V-d-272)
provided that
(3.31) E(f-X,)" = 2/3E|f - X,’m~ /2.
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ProoF. Since both estimates are rather standard we will only sketch them.

(i) Centering Vj, define Y; £V, — EV,. Then Uy=EUy+ Y, + -+ +Yy,
where E||Uy|| = O(7N~(=2/2) by Chebyshev’s inequality. Expanding h(Uy) we
obtain (using the convention X* = X,..., X » times)

d
(3.32) h(Uy) = ¥ h,[U], whereUy2 Y, + - +Yy
v=0

and A, denotes the p-linear symmetrlc form h,(-) £ ¢,h((EUy)?",- ) such that
Il < e (TN~¢=2/2)d=¥| p||. In view of (3.32) it suffices to consider h,. Expand-

ing the sum we obtain
2 Eexplif - Uj]h,(U)
N
(3.33) 3. Z nEexp[zf Y]Eﬂexp[ i Y b [ Ve % |,
k=1 k,=1 JE

where I denotes the set of different indices among k..., %k, We write
ALY, ..., Y] for A[Y,,...,Y, ], l < v, where a, denotes the mu1t1p11c1ty of j,
among kl, R, W.lo. g assume in estnnatmg a single term of (3.33) that
I=1{1,..., l} and a,= -+ =a =1, a;>2for j > «. Using the decomposition

T, 2 El;Ilexp[iﬁ Y}]h,,[Yl,...,X‘,X‘“ﬁl,...,lf}"‘l]
J

=ET] (exp[if - Y] = 1) [T expl[if - V]A,[Y,..., X, Y, Y]

Jj<k k+l<j<l

and |exp[if - ¥;]1 — 1| < [|f[||[Y;ll, we obtain
l

(3.34) 1T < I I(ENY3012) ,HﬂEulmwfuhAL
J=K

This together with E||Y}||* < E||Y,[|*>r*~? for « > 2 applied to (3.34) yields, after
estimating the combmatonal multiplicities of »-tuples with exactly / indices
different,

v l
(3.35) |Im|sc(2 E||f||"ﬁé'r“+”)||hynIEexp[if-YI]IN“’

I=1«k=0

The first factor in round brackets on the r.h.s. of (3.35) can be bounded from
above by

cfr”li BL[L+ (UF1m) Aol < el (B, + BD(1 + (I F117)"),
=1

which immediately proves the result via (3.32) and the estimate for ||A,||.
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(i) Since |Eexp[if - ;]| < |E exp[if - X,]| + O(N~*/2) by Chebyshev’s in-
equality and by standard inequalities
|Eexplif - X,]| <1~ 3E(f- X,)’m™" + 1E|f - X,[Pm=%2
< exp[—iE(f . Xl)2m_1]
for every f satisfying (3.31), the inequality (3.30) follows. O
LEmMmA 3.36. Let Gy, G,,..., G, denote i.i.d. Gaussian random vectors with

mean zero and with the same covariance operator as X,, which are independent
of Z; j=1,...,m, as defined in (3.2). Define [see (1.2) and (3.10)]

¥(t; T,) £ E exp[ ~t%0%(T,,; Gy, ..., G;_,)|.
Then we have uniformly in
|t| < n°27",  for arbitrarily small n > 0,
sup ¥(¢; T,,) < c¥(¢; G,) + O(n™%), L arbitrarily large.

mz=n

(3.37)

ProoF. The proof is based on the Lindeberg—Feller method and a recursion
argument. In order to simplify the estimates we shall use the following approach.
Applying Lemma 3.12(ii) with A(x) £ Eexp[—t2oj2(x; Gy;...,G;_))] we obtain
with Sy, £ Zft + Z2 + Z8 + Z, + -+ +2,,, where m has been replaced by M
in the definition (3.1) of Z s

¥ (t S,) — ¥(t; Gy)|
33

<m V2supl|———y(£; 8
m S“p{ dergeaes ¥ (b Su.o)

. (3.38)
lef <M Y2, M>m,a; + ay + ag = 3}.

The r.h.s. of (3.38) can be estimated using condition (Dy(s—g)) for F by
3k

3
m~Y3(1 + t6)sup{E L+ YeX)|| +1Z,+ - +2,)%*
1

3 3 3
XTTIGAT T DBIII%(M"”S;IIX,«II)

Xexp[ ~t%2(Sy. . Gy, .., Cj_l)] :

(3.39)

! M>2m,le|] <M V% Loy + B, = 3},

where D = D25 denotes the partial derivative with respect to e, e,, €.



FUNCTIONAL LIMIT THEOREMS 1617

Using Lemma 3.14(i), (ii) we obtain by Holder’s inequality the following upper
bound for (3.39) in view of (3.13) for s > 4:

C(n)m~'%(1 + tﬁ)sup{El/"exp[—nt2oj2(SM’ o Gl,...,Gj_l)]
(3.40)
3
XTI +1Z01*): lej) < M~V2 M>m}
1
for some 7 > 1 sufficiently close to 1. Using Taylor expansion, condition
(D) for F, (3.3), |le;Z%|| = O(n~?) and the inequality E(f(G) + A(G))2

Ef(G)2 /7 — (n/(4(q — 1)) — 1)EA%(G) for 7 > 1 arbitrarily close to 1, we arrive
at

t2oj2(SM,a; Gl"‘ . Gj—l) > t2°j2(SM; Gl)--., GJ—I)/T_'
J-1
(3.41) — c(@)| 201 + (1Sy11%*) 1:[ G|
> t2/1'0'2(SM, 19 ] 1)

where the last inequality holds on an event E,, dependingon Z, + --- +Z,, and
Gy, ..., G; only such that

P(E,)=1- O(M™L)

for L > 0 arbitrarily large and ¢ fulfilling (3.37). Hence, (3.41) leads to the
following upper bound for (3.40):

O(m™%) + e(n)m™/*(1 + ¢°) sup El/”exp[ n/it%}(Sy; Gy -, G|
M>

which implies by monotonicity of ¢ in |f| and 5/7 > 1,
Ym = sup ¥(t; S,) < ¥(t; Go) + ny sup ¥/7°(8; 8y) + O(m™F),
M>=m M=m

where 1,, = O(m™~?), § > 0, by (3.37). Hence
¥m < 29(8 Gy) + O(m™F)

provided ¢, > 197/~ D, since ,n > 1 are arbitrarily close to 1, thus proving
Lemma 3.36. O :

In the following we shall use the variance condition V, , of the introduction
for 1 < [ < r derivatives. Assume

(V, z) P(E(D’F(GO)[GI,...,G]2|G2,...,G,) sEZ) = 0(e®),  elO.
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Then we have

LEMMA 3.42. Let n,(t) denote the absolute value of the c.f. of
D'F(Gy)[Gy,...,G,). Then:

(i) Condition (V, z) < n,(t) = O(|t| %), |¢| 1 co. .

(i) Condition (V, ;) with k as in Theorem 1.3 implies condition (V, g ),
I=1,...,r — lwithR, & 2¢,2 /¢ — q for m > 0 arbitrarily small and c, defined
as in Theorem 1.3.

Proor. (i) We have for ¢ > 0,

m(t) = Eexp| - 1t%}(Go; Gy,..., G))]

3.43 ©
(8.43) = %tzfo exp[ —t%/2) P(0}(Gy; G,...,G;) < x) dx.
Hence, condition (V; ) implies [n,(¢)| = O(|¢t| %), |¢| 1 00, and

n(t) = exp[— 1 - 12] P(t%2(Gy; Gy,...,Gy) < 1)

proves the equivalence (V; z) < 7,(t) = O(|¢t|~®).
(ii) Let !> 1. Notice that G, 2 )G, + &,G,s, + -+ +&,G, where o2 +
(r — 1)a? = 1. Applying Corollary 3.26 to the function

x - D'F(aG, + x)[Gy,...,G,]
with j £ r — I we obtain
n,(t) < E*” exp[itA’D'F ],
" where

A'D'F £ Z(_I)IBIDIF(“OGO + “1(ﬁ1G1+1 + (1= B)Gyiy
B

+ - +8,G+ (1 - B)G,))
and the sum extends over all tuples 8 € {0, 1}/. Hence,
(3.44) n(t) < E*” exp| - t’E(A'D'F?|2,) /2],
where 7, 2 6(G,,» # 1,G,,,...,G,). Expanding in a, around 1 and in «
around 0 yields
AD'F = d,F-of +(1+ ||G0||L)1fl||G,ul+fIl(||G,||2 +IG* +1)0(af*),

where d,F £ D'F(G,)G,,...,G,,, — Gyyyy...,G.— G1. ‘
Hence, by Lemma 3.14(ii) we have for «,10, A/D'F =d.F-af +
O(a{*17%)||G,|| with probability 1 — O(af), where L > O is arbitrarily large and
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8 > 0 arbitrarily small. Therefore,

P(E(MD'F?|ot,) < ¢%)
(3.45)
< P(E(d,F?%s,) < €%/a2 — O(a4=%)) + O(af).

Choosing a; < c?/®/ *1-29) condition (V, ,) yields the upper -bound
O(&"@7~28)/(27+1-2%) for (3.45). This inequality together with (3.44) implies

n,(t) = O(|t|‘kz_j(2j/(2f+l))(l‘8)) for some & > 0,
thus proving assertion (ii). O

We mentioned that Lemma 3.23 and Corollary 3.26 contain the key tools to
show that the d.f. of F(S,) has jumps of sufficiently small order only. The
following lemma applies these inequalities in order to bound the remainder terms
of the expansion of the c.f. of F(S,) by n~"/2*%g(¢t), where g(t) decreases
sufficiently fast.

LEMMA 3.46. Assume that F satisfies condition (Dy_,) with some con-
stants ¢z > 0 and K > 0 and assume g satisfies condition (Dy_g_y) with
constants ¢, and K, where M < s. Then (recall T,, = Z, + - - +Z,):

(i) sup{|E exp[itF(T,)]t"g(T, )| m = n} < cc,(1 + [¢{))~" for some 7 >0
and every t such that |t| < T, & m"/? [see (3.78)], where c is independent of n.
(i) |E exp[itF(T,)]| < O(n~"27*7") for T\ < |t| < T, & n’/*"~.
(iii) Let m > 0 be sufficiently small. Then

sup =2 R, (2)] = O(n™72e7T)

O<l<r-1
for every |t| = T, and x, € C3"~D72 je,
1% ,(2) = O(jt| =% =D*27m)
forj=1,...,r — 1 and arbitrarily small n > 0.
REMARK 3.47. Under the conditions of Lemma 3.46(i) we have
esssxup{|E(exp[itF(Zf1 b A Zp+ Zy o +Z,)]
(3.48) xtMg(T, ) Zy, vy = 1,..., l)|:m >n,le| <m 2 ZjV}

< ce (1 + )"

ProOF. We shall develop the estimation techniqu‘es in general steps which
when combined or selectively used will prove Lemma 3.46(1)—(iii).

STeP 1. (Additional truncation of Z,,...,Zy.) Let Z; be defined as in
(3.2) and denote by AY the event that exactly p=0,1,..., N+ » of the
random vectors Z,,...,Zy,, (N,#» €N, to be chosen later) have norm
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|Z,||> > 72 £ N/m < 1. Define p() 2 P(||Z,| > 7) and
A2 IZ)| > l=N+»,.... N+v—p+1, Z)|<7,l<N+»—p},

PuéP('IA#)’ E#féffdﬂ.

Then we may write for integrable f,
N+v

(3.49) Ef=E go(N;’ ”)p!P(AF)EFf.

We have by Lemma 3.14(i) applied to Z, + --- +Zy,,_, and Zy ., y,..., Z,
together with ||Zy,,_,,; + -+ +Zy,,|l < pn~°? and the differentiability of g,

(3.50) E,|g(T,)| < cc (1 + p*n=/2 + C(k)).

Since
a(n) & (N 57 Jup(4,) < a(r)",

where a(7) 2 (N + »)p(r), it follows that

N+v
(3.51) Y k(7)< ca(7),

p=v+1

because a(7) = O(N~¢~2/2) for bounded » € N. From (3.51) and (3.50) we
conclude

Bexp[itF(T,)]&(T,) = ¥ q,(v)E, explitF(T,)] &(T,)
(3.52) p=0
+ O(N—(v+l)(s—2)/2),

which shows that for N > cm?, § > O, » may be chosen as a constant indepen-
dent of m such that the error in (3.52) is O(m™L) for arbitrarily large fixed
L>0.

STEP 2. (Conditioning on M — N random vectors in 7,,.) We split the sum 7},
into two parts:

1>

T,2Uy+T,n  Uv%

N
Y Z, O0<N<m.
J=p—

1

By Taylor expansion we have

p—1
&(T,) = g, + Rp(g), where g, £ D'%g(T,, x)[U3]y! ™%,
(3:63) y=0

F(T,)=F,_, y+ Rl-,(F), where F; y & Ef,=0 DVF(TM,N)[U,\}]‘y!'l.
Conditioning on 7, 5 we have by Lemma 3.14(i) applied to Uy and to



FUNCTIONAL LIMIT THEOREMS 1621

Zynyyi1 + o+ +Z, together with ||Z)|<n % forl=N+1,..., N +»,
(3.54) E,R,(g) < ccpr? and E,|g(T,)R;(F)| < ccpr®.
Define A;,, y £ F, y — F; 5. Then we have by expansion

|E, exp[itF(T,)] &(T,,)|
lEpexp[itI'}’N]exp[itAjH’ ~]&8(T,)I + O(72|¢))

exp[thj,N]gy Y N Nt
y=0

IA

p—1

L E,

y=0

(3.55)

IA

E, T N

p—1
+0(72 + [trP|) + X |77 D0(79),

=0

for some g > p and q(v, j) £ [(¢ — v)/(J + 1)}, where [x] denotes the smallest
integer larger or equal to x.
Furthermore, expand

Ay, n = (terms of order I < ¢ — y — Lin Uy) + O((1 + || T, NIE)IUNNY),
which yields by means of Lemma 3.14(i),
|E, exp|itF(T,,)] &(T,,)l

(356) < E: EI’»I Eﬂ(exp[itﬁ}, N] Hy, I(Tn.{, N) [ UNy] tlle, N) I
v, .

+ O(7P + |t7P]) + O(79(1 + |¢[la/U+ DY),
* where H, , denotes a continuous y-lihear form, such that
IH,, ()]l < e(1 + [l=|I*)
for some L > 0 sufficiently large and where the summation I* extends over [, y

suchthat y<g—1land I(j+1) <q—1.

STEP 3. [The symmetrization inequality (Lemma 3.23, Corollary 3.26).] In
view of (3.56) it is sufficient to estimate

(3.57) on(t) 2 E,(exp|itFy ;| H[UE]| T, v),

where % denotes a continuous k-linear form with norm ||A|| < CQ + ||T,, NlI%),
L > 0 sufficiently large. Notice that E(f|T, y = T) = Ey(f|T,, y = T). Split-
ting Uy into j sums of independent summands of approximately equal length
yields Uy = Uy, + - -+ + Uy;. By Lemma 3.23 and Corollary 3.26 we obtain

E(exp[itA’FN] I h(“)[U,GaH%)

as{0,1}/7!

Tm,N ’

(3.55) lon(8)? " < E(

where ¢ £ (T, N> Unas Tfm, ---s Unj» UNj), I_J-Nj denotes an independent copy of
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Uy, Uy, is defined as S, in Lemma 3.23 and
(3.59) AJFN é D‘IF(Tm’ N)[UNI’ UN2 - UNZ" cey UNJ - UN_}] .

Notice that conditionally on ¢ the mapping Uy, — A’F}, is a continuous linear
functional, i.e., itA’Fy, = f - Uy,, where f € E* depends on % and ¢.

Furthermore, H(Uy,) £ I, A[U%,] is a polynomial of degree 2/~ in U,
given ¢. Expanding H(Uy,) = Hy(Uy,) + - -+ +Hyj-1,(Uy,) into homogeneous
forms of degree » for H(Uy,) we may assume w.l.g. that H is a form of degree
v < k2771 in Uy,.

STEP 4. (Estimate of the c.f. of sums of i.i.d. random variables conditionally on
%.) Applying Lemma 3.28(i) and (i) with f defined above, we obtain for
v < k27!, some A >0and M = (N/j — v)(s — 2)/2,

lon ()17 < cEq(IH(®) {7 (1 + || fr]I” Jexp[ —A7%0%(%))]

(3.60) +1(52) < 2/316185(@)m~1/2) ) ITm, ~)
+ O(N~M),

where Afé D'F(T,, )Xy, Uy = Uy, -+, Uny = Uyl 0%(%) 2 E(f%6),
B(%) = E«(If°€),

(3.61) [[H(®)I| £ 21>~ + 1T, Il %) (1Unall* + [Tsll* + -+ +I1Tis11%)
for some L > 0 and k £ 22/~ — ». Notice that

(3‘62) “f“ < CF(l + “Tm,N“K)“UN2 - UN2” e ”UNj - l_ij“ |t|-

By Lemma 3.14(i) we have for 8 > 0 arbitrarily small, I = 1,..., j,

(3.63) P(IUnll > TN%) = O(m~L), L > 0 arbitrarily large,

provided N > m?’. Furthermore, again by Lemma 3.14() with N =m and
IZ;| < n=°/% for j= N + 1,..., N + », we have

(3.64) B(IIT,, vl > m*) = O(m™").
Hence, by E,||H(%)||1p < EY/*||H(%)||*P(B)*~'/% we conclude by (3.61)-(3.64),
Eo(“H((g)Hl(oz(«) < 2/3|t|/33(‘€)m_1/2}|Tm, N)
(3.65) sca-“j_lE(}‘l/"(exp[—Aoz(‘f)ml/2|t|‘1"3”‘1)8,\,]) ‘
+ O(m™1),

where ey = m~%, § > 0 small.
Using Holder’s inequality and the last result we obtain from Lemma 3.14(i)
and (3.60) for some A, A, > 0,

lon ()] < cllhllT*Eo((1t72)* + 1)y (A728) + yy(Aym T, &)

(3.66) - O(m-),
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where
vn(a) & EZ V70D (exp[ - a%%(€) /r*(j ~ V]|T,, v),
m2 & NY2|¢r/) " ley.

Furthermore, we would like to get rid of ther.v. Z,, N+ » —p+1<I< N+,
which satisfy 7 < [|Z,|| < n~ /2 and the expectations E,. Notice that in (3.52) we
have to estimate g,(7)E,( - - ). By definition of A, and (3.51) from the first step
it follows that

0,(1)E,(1 + 1T, wlI*)¥n(a) < q,(7)P(A,)  ELy(1 + 1T, wlI*)¥n(a)
(3.67) < C(N ; V)p!P(AF)aEBxpN(a)l/ﬁ (Hélder)

< cEAyy(a)*

for every p < » and a« + B < 1, « > 0. Hence, choosing an appropriate constant
a, it follows from (3.52), (3.56), (3.57), (3.66) and (3.67) that

|E exp|itF(T,,)] 8(T,,)t"|
< o(1 + 79 )| gM(1 + |77t 1gle/UHDT)

(3.69) [ N (¥ )

FEVAy(Agm,)' + O(m™")]

+ O((7P + |t]rP)tM) + O(tM(1 + ¢19/U+ D)7 a),
Step 5. [Replace Uy — Uy, 1=2,..., j, by Gaussian rv.’s in yy(a).]
Rewriting ¥,(a) as a c.f. we have for y £ 27U"D(1 — L™,
¥n(a) = Eg(exp(iaDF(Tp, ) [Grs U+ Up]) [T, )

where G, denotes a Gaussian r.v. with the same covariance functional as X, and
in 2 U,y — U,n)m/?N~1/% Thus EQ,y =0 and Upy = G, weakly, where
Gy, ---,G, denote i.i.d. Gaussian r.v.’s. Since

Uy = D'F(T,, N)[,Gv Uins Usns -« s U;fv]

is linear given %, 2 o(T,, n,G1, Usys---,Ujy), Lemma 3.28(i) and (i) imply
[using arguments similar to (3.60)—(3.66)]

¥n(a) < EJ(exp[-A0%(%,)a?]|T,,, v)
(3.69) + cE§(exp[ — A N'?|a| ey10%(%,)] [T, N)
+ 0(m~%t),  L>0 arbitrarily large,

where Ay, A, > 0 denote positive constants ey; = O(m~°) and

01'2(%2) 2 EO(DJF(Tm,N)[Gl’ XO’ U3,N’ e l]J;v]2|%2)



1624 F.GOTZE

and X;, j=0,1,2,..., are iid. r.v. independent of Gy,..., G,. Iterating the
estimate (3.69) above, we obtain by the monotonicity of Yy a sum of Y,
function values for arguments like @ = ay < N™**2m =" (9, k > 0 small) and
@41 2 N2, 'm™". Hence for [ > 1, N > m", ay > 1 we have N*m ™" < a, <
N~**1/2m =" This implies for |a| < N™*+1/2p 1,

Yn(a) <y(a) + CY(cN*m™") + O(m~%), where

(3.70
) Yv(a) £ Ey(exp[ —a®\ o} (T, n; Gy ..., G))] |Tm’ N)

and A, > 0.

STEP 6. (Replace T, 5 by a Gaussian r.v. G,.) In view of (3.68) and (3.70) we
have for ¢ > 0 by Holder’s inequality
EV%\(a)* < cy(ca; T..n)" + CY(cN*m ™™ T, y)" + O(m~L),
where
¥(a; T, ) 2 Eexp[—a%}(T, n;Gy,..., G;_,)]

for every |a| < N™**'2m~". Using Lemma 3.36 we obtain with a, = n°t-"/2
for arbitrarily small 7 > 0 by monotonicity of y,

(8.71) ¥(a; Tm,N) < ¥(a; Go) = ¢(min(jal, a,); Gy).

Using the inequality (3.41) in the proof of Lemma 3.36 we may replace
F(Zg + --- +Zp + x) by F(x) uniformly in Z¥ [since ||Z%|| = O(n~°/?)] in the
definiton of the function . Summarizing, we have by (3.68), (3.70) and the last
inequality,

|E exp[itF(T,,)] &(T,,)¢|
L < c|tM(1 + |regle/D))
(3.72) . _ .
X [(¥(ctr?; G,) + ¥(cN*m™™; Gy))(1 + |tri|eY) + O(m~1)]
+O((P + 7P|f))tM) + O(tMH1e/+D1ra)
for every t such that
(3.73) |t72/] < N7*+1/2pn,

STEP 7. [Proof of (i)-(iii) by appropriate choice of N, k, p, q, M and g.]
Choose for 0 < ¢ < 1 defined in (1.4) and j > 1, ’

li>

. k24,  8%ae/(j+1), where
(3.74) af2(r+1)(r—2¢)7 (1 - 26)(r—1+2«)7},

N2 c[mt|720-9/] g > 1.

Ii>
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Notice that
a~1/r, r1 oo, T~ |t 7AW, |77t ~ |8%,
o =1.34,0.64,0.41,0.3,0.232,0.19,0.16 forr=2,...,8.

Defining T; as the maximum frequency such that (3.73) holds for every m>n
we obtain after some computations,

(3.75)

T; £ ¢cn/%/2, where for n > 0 arbitrarily small,
21-q—(j-1+26)8/(1-2c+ (j—1+2k)8,) 21—,

Notice that 7, = O(n~"72*¢) by the choice of a.
Using these choices of parameters we obtain by Lemma 3.42 the following
upper bound for (3.72):

(3.76)

HM+1-a0=e/iG+D 4 |gM+8@=D min(1¢%, N*, @ —-R;27V"Ya-y)
@y O 1t (1%, N, a,)
+ g MH1-PA=8)/i 4 | M~PQ-8)/i]( g & const.) + m'L),
where
R;& c¥2/" /e, n > Osmall, L > 0 arbitrarily large,
a, 2 n/"D7 and X > 4c,.
This means c* = 6r2 for r > 7 and c*/r?> = 2.8,2.9,3.4,3.8,41 for2 < r < 6.
Proof of (i). Let j = 1. Then we have
(3.78) v, =1—2kea/(1 — 2k + eae) <1 — 2e.
Choose
q = [2(M+1)/(1 - ea)],
£[(M+1)/(1 - eas2)],
£ [M/(1 - ae/2)].
Notice that p derivatives of g exist since p <3r—(r+2)+ M —1and M <
r + 2. This holds true for our choice of & for r > 2 provided that & < .
Let j=1 in (3.77). The various terms in (3.77) are bounded by O(n~") +
O(t™™), 7 >0, for |t| < n"/? provided that c* > max(¢,, &, £;), with £ £

2Ar+ 2)e/(1 — ea), & =2 (r+2)(r+2) + (r+3)ae/(1 — ae))y,/2 and £, 2
e€o/((r + 2)v,k(1 — ae/2) — ke) which follows from our choice of c*.

Proof of (ii). Let M =0 in (3.77), let g=1 and m =n. Fix a j with
2 < j < r. Choose i
b2 (r-2)/((j-Dv-1), p2[(B+1)j/(1-8)],
£[(1~ea)j(j+1)(b+1)] and p2[5j/(1-38)].

Notice that p < j(r — 2¢)/(v;-41 — ag/(j + 1))(Jj — 1)) < 3r. Thus this choice
is allowed by our differentiability constraints on F provided that ¢ < 1. By the
choice of R; and T;_, we obtain with the choices (3.79) after elementary

(3.79)
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calculations the upper bound O(n~"/2*¢~"), 5 > 0, for (3.77) in the intervals
T;_, < |t| < T; provided that c* > max(§,, &, §;), where

£,2 (J+1)b(1 - (j+ Vae)/(al — ag)),

g5 2 (2r—e)(r+2) +eb(j+1)j/(1 - ae))/2,

£ 2 e(r — 2¢ + jy;bjae/(1 - ae))/(2x(vj + Sjyj)).
This follows from the choice of ¢, in condition (V, ,) and completes the proof of
part (ii).

Proof of (iii). By the definition (3.6) and (3.7) of the expansion of the c.f. §,(¢)

of x,(a) we have

31
(3.80) X:(t) = X tMEexp[itF(G)] gy(G),
M=1
where g,, consists of sums of products of derivatives of F such that g,, fulfills
the differentiability condition (D,,_,_3_ys) for some c, sufficiently large.
Starting with relation (3.77) we let m = n tend to infinity and define N, 7, §; as
in (3.74). Thus N*, a,, = c0.Let d =2 3r — 1 — 8] + M and let

(881) j=1, q2[2(d+1)/(Q1—-ea)] and p=[(d-1)/(1 - ae/2)].

Notice that the choice of p is possible since g € C¢ provided that ¢ < + which
given the choice of a forces p = d. From (3.81) and (3.77) we obtain for a
particular term of (3.80) the following upper bound for j = 1 and arbitrary ¢t by
choosing ¢* > 2(3r — 2)(1 — 2¢/(1 — ae))/a (which follows by the choice of c,),

(3.82) M+ 3Dy (cltf®; Gy) " + O(jfM—PA—oe/D+1)
+ O(tM-PU-ee/D) 4 O(|fM-90-e0)/2) < c|g~Hr-D+2-n,

Hence, for |t| > n"/? we have

n=R,(¢)) = O(n~MCC=D27D7U2) = O(n7/27%) for0<l<r-1

by the choice of vy, in (3.78). The differentiability of x; follows by Fourier
inversion from (3.82). This proves part (iii) and completes the proof of Lemma
3.46.0

PrOOF OF REMARK 3.47. The proof is immediate by the argument following
inequality (3.71). O

With the notation of 1.12 we have
LEMMA 3.83. Assume that F; satisfies conditions (V; &) Jj=v,...,v+h,
and let g denote a homogeneous polynomial of degree d. Let R £ r — 2¢. Then:

(i) sup{(1 + |t|"*%)|E exp[itF(T,,)18(T,)|: m = n} < cc(1 + )" for ev-

ery t such that |t| < n"/2,
(ii) sup(|E exp[itF(T,)]|: n"/* < |¢| < n®/?} = O(n~B72—m),
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(iii) sup{n 7/?P(D)E exp[itF(G + X, + -+ +&X)]|,.¢0 n"/? < |t| <
nk/2) = O(n=R/%7") for some >0 andj=0,...,r — 1. =
(iv) For |t| < n"/? we have

r—1
Z n_j/sz(D)Eexp[itF:,(G + X, + - +£le)]|§=0
Jj=0

r—1

= Zon_j/2>‘(j(t) + O(n=B/%-7),
j=

where % ; denote the Fourier transforms of differentiable functions x ; € C Ar-n-2
(x, nondecreasing) which do not depend on n.

PROOF.

1. The frequency range |t| < n Here the proof of (i) and (iii) is similar
to the case where F does not depend on n. We use Lemma 3.42 in order to verify
conditions of the type (V; ) for T,_, <t < T, J=1,...,v, as defined in (3.76).
Moreover, since the derivatives of order I > » of F, are of order O(n~¢~"+/%)
instead of (3.72) we obtain for T;_, < |¢| < T}, pR2 (G-, BE2(G-rv+1),
and some polynomial of degree d

v/2—¢

sup |E exp[itF,(T,,)] &(T,)t"|

m=n
(384) < CltIM(]. + I,Tj+1tn—ﬁ/2|q/(j+l))($(ct,,-f; GO)Y + J(ann—n+M/2; GO)Y)
X (1 4+ |#%97V) + O(n~%) + O(jr7* 'tn~F/%9/U*D)

for every ¢ such that
(3.85) 8% < eN~**1/2,

This inequality is derived similarly as (3.73) but since we deal with polynomials
we do not need to consider the Taylor expansion remainder terms for g and F;.

Furthermore, we adjusted all expressions for the order of the jth derivative of E,

for j > ». As parameters we choose similarly as in (3.74) for 0 < & < T

(3.86) k=1, &2a/(j+1), N2 [em'triy-2-/],

T~ Itl_(l_sj)/jnl"/(2j)’ |t‘rj| _ |t|8fn"/2,

For 1 < j < » these are precisely the definitions of (3.74). Choosing « as in (3.74)
yields the same intervals [T;_;, T;] as in (3.76) with T, proportional to n=Y/2%e,
Furthermore, choosing g exactly as in (3.78) and (3.79) we can prove part (i),
since k, in the condition has been choosen large enough (depending on r) such

that the error in part (ii) is O(n~#/2) for T, < |t| < n*/?7=
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2. The case |t| > n*/?27% For j> v+ 1, (3.86) defines a new scaling. The
definition of N here is still meaningful (ie, 1 < N <n) provided that
nt/@1-9) < || < nU+W/CA=9) Fyurthermore, (3.85) yields

(3.87) T; £ cnvU*W/2 j=p,...,v+h.
Here v; is defined as in (3.76) and with the choice of a in (3.74) we obtain
T,. , > n®/2 Choosing

g =[Ri(j+1)/(vo(p +j - 2)1 - ea) +j— p)]

and choosing in Theorem 1.13, ¢;, £ r2 we obtain after some tedious but
straightforward calculations that

2¢;,, > max({(ay,_) "R+ Dk +i -2 + (g - De),
{(r+2)R +ya(p + /) +1) (g - De(r + 2)},

([ + 1) ea(g = 1) + 1+ jR(u +) ] e/2x})

implies that (3.84) is bounded by O(n~®/2~7) in [T;_,, T;]. This proves part (ii)
of Lemma 3.82.

Proor oF (iii). Consider the limit m — oo and fix n in the stochastic

expansion F (x). By the arguments of Lemma 3.46(iii) we obtain, since %, is
chosen depending on r, that the choices (3.81) yield for the expansion ¥, , of F,,

(3.88) 1R,, ()] = O(1g) =2 =07277),

which in turn proves part (iii) as in (3.82).
PROOF OF (iv). Expanding exp[itF (G)] in terms of tn~'/? and multiplying

this expansion (in n~"/2) with the expanded derivatives of F(G) we obtain the
desired expansion with an error term of the type

[B{eplir (@) £ () 78, ()

+0((1 +IGI%)(tn"2)Q),

(3.89)

where the sum X* extends over all «;, @, > 0 such that .al tay=2r,a <Q—1,
Q is chosen such that @1 — y,) >r+ 1 and F, z(G) denotes a polynomial
function of G. Hence, ’

37

ﬁj(t) 2 I=Z 2E(exp[itE,(G0)]g,(GO))tl,
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where g, denotes a polynomial of degree at most 3I(v — 1). For %, = 2’c, /¢ and
¢, as defined in Theorem 1.3 we obtain similar as in (3.82) that |x (¢)| =
O(|t| ~3=N*2-m) for 1 <j < r — 1 and by the choice of y, in (8.78) it follows
that |%,(¢)n"7/%| = O(n"B/27") and x; € C*"/~2%, thus proving part (iv) of
Lemma 3.83. O

4. Proof of the results.

PrROOF OF THEOREM 1.3. By means of (3.22) we obtain with m = n uni-
formly in a,
(4.1) P(F(S,) < a) = P(F(T,) < a) + O(n~"7%*¢).

Define ~(t) £ E exp[itF(T,)]. Using the well-known Berry—-Esseen lemma [see,
e.g., Bhattacharya and Ranga Rao (1986), Lemma 12.1, page 100] we have

A A d
wplP(FT,) < a) = bl <[ Wu(t) = oz

4.2
(4.2) +cysup|8’(a)n="7/2*¢

a

e I +I,, say,

where

r—1
b.(a) 2 X x,(a)n” "2
=0

By Lemma 3.46(iii) we have sup,|6,(a)| < cflé(t)[ dt <c<oo. Thus I, =
O(n~"/2**). In order to estimate the term I, we split the domain of integration
into two parts,

(It <n?7) =, O o,, whered; 2 {|¢| < n"/?}

and
J2 é {,'L'Yl/2 < Itl < nr/2_e}.
Then
A " dt dt . dt
t) — 6y(t)|— + [ |Eexp[itF(T,)]|— + [ 16.(t)—
g 1= [ = duong + [ Bexelier (TG + [0

AL+ 1I,+1; say.

Define Tﬂ,méZf1 + 25+ Z g+ 42, a=(ay,...,q,), 0,21, B=
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(By,...,B,)and j=(j;...J,), 1<j,<r. By Lemma 3.12(i) we have

[n(t) — Oy (t)] < cn™7? sup{ )y

EexplitF(T, ,,)] " 1 D*F(T, ,,)[ X;»]
a,B,j p=1 "

(4.4) Xnlfler? 1‘[ 1,019, X, lIn?) + I :

mz=n,le,| < m‘1/2},

where the sum extends over all vectors a, B and j such that |a| + |B| < r + 2
and I denotes the second term in the estimate of Lemma 3.12(i).

For t € J;, we obtain by Lemma 3.12(i), Lemma 3.46(i) and (iii) the following
estimate of (4.4):

O(n=(r+2o/2-r/2-1) ¥° l‘[ E|X ”y,‘(p(ﬂ,,)(s X ”na/Z)
(4.5) By n=1
+ 07721 + |¢]) "= O(n7/2*¢7"), where|y| < r + 2.

This implies I; = O(n~"/?**). Furthermore, by Lemma 3.46(ii), I, = O(n~"/2*¢)
and Lemma 3.46(iii) entails I, = O(n~"/2*¢). Thus (4.2)—(4.5) together complete
the proof of Theorem 1.3. O

ProOOF OF THEOREM 1.13. Let ¢,(a) denote the expansion. We have
Suplp(Tn < a) - lI/n(a)l

sup|P(F,(a) < a) — ,(a)] + P(A,l > ne/2)

IA

(4.6) +suply,(a + O(n~F%)) — y,(a)|

supIP(Fn(a) < a) = ¥,(a) + O(n~*%),

by assumption and the uniform differentiability of ¢ ,(a). The expansion scheme
of Lemma 3.12 is still working for F(T,) provided that we fix the n in the
expansion of F and approximate the limit distribution lim,,, _, n(T Y2 F (G).
This together w1th Lemma 3.83(iv) yields the expansion terms of Theorem 1.13.
Using Lemma 3.83(i)—(iii) the proof is now analogous to the proof of Theorem
1.3.0

PROOF OF EXAMPLE 2.1. Let 3 denote the covariance matrix of G; and let A
denote its maximal eigenvalue. Then there is a constant c(Z) dependmg on =
only, such that @, 3(x) < c(2)@y x1a(x) holds for every x € R*, where ¢, 5
denotes the multivariate normal density with mean zero and covariance 3.
Hence in proving condition (V, ,) we may assume w.l.g. that Gl has independent
components Gy, ..., Gy. Then we have by conditioning b; & Gy Gy J=
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1,..., &k, and (2.2)

P(or2(G0; G2’--~,G,.) < 82) = EP
(4.7)

J

k a/2

<cTT1E(s%/(82+ 7))
j=1

Let 8 = 1/(a”! + r — 1). Since P(|b;| < 857 ~V) < rP(|Gy| < 8#) we obtain the
upper bound O(T1%_, 87) for (4.7), thus proving (2.4). O

k
£A(Gy;) b} < 82
=1

bl,...,bk)

PrROOF OF COROLLARY 2.7. Given the proof of Theorem 1.13, the proof is
similar to the proof of the result of Hall (1986). Therefore we shall confine
ourselves to a brief outline of the arguments.

Since the limiting d.f. x,(a) is independent of P by virtue of the normaliza-
tion [provided that the minimum eigenvalue of the covariance matrix of g(X,;)
given P, say Ap is positive], we obtain that for every constants 8, ¢; > 0 there
exist constants c,, ¢, > 0 such that

sup {

< ¢y < 0.

nr/2—e:

P(F(s,,(P)) <q,+ f%(aw)n-fﬂ) ~a

(4.8)
Psuchthat \p> 8, Ep|| X{||"*? < ¢, n 2> cl}

Let = (resp. 2,) denote the covariance matrices of g(Z,) given P (resp. f’n). By
Chebyshev’s inequality it follows that |2 — =,)x| < 8p/2]|x||* holds on a set
%, of samples X such that P(%,) = 1 — O(n"""%0p"). Hence, Ap > op/2 Lo>
0 on %, and if M denotes the (sample) expectation of ||Z]|’, I <r + 2, given P,
we obtain P(M < EpM + ¢,) =1 — O(n""/?). Let &, denote the latter event.
Since F(x) and the condition (V; ;) do not depend on P we conclude that the
expansion in (4.8) holds uniformly with error c,n”~"/2%¢ for every sample in
€L E NG,

Let x, (a) denote the expansion (1.4) of length r. Since x{(g,) >0 by
assumption it follows x/, (g,) > dxu(q.) for n sufficiently large and 1 > a > 0.
Hence there exists a constant cy (independent of n) such that the exact
a-quantile g* can be bounded from below and above by the Cornish-Fisher
expansion quantile g, defined as in (1.18) for the bootstrap distribution P = 13n
with ¢; = ¢ (- |B,) uniformly for all samples in €:

(‘39) q;‘jn — c5n",/2+‘=‘ <t*< q:’n + C5n—r/2+e.

Let g, , denote the Cornish—Fisher expansion quantile defined in (1.18). Since
¥ (+|P) is proportional to the third cumulant of g(x,) given P and (- |P) is a
polynomial in the third and fourth cumulants given P, we may expand (- |F,)
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in terms of the empirical process measure e, < & (P, - P)n'2 1t follows that
there are functions J( |P) such that

q::n = qa,n + n_l fli;l(yIP) den(y)
(4.10)

+ 072 [§(5IP) dey(y) + Opl(n"?).

Hence, (4.8), (4.9) and (4.10) together imply for r = 3,
\P(F(S*(B,)) <t¥, X %) —al + P(X € €)=0(n""),

= b4

thus proving the first part of Corollary 2.7. Choosing r.> 5 and F symmetric it
follows that i, = 0 in (4.10). Furthermore, [J,(y|P)de,(y) converges weakly
to a r.v. G* with normal distribution which drops out of condition (V k)
for F(G,) — G*n~%? by differentiation. Hence, (4.8) holds for F, £
F(S(P)) — n‘3/2fxl/2(y|P) de,(y) as well. Since in the expansion of the c.f. of F,
the term 11/2 does not enter lmearly because of the symmetry of the region
F(x) < q it follows that |[P(F(S*(P)) < t,) — a| = O(n"?) [resp. = O(n"2"%)
for r = 4], which completes the proof of Corollary 2.7. O

ProOF OF COROLLARY 2.12. The proof follows immediately from Theorem
1.13 and the known results on the formal expansion terms x ;(a) mentioned in
Section 2.9 which imply x (a) =0 for j =1,2,3.0

Proor oF EXxaMPLE 2.13. With the notation of the proof of Example 2.1 we
have

k+1

(411)  E(DF[Gyjp., Gy Ga- -, Gr) = z 6,(5,67¢-1 - B)’,

where ¢, > Oand b £ £41167¢~2p,. Since (G, - -, Gy w2 G), p=2,...,1
are Gaussian vectors w1th p081t1ve covariance, we may replace them as in the
proof of Example 2.1 by Gaussian r.v. with independent components. Therefore
(4.11) can be bounded from above by o7 £ cLf~!6,(b;6; *~" — ) Furthermore,
o/ < 8% implies |b;, — b,| < 8c(f) for j =2,..., k — 1, which in turn implies the
claim by conditioning on b, and using max,P(|b; — 2| < §) = O(8V/¢~D). O

PROOF OF REMARK 2.16. Assume a = 0 and let V(¢ x) denote the rth
derivative with respect to x. Then |V)(¢, t1/2logt™!)| > c>0for0 <t <m, 7
sufficiently small which implies |V)(¢, wy())| > ¢ with probability 1 — O(n¥)
for 0 < ¢t <n and K arbitrary large. Furthermore, the event c?( wy(¢)? ---
w,_,(t)2dt < & has probability O(8%), L arbitrary large. (Use conditioning and
the well-known properties of the Brownian bridge.) O

ProoF oF REMARK 2.17. Exactly as in Remark 1.12 of Gotze (1986) we
conclude that (2.15)(i)—(iii) implies condition (V, ;) for F(x(-)). O
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