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WEAK CONVERGENCE OF SUMS OF MOVING AVERAGES
IN THE o-STABLE DOMAIN OF ATTRACTION

By FLORIN AvRam! AND MURAD S. Tagqu?

Northeastern University and University of North Carolina, Chapel
Hill, and Boston University

Skorohod has shown that the convergence of sums of i.i.d. random
variables to an a-stable Lévy motion, with 0 < a < 2, holds in the weak-J,
sense. J; is the commonly used Skorohod topology. We show that for sums
of moving averages with at least two nonzero coefficients, weak-/; conver-
gence cannot hold because adjacent jumps of the process can coalesce in the
limit; however, if the moving average coefficients are positive, then the
adjacent jumps are essentially monotone and one can have weak-M; con-
vergence. M, is weaker than J,, but it is strong enough for the sup and inf
functionals to be continuous.

1. Introduction and statement of the results. The investigation of
functional limit theorems for processes with paths in D[0, 1] (space of right-
continuous functions on [0, 1] with left limits) was started by Skorohod (1956).
In that paper, Skorohod introduced four topologies on D[0, 1], called J;, o/,
M, and M,. Our results can be best understood if one visualizes the differ-
ences between the J;, M; and M, topologies. These topologies differ in the
way convergent sequences of deterministic functions f, approach their limit f
in the neighborhood of a jump of f.

In the case of the JJ, topology, f, must have a single jump around a jump of
f close to the jump of f in location and magnitude [Figure 1(a)]. In the case of
the M, topology, several jumps are allowed but the extended graph of f,
(graph + vertical segments) must be close to that of f [Figure 1(b)]. In the
case of the M, topology, several jumps are allowed, but the graph of f, must
be, within ¢, a ““monotone staircase,” which gets ‘“compressed” into a single
jump of f as n — o« [Figure 1(c)].

J; convergence is thus appropriate when a jump of the limit arises from a
single jump in f,. Let 9(a) denote the a-stable domain of attraction. As
shown by Skorohod (1957), normalized and centered sums (1/a,)L " )(X; —
b,y of iid. random variables X; in 9(a), 0 < a < 2, converge weakly in the
J, sense. The limit is the Lévy a-stable motion, whose increments are station-
ary, independent and have a stable distribution with index «. J; is the
commonly used Skorohod topology.
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F16. 1. Modes of convergence for the Skorohod topologies J,, My and M.

We will show, however, that in the case of normalized sums of moving
averages of i.i.d. random variables in Z(a) with summable coefficients, weak-J;
convergence does not hold, when at least two of these coefficients are nonzero
(Theorem 1). The reason roughly is that each jump of the limit arises from a
“staircase’ with at least two steps.

If the coefficients of the moving average all have the same sign, then the
steps of the staircase all go essentially in the same direction. We show that in
this case weak-M; convergence holds (Theorem 2). Although M, is weaker
than J), it is strong enough for the commonly used functions inf,_,_, and
Sup, ., to be continuous [Skorohod (1957), 2.2.10].

We now introduce some notation and give a precise statement of results.

Let X; be an i.i.d. sequence belonging to Z(a), 0 < a < 2. Assume also that
EX; = 0 when 1 < @ < 2 and that the X, are symmetric when a = 1.

Let ¢ = {c,, i € 7} be a sequence satisfying ‘

el

i=—o
for some 0 < v < a. Condition (1.1) ensures that the moving averages
(1.2) Y; = E Cl'_ij = Z chi—j’ l (S5 Z,
Jj=-—o Jj=—»

converge in L” [and, in fact, also a.s.; cf. Kawata (1972), Theorems 12.11.2 and

12.10.4].
Let a, be normalization constants such that

Ledl, fdd
(3) LY Xi/a, = Z,(t),
i-1

where X (¢) is a Lévy a-stable motion and 144 denotes convergence of the
finite-dimensional distributions. Astrauskas (1983), Theorem 1i, and Davis
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and Resnick (1985), Theorem 4.1, show that the normalized sums of the
moving average Y; are also attracted to a Lévy a-stable process whenever
L7__.le;l < . More precisely, let

1 [nt]
(1.4) Z()=—XYY, O0<t<l,
a

ni=1

where a,, is as in (1.3).

LEMmA 1 [Astrauskas (1983) and Davis and Resnick (1985)l. When
LT _.le;l < o, then

(1.5) Z,(1) "8 ( > ci)Xa<t>,

1= —o00

where X (t) is the same Lévy a-stable motion as in (1.3).

Can the f.d.d. convergence in (1.5) be replaced by weak convergence in
D[0,1] with respect to one of the Skorohod topologies? We show that the
answer is generally negative for J;, the most commonly used Skorohod
topology.

THEOREM 1. Suppose that Y, is a finite-order moving average with at least
two nonzero coefficients. Then convergence in (1.5) does not hold in the
weak-J, sense.

Theorem 1 is proved in Section 2.

REMARK. When only one coefficient c; is nonzero (i.e., when the summands
are independent), weak ; convergence holds by Skorohod (1957).

Although in Theorem 1, weak-J; convergence does not hold, weak-M,
convergence holds if one imposes some extra assumptions. The main one is
that all the coefficients c,’s have the same sign.

THEOREM 2'. Suppose that Y, is a finite-order moving average with all

13
nonnegative coefficients. Then convergence in (1.5) holds in the weak-M, sense.

The proof of Theorem 2' could be established through either a nonproba-
bilistic method or a probabilistic one. We choose the probabilistic method
bécause it yields bounds (Proposition 3) that can be used to prove the more
general result concerning the M, convergence of moving averages whose order
is not necessarily finite. This more general result is stated in Theorem 2 below.
It requires, when a > 1, the following technical condition, which we refer to as
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(T.C.). To formulate it, let &’ > 1 > v and

(1.6) s(a,¢) = ( )y lcilu)( )y lcil) .

1= —o00 = —o0
Observe that s(a/,¢) = (Z7_ _,lc;)® when v = 1. Now introduce the truncated
sequences ¢~ " = {¢;", —o < i <o}and ¢=" = {¢", — < i < »}, where

on_ |e; iflil > n,
! 0 otherwise,

and

>n

c=" =c. -

THE TECHNICAL CONDITION (T.C.). Let a > 1. The sequence ¢ = {¢;, —» <
i < «} satisfies the condition (T.C.) if ¢ satisfies (1.1) and if for some 0 <

n<a-1,

(T.C.) lim (Inn)'***"s(a — n,e>") = 0.

The condition (T.C.) is required only when o > 1. It is always satisfied if the
moving average is of finite order. It is also satisfied in many other cases of
interest, for example, when s(a — 1, ¢” ") is dominated by a regularly varying
sequence with strictly negative exponent. In fact, we obtain the following
proposition.

ProposITION 1. Suppose a > 1 and L7__,lc;|” < « for some v < a.

@) If v<1and {c, i =0} and {c;, i < 0} are monotone sequences, then

(T.C.) holds. , .
Gi) If v=1but L7___le;|” = for all v' <1, then (T.C.) may not hold

j=—o

even when {c,} is a monotone sequence.

This proposition is proved in Section 2. The next theorem extends Theorem
2’ to moving averages whose order is not necessarily finite.

THEOREM 2. Suppose that L5_ _.c; < ®© with c; > 0, and that either:

(i) ax<l
or
(ii) a > land (T.C.) holds.-
Then, as n — o,
£ . -+ 00
z,(-) = (,E ci)xao)
1= —0o

in D[0, 1] endowed with the M, topology. 5
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If the X;’s are positive, the result is immediate because of Lemma 1 and the
fact that the c,’s have the same sign. The general case 0 < a <1 can be
reduced to this one by expressing the sequence of partial sums as sums of their
positive and negative parts and by using the fact that if U, —», U, V, -, V,
and the processes U and V have disjoint discontinuities with probability 1,
then U, + M, —y, U+ V [see the remarks in Sections 1 and 6 of Whitt
(1980)].

It is convenient, however, to give a unified proof of Theorem 2 for all
a € [0,2]. This can be done without much additional effort because the esti-
mates needed for @ = 1 turn out to be typically similar to those for a < 1.
Theorem 2 is proved in Section 3 using auxiliary results established in
Section 4.

As for weak-M, convergence, we make the following conjecture.

CONJECTURE. Ifc; =0 fori <0, cy,cy,... € R and if for every K,
K =
0<Ye/Xes<l,
i=1 i=1

then (1.5) holds in the sense of weak-M, convergence.

We will now give a heuristic justification of our results. Let us assume that
Y; is the finite moving average

K
Y, =) c; X j
j=0

Heuristically, most of the sequence X; , = X,/a, = 0 (is negligible), except
for a sequence of “‘big values” X; ,, X, ,,..., X;, »,..., which are spread far
apart, that is, for which i, < i, < -+ < i, < --- . It follows that most of
the Y, , == Y;/a,, which are the increments of Z,(¢) = £{]Y, ,, are also
asymptotically negligible; however, a big value X; , produces K + 1 succes-
sive big values in the sequence Y ,:

Yio,n = COXio,n’ Yi0+1,n = CIXio,n’ sy Yi0+K,n = cKXio,n'

Thus, asymptotically, Z,(¢) is made out of ‘‘staircases,” each covering an
interval on the x axis of length K/n — 0, and thus each staircase degenerates
in the limit into a single jump. From the heuristics given at the beginning of
this section, we see that:

If the staircase has at least two steps, J; convergence cannot hold (Theo-

rem 1). .
~ If the staircase is monotone (all steps go in the same direction), we have M,

convergence (Theorem 2).
If the vertical size of each staircase in hounded between 0 and the size of the

limiting jump, then we might have M, convergence (Conjecture).
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The following counterexamples show that some conditions on the c; are
necessary in order to get at least one of the weak Skorohod convergences.

CouNnTeREXAMPLES. If Y; is a finite-order moving average with coefficients
of both signs, then the ‘“staircase’ is not monotone, and M, convergence does
not hold. The precise proof is similar to that of Theorem 1. )

Consider now the even simpler example, where

co =1, c; = -1, c,=0 fork+0,1,
so that ¥7__.c; = 0 and
1 [n]

a

Xy — Xo faa.
=
ni=1 n

0.

But f.d.d. convergence cannot be replaced by weak convergence in any of the
four topologies, because, as is known, sup, ., <1 X|,;/a, converges in distribu-
tion to a nonzero limit, and sup, _, ., is a continuous functional in all the four
Skorohod topologies.

On the other hand, if we make the strong assumptions ¢; > 0, X; >0
(assumptions that can hold when a < 1), then, since ©!*/]Y;/a, has monotone
paths, weak-M; convergence holds automatically. In Theorem 2, X; > 0 is not
assumed.

The paper is organized as follows. In Section 2, we define the functions J
and M that characterize the J; and M, topologies and we establish Theorem
1 and Proposition 1. In Section 3, we give the main steps leading to Theorem 2
and prove Theorem 2. The validity of these main steps is established in
Section 4.

2. Proof of Theorem 1 and Proposition 1. The following functions
enter in the definition of the Skorohod topologies:
(2.1) J(x1, %3, x3) = minfle, — 211, lxg — %},
M(x,, x4, x5) = the distance from x, to [x;, x5]

(2.2) 0, if x, € [x, %3],
| J(%, %5, %3), otherwise.

Let H stand for either J or M, and introduce the H oscillation of a function
Z(t):
(2.3) wf(2) = s H(Z(1), 2(); 2(1)).
t<t<t,
Oslt?—tlsa

“Refer to Skorohod (1956) for a definition of the Skorohod topologies and
their properties. Here we will need only the following corollary of his Theo-
rems 3.2.1 and 3.2.2. [For the J; version, see also Billingsley (1968), Theorems
15.3 and 15.4.]
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ProprosiTION 2 [Skorohod (1956)]. Let Z,(t) be processes in D[0, 1] whose
finite-dimensional distributions converge to those of a process Z(t) which is
a.s. continuous at t = 0 and at t = 1. Let H stand for either J or M. Then
weak-H, convergence holds if and only if for every ¢ > 0,

(2.4) alin}) limsupP{(w¥(Z,)) > ¢} = 0.

ProOF OF THEOREM 1. We will show that relation (2.4) does not hold for
H = J, when

[nt]

K
Zn(t) = Z Y},n7 Yj,n = Z cin—i,n’
i=0

J=1

with ¢, # 0, ¢; # 0. Let i; < K denote the first nonzero coefficient after c,;
hence ¢; = -+ =¢; 1 =0.

Consider the random variables Y, , and Y, ,; , where necessarily, 1 < i’ <
i’ +i;<n,sothat 1 <i’' <n —i;. Choose this i’ = i'(n) to be the index at
which max; _; _,_; |X; ,| is obtained.

Fix ¢ > 0 and introduce the events

Ay =Xyl >eh = { max. IX, | >

l<i<n-—i,
and
B, ,={X,,>cand31+0, -K <l <i,, where |X;, ,| > e},

where A is a constant to be specified later.
We will show that the four following statements hold:

(a) lim P(A,,) > 0.
(b) lim P(B, ) = 0.

.

(© On A, \ B, the random variables Y, ,, j =i and j=1i +i,, are
“large” [specifically, |Y; ,| > e(lc;_;| — AL K ole;D], and the random vari-
ables Y; ,, i’ <j <i'+ i, are “small” [specifically, |Y; ,| < el K olell.

(d) On the events A, , \ B, ,, the J oscillation w(Z,) with § = (i; + 1)/n

is bounded below.

Statements (a) and (b) ensure lim , ., P(A, , \ B, ) > 0. Statement (c) is
used to establish statement (d) which contradicts Skorohod’s criterion for
J;-weak convergence.

We now verify the statements.

(a) This is a well-known property of the a-stable domain of attraction, a
consequence of

n,e

(2.5) lim nP{X, ,| > x} = kx~¢, x>0,

n—w
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for £ > 0. In fact, one has

lim P{ max |X; | > x} =1—-e*" x>0.

n—oo l<i<n

(b) Observe that

n—i; i
Bn,e c U U {lXi,nl > E} N {|Xi+l,n| > AE}

i=11=-K
1+0

Thus by (2.5) there is a constant M depending on & such that
P(B, ) < (n —i)(iy + K)P{X; ,| > e}P{X; | > Ae}

n-—1i
SM(—ZQ*O
n

as n — o,
(¢c) Forany k£ €{0,1,...,i},

K
)7i'+k,n = ckXi/’n + Z chi'+k—j,n’
Jj=0

Jj*k

On A, ,\B, ., onehas [X;,; ,| <Ae,VI+0, —K <1 <i, sothat

n,e?

K K

Z chi'+k—j,n S/\EZ |cj|.
Jj=0 j=0
J*k

Hence for 2 = 0 and & = i;,

K

Yy ihnl 2 16, Xy ol = | 2 ¢ X ihjin
j=0
Jj*k

K
> 8(|Ck| —A Z ICJI 5
=0
while for 0 < k < i, ¢, = 0 and thus |Y;,, | < Ast;olcjl.
(d) Consider now the following two consecutive increments of the process

Z,(8):
U -1
(2.6) zn(—) - zn( )‘ AR
n n

K
leol = A X chl)
j=0
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w( =) -2 -

+kn

-1
Z L+11n Z l +kn

(2.7) . .
> 8(|C,-1| A el = (i, - DAY chl)
Jj=0 Jj=0

K
& |Cil| - Ail Z ICJI .
ji=0

Now choose A so that

= leol le; |
LY eyl < mln( L,
50 2’ 2i,

that is, so that the absolute increments in (2.6) and (2.7) are respectively
greater than (¢/2)|c,| and (e/2)|cill. Then

; -1 i i+ i
w(il"'l)/n(Zn) ZJ Zn n ’Zn ; 7Zn n

> < min(lcol, le, )

(2.8)

on the event A, . \ B, ,, hence verifying statement (d).
We now conclude the proof. By statements (a) and (b), we have
lim, ., P(A, .\ B, ,) > 0, which implies

€
0< hmlan(w(L ryyn(Z,) = 3 min(lc/, |Ci1|))

(2.9) e

< lln’(l) llr:jgpP(wa(Z ) > 5 mln(lcol,lcill)),
since wy(-) is nondecreasing in 8. Hence weak-J; convergence does not hold
(Proposition 2). O

ReEmaARrk. If all the c¢; are nonnegative, then ‘the big increments Y, ,
(=coXy ,)and Yy, , (=c; X; ,) have the same sign, and thus produce zeto
M oscﬂlatlon Thus although they preclude J; convergence, they do not
preclude M, convergence, which indeed holds, by Theorem 2.

Proor oF ProrosiTION 1. (i) Assume w.l.o.g. that X;lc;/” <1 and thus
X ,le;l < 1and le;| < 1. Choose 7 satisfying 0 < 7 < min(a — 1,1 — »), so that
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v+m <1<a-—n.Since{c;, i > 0} and {c;, { < 0} are monotone sequences,

emner= (gl g

lil=n lil=n

a—m—v
1_
< [Icim T e ]

lil=n

n
< [Ici,,l" > |c,-|"]

lil=n
< (nley )" n "
=0(n™"),

where ¢, , = max(c_,, c¢,). Thus s(a — n,¢>") is bounded by 7 to a negative
power and (T.C.) is satisfied.
(ii) Consider the following counterexample:

1
C = i 1+B
lil(In i) *#

v c,.=o( ! )

lil=n (In n)ﬁ

Thus X ,lc;| < o, but T,lc;|' ™ = o, ¥ > 0. Then, if @ — 7 > 1, we have

a—mn 1
swmmez= (£ o) =0l )

lil=n

1
0<B<1+—.
o

Here

To satisfy (T.C.), we have to find n > 0, such that B(a — ) > 1 + @ + 7; that
is, nB + 1 < Ba — (1 + a). This is possible if and only if Ba — (1 + @) > 0,
that is, if and only if B> 1+ 1/a. Since B <1+ 1/a, (T.C.) cannot be
satisfied. O

3. Proof of Theorem 2. Theorem 2 will be established by showing that
in the case H = M, relation (2.4) holds for

[nt] Y. [nt] 4o

; X;
(3.1) Z,(t) = El o r X iy

This is accomplished by approximating Y,/ a, by a moving average of order K,
for a suitably chosen sequence of constants K, — .
Let M and w) be defined as in (2.2) and (2.3) and let

(3.2) Mo(ty,t,t5) = M(Z,(1), Zo(8), Zo(£2))
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so that
(3.3) owM(Z,))= sup M,(¢,¢,1t,5).
b<t<t,
0<t,—t;<8
Let m > 0 be a constant satisfying
a—-n>v,a+n<l ifa<l,
(3.4) a—n>v, ifa=1,
a—n>1, if a > 1.

ProrosITION 3. Let 0 <n < 1/2 satisfy (3.4). If ¢; = 0, and ¢; = 0 when
lil > K, for some finite K, then for n satisfying

(3.5) n/2-m/A+atn) 5 K

there exists a constant L independent of K and n such that for 0 <t; <t <
ty<landall e >0,

®
(3.6) P{M,(t,,¢,t,) > &} < Le 2@+ (t, — )" 2",

(ii) Furthermore, there exists a constant k independent of K and n such that
(3.7 P{w¥(Z,) > e} < Lke™%=*mg2n,

Part (i) of Proposition 3 is established in Section 4. Part (ii) follows from
Theorem 1 of Avram and Taqqu (1989).

By using Lemma 1 of Section 1, Skorohod’s Proposition 2 of Section 2 and
Proposition 3, we will be able to conclude that Theorem 2 holds when the Y;’s
are finite moving averages. To deal with the general case, we decompose
Y, ,=Y.,/a, as follows.

Let K, be a sequence increasing to o,

<k, _ {c,., iflil <K,

C;
’ 0, otherwise,
and
oK. . o sK._ 0, ifli <K,
¢ En=c,—cEn= o ps
c;, iflil>K,.

Let Y; 5%~ and Y;”,%» be the moving averages with coefficients ¢ and ¢;” %~
respectively, and let their sum from i = 1 to [n¢] be denoted Z,=¥~(¢) and
Z . En(t) respectively. .

The Z=%- are sums of finite moving averages, to which Proposition 3
applies, while the Z> %» are sums of moving averages with “small” coeffi-
cients. They will be handled by the use of the following proposition.

PROPOSITION 4. Let Z, be defined as in (3.1), and let 7 > 0 satisfy (3.4).
Then there exist constants L' and k', independent of n, and of the sequence c,
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such that:
(D)  PlZ.(t3) — Z,(t,) > ¢} < L'e=“*P(t, — t;)s(a — m,¢),

where

o]

Z |ci|a,: lf o < 1’

i=—

(Zw: Icil”)( i |C,-|) , ifd >1>v;

i=—o i=—o

P{ sup 1Z,(¢)l > s}

0<t<1
(if) Lke~@*Ms(a — n,c™), ifa<l,
<
Lke=“*"(nn) " s(a — n,e™), ifa> 1.

Proposition 4 is proved in Section 4. The definition of s(a’,c¢) in (3.8)
extends the one given in (1.6) to o' < 1.

Proor oF THEOREM 2. We look for a sequence {K ) _,, where K, is small
enough [satisfying (3.5)] so that Proposition 3 can be applied to the process
Z=%» but large enough so that the estimate for P{sup,_,.,|Z,(¢)” %" > &}
given in Proposition 4(ii), namely

s(a —n,c” %), ifa<l,
e =
" (Inn) " "s(a —n,e> %), fa>1,
tends to 0, as N — . An adequate sequence is K, = n'/6, This K, satisfies
(8.5) since for  small enough, n'/¢ < n(t/2=m/0+a+m) When o <1, e, — 0,

since K, = . On the other hand, if @ > 1, by assumption (T.C.) of Theo-
rem 2,

lim s(a@ — n,e=%)(In K,)" """

n—o
=0 = (%)l+a+‘r] ’}i_l}:.os(a _ n,cZK")(lnn)l+a+"

and thus the estimate e, » 0. Now it remains only to note that if
wX(Z7%") < e/2, and sup, ;. 1Z,” K»(#)| < &/4, then w¥(Z,) < ¢. This is so
because M involves the process at only three time points. Thus

o Plod'(Z,) > ¢} < P{wé“(zrf"") > %} + P{ sup 12,7 n(¢)| > f}

O0<t<l1 4
£ —2(a+m) . £ —(a+n)
hl n rpr|
st(z) 5 +Lk(4) e
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(by Propositions 3 and 4). Hence
M £ —2((1""'7)
lim li p Z,)) > ¢} < limLk ( — )
lim lim sup {0(Z,) > ¢} lim Lk| -

n—o

827 = 0.

Theorem 2 follows by applying Lemma 1 and Proposition 2. O

4. Proof of the auxiliary results. We establish here Propositions 3(i)
and 4 of Section 3. We need two lemmas. Recall that X, is an i.i.d. sequence in
D(a),0 < a < 2, with EX; = 0if a > 1 and with X; symmetric if « = 1. Also
X, ,=X,/a,, where a, are the normalization constants in the central limit
theorem (1.3).

LEMMA 2. Let m > 0 be a constant satisfying (3.4) and let |b; | <1,
i,n=1,2,.... Then there exists a constant M depending only on the distribu-
tion of X; and m, such that for all € > 0,

g~ (@tm m

L b 17"
i=1

k
Z bi,nXi,n
i=1

28}_<_M

1<k<m

(4.1) P{ sup
for all m < o,

Proor. We treat separately the cases « < 1,1 <a <2and a = 1.
@If a <1, welet

X5 = Xi,nl{IXi,nl <1},
Xi,>n = Xi,n]'{lXi,nl > 1}

Let n > 0 be such that « — > 0, @ + 7 < 1, and consider

k € il €
P{ sup | X b X725} <P{LIb lIX7] = =
1<k<m|i=1 ' 2 i=1 2
£ —(d"n) m S a=n
(4.2) 3(5) E|l Y 15, 11X,
i=1
g\ (a—m) m
<(3) L lrTEX
i=1
Similarly,
k £ £ —(a+‘r]) m I
(4.3) P{ sup | X b X5 |2 2 5(5) EIX;=,107" 3 1b; 177,
) l<k<m|i=1 . i=1
Let

M' = sup{nE|X,I*""} v sup {nEIX~,I*""}.

n
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Since M’ < = [see also Astrauskas (1983), Lemma 1], we see that (4.2) and
(4.3) imply (4.1), with M = 21***7"M’ whether m is finite or not.
(b) When « > 1, let n be such that « — > 1, and let
= Xi,sn _EXi,Sn ’

i,n

Thus E(X;5) = 0, and also EX;?, = EX;>, +EX;5, = EX, , = 0. _
We will show that (4.2) and (4.3) continue to hold, with X;”, and X5,
replacing X,;”, and X5, . Note first that ©?_,b;, , X5, and L?_,b, X, are

martingales (as & varies). Using the maximal inequality
p
p—1

(4.4)

P{ sup |S,l > A} <A°P EIS, P,

l<k<m
which holds for p > 1 and S, a martingale, and the von Bahr-Esseen
inequality [Chatterji (1969), Lemma 1], E|Z 7 m;[” < 257, E|n;/” which holds
for 1 <p < 2 and {n;} a martingale-difference sequence, we have

i _ €
P sup Z bi,nXi,>n = _}
1<k<m|i=1 2
g\ ~ta—m m I
(4.5) < (5) k(e —m)E| X b , X,
i=1

€ ~la=m - a— v a—
< (5) 2x(a— 1) Y, lbi,nl "E\X;7, 07T,
i=1

where «(p) = p/(p — 1). Similarly,

k

P{ sup
1<k<m|i=1

(4.6)

g\ —(a+n) m . _ .
< (E) 2x(a +m) Yy b, |I*T"EIX;S, 15T
i=1

Since, by Jensen’s inequality,
@n P —EX77 < 20 HEIXS1TT + |EXS, 10T
. < 2a+‘nEIXi’5n|a+n’

and similarly,
EX>, +EX= |7 = EIX;”, —EX;7,|I°7" < 2°7"E|X;”,[°77,
we see that

sup{nElenl"“’} Vv sup{nEl)_(fnl"‘_."} < 2¢tMM' < oo,
n n
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Hence (4.5) and (4.6) imply (4.1), but this time with
M= 22+2a+2nK(a _ U)M' < oo,
The case m = « follows trivially by letting m —  in (4.5) and (4.6).

(c) When a = 1, we use a “mixed” proof: We define X, and X7, as in
(4.4) but these are equal to X5, and X;”, respectively, because X; is symmet-
ric. Then we majorize, on one hand, Supi_j<m Iz % 1b; , X7, by
T ,1b; .l IX;7,, and proceed as in the case a < 1 in (4.2). On the other hand,
we apply to P{Sup; << m |Z 10 n X0l > £ /2} the maximal inequality, as in
the case a > 1, and obtain (4.6) and (4.7). The conclusion (4.1) follows with
M= (207" 4+ 212 2 (q + )M’ < ». O

Note that by applying Lemma 2 to Z,(1), we get the bound

s

P{Z, (1)l > &} = P{ r ¢ijXjn|> 8}
i=1j=—-x
o n—j
= P{ Z Xj,n( Z Ci) > 8}
Jj=— i=1-j
< %8_(“+’7)D(“_’7)(c)
=7 n ,
where
oo n—j a=n
(4.8) DE™e)= Y | L &
j=—w|i=1—j

The following lemma shows that this quantity grows at most linearly in n,
when v < 1.
LemMMA 3. If v < 1, then for every a > v we have
(4.9) D¥(e) < ns(a,c),
where s(a, ¢) is defined in (3.8).

Proor. @ If a <1,

a

o n—j 3 n—j oo
Die)= X Yool X X llf=n X lel®
j=—o|i=1—j j=—wi=1-j i=—o
Ifa>1,
© n—j « © a—v © n—j v
poo- L | T el [T | X ( > lcil)
j=—o|i=1—j i=—w j=—o \i=1—j

IA

® a—v o
(Z lcil) n"‘Z ICi|VSns(a,c). O

i=—o i=—o
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Remark. If I lc;| < 1, then s(a,e) < 1 and thus (4.9) becomes

(4.10) D{¥(e) < n.
ProOF OF PROPOSITION 3(i). We assume w.l.o.g. that ©;c; < 1. Expression

(3.6) is obvious if [nt,] = [nt] or [nt,] = [nt]. Hence we assume that [nt] —
[nt,] > 1 and [nt,] — [nt] > 1, so that ¢, — ¢, > 1/n.

Consider the increments Z,(¢) — Z,(¢,) and Z,(¢,) — Z,(¢). Since ¢, = 0 for
|k| > K, the first increment . .

[nt]—i

Z,(t) - Z(t) = ¥ X, ¥ o

i=—o k=[nt;]-i+1
involves only X; ,’s whose index i satisfies [n#;] — K + 1 <i <[nt] + K (the
others have zero coefficient). Similarly, the second increment

[nty]—i

Zn(t2) - Zn(t) = Z Xi,n Z Cp

i=—o k=[nt]-i+1

involves only X; ’s with index i satisfying [nt] - K + 1 <i <[nt,] + K.
Since

[nt;] - K+1<[nt]-K<[nt]-K+1
<[nt]+K<[nt]+K+1<[nt,] +K,

we can write

[nt]+K [nt]—i
Zn(t) - Zn(tl) = Sl(tl) + Z Xi,n Z Ck>
' i=[nt]-K+1 k=[nt;]-i+1
where
[nt]-K K
S,(t,) = )y Xin )y Cr
i=[nt;]-K+1 k=[nt;]-i+1
and
[nt]+K [nty]—i
Zn(tZ) - Zn(t) = Z Xi,n Z Cp + S2(t2)1
i=[nt]-K+1 k=[nt]—-i+1
where
[nt]+K [nty]—i
Sy(tp) = Z Xi,n Z Cp-
i=[nt]+K+1 k=-K

The terms S,(#,) and S,(¢,) involve X; ,’s that appear only in one of the two
ihcrements.
The X; ,’s that appear in both increments are components of the vector

X= (X[nt]—K+1,n7 e X[nt]+K,n)
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and they appear as a scalar product of X with the vector
[nt]—i

i [nt}+K i
b,(¢;) = {b§ )(tl)}i=t[:t]—K+1’ b{P(t,) = h Ch»

k=[nt]]-i+1

for the first increment, and with the vector
[ntg)—i

: [nt]+K ;
by(t,) = {b(Zl)(t2)}i=[nt]—K+1’ b(zl)(tz) = Z Cpr»
k=[nt]—i+1

for the second increment. Therefore,
(4.11) Z,(t) — Z,(t;) = S:(t1) + by(#y) - X,
(4.12) Z,(t3) — Z,(t) = Sy(t5) + by(2y) - X.

These decompositions are such that S,(¢,), S,(¢,) and X are independent.
Since M,(t,,t,t,)is 0 when the increments Z,(¢) — Z,(¢,) and Z,(¢,) — Z,(¢)
have the same sign,

P{M,(t,t,¢t;) > ¢}
= P{S,(#;) +by(t;) - X > &, Sy(ty) + by(2y) - X < —s}
+ P{Sl(tl) +by(t) X < —¢, Sy(ty) + by(ty) X > E}.

We shall estimate each term separately, and since the proofs are similar, we
consider only the first term. Introduce the events

E = {Sy(t;) +by(t)) - X >, Sy(8;) + b(t;) - X < —¢}.
Then
Ec($,UX)n(S,uX,)
and hence, by independence and distributivity,
P(E) < P($,)P(S,) + P(S,)P(X,)
+.P($,)P(X,) + P(X, nX,).

The idea of the proof is now as follows. We must show that P(E) = O(t, —
t)'*27. Each of P(S;) and P(S,) ought to be O(¢, — ¢;) by Proposition 4(i)
say, but we must also estimate P(X,), P(X,) and P(X, n X,). Note that

(4.13)
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t — ¢, and K are related to n because 1/n <t, —#, <1 and K satisfies (3.5).
It turns out that it is the term P(X; N X2) which gives the main contribution.
To estimate it, we use the fact that since all the components of b,(¢,) and
b,(¢,) are nonnegative, we can have at the same time b,(¢,) - X > ¢/2 and
by(t,) - X < —¢/2 only if at least two components of X are large.

We start with P(S,). By Lemmas 2 and 3,

P(8,) < P(Sy(t,) = £/2}

g—(atm)  [nt]-K [nt]—i “mn
< M : Z Ck
i lnt]-K+1|k=[nt;]-i+1
(4.14) e @+
<M szt_]ﬁ)[nm(c)

< 2Me (¢t — t)s(a — m,c)
< 2Me=@*M(¢, — )
since ©7_ _..c; < 1. Observe that P(S,) satisfies the same inequality.
To analyze the events X, and X,, introduce the events

{IXI SK} i=[nt]-K+1,...,[nt] + K.

(X; , is “small’ on A;.) Note first that ﬂ[”t],ft'i{ k+14; € X¢ because on this
intersection

[nt]+K [nt]+K P

E
(4.15)  |by(2y) - X| < > b(L)(tl) )y v
i=[nt]-K+1 8K i=[nt]-K+1 K 4
. Therefore,
(4.16) X, c U A4,

i)
where, for convenience, we write (i) to mean the range i =[nt] —
.,[nt] + K. Thus X; occurs only if X, , is “large” for i in the range.
Similarly,

(4.17) X, c U A
i)
Applying Lemma 2 with b, , = 1, m = 1 yields the estimate
A £ M £ (a+m)
. ¢ = . > — —_—
(418) P(ay) -P(X. > 52 < 7 (5%) -
so that
N l+a+n
(4.19) P(X,) <2KP(A5) <M'e™@*™ ~

for some constant M'. Observe that P(X,) satisfies the same inequality.
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We now estimate P(X, N X,). Note first that

(4.20) NANA,NXNX, =@
Indeed, suppose X; , > 0. Then Ny ;,.;,A; N A7 N X, = @ since
&
—5 zby(tp) - X

= b§O(ty) iy + T 08(2) Xy
S
l*lo
&
> b(t) o ~ 5
by (4.15), contradicting b(‘°)(t2) > 0. A similar argument holds if X; , <0.
Suppose that the event X, N X, occurs. Then at least one Ac occurs
because by (4.16) and (4.17), X, N X, c U (iyA§. Relation (4.20), however
states that it is impossible that exactly one AS occurs. Therefore AS must
occur for at least two different i’s (i.e., at least two X; ,’s must be “large”).
Hence by (4.18),

P(X,nZX,) < (2” P(AS, N AS)
< 2K} P(A9)]

2M e \—(a+m)?
<2K( (SK) )

1+a+n
S1‘4//“’_:—2(a:+‘r,)(I{ )
n

2

for some constant M"” > 0.
Putting together (4.13), (4.14), (4.20) and (4.21) and introducing a new
constant L, we get

l+a+n KQ+a+n)
P(E) < Le~ 2| (¢, — )% + 2(¢, — ¢,) — ( - ) .

Since 1/n < t, — t; and n®/2-"/A%a+m 5 K we have

l+a+n
K 1/2+-r7

<n~A72¥m < (t, — t)
n

.and since ¢, — ¢, < 1, we get-
P(E) < Le 2 [(t, — 1,)? + 2(ty — ;)™ + (5 — t;)"*™"]

< 4Le 2@rm(t, — ¢,)1 27, 0
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ReEMARK. If instead of the M function in (2.2), we used the J functlon
in (2.1), then we would have had to define X, = {|b,(t,) - X| > e/2}, X, =
{lbz(t) X| > £/2}). Coefficients could be chosen so that X, = X,, making

P(X,nX,) = P(X)) = (t, — t,)/?*", which is not enough to make P(E) =
O(ty, — t)'P, B> 0.

ProoF oF PROPOSITION 4.
P{lzn(tZ) - Zn(tl)l > g}

[nel—j
Z Xj,n 2 c§n) > &
J i=lnty]+1-)
i M
() < —g @rmplerm . (e™)  [by Lemma 2 and (4.8)]

n

<Me " s(a -7

,e™) -[lt?]—;—[n—tll (by Lemma 3)

< 2Me@*Vs(a — n,e™)(t, — ¢).
(ii) In the case a < 1, we can take absolute values:

P{ sup |Z,(t)l > s} < P{Z X, ( nij lcgn)l) < s}

O0<t<1 i=1—j
M wrmpe-mem
<E D~ ™(let™]) (by Lemma 2)

< Me~@*Ms(a —n,e™) (by Lemma 3).

When a > 1, consider J,(¢,, ¢, t,) = J(Z,(¢,), Z,(2), Z,(¢t,)) with J defined in
(2.1). Let

jn(tl’t2) = sup J,(&,%,25).
telt,, ty]

Then
P{ sup 1Z,(1) > ¢} < P{IZn(l)l > } +P{jn(°’1) > %}

O<t<l1
g\ ~(a+m . £
SM(—z‘) s(a—n,c("))+P{Jn(0,1) > E}

by Lemmas 2 and 3. By part (i) and Avram and Taqqu (1989), Theorem 2(a)
for example, there exists a constant % depending only on « + 7 such that

T € € ~(atm) l1+a+
P{Jn(tl,tz) > E} < L'k(E) (23— ty)s(a —m,e™)(Inn) ",

and hence the result follows with L'k’ = 2¢*"(M + L'k). O
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