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POTENTIAL KERNEL FOR TWO-DIMENSIONAL
RANDOM WALK

By YasuNaARI Fural AND KOHEI UcCHIYAMA

Tokyo Institute of Technology

It is proved that the potential kernel of a recurrent, aperiodic random
walk on the integer lattice Z2 admits an asymptotic expansion of the form

(2#\/@)_111'1 Q(xy, —x;) + const + |x| Uy 0*) + x| 2Uy(w®) + -,

where |Q| and Q(6) are, respectively, the determinant and the quadratic
form of the covariance matrix of the increment X of the random walk,
o* = x/|x| and the U,(w) are smooth functions of w, |w| =1, provided
that all the moments of X are finite. Explicit forms of U, and U, are given
in terms of the moments of X.

1. Introduction and statements of results. Let X X@® ... be a
sequence of Z2-valued i.i.d. mean-zero random variables with finite variance
and {S,};_, the associated random walk on the integer lattice 7% starting at
the origin; that is, S, = 0, S, = X7, X©. We write X for XV for brevity. We
assume that the random walk {S,};_, is aperiodic (i.e., the smallest additive
subgroup containing {x € Z?: P{X = x} > 0} agrees with Z?). As in [3], we
define the potential function (Green function) a(x) by

a(x) = iO(P{Sn=O} - P(S, = —«x}), «xe€Z°

Let Q(#) be the moment quadratic form of X. That is, Q(8) = E{(6-X)?},
6 =(6,,0,) € R% We sometimes write Q(6,, 6,) for Q(9). Let @ also denote
the covariance matrix of X, and @ ! its inverse matrix, and define

lall = V- Q@ 'x = y/Q(xy, —x;)/det @

[here x = (x,, x,) is thought to be a column vector when the matrix is
operated from the left]. The square root of @ that is symmetric and positive
definite is denoted by \/6 . We need the moment conditions

(MC: & + 8) E{X|*"°} < forsome &> 0,

where £ will take the values 2,3, ... . The following result is due to Spitzer
[3].
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THEOREM 1. Suppose the moment condition (MC: 2 + §) holds. Then

(1.1) lim [a(x) = (moy0,) Mllxll - €] =0,

where C, is a certain constant that depends on the distribution of X, and o,
and o, are the eigenvalues of the matrix /@ .

To state the main result of this paper, we put

Uia(0) = —2E{(0-X)"}/3Q%(0)

and

0.400) = [0 E(0- %)) - 3(B(0-%)"))] 3@ (o).

These functions are the principal parts of the real and imaginary parts of the
function () == (1 — E{e'**})"1 — 2/Q(0) [cf. (3.4) and (3.5)]. We also define

(1.2) g'(0) = pv.[  g(0, — 16,0, +10,) dt

for # € R\ {0} and a function g for which the principal value on the right-hand
side exists. [The principal value here is, of course, the limit of the integral on
the symmetrical interval (—L, L).]

THEOREM 2. If the moment condition (MC: 2 + m + 8) holds (m = 1),

then
U (w” U,(0* 1
(1.3) a(x) — lnIIxII—CO=M+~--+ (m ) +o0 m)
MO0y | x| | x| | x]
as |x| > = in 72, where w* = x/|x|, oy, 0, and C, are the same constants as
in (1.1) and U,, k = 1,2,..., are smooth functions of o = (w;, w,), || = 1;
moreover, the first and the second of them are given by
1 1
Uy(w) = 55 :(0) and Up(o) = 5 —5(w W, ) (w).
T 2

REMARK 1. The function U,(w) is identically 0 if and only if all the third
moments E{(X,)*(X,)? "}, k = 0,1,2,3, vanish. If X is symmetric, that is, X
has the same distribution as —X, then U, vanishes for every odd number .

REMARK 2. For the simple random walk in particular, Theorem 2 gives
the asymptotic expansion

2 In8 + 2 1 8(wiw)’ -1 U (o
a(x)=—1n|x|+ Y - ( 1 2) 4( )
a

T 67 | x| |

(y is Euler’s constant), which is an improvement of a result of Stohr [4],
where a(x) is computed up to O(lx|™2).
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1.4) alx) -

REMARK 3. We shall see in Section 5 that U,(6//6)) /16" is a rational
fraction of the form {62"~*}/6]|*", where {6"} represents a homogeneous
polynomial of degree k. Accordingly, (1.3) may be rewritten as
U U (&* 1
Inllxll - C, = bi(e )+ -+ (m)+o m).

MO0y [l x|l [l | x|
Here @* = /Q 'x/llxll; U, (w) is a polynomial of w = (w,, w,) of degree (at
most) 3% for k = 1,2,...; in particular, U(w) = (; 10 \/Q’l )#(w)/(2w20'102).
[See (1.8) below.]

In the case of a simple random walk, a(x) can be neatly expressed by a
contour integral on the complex plane (as given and applied, e.g., in [4] and
[5]) and the complex function theory accordingly provides us machinery for
computation, though the proof given in [4] is still quite involved.

In our approach, we employ only real analytic arguments as in Spitzer [3]

and it is a key step to establish an asymptotic expansion of an integral of the
form

p(o
(1.5) / ( )sin(x~ 0) do
[—7,wIxX[-7, 7] q(g)
as x — , where p(#) and ¢(#) are homogeneous polynomials of degree
2v — 1 and 2v, v > 1, respectively, and q(6) is supposed to be positive for
0 # 0, so that

q(0) = clo*’, 9 R?,

for a constant ¢ > 0. We formulate the result on the integral (1.5) in the
following theorem.

THEOREM 3. Let p and q be as above. Let D be a two-dimensional bounded
domain containing the origin and having piecewise smooth boundary. Let m
be a positive integer and £(0) a function on the closure D such that ¢ has
partial derivatives up to order m that are continuous on 5\{0} and inte-
grable on D. Then for the function

~ p(9)
g(0) = 2(8) + £(0)

it holds that
(1) [eme=rdo 2w+ T ntrw ol )

€ —-\= r,o 0

¢ S (i)' r
as r T uniformly for o, |o| = 1, where § is deﬁned by (1.2) and
(17) Bl(r, a)) :=f (_w.V)l_lg(G)ezrmO -nds.
oD

[Here, n = n(6) is the outward unit normal vector to D and ds = ds, is a
line element of dD.]
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REMARK 4. As a consequence of Theorem 3, we obtain a useful property of
the transform p/q — (p /q)#. Let A be a regular 2 X 2 matrix. Then

(1.8) (2)”(9) — ldet A|((§)OA)”(AQ9).

(A" denotes the transpose of the matrix A.) The verification of (1.8) is
immediate from (1.6) [take ¢ so that both g and V- g vanish on 4D, change
the variable according to § = A6’ on the left-hand side of (1.6) and let r — ],
while it is not so simple a matter to establish (1.8) if one only looks at the
defining expression (1.2). (See Section 5 for further properties of the trans-
form §.)

The following version of Theorem 3 is convenient for application.
REMARK 5. Theorem 3 may be extended to a more complete form. Let D

and ¢ be as in Theorem 3. Let )(w) be a smooth function on the unit circle.
Then for a function g of the form

g(0) =h(6) + £(0) with h(6) = W
it holds that
. m 1 1
J (e a0 =27 (0) + i20(0) + T eBitr, o) +ol .

as r 1o, uniformly in o, |w| = 1. Here B, is the same as in (1.7) and
b
R(6) = 5[h(6y, —0y) + h(—0,,06,)].

The method developed in this paper can be adapted for deriving the
asymptotic expansion of the potential kernel for the higher-dimensional
random walk, which will be studied in a separate paper. Theorem 3, in
particular, has a d-dimensional version (d > 3) in which g# takes an analo-
gous or different form according as d is even or odd.

The result of Stohr [4] mentioned above is used for estimating a certain
hitting distribution by Kesten [1] (cf. also [2]). As another example of applica-
tion of our expansion (1.3), we shall compute in Section 6 the distributions of
hitting places of lines x, = N up to O(x|®).

The proof of Theorem 1, which is essentially the same as in [3], prepares
that of Theorem 2, and our task for the latter is to get the estimate of the
remainder term, which will be reduced to Theorem 3 with not much difficulty.

We shall proceed in logical order, namely, we first prove Theorem 1 in
Section 2, secondly Theorem 3 in Section 3 and then Theorem 2 in Section 4.

2. Proof of Theorem 1. Here we outline the proof of Theorem 1. It is
identical to that given in Proposition 12.3 of Spitzer [3] [where Q(6) is
assumed to be a constant multiple of 10121 except for a simple modification by



TWO-DIMENSIONAL RANDOM WALK 1983

a change of variable, but we need the content of it, since our proof of Theorem
2 being a continuation of it.

Let ¢(0) be the characteristic function of X, that is, ¢(6) = E{e‘X’}. The
function a(x) is expressed as follows:

1 1 - ei*?

(2.1) a(x) = (277)2[T T 908) de,

x €72,

where T'= [ — o, 7] X [ — =, 7w]. Introducing
1 2
1-¢(0) Q(9)’

which is integrable on T since the condition (MC: 2 + §) implies 1 —
$(0) = 1Q(0) + 0(|161**?) as 16| — 0 (cf. [3], Proposition 12.3). We make the
decomposition

0

2
(2.2) 4m’a(x) = [T W(l —cosx-60)do + Re/Tw(a)u —ei*0)dp

(Re z indicates the real part of a complex number z). In view of the Rie-
mann-Lebesgue lemma, the second term converges, as |x| —» », to
Re [ #(0) d6, contributing to the constant C, and leaving the o(1) term

(2.3) W(x) = —Re fT(/;(O)e”"’dG.

For the evaluation of the first term, we consider the mapping

(2.4) 060 =/Q0,

which, entailing the identity @(8) = |6'|?, transforms the ellipse Q(0) = r2
into the circle |6'| = r. Let (r, «) be the polar coordinates of ', namely,

(2.5) 0’ = (rcos(a — ag), rsin(a — ay)),

where «, is a constant chosen arbitrarily. Since x-6=1@Q 'x-6' and
lxll = /@ ' x|, we can choose the constant @, = a,(x) so as to get x- 6 =
lx||lr sin a.

Now, putting

B = {0: /Q(0) < (o, A oy)7)

(B is an elliptic region inscribed in T'), we decompose the first integral on the
right-hand side of (2.2) into two parts, one the integral over B and the other
that over T\ B. The latter converges to [, 5 [2/Q(6)] d6, leaving the second
o(1) term

(2.6)

2
- 5 Q(0) cos(x-0)dé.
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The former equals
2 2 .
[Tda [T ———[1 - cos(llxllr sin a)] dr
0 0 0,057

I, in a 2
4] /ZdafC(x)sn (1 —cosu)du
0 0 o05U

(2.7) .

1—cosu ® COS U
UIUZ[/O””da[Ol—u du—fo”/zda]l — du

2 ; 1 2 £ cos u
+/”/ da/”(x)s‘““—du+f”/ da du|,
0 1

u 0 c(x)sina U

where c(x) = (o7 A oy)m|lx|l. Within the brackets of the last expression in
(2.7), the first and the second terms are constants; the third is equal to

smlogllxll + 37 log[(oy A o) 7] + fﬂ/z log(sin a) da,
0

and the fourth vanishes as |x| — o« [this gives the last 0(1) term]. The proof of
Theorem 1 is complete. O

3. Proof of Theorem 3. Put

x _
w=— and R =(w1 wz)

Ed ¢ ) wy
and introduce the new variables
(u,v) =R}
so that w- 0 = u. Let
D®*=R_,'D and g“(u,v)=g(R,(u,v)).
Then

(3.1) ng(O)e”“""d0= /Dwg“’(u,v)e”” dudv.

We are to carry out the integration by parts for the integral with respect to u
on the right-hand side above. This amounts to applying the divergence
theorem to the integral on the left-hand side, into which we substitute

(3.2) e"? =V -A(0), where A(6) = (ir) e’ w.

We can apply the divergence theorem repeatedly m times to the integral of
£(0)ei™? = V- (£A) — Vé- A, which results in the boundary integrals given
in (1.7) with ¢ in place of g plus the remainder term of the order o(r~™). It
therefore suffices to prove (1.6) in the case when ¢ = 0. [Although ¢ may be
singular at the origin, it can be approximated in Sobolev norm by a smooth
function (under the assumption on ¢ in Theorem 3) so that the divergence

theorem is applicable at least m times.] Let g = p/q with polynomials p and
g as described in Theorem 3.
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We suppose for simplicity that D“ contains the square
K={(u,v): lul <1,vl <1},
and we decompose the integral on the right-hand side of (3.1) into that over K

and the rest. We formulate the result of the computation as follows.

LEMMA 1. Let g = p/q, where p and q are homogeneous polynomials as
given in Theorem 3. Then

d 1 © _ 1 ‘igw _ f(u’w)
@) gy dv= [ Z(u ) do = oo s

u+0,
where ¢ = q° R, and f(u, ») is a polynomial of (u, w;, w,), and

J g(6)e " do = —Eg”(w) + i/ g(0)e™ % - nds
D ir irJsp

1 0g® )
—,—f (u,v)e™ dudv
ir Jpag Jdu

1 .1 1 0g”
- lrud - d .
- _1e uf_l o (u,v) dv

Theorem 3 readily follows from Lemma 1. In fact, if we apply the integra-
tion-by-parts formula to the integral relative to u in the last two integrals on
the right-hand side above, the contributions of the boundary terms that
thereby come up are reduced to
(3.3) — [ (—0-V)g(0)e"™ - nds,

(ir)”’op

because of cancellation between those from JK [recall the remark made when
A is introduced in (3.2)]. We can repeat the integration by parts in the same
way in view of the first half of Lemma 1 to arrive at (1.6). Now it remains to
prove Lemma 1.

Proor OF LEMMA 1. By the divergence theorem

1
f g°u,v)e™ dudv = — g°(u,v)e™nds
D“\K ir 79(De\K)
(3.4)
1 age

ir DK U

(u,v)e™ dudv.

We cannot apply the divergence theorem to the integral over K directly.
We consider the function

1 1/u
) = [ g*(w,0)dv= [ g*(10) dr
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Here, to obtain the second expression, we have applied the assumption that g
is in the special form p/q [which the function g = g » R clearly inherits, so
that vg “(u,v) is the ratio of two homogeneous polynomials of degree 2v].
Clearly, F(—u) = —F(u). Although g“(1,#) is not integrable on R, there
exists the principal value

FO+) =pv.[ g"(Leyde=lim [* g°(1,0)ar.

Furthermore, for u # 0,

_u_z[gw(l, 3) +g“(1’_71”

—u'[g(u,1) +g°(u, —1)]
_1 pw(u>1)qw(u’ _1) +pw(u’ _1)qw(u71)
u q°(u,1)q%(u, —1) '

Because of cancellation of the constant terms in the numerator of the
quotient above, we conclude that, for u # 0,

F'(u)

F'(u) = f(u, ) /q"(u,1)q"(u, 1) with g“(u, £1) = ¢(1 + u?)’,
where f(u, ) is a polynomial. This proves the first half of Lemma 1. Now
. 1 .
/g‘”(u,v)e”” dudv =[ F(u)e'™ du
K -1
1

1 a1
- — | e"*dF(u)
-1

ir -1

lF iru
== (u)e

1

2FO 1 4 rugp d
- + - 12875 nlii .
5 F(0) ir/_le (u) du

1F iru
i (w)e

The boundary term appearing above cancels out the contribution from ¢K to
the boundary integral in (3.4). The contribution from /D® to the latter
integral equals (ir)™! [,;, g(8)e"* % - nds. Finally, F(O+ ) = g#(w). Thus we
obtain the second relation of Lemma 1. O

4. Proof of Theorem 2. We collect all the error terms that we neglected

as o(1) terms in the proof of Theorem 1 and write ¥(x) + A(x) for their sum,
where

W(x) = —Re[ y(0)e™*"do
T
[as already introduced in (2.3)] and

A(x) =

/2 o cos u 2
f da du cos(x-0)dé.
0

0,0, c(x)sinae U T\B Q(@)
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[The first term of A(x) comes from the last double integral in (2.7) and the
second term is (2.6).] As in the previous section, we put o = x/|x| and make
the change of variables (u,v) = R_'0 so that w- 6 = u. Let

T*=R,'T and Q“(u,v) =Q(R,(u,v)).

LEMMA 2.

A “d 2 os(lxlu) d
xX) = v cos(|x|u) du.
(%) f % '/;u:(u,v)ERz\Tw} Q°(u,v) ( )

ProOF. Recall that we obtained the first term in (2.7), an expression for
the integral [ [2/Q(6)I(1 — cos x - 0) d6, via a change of variables according
to (2.4) and (2.5). By formally reversing the procedure, we see that the first
term of the expression defining A(x) is equal to

2
fRz\B Q(0) cos(x-0)do

or, by changing the variables of integration, to the iterated integral

(4.1) cos(|x|u) du,

[l 2

v -
— {u: (u,v)eRAB} Qw(u’v)
where B® = R_ 'B. Hence we obtain an expression for A(x) in Lemma 2. This
argument, however, must be justified because the function [1,/Q(0)]cos(x - 6),
not being Lebesgue integrable on R2\ B, does not admit the application of
Fubini’s theorem.

For justification we consider the integral

(4.2) I(L) =

j‘ﬂ/Qda Le(x)sin a COS U du.
0

0109 c(x)sin @ u

Since the inner integral is bounded by 1 + log*(1/(c(x)sin «)), I(L) con-
verges to the first term of the expression defining A as L — . Since the
function u lcos u is integrable on {(a, u): c(x)sin @ < u < Le(x)sin a, 0 <
a < /2}, we may follow the recipe discussed at the beginning of this proof to
get I(L) = [~ f;(v) dv, where

fu(v) = f

2
——cos(|x|u) du, A= ((o, A a,)m)".
{u: A<Q*(u,v)<LA} Qw(u, U) ( ) (( ! 2) )

We have only to show that f;(v) is dominated by an integrable function that
is independent of L since we can then apply Lebesgue’s convergence theorem
to see that I(L) converges to (4.1) as L — . Clearly, f; is bounded uniformly
for L > 1. It therefore suffices to show that, for a < b,

b 1 M
(4.3) /a mcos(lxlu) du SW,
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where M is a constant depending on (o; A o,) only. However, since the
function 1/Q“(u, v) with v fixed does not fluctuate at all, that is, it has only
one peak for u € R, and is bounded above by [(o; A ¢,)v?] ™!, the integral of
cos(|x|u)/Q“(u,v) over u € (a,b) is dominated by 2[(o; A oy)lxlv?]"! in
absolute value; hence (4.3). The proof of Lemma 2 is complete. O

We decompose

P(x) = —f . (0)cos(x-6)do+ f ;(0)sin(x- 0) d6,
T T
=V (x) + ¥,(x) (say),
where ,(6) is the real part of () and ;(6) the imaginary part. Put
c(0) =E{1 —cos(6-X)} and s(60) = E{sin(6-X)}.
Then

b(0) = D2 g ey = D)
r 02(0) + 32(0) Q) ¢ 02(0) + 32(0) )

Since the random walk is aperiodic, ¢2(0) + s2(8) > 0 for § € T\ {0}. If the
moment condition (MC: 4 + §) holds, then, putting

(4.9 c,(0) = 3Q(0) — LE{(6-X)"} and s,(0) = — }E{(6-X)°},
we obtain

(91

(4.5) (c(8) —c,(0))=0(6""""°) forl=Fk+j=0,1,2

0% 964
(as 0 — 0) and the same estimate with s(6) — s,(6) in place of ¢(0) — ¢, (0).
Applying these estimates together with the identity (1 + z) ™! = (1 — 2) /(1 —
22), we readily deduce

1 (1 w2 112
0(9) = 3aacey | 2 QO E8-X)Y - S[E{0- XY | + £(0),
where
(91
(4.6) —a7 707 6(0) =0(161""*°) forl=Fk+j=0,1,2;
similarly,
~ 2E{(6-X)")
(4.7) $;(0) = 3Q2(0) +&(0),

where ¢,(0) and its derivatives satisfy (4.6) with ¢; in place of ¢,.
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Recalling what we noticed just before (3.2) [here cos(x - 6) = V- b(0) with
b(0) == |x| 'sin(x - 0)w], we apply the divergence theorem to see that, in
view of Lemma 2,

1
W (x) + A(x) = — |x|fR2\Tw~V[Z/Q](B)sin(x-6) do
(4.8) )
+— [ @ Vi (0)sin(x - 0) do,
|x| Jr

which is valid if (MC: 3 + §) holds. Here the boundary terms cancel out each
other since ¢.(0) + 2/Q(6), as well as sin(x - 6), is a doubly periodic function
of period (27, 27). Noticing (J/36,)"(1/Q(8)) = O(1/161** ™), we see that the
first term on the right-hand side of (4.8) is O(1 /lez). On the other hand,
[Vi.(6)] is integrable on 7', so that the second term is o(1/|x|). Consequently,
¥.(x) + A(x) = o(1/|x]) under (MC: 3 + §).

If (MC: 4 + &) holds, we can apply Theorem 3 with m = 2 to the second
integral on the right-hand side of (4.8) in view of (4.6). We can always apply
the divergence theorem for the first integral. Again the boundary terms
cancel out, resulting in

W,(x) + A(x) =2zl (0 Vg, ) () +o(lxI7?).

As for ¥ (x), we have only to apply Theorem 3 with the help of (4.7) to
have

\Ifs(x)=de/i(H)sinx~0d0=4772Ul(w) +0( : )

| x| | x|™
where m = 1 or 2 according to which moment condition we are assuming.
These prove (1.3) for m = 1 and 2.

In the case when (MC: 2 + m + 8) is assumed to hold for m > 3, we can
perform the Taylor expansion of 1 — cos(f-X) and sin(6-X) up to the
mth-order terms for defining ¢, and s, in (4.4). We accordingly obtain the
estimates O(/0|™"27'"?) for [ =0,1,...,m in (4.5), which in turn yields
the following expansion for the real and imaginary parts of :

0 M U’ N Gy
Q'(6)  Q%(0) Q" (0)

where m’ = m or m — 1 according to whether m is even or odd and

(4.9) ¢.(0) = +&(0),

(9[
—i 976 (0) =0(161"*7"*?) forl=k+j=0,1,...,m;
1 2
and
{03} {09} {03m”+6}
Q%(6) © Q'(6) Q" (e

(4.10) P (0) = + &(0),
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where m” = m — 1 or m according to whether m is even or odd and
&l
0) =0(l6|" ") forl=k+j=0,1,...,

o ap] i(0) = 00101 ) for / "
Here {6"} denotes a certain homogeneous polynomial of degree k. For evalu-
ating the integral of ,(6)sin w - 0, we apply Theorem 3 to the right-hand side
of (4.10). All the boundary integrals vanish due to the periodicity of ;. The
resultant is

2oz ) (9)sinx- 0o = Uilw) | Uw) . Owle) | ( ! )

| x] | ||™

Similarly, we obtain the analogous expansion for A(x) + ¥, (x).

L™

5. Self-reciprocity of # Let g be a quotient p/q of two homogeneous
polynomials p, q of degrees 2v — 1 and 2v, respectively (v = 1,2,...). Sup-
pose g > 0, 6 # 0, and p is relatively prime to q. We prove that

“(9)—pvf g(0, — t0,, 0, + t0,) dt

is then a function of the same type as g w1th the same v and the transform
g - g‘1 is self-reciprocal, that is, 72g = (g )¥. The proof is given in (i)—(v)
below.

Let R* denote rotation by an angle « (counterclockwise). Then:

da
(M) g'(0) = o[ g(R0)

COSs a

This equality is obtained by changing the variable according to ¢ =
tan a(— 27 < @ < +7) so that

g(w; — twy, wy + tw;) =g(v1 + tZRD‘w) =g(R%)/V1 +t%.

From (i) it follows that (g RO = g” o R

(i) g% = Idet Al(g-A) o A" if A is aregular 2 X 2 matrix.

We have noticed in Remark 4 that (ii) is an easy consequence of Theorem
3. Here we give a direct proof. Once (11) is proved for diagonal matrices, the
general case follows from (g - R* ) = g o R* together with the polar decom-
position: A = SO (S, symmetric and O, orthogonal). Let A be a diagonal
matrix with diagonal elements A and wu. Then if 0, # 0 the right-hand side of
(i1) equals

p.v.f g (N0, — tAwby, p20, + tA0,) dtlApl

— p.V.fw g(N%02 + u6} — 16,,t6,) dt

=pv.[ g(1—t6,,t0,)dt.
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Thus (ii) follows. Since q is factored into quadratic forms, we can decompose
p/q into proper fractions, each of which has for the denominator some power
of one of the quadratic forms. Applying (ii) to each fraction of the decomposi-
tion, we see that:

(ii1) gﬂ is a quotient of two homogeneous polynomials of degrees 2v — 1
and 2v; the denominator is the product of quadratic forms reciprocal to those
making q. [We say here that (x - A~ 'x) is reciprocal to (x - Ax).]

(iv) g¥(cos a,sin a) equals the limit value of the allied serles for the
function g(—sm a,cos a); in particular, § is self-reciprocal: g = (g ¥,

If we put, for a function ¢(a),

1 - da
(5.1) #B) = o[ o8- )

—x/ sin «

Then, making the change of variable « - 7/2 — « for the integral in (i) and
using the skew symmetry g(—6) = —g(8), we have g'(w) = m(g o R"/2)"(w)
(where P acts on a restriction of g R™/2 to the unit circle). Assertion (iv)
follows from the next one:

(v) If ¢ is smooth and ¢(a + 7) = — ¢(a), then ¢ agrees with the limit
value of the series allied with the Fourier series of the function ¢. [Namely,
¢(a) = Y:_,a,sin na — b,cos na if ¢(a) = 3a, + X°_, a,cos na +

b,sin na.] In particular, (qbl’)" = —¢.

To prove (v), substitute the identity 1/sin @ = i(cotja + tanja) into the
right-hand side of (5.1) and make the change of variable « - 7 — « in the
integral involving tanta. W then deduce from the assumption ¢(a + 7) =
— ¢(a) that

¢L(ﬁ)=—pvf BB a)—

sin «a

1
=2Wf[ﬂﬁ—a)—ﬂﬁ+aﬂwtada

This shows the result of (v) since the right-hand side above gives the limit
value of the allied series for ¢.

6. Hitting distribution of lines. We compute the asymptotic form of
the hitting distributions of lines x, = N for large N. Suppose that the
distribution of X is symmetric with respect to the first coordinate axis x, = 0
and the random walk S, takes jumps of size at most 1 in the vertical
direction, that is, P{X, = 0,1 or —1} = 1. Then the probability that S, en-
ters the line x, = N at a point x, x, = N, can be expressed by means of the
potential function a as follows:

<]

Hy(x)= Y [a(—(x;+j,N+1))—a(—(x; +j,N—-1)|P(X=(j,1))

j: — o0
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(see [1], page 155). We have Q(0) = 0707 + 0202 and, ertlng X, =X,/0,
and X, =x,/03, k=1,2, ¢, ,°/Q " (—sin a,cos a) = b;sin a + bycos a,
where b, = L(E{X3)} + E(X,, X2)) and b, = L(—E{X3} + 3E(X,X2)). With
the help of (i1) and (iv) of Section 5, it is 0bv1ous that

Uy(0*)/lxl = —[(by — 8by) & l1xll 2 + 4b, &3] xIl” 4]/(2770102)

(Ix|I* = 2 + %2). Now, applying (1.3) and making elementary computation,
we get
N 7 i3 _3
(6.1) Hy(x)=——"—7|(1-20, +8bs—— | + O(Ix["?),
woy oyl x|l (E3ls Il x|

provided that E{|X|°*°} < . (Here we have applied the smoothness of U,.)
Relation (6.1) yields, for example that ©_,, )< x, < mav) *¥1Hy(x) converges to
0,8b; — by) = 0, E{X,(X2 — X2)} as N — » whenever m(N) — o,
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