The Annals of Probability
1990, Vol. 18, No. 4, 1723-1738

ASYMPTOTIC TAIL BEHAVIOR OF UNIFORM
MULTIVARIATE EMPIRICAL PROCESSES!

By MikLGs CSORGS AND Lajos HORVATH

Carleton University, and University of Utah and Szeged University

Let a, be the empirical process of independent uniformly distributed
random vectors on the unit square 72. We study the asymptotic distribu-
tion of the random variable sup|a,(s, t)| /(s*t*L(s)G(s)) when sup is taken
over various subintervals of I2. We show that in the case of —o < u,v <
1/2 the limit is given in terms of a two-time parameter Wiener process, and
for 1/2 < u,v < » it is determined by a Poisson process.

1. Introduction. Let X, = (X, X?®), X, = (X, X$?),... be indepen-
dent random vectors taking values in the unit square 1% = [0, 1] X [0, 1] with
distribution function F(¢,s) =ts, 0 <t,s < 1. We define the nth empirical
distribution function F, by

1
F(t,s)=—#{l<i<n: X<t X® <s},
n

and the uniform bivariate empirical process «, by
a,(t,s) =n%(F,(t,s) —ts}, n=12,....

In recent years there has been considerable interest in the asymptotic
behavior of the supremum of weighted empirical processes. The one-dimen-
sional case is essentially solved in the papers by Rényi (1953), Chibisov (1964),
O’Reilly (1974), Eicker (1979), Jaeschke (1979), Mason (1985), Csorgé and
Mason (1985), Csorgé, Csérgd, Horvath and Mason (1986), Csérg6 and Horvath
(1986), Csérgd, Horvath and Steinebach (1987) and Csérgé and Horvath
(1988), and in the book of Shorack and Wellner (1986).

There are only partial results available in the multivariate case. Using
Alexander’s inequalities [cf. Alexander (1982, 1984)], it has been proved that
there is a sequence of two-time parameter Brownian bridges such that

(1.1) sup |a,(t,s) —B,(t,s)|/q(st) »p 0, n -,

0<s,t<1
if q: (0, 1] - (0, =) is continuous, nondecreasing and g(x)/(x log (1 /x))/2 — ,
x | 0 [cf. Theorem 3.1 in Einmahl (1987)]. By a two-time parameter Brownian
bridge {B(¢,s); 0 < s,t < 1}, we mean a Gaussian process with mean 0 and
covariance function EB(¢;, s;)B(t,, s5) = (£, A to)X(s; A 83) — t1£55,S9, Where
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1724 M. CSORGO AND L. HORVATH

a A b = min(a, b). From (1.1) it follows immediately that we have
(1.2) sup |a,(¢,8)|/(st)" =p 0

O<st<k,/n
if v<1/2 and k,/n - 0, n - ». A summary of characterizations of the
almost sure behavior of the random variable of (1.2) is summarized in Einmahl
(1987), pages 53-62.

In this paper we study the asymptotic distribution of the random variable
supla,(s, £)| /(s*t*L(s)G(t)), where sup is taken over various subintervals of
the unit square 12

Throughout this exposition we will assume that the functions L and G are
slowly varying at 0. We will see that in the case of —» < u,» < 1/2 the
asymptotic behavior in question is given in terms of a Gaussian process, while
it is determined by a Poisson process when 1/2 < u, v < . Our theorems on
the weighted asymptotic behavior of uniform empirical processes are stated in
Section 2. The proofs of the results in Section 2 are given in Section 3. We will
assume without loss of generality that all random variables and processes are
defined on the same probability space [cf., e.g., de Acosta (1982)]. .

We state all our results in terms of appropriate two-time parameter stochas-
tic processes. It will be clear from the proofs that similar results can be also
proved in the d-time parameter case (d > 2). However, the notation required
for the sake of stating and proving these results would take up quite a bit more
space and would also make reading of this exposition somewhat more difficult.

2. Weighted uniform multivariate empirical processes. Let {W(t, s);
0 < s,t < »} be a two-time parameter Wiener process. For definition, existence
and properties of this process we refer to Csoérgé and Révész (1981). We also
work with functions slowly varying at 0. We say that a function [ is slowly
varying at 0 if it is nonnegative, measurable and lim, , , {(tc)/I(t) = 1 for all
c>0.

THEOREM 2.1. Let L and G be slowly varying functions at 0 and —o <
u,v < 1/2. We assume that {k,} and {m )} satisfy

(2.1) k, > o, m, — o, n — o,
(2.2) k,n 250, m,pn Y250, n-
Then, as n = «, we have

r, sup |a,(¢8)|/(¢'s*L(t)G(t))

O<t<k,n~1/2

(2.3) 0<s<m,n~1/2
-5 sup |W(¢,s)|/(¢"s*),
0<t<1
0<s<1
where

(24) 1, = (kyn ™) " Xm0 "2 Lk yn2) G (mn ).

Let Z(B) be a homogeneous spatial Poisson process with intensity parame-
ter 1, where B denotes a bounded and measurable set of R2. For a definition
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we refer to Karlin and Taylor (1981), page 398. We define N(t, s) = Z([0, t] X
[0,sD, 0 <t¢,s <, and we will refer to it as a two-time parameter Poisson
process, or simply a Poisson process, with intensity parameter 1.

The next theorem is concerned with heavily weighted empirical processes on
the tails of the unit box.

THEOREM 2.2. Let L and G be slowly varying functions at 0 and 1/2 <
w,v < 1. We assume that {k,} and {m,} satisfy (2.1) and (2.2). Then, as
n — o, we have

an  sup|a(t,9)|/(#PL(DG(s)
0<t<k,n1/2
(25) O<s<m,n”"1/?2
o sup |N(¢,s) —st|/(t's*),

0<t,s<
where {N(t,s); 0 <t,s < »} is a two-time parameter Poisson process with
intensity parameter 1, and

= n1/2-v)/2,(1/2-pn)/2 -1/2 n-1/2
(2.6) q,=n n L(n )G( ).

-

RemARK 2.1. If v and/or p > 1, then the limiting random variable in (2.5)
is infinite with probability 1.

ReEMARK 2.2. The proof of Theorem 2.2 will show that for all A, A, > 0,

9. sup |la,(,5)|/(¢"s*L(¢)G(s))
Mmn~V2<t<k,n=1/2
(2.7) Agn~V2<s<m, n~1/2
-, sup |N(t,s) —st|/(t"s*)
Ay <t<x
Ag<s<x®

if 1/2 <pu,v <. It also follows from Remark 2.1 that A, and A, in (2.7)
cannot, in general, be replaced with sequences tending to 0.

Our next theorem is concerned with the asymptotics of heavily weighted
empirical processes in the middle of the unit box.

THEOREM 2.3. Let L and G be slowly varying functions at 0 and 1/2 <
u,v <o, We assume that {k,} and {m,} satisfy (2.1) and (2.2). Then, as
n — «, we have

r, sup |a,(¢,8)|/(t"s*L(¢)G(s))

k,n12<t<1
(28) m,n"V2<s<1

o sup |W(t,s)|/(¢"s*),

1<t,s<»

where r, is defined in (2.4).

-

ReEMARK 2.3. We note
sup |W(t,s)|/(t's*) =5 sup |W(¢,s)|/(t27s'™H).
1

1<t,s<w 0<t,s<
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REMARK 2.4. In the statements of Theorems 2.1-2.3 we can take off the
absolute value signs and the thus appearing asymptotic results hold true.

The proofs of our results are based on the well-known Kac representation of
empirical processes [cf. Kac (1949), Bretagnolle and Massart (1989) and Csoérgé
and Révész (1981), Chapter 7, for further references] Let n(n) be a Poisson
random variable with En(n) = n, independent of (X;, i > 1). We write

n(n)
an(t,s) = W( Z ]].{Xi(l) <t, Xi(z) < s} — nis

i=1

1 n 7(n)
+ W( Y XV <t, XP<s)- Y I{X®<t, XP <5s}|.
i=1 i=1

Kac observed that L7 1{X® < ¢, X® < s} is a Poisson process with mean
nts for each n > 1. We prove that the asymptotic behavior of |a,(¢, )|/
(t”s*L(t)G(s)) is determined by a weighted Poisson process while the weighted
random sum (Z7_, ,LH{X® <t, X® <s))/(t"s*L(#)G(s)), where L_; =
—Y{_, if £ <j, does not play any role in the limit. For further remarks on,
and versions of, the Kac representation we refer to Shorack and Wellner
(1986), pages 339, 556 and 578). In particular, the conditional representation
of a, may be also used to construct new proofs of our Theorems 2.1, 2.2 and
2.3.

3. Proofs of Theorems 2.1-2.3. We prove our results when L = G = 1.
Using de Haan (1975), one can establish that the special case of L = G = 1
implies the more general cases stated in Theorems 2.1-2.3.

First we need a simple lemma which can be easily proved by elementary
calculations.

LemMa 3.1. Let n(n) be a Poisson random variable with mean value n,
and let £,,¢,,... be independent identically distributed random variables of
mean 0 and variance 0% which are also independent of n(n). Then there is a
constant c; ; such that we have

n(n) 2

(3.1) E( ) g,.) e
i1=n

where L*_, = —X , ifk <n.

Proor oF THEOREM 2.1. Let n(n) be a Poisson random variable with mean
value n, independent of {X;, i > 1}. We have

(32) a,(t,8) = a((¢,5) —aP(t,5) —ad(t,s),
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where
n(n)
(3.3) al(t,s) =n"120 ¥ I(XP<t, XP < s) —nts},
j=1
n(n)
(3.4) aP(t,s) =n"12 L (1(XP <t, XP <5) —ts)
j=n
and
(3.5) aP(t,s) =n"%(n(n) —n)ts,

where 1(-) is the indicator function.
First we show

(3.6) rd  sup |aP(2,5)|/(¢"s*) = 0p(1),
n"l<t<k,n"1/?
n~l<s<m,n"1?
where r(’ = (k,n~Y2)""Y2(m n~1/2)»-1/2 By the central limit theorem
n~Y2(n(n) — n) = 0p(1), which gives (3.6) immediately.
Next we show
(3.7) rd sup |a@(2,5)|/(t"s*) = 0p(1).

nl<t<k,n"1/2

n~l<s<m,n"12
Let —0o <y, <w,and ¢, <t; < -+ <itg,8,<8; < -+ <s,. We have
sup agzz)(t’s) ag)(tj’si)
5 - 5
t,<t<t;,, t’s t)s;
$;<8<8;41
2
. |a$,’(tj,s,~)| (Q)’(ﬁ)a .
s ss<s,+1

+ sup |a§,2)(t, s) —aP(t;,s;)| sup ¢77s7°
ti<t<t t<t<t;,,
$;<8<8;41 5,<8<8;4,

(38) <l s)] (%)(s?) -1

ST e Y
tjsl t;<t<t;,,
8, <8<S8;41
2|'r7(n) —n|
V)
+ sup t77s { ( +lsl+1 jsl)
ti<t<tiy,
§;<8S<S8;41
n(n)
-1/2 1 2
+n"2 Y (]l(Xl( ) < Livi XP < 8i+1)
=1

- ]].(Xl(l) < t]’ Xl(z) < si) - (tj+lsi+1 - tjsi ) .
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By Lemma 3.1 we obtain

2
aP(¢;,s;
(3.9) E(%a—)) < cg on~ V2t 2s] T2
J°i
and also
n(n)
E{n‘l/2 Yy (]l(Xl(l) <t XP< si+1) - ]l(Xl(l) <t;, X® < si)
l=
" 2
(3.10)

_(tj+18i+1 — ;s )

—1/2
< C33n / (tj+lsi+1 - tjsi)°

We now consider (3.7) with 0 < v, u < 1/2. We specify the points of subdi-
vision ¢; and s; as follows: ¢, =n"% t, =n"3/% ¢, =e/n"12% j=2 ..,
Jo—[logk]+1 and so=n"% s, =n =
[log m,] + 1. Then

t\ (s \*
(3.11) sup = (—) -1<1
t,<t<t; |\ T s
8;<8<8;4,
and
3.12 sup ¢7VsTH <t;Vs; k.
J i
Li<t<t;,,
$;<8<S; .1

By (3.9) and Chebyshev’s inequality

» k, \" Y% m, \»-1/2 ’a(Z)( )8, )I
(nl/"’) (nl/z) 0z EsF tist
(3.13)

0<i<i,

2v—1 2u—-1
-2 -1/2 —-1/2)2# -1/2 1-2v,1-2p
< c3 3¢ (k,n )" (m,n ) n Y b s T
0<j<Jjo
0<i<iy

From the definition of the points of subdivision ¢ i» 8, 1t follows that we have

(3.14) (kan=2)" M=% = 0(1),  j=0,1,
(3.15) (m,n=1/2)* " Tgl-2 — o(1), i=0,1,
(3.16) (kyn~ 2" In=1/4 ¥ glom = o(1)

2<j<j,
and

(3.17) (mnn‘l/z)z”_ln‘l/4 Y sim%=0(1).

2<i<iy
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We have also

(3.18) Osinsa;i:_l(k n=Y2) TV, /8 = o(1)
and

(3.19) Osrlrzf_l(m n~12)"" vz sI7k(s;41/8;) = o(1).

Hence and by (3.12) we have

(3.20) 013335 sup t7's7#|n(n) —n|n"V2(t;, 18,0, — t;s;) = 0p(1).
0 t;<t<t;,,

0<i<iy .’ 5, <8<8;4q

Using now Chebyshev’s inequality in combination with (3.10) and (3.12), we
obtain

n(n)
P{ max sup ¢t Vs *n"1?3Y) {]I(X,(” <t XP <s;4)
0<j<jo t;<t=<t;,, =1
OSt<zo $;<8<8;,,
1 2

> s(knn‘l/z)l/z_v(mnn‘l/z)l/z_"

_ _ 2v—1 _ 2u-1 _ _ _
< C3 3¢ 2(knn 1/2) ’ (mnn 1/2)# n=1/2 Z t; 2th+lsi 2”8i+1°

0<j<jo

0<i<iy
By definition of ¢;, s; we have
(3.22) (kan™ V2" ' 14, /1 = 0(1),  j=0,1,
(3.23) (m, a2 1n-1/45. /52 =0o(1), i=0,1.

Combining now (3.8) and (3.13)-(3.23), we arrive at (3.7) when 0 < v, u < 1/2.
Trivial changes in the above calculations also yield (8.7) with — < v, u < 1/2.

It is well known [cf., e.g., Gaenssler (1983), page 7] that we have for each
n=12...,

{aP(2,5),0<t,s <1}
=5 {n"2(N(tn'/?,sn'/?) — nts),0 <t,s < 1},

where N(x,y) is a Poisson process and =, indicates equality in distribution
of the two processes involved.
It is well known [cf., e.g., Kuelbs (1968) and Wichura (1969)] that

{(knmn)_l/z(N(xkn,ymn) —xyk,m,,0 <x,y < 1}
_’D([o,ux[o,l]){W(x,y), 0<x,y<1}.

(3.24)
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Using the Skorohod-Dudley—Wichura representation theorem, for each &, m,,
we can define a Wiener process W, (x, ¥) such that

(825) (k,m,)""? sup |N(x,y)—zy— Wy(x,5)|=0p(1).
O<x<k,
O<y<m,

Let D =D(c) ={(¢,5):0<t <k,n"Y2%0<s <m,n Y2 c/n < ts}, where
¢ > 0. Then we have

sup |N(n'/%,n'/2%s) — nts — W,(n'/?, n'/2s)|/(t"s*)
(¢,s)eD

= (k,nV2) (m,n~2) ™" sup |N(k,t,m,s) — k,m,ts
(3.26) ( ) ) (t,s>eD1| :

_Wn(knt’ mns) I/(tvs#)
= (kyn172) " (m,n=1%) " AD,
where D, ={(¢,5):0<t<1,0<s<1,c/(k,m,) < ts}. We show that
(3.27) r@(n) A = 0p(1),
where r®(n) = (k,m,)"'/% Let ¢ > 0 and define D, = D, N {(t,s):e <t < 1,

e<s<1, Dg=D,n{ts): 0<t<e 0<s<1} and D,=D, N {({,s):
0<t<1,0<s<g¢}. Then

AP < sup |N(k,t,m,s) —k,m,ts — W,(k,t,m,s)|/(t"s")
(¢,s)eD,
+ sup |W,(k,t,m,s)|/(t's*)
(¢,s)eDy
+ sup |W,(k,t,m,s)|/(¢t's*)
(3.28) (¢,8)eD,

+ sup |N(k,t,m,s) —k,m,ts|/(ts*)
(tss)EDs

+ sup |N(k,t,m,s) —k,m,ts|/(t's*)
(¢,8)€ED,

= AD(g) + -+ +AO¥(e).
We get immediately from (3.25) that

(3.29) r®(n) AD(g) = o0p(1)

for all £ > 0. The scale transformation of the Wiener process gives

(3.30) r®@(n) A(e) =5 sup |W(¢,8)|/(¢"s*),
(¢,8)eDyg

and therefore
r®(n) A9(e) -, sup |W(t,s)|/(t"s").

0<t<e
0<s<1
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Hence for all 6 > 0,
(3.31) lim lim sup P{r®(n) A®(e) > 8} = 0.

-0 n-oow
A similar argument gives
(3.32) lim lim sup P{r®(n)A®(¢) > 8} =0

e—0 n-owx

for all § > 0. It is easy to see that
r®(n) AD() =5 &/ (ek,m,)" "1

X sup |N(¢,s)—ts|/(t"s*),
(¢,8)eDy

(3.33)

where Dy ={(¢,5):0<t<1,0<s<ek,m,, c <ts).
Let M > 0 and define Dg = {(¢,5): 0 <t < 1,0 <s <M, ¢ < ts}. We show
that there is a constant c; 4 such that for all ¥ we can find a K such that

(3.34) im P{ sup |N(t,s) — ts]/(¢"s") > K} <.

1

M- (¢,s)eDg

First we note that

(3.35) sup |N(¢,s) —ts|/(¢"s*) = Op(1).

0<t<l
0<s<1

Let t;=e7, j=0,1,2,..., s;,=¢', i=1,...,[log M] + 1, and define D, =
{(¢,s):0<t<1,1<s<M,c<ts). Then

P{M‘“‘V2 sup |N(¢,s) —ts|/(t"s*) >x}
(¢,s)€Dy

O<ixllog M] 0<j<i+1l-loge ¢ <r<t; tvst
§;<8<8;41

N(t,s) —ts
SP{M"‘I/2 max max sup I(—)|>x}

[log M]li+1-logc
< ) Y P{M”‘l/ztj,j’lsi‘“ sup |N(t,s) —ts|>x}
i=0  j=0

tis1SESE;

§;<8<8;41

(3.36)

[log M]i+1—-loge
—2nf2u—1 —2v -2 _
<c3 X °M > > 418 “(tj3i+1 tj+lsi)
i=0  j=0

[log M]i+1—logc
< ca’sx—2M2y.—1 Z Z e—J(1—2v)el(1—2y.)
i=0 Jj=0

< cgex7 %,

where we have used Inequality 2.4 in Einmahl (1987) [cf. also Wichura (1969)].
Now the proof of (3.34) is complete.
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Using (3.33) and (3.34), we get
(3.37) lim lim sup P{r®(n) AD(¢) =6} =0

e—>0 n-ow
for all § > 0. Similar arguments give
(3.38) lim lim sup P{r®(n) A®(¢) =8} =0

>0 n-owx

for all § > 0. Now (3.27) follows from (3.28), (3.29), (3.31), (3.32), (3.37) and
(3.38).
The scale transformation of the Wiener process gives

n~2r®(n) sup |W,(n'/2t,n'2s)|/(t's*)
(t,s)eD

(3.39)
-, sup |W(t,s)|/(¢"s*).
0,¢,s<1

Next for any ¢ > 0 there is ¢ > 0 such that

(3.40) liminf{ sup F,(¢,s) = o} >1—s.
n—e ts<en”!

It is easily seen that we have also

(3.41) n2rD sup ts/(t's*) =o(1).

ts<cn !
Consequently, Theorem 2.1 will be proven in case of L = G = 1 if one can
show

r® sup |a,(t,s)|/(¢"s*)
(t,s)eD

-, sup |W(t,s)|/(¢"s*).
0<t,s<1

This however follows immediately from (3.2), (3.6), (3.7), (3.24), (3.26), (3.27)
and (3.39) combined. O

(3.42)

Proor oF THEOREM 2.2. We again use the representation of (3.2). By the
central limit theorem n~/%(n(n) — n) = Op(1), and therefore

(3.43) g sup  |a®(¢,8)|/(#s*) = 0p(1),
0<t<k,n1/2
O<s<m,n~1/2
Next we show that with D =D(c) ={(t,s): 0<t<k,n 12 0<s<
m,n~% c¢/n < ts} we have

(3.44) q> sup |aP(t,s)|/(#'s*) = 0p(1).
(t,s)eD
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Here we use (3.8) with
— =1, -1/2 o —l+a, —1/2 o —a, —1/2 _ ., -1/2
to=cm,n /2, ty=m, ""n / ,...,tlo_l—mn“n 2 Li,=n /2,

tlo+j = ejn_1/2’ J = 1,---’j0 = [IOg kn] + 1’

— -1,-1/2 — p—1+ -1/2 — b— -1/2 —_ ,—1/2
so=ck,'n"V2, sy =k enTV2 s =kn"VE s =nTV3

siei=en V% i=1,...,i,=[logm,] +1,

where 0 < a < (2/11X(1 — v) A (1 — p)) and 1/a is an integer denoted by /.
Then D C [tlo’ vtlo‘f‘jo] X [slo, sl0+i0] U [to, tlol X [slo’ slo+i0] U [tlo’ tlo+j0] X
[59, 5;,]. Using Chebyshev’s inequality and (3.10), we get

n(n)
—ve—i,,—1/2 1 2
P loﬁllgalf'i-jotj vsi n=Y IZ {]]'(Xl( ) S tJ""l’ Xl( ) = si+1)
lo<i<lo+iq n

- ]l(Xz(l) <t;, X< si) — (tj+18i01 — tjsi)}

(3.45)
> xn1/2(v —1/2)pl/2n-1/2)

< ca’ax—2n1/2—vn—1/2—y.n—1/2 Z tj—2vsi—2y.tj
lo=<j<lo+ijo
lo<i<ly+iy

+15i+1
<cg.x 2n"2,
Similarly,

n(n)

—vo—py, —1/2 2
P Jmax FACI e DY {]l(X,(I) <t XP <s;,)
lo<i<lotig l=n

- ]1(Xz(l) <t;, XP < Si) = (#j418i41 tjsi)}

(3.46)
> xnl/2v— 1/2)p, /2w ~1/2)

- - -l = - -2,
503,3’5 2n1/2 vn1/2 Bp 1/2 Z tj 2vsi ”tj+lsi+1
0<j<ly
ly<i<lgtig

IA

ca’sx—2(mnn—l/Z)m%{L—2+lla



1734 M. CSORGO AND L. HORVATH

and hence also

n(n)
—(te)g—(n+ -1/2 1
P o< etaisd Y ,Z (L(XP <t;,0, XP <5,.,)
0<i<l, =n
(3.47) N ]l(Xl(l)S tjs X(2)58i) - (tj+13i+1 _tjsi)}

> xnl/20-1/2)p1/2n—-1/2)

< ¢392 2(knV/2)p2u-2+ e
Continuing with (3.8), we have

1-v 1—p
012330 tj~"s; (tj+1/tj)(si+1/si)
losi<lg+ig

(3.48)

1-v 1—pn a
< €3,101,- 151y £ig—1M%

<cs nnl/z(”_1/2)n1/2("_1/2)(mnn_1/2)mi"_“

2

and similarly

(3.49) n(/2=1/2p(/2-w)/2  may t}_vs}_#(tj+l/tj)(si+1/si) =o0(1),

lo<j<lo+jo
0<i<l,
as well as
1/2-v)/2,(1/2-p)/2 1-v 1-
(3.50) n@/2=/2p0/2=W/2  max  #17Vs] TRt 1 /t;)(8541/8:) = o(1).
lo<j<lo+jo
0<i<l,

Proceeding as in (3.45)—(3.47), we obtain

(3_51) n/2-v)/25,(1/2-p)/2 max |ag)(tj»3i)
lo<j<lo+jo
lo<i<ly+ig

(8.52)  nW27/2p0/27W/2 max  |a®@(t;,s;)
0<j<ly
lo<i<lg+ig

ﬁﬂ%;”:=0P(1%

£ " =0p(1)

and

(8.53)  n/27/2p/2-W/2  max |a§,2)(tj,si)|tj"’s{“ =0p(1).
lo<j<lo+jo
O0<i<l,

This also completes the proof of (3.44).
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Using (8.24), it can be easily seen that we have

N(t,s) —ts
(354) ¢ sup |aP(t,8)|/(#'s*) =, sup H—),Ll
(t,s)eD (t,s)eDyg t’s
where
3.55 Dg={(t,8):0<t<k,,0<s<m,,c<tis}.
8 n n

We now have

(3.56) ¢ sup [a(t,)|/('s%) >4 sup |N(t,s) — ts| /(#'5").
(t,s)eD 0<ct2st<oo
'S

Using (3.2), (3.33), (3.44) and (3.56), we have for all ¢ > 0,
(3.57) qP sup |a,(t,s)|/(t"s*) =4, sup |N(t,s) —ts|/(t's*).
(¢,s)eD 0<t,s<o
c<ts
Also,as ¢ — 0,
(8.58) sup |N(t,s) —ts|/(t's*) - sup |N(¢,s) —ts|/(¢"s*).

0<t,s< 0<t,s<o
c<ts

It is easy to see that for all ¢ > 0,

(3.59) n'/2qP sup ts/(ts*) = o(1),
cn~l>ts
and this also concludes the proof of Theorem 2.2 by (3.40) and (3.57)-(3.59).

O

Proor orF THEOREM 2.3. Using again the representation of (3.2), we first
conclude

(3.60) i sup  |aD(2,8)|/(87s*) = 0p(1),
k,n"V2<t<1
m,n"2<s<1

where r¥ = (k,n~12y V% mn-1/2)L-1/2,
Next we show

(3.61) r®  sup  |a®(t,s)|/(¢s*) = op(1).
k,n"V2<t<1
m,n~Y2<s<1

Let ¢; = e/k,n""? j=0,1,..., j, = [log n*?k;'1+ 1, and s; = e‘m,n" 1%,

i=0,1,...,i, = [log n'/2m ;'] + 1. Then it is easily checked that
() = n|n=22(k,n1/2)" " (m n 12y T
(3.62) X max ¢77s;7*(t; 418141 — t;s;) = op(1).

0<j<jo
0<i<ig
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By Chebyshev’s inequality and (3.10) we get

(ka2 ™ 2027

n(n)
X max t;'s74n V2 Y {1(XP <8, XP <5,,4)
0=j<jo I=n
(363) 0<i<iy
- ]l(Xl(l) <t;, XP < si) = (18001 — tjsi)}
= OP(]-)’

while using (3.9) we obtain
(k n_l/z)v—l/Z(m n_1/2)p.—1/2

e t7sTH a'd(¢, s,

Jmax £ al(t;, 5;)
0<i<i,

This also completes the proof of (3.61).
Concerning a{’ of (3.2), by (3.24) it is enough to show

(3.64)

=o0p(1).

riPn~1%  sup | N(tn'/2 sn'/?) — nts|/(ts*)
k,n"V2<t<1
(365) m,n~2<s<1
—5 sup |W(t,s)|/(t"s*).
1<t,s<>
It is easy to check that
riPp=1/2 sup | N(n'/2t,n'/%s) — nts|/(¢'s*)

k,n 2<t<1
m,n~Y2<s<1
)"Y%  sup  |N(k.t,m,s) — k,m . ts|/(t"s").
1<t<n'/?/k,
1<s<n'2/m,
Let T > 1. The weak convergence of {(k,m,) Y%(N(k,t,m,s) — k,mts),
0 < t, s < »} implies

(k,m,) "% sup |N(k,t,m,s) — k,m,ts|/(t"s")

(3.67) 1<t,s<T
-5 sup |W(¢,s)|/(ts*).
T

1<t,s<

(3.66)

The scale transformation of the Wiener process and the law of iterated
logarithm give that we have for all 6 > 0,

(3.68) lim limsupP{ sup |W(¢,s)|/(¢7s*) > 8} =0
Too N->wx
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and
(3.69) lim limsupP{ sup |W(¢t,s)|/(¢"s*) > 5} =0.
T—o N-o 1<t<n'/?,
T<s<»

The proof of (3.65) will be completed if we show that for all § > 0,

lim limsupP{(k,m,) "?> sup |N(k,t,m,s)
Too N-w» T<t<n'?/k,

(3.70) 1<s<n'2?/m,

—k,m,ts|/(t's*) > 8} =0

and
lim limsupP{(knmn)_1/2 sup  |N(k,t,m,s)
T—»o N-o 1<t<n'2/k,

(3 71) T<s<n'?/m,

—k,m,ts|/(t's*) > 8} =0.

Using again Inequality 2.4 in Einmahl (1987) [cf. also Wichura (1969)], (3.70)
and (3.71) can be established along the lines of (3.36). The details are omitted.

Now Theorem 2.3 with L = G = 1 follows from (3.2), (3.60) and (3.61) and
(3.24) and (3.65). O
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