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STABLE WINDINGS

BY JEAN BERTOIN AND WENDELIN WERNER!
CNRS and University of Cambridge

We derive the asymptotic laws of winding numbers for planar isotropic
stable Lévy processes and walks of index « € (0, 2).

1. Introduction. This paper deals with the asymptotic behaviour of
winding numbers of planar isotropic stable processes. The asymptotic study
of the winding numbers of a planar Brownian motion B was initiated by
Spitzer (1958), who proved the following celebrated result: If (6,, ¢ > 0)
denotes the continuous determination of the argument of B started away
from the origin, then 26,/log ¢t converges in distribution toward a standard
Cauchy law as ¢ — ». We refer to Yor [(1992), Chapter 5] and the references
therein for much more on this topic. Our main purpose is to present an
analogue of Spitzer’s theorem, when the Brownian motion is replaced by an
isotropic stable Lévy process of index « € (0,2) (the winding number 6 is
then defined by “filling in the jumps with straight lines”).

Because the latter is transient (which contrasts with the Brownian case),
one expects that it will wind more slowly, and actually our main result
implies that 6,/ y/log ¢ converges in distribution to some centered Gaussian
law as ¢t — «. In Section 4, we show that a similar result holds for the
isotropic stable random walk.

Our approach is closely related to that we used in Bertoin and Werner
(1994) to investigate Brownian windings. Typically, we shall not work di-
rectly with the stable process, but rather with an analogue of the
Ornstein—Uhlenbeck process obtained from Z by an exponential change of
scale and speed. The point is that this new process is positive recurrent, so
that ergodic theory applies. The second key ingredient, which follows from a
result due to Graversen and Vuolle-Apiala (1986), is that 6 suitably time-
changed is in fact a symmetric Lévy process.

The paper is structured as follows: We first recall and derive relevant facts
concerning isotropic planar stable processes. Then we state and prove our
main result on the asymptotic behaviour of the stable winding number.
Finally, in Section 4, we consider the random walk analogue.

2. Preliminaries. Let z = (Z,, ¢ > 0) be a standard isotropic stable
process of index a € (0, 2) valued in the complex plane. In other words, Z has
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stationary independent increments, its sample path is right-continuous and
has left limits (i.e. cadlag), and

E(exp{i{A, Z,>}) = exp{ —t|A|"}
for all ¢ > 0 and A € C, where P, refers to the law of the process Z started

4
from ze< C, and {:,-) refers to the Euclidean inner product. We will
implicitly work from now on under the law P = P,, unless otherwise stated.
Recall that Z is transient, that is,
lim|Z,] = « almost surely,

t—>
and that single points are polar,
P(Z, =z forsome ¢ > 0) =0

for all z € C.

In the sequel, it will be useful to invoke the expression of Z as a subordi-
nated planar Brownian motion. Specifically, let B = (B,, ¢ > 0) denote a
complex-valued Brownian motion started from 1 and let S = (S(¢), ¢ = 0) be
an independent stable subordinator with index «/2 started from 0, that is,

E(exp{—unS(t)}) = exp{—tpn"/?}

for all £ > 0, u > 0. Then the process (Byg, t > 0) is a standard isotropic
stable process of index «. Recall that the Lévy measure of S, that is, the
intensity of its jumps, is

a

- e l-a 21 d .
2I(1 — a/2)° (s> 0) @5

It follows that the Lévy measure v of Z is

(04 o
- [ s *2Pp(B,, - 1
v(dx) 2F(1—a/2)/0 s (B,, — 1 €dx)ds
o o
— —2—a/2 _ 2 4
—87TF(1 = /) (];) s exp( lx” / ( s)) ds| dx,
and finally
2714e2(1 + a/2
(1) (dx) = & SRV

mI'(1 — a/2)

Because Z is discontinuous, one cannot define its winding number 6 just
as for Brownian motion (via the continuous determination of its argument),
but it is easy to circumvent this difficulty. Consider a path on a finite time
interval [0, ¢] and “fill in” the gaps due to the jumps with line segments. We
obtain the curve of a continuous function f:[0,1] —» C, with f(0) = 1. Since 0
is polar and Z has no jumps across 0, almost surely, we have f(u) # 0 for
every u € [0,1]. The final value of the continuous determination of the
argument of f, which takes the value 0 at f(0), does not depend on the actual
choice for f; we denote it by 6, and call 6 = (6,, ¢ > 0) the process of the
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winding number of Z around 0. It is clear that 6 has cadlag paths, no jumps
of absolute length greater than 7 and that, for all ¢ > 0,
. t
exp(10,) = —.
p( t) | Zt|
Conversely, the three preceding properties characterize the winding number
process.
We now recall the following result due to Graversen and Vuolle-Apiala
(1986). Introduce the clock

H(t) = fot Z, ds, t=0,

and its inverse
T(u) = inf{t > 0, H(¢) > u}.

Then the scaling property of Z yields that the process Z,,/|Zy ), u > 0, is
a Lévy process valued in the unit circle. Let us mention at this stage that this
property is definitely correct, but that the independence between |Z| and
Zr(y/|Zp.)| stated in the same paper is incorrect. Indeed, the processes |Zr .|
and Zp.,/|Zy.,| jump at the same times, which implies that they cannot be
independent. As the time change T(-) depends only upon |Z|, |Z| and
Zrp(y/|Zp.)| are not independent either.
We then deduce the following lemma.

LEMMA 1. The time-changed process (0, u = 0) is a real-valued sym-
metric Lévy process. It has no Gaussian component and its Lévy measure has
support in [ —m, mw].

PrOOF. It is clear from the foregoing text that 6, is a real-valued Lévy
process and that its Lévy measure has support in [ — 7, 7]. The symmetry
assertion is plain from the isotropy of Z. The feature that 6., has no
Gaussian component is intuitively clear, because Z has no Gaussian compo-
nent either. To be rigorous, we can use a result of Blumenthal and Getoor
(1961) on the Holder continuity of stable processes. For every r € [1/2,1/a),

lim |Z, - 1|t7" =0 a.s.
t—0+

It iS eaSy‘ tO deduce that
].].m OT t = O a.S.,
t—>0+ | (t)l

which implies [using, e.g., Theorem IV.6 in Gihman and Skorohod (1975),
page 332] that 6., has no Gaussian component. O

The next lemma describes the Lévy measure of 6r.,. Denote by dz the
Lebesgue measure on C and, for every complex number z # 0, let ¢(z)
denote the determination of its argument valued in (— 7, 7].
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LEMMA 2. The Lévy measure of 0y,., is the image of the Lévy measure v of
Z by the mapping z — ¢(1 + z). As a consequence, E(0;,))*) = uk(a), where

a27 1201 + a/2 o
(2) k(a) = wI'(1 —(a/2) )fc 7901+ 2)F e

ProOOF. The jumps of the winding number are induced by those of the
stable process. The precise relation is in the obvious notation

A, =0,— 0, = d(Z,/Z, ) = d’(l + (AZt)/Zt—)'
So, if for every a € C \ {0}, we denote by u, the image of the Lévy measure v

of Z under the mapping z — ¢(1 + z/a), an application of the compensation
formula shows that for every measurable function f: (— 7, w] — [0, »),

E Z f(AOT(u))) =E(t>201{H(t)s1)f(A9t))

O<ux<l

= E(/:o 1{H(t)sl}:u’Zi(f) dt)

_ E(fol Ziea iz, ( F) du).

On the other hand, the scaling property shows that the image of v by a
contraction z — z/a is |a|” “v, so that

-
Mg = |a| M-
In conclusion,

E Z f(AOT(u))) = ri(f(2)),

O<ux<l1
which proves our first assertion. The second follows immediately, using (1)
and the absence of Gaussian component for 6., O

We now focus on some special values of a: Note that 2(a) < « for every
a €(0,2) and
(3) lim k(@) = =,

a—>2—
which is hardly surprising. More intriguing is the fact that
2

4 lim % i
(4) Jm k(a) =5

One can rewrite (2) as
a2*?’T(1 + a/2) = = ro? drd6
5)  k(a)=——r———— [ [ ; e
7I( a/2) Yo Jo (1+7r%—2rcosf)

For a =1 (.e., for the Cauchy process), this expression can be explicitly
computed. First use the fact that

o rdr 1

- ’

/(-) (1+r2—2ru)3/2 1-u
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see, for example, formula 2.264(6) in Gradshteyn and Ryzhik (1980). This
yields that

1 .= u?du
m/EfO 1—cosu’

Integrating by parts twice, one finds

k(1) =

_4\/§ w/2
k(1) = —— 1 i du.
(1) - /;) og(sin u) du
Using the trick

[7/2 log(sin u) du
0

™ ) sin(2u
/zlog(cos u)du = —f /2 log(ﬁ) du
27y

2

Il
- o

7 log 2
4 K

5/-77/2 log(sin ) du —
0

one gets
(6) k(1) = 2V2 log2,

which is numerically approximatively 1.96 and smaller than the limit for
k(0 + ). Hence the function k() is not monotonous on (0, 2).

3. Asymptotic windings for stable processes. We now state the main
result of this paper:

THEOREM 1. The family of processes
(r’l/ %9

exp(rt)?

tzO)

converges in distribution on D([0,®), R) endowed with the Skorohod topology,
as r > %, to ( By, t = 0), where B = (B, t > 0) is a standard one-dimen-
sional Brownian motion started from 0 and

azflfa/Q

c(a) = ch |z|727“|¢(1 + 2)|2 dz.

Let us first make some remarks:

1. It is interesting to recall that in the Brownian case, one can extend
Spitzer’s theorem and get convergence in the sense of finite-dimensional
distributions but not in the sense of Skorohod [see Durrett (1984)].

2. Because Z is transient, the difference between 6 and the winding number
around an arbitrary fixed point z # 1 is bounded and converges as time
goes to infinity. As a consequence, the extension of Theorem 1 to the
winding numbers about several points is obvious. This contrasts again
with the Brownian case; see Pitman and Yor (1986).

3. It is possible to reinforce Theorem 1 and state a strong limit theorem,
using, for example, the strong approximation results of Komlés, Major and
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Tusnady (1976). This can be used to derive sample path properties for 6
such as the law of the iterated logarithm. We leave the precise statements
to the interested readers and refer to Bertoin and Werner (1994) and the
references therein for the analogous results in the Brownian case.
4. Numerically, as for 2(a) [(3), (4) and (6)], one gets
2

T
(7 lim ¢(a) = 3 lim ¢(a) = and ¢(1) =2v2 log2,
a—>0+ a—>2—

which implies that the function ¢(«a) is not monotonous on (0, 2).

We now proceed to the proof of Theorem 1, which is divided into several
steps. Introduce the process

Zu=exp(—u/a)ZeXpu, u=>0,

which bears the same relationship to Z as the Ornstein-Uhlenbeck process
does to Brownian motion. Breiman (1968) pointed out that Z is a stationary
Markov process under P,. If we denote by p,(-) the semigroup of Z, that is,

p(2) =Py(Z, €dz)/dz forz e C,
then the semigroup g¢,(-) of Z is given by

qu(x’ y) =pexp(u)—1(eU/ay - x)e%/“
(e = 1) gy (e = 1) V(e ),

where the ultimate identity stems from the scaling property.
The key point is the following lemma.

(8)

LEMMA 3. Z is ergodic.

PrOOF. Let P, be the law of Z started at z and let (%), . , be its natural

filtration. Consider an invariant event A and let

f(2) = P(7).

The theorem of convergence of martingales gives that for every z,

u>0

Ly = lim P (Al5) as.
Because A is invariant, the Markov property yields
B(NS) = £(Z,) as.
On the other hand, we have f(z) = E (f(Z,)), that is,
(9) f(2) = [ au(2,0)f(a) da.

For every fixed z, we deduce from (8) that

(10) lim q,(z,a) = p;(a) pointwise
u— o
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and since
f q,(z,a)da=1= / py(a) da,
c c

Sheffé’s lemma implies that the convergence in (10) holds in LY(da). Letting
u — o in (9), we now find that f is constant and thus P,(A) = 0or 1. O

We now deduce the following limit theorem for the clock:

COROLLARY 1. Almeost surely,

_H(e") _ T(1-a/?)
(11) e T T At a2

PrOOF. A change of variables yields
H(e) —H(1) = [ 12" ds = [ |Z,I7" dv
1 0

and the ergodic theorem ensures that almost surely,
_H(e")
lim

u— o

— Eo(1Z,7%).

It remains to calculate E,(IZ;|™“). The representation of Z as a subordinated
Brownian motion gives

E(124]7%) = Eo((28(1)) “/*)Eo(1B, ™).
Using the identity

1 o
—-c — —qtzgc—1
q _F(c)foeqt dt forc e (0,1),
we get
- 1 « —
EO(S(]_) /2) = mj;) E(exp(—tS(l)))t l+ay2 dt

1 oo
_ta/z t—1+a/2 dt
Fa/) b P

sexp(—s) ds = m

2 B
a2 b
On the other hand,

Eo(ByI™) =27**T(1 - a/2)
and the corollary is proven. O

ProOF OF THEOREM 1. Because 6 can be thought of as a symmetric
centered Lévy process 6p., with finite variance, time-changed by an increas-
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ing clock H, 6 is a square-integrable martingale and according to Lemma 2,
(0,0), =k(a)H(2).

Thus the process (r~1/2, u > 0) is also a square-integrable martingale

with bracket

xp(ru)?

r_1<0, 0>exp(ru) = k(a)H(eru)/r'

According to Corollary 1, the right-hand side converges almost surely as
r > = to

uk(a)27°I'(1 — a/2)/T'(1 + a/2).

Because the jumps of 6 are bounded in absolute value by 7, the theorem now
follows from Theorem VIII.3.11 in Jacod and Shiryaev (1987). O

4. Asymptotic windings of stable random walks. In this section, we
are going to compare the windings around 0 of the stable process (Z,, ¢ > 0)
and of the stable random walk (Z,,, n € N). Windings of planar random walks
with finite second moments have been investigated by Bélisle (1989), who
showed that they behave asymptotically like large windings of a Brownian
motion. In contrast, windings of stable random walks behave eventually
exactly like windings of stable processes:

Let Z and 6 be defined as in the previous section. We denote by (¢,, n > 0)
the windings number around 0 of the stable random walk (Z , n > 0) (again
defined by filling in the gaps by straight lines).

Note that for all n > 0,

(12) ©pi1— ¢, = 0,.1 — 6, providedthat 16, ., — 6, <.

n’

We are going to establish the following proposition, which in particular
[combined with (12) and Theorem 1] implies that ¢,/ y/c(«)log n converges
in law toward a normal Gaussian random variable.

PROPOSITION 1. Almost surely, |6,,., — 0,1 < 7 for all large enough n.
The proof'is based on a Borel-Cantelli-type argument. For every x, € (0, )
and n > 1, one has
P(16,.1 = 0,] = 7llZ,| =x,) =P, (16, = 7).

In order to estimate this probability, we first put down some notation and
recall a couple of relevant results. We define the stopping time

o=inf{t > 0,16,] > 7}.

Suppose that x, > 1 and let us consider the points A and B in the complex
plane defined by

{A,B) = {2 € C, Iz — x| =x0/2, R(2) <2, |3(2)] = /x, /2},

where 9(z) and J(z) stand for the real and imaginary part of z, respec-
tively. Let ) denote the convex cone with vertex at x,, whose boundary
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contains A and B. Let II denote the strip {z, |J(2)| < \/E /2} and D the
disk of radius x,/2 centered at x,. We then define the sets

,=DnNII,
I, = D\1I,
I, = Q\D,

M, = C\ (I, UIl, UTL,) = C\ (D U Q).

Note that x, € I1,. For i € {1,2, 3}, the corresponding hitting times T, are
defined by

T, = inf{t > 0, Z, € 11,}.
Also, let T = min(T,, T, T';). Geometric considerations show that T' < o.

We are going to estimate the probability of the three events {T;, = T <
o<1 {Ty, =T <o <1}and {T; = T < o < 1} separately. We will essentially
use the fact that if (X,, ¢ > 0) denotes a standard symmetric one-dimensional
stable process of index « started from O (for instance the imaginary part of
Z), then for some fixed constant ¢, and for all x > 1, one has [see, e.g.,
Zolotarev (1986)]

(13) P(suplX,| > x/2) < 2P(X,| > x/2) < cox°.

s<1

In particular, this implies that
(14) Po(supIZSI > x) < 2Py(1Z,] > x) < 4P,(1X,] > x/2) < 2egx".
s<1

Suppose T, = T < o < 1. Then, for some ¢t € [T, T, + 1],
N(Z,) <0 <N(Zp,) —x,/2

(otherwise, o > T; + 1 > 1). Hence, the strong Markov property at T}, to-
gether with (13), yields readily that

(15) P (T =T <o <1) <co(x) “eg(xg) " = (€0) (x0) "
Similarly, if Ty = T' < o < 1, then for some ¢ € [T, Ty + 1],
I3(Z,) = 3(Zg, )| > xo /2.
Hence,
(16) P(Ty=T <0 <1) < (c0)(xy) 2
Let us put x, = 2arcsin(1/ \/K) and define U = inf{z > 0, |Z, — Z,| >

x,/2}. Note that Q is a wedge of angle x|, with vertex at x,. The isotropy of
Z shows that

P, (T=Ty<o<1) <P, (U< 1land Z, € II,)

Xo X
< 2—P0(|Z1| > —)
2

(17) 2

C _
< —xy(x,) "
o
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Combining (15), (16) and (17) shows eventually that for some constant
c; > 0, for all x, > 1,

Pxo((T < 1) < Cl( xo)—min(3a/2,a+1/2).

In particular, we choose ¢ > 0 small enough such that ¢ < 1/2; ea < 1/2
and (1 + &)a < 2. Then

P, (0<1) <c xy) “He,
Thus, for all n > 1,
(18) P(6,.1 — 6, = m) < P(1Z,] < 1) + ¢, E(1Z,|"“"*?).

Let us now consider the stable process Y = Z — 1, which is started from 0
and therefore has the usual scaling property. Symmetry considerations and
the scaling property for Y show that

(19) P(Z,| <1) < P(Y,| <1) = P(IY,| <n~ /).

However, as the density of Y; in the plane is bounded (this can be seen, for
instance, by inverting the Fourier transform of Y;, or alternatively using
explicit computations as in Corollary 1),

(20) P(|Y1| sn_l/“) <cyn ¥«

for some fixed c,. Similarly, symmetry considerations and the scaling prop-
erty of Y show that

(21) E(1Z,17*"" ) < B(1Y,|7“7?) < nm GTOE(1Y | T,

This last expectation is finite since the density of Y, in the plane is bounded
and a(1 + ) < 2. Eventually, for some constant c;, for all n > 1, (18), (19),
(20) and (21) imply that

P(|0n+1 - 0n| > 7T) < cS(n*Z/a + n7(1+s)).
Note that 2/a > 1. Thus, Borel-Cantelli’s lemma implies Proposition 1.

5. Remarks. We now conclude with some remarks.

1. It seems likely that our results still hold in the more general case, where
the isotropy hypothesis is relaxed. For example, if Z is a a-stable planar
process, such that no projection of Z is a subordinator, one expects
Theorem 1 will be true. However, our proofs do not generalize to this case,
partially because the time-changed argument is not a symmetric Lévy
process anymore.

2. Suppose X = (X!, X2 X?) is a Brownian motion in R?® started from
(1,0, 0). Consider the local time of X3 at 0 and its right-continuous inverse
(7;, 1 = 0). It is well known that log(7(¢))/log ¢ converges almost surely
toward 2 as ¢ — %. On the other hand, the process Z = (X} |, X% ) is then
a Cauchy process, for which Theorem 1 applies. Hence, if s denotes the
winding number of the process (Y,, ¢ > 0) defined as

Y, = Za'(t)’
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with o = sup{s < ¢, X2 = 0} (i.e., Y, is the last-visited point on the plane
{x; = 0} by X before time ¢), then ¢,/ y/log ¢ is asymptotically Gaussian.
Hence, the trace of a three-dimensional Brownian motion on a plane winds
differently than Brownian motion itself.

Acknowledgment. We thank Antoine Chambert-Loir for his kind assis-
tance, without which we would not have computed the explicit value of c(1).
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